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Preface

Road traffic flow is intrinsic with stochastic and dynamic characteristics so that
traditional deterministic theory no longer satisfies requirements of the evolution
analysis. Stochastic traffic flow modeling aims to study relationships of transpor-
tation components. The kernel is an investigation of both stochastic characteristics
and traffic congestion evolution mechanism using headway, spacing, and velocity
distributions. The primary contents include empirical observations, connections
with microscopic and macroscopic traffic flow models, and traffic breakdown
analysis of highway bottlenecks.

The book first analyzes characteristics of empirical traffic flow measurements to
reveal the underlying mechanism of complexity and stochastic evolutions. By using
Eulerian measurements (e.g., inductive loop data) and Lagrangian measurements
(e.g., vehicular trajectory data), we study headway-spacing-velocity distributions
quantitatively and qualitatively. Meanwhile, disturbances of congested platoons
(jam queues) and time-frequency properties of oscillations, which establish the
empirical foundation for stochastic traffic flow modeling.

Then we establish a Markov car-following model by incorporating the
connection between headway-spacing-velocity distributions and microscopic car-
following models using the transition probability matrix to describe random choices
of headways/spacings by drivers. Results show that the stochastic model more
veritably reflects the dynamic evolution characteristics of traffic flow. As discus-
sions of the connection between headway-spacing-velocity distributions and the
macroscopic fundamental diagram model, we analyze the probability densities and
probabilistic boundaries of congested flow in flow-density plot by proposing a
stochastic extension of Newell’s simplified model to study wide scattering features
of flow-density points.

For applications to highway on-ramp bottlenecks, a traffic flow breakdown
probability model is proposed based on headway/spacing distributions. We reveal
the mechanism of transitions from disturbances to traffic congestion, and the phase
diagram analysis based on a spatial-temporal queueing model that is beneficial to
obtain optimal control strategies to improve the reliability of road traffic flow.
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h0; ĥ0 Shift coefficient and its estimate
h0;p; h0;q Shift coefficients of car-following state and free flow state
hfree Critical headway of free flow
hi Observation samples of headway, i ¼ 1; 2; . . .; n
hk(t) Headway
hmin Minimal headway
hrandom Random headway from uniform distribution UðH�

j ;H
þ
j Þ

~h; ~υ Mean headway and speed of ~Υ
~hn;n�1; ~vn Mathematical expectations of headway and speed
Hð�Þ Heaviside function
H�

i ; H
þ
i Upper and lower limits of the ith headway state

Hn Summation of headway

Hð1Þ
n ;Hð2Þ

n
Disturbance propagation time to the nth vehicle in
ac/deceleration waves

i ¼
ffiffiffiffiffiffiffi

�1
p

Imaginary unit
J Population
J ij Sample size of that hkðtÞ belongs to state i

and hkðt þΔtÞ belongs to state j
J k Number of triple, analogically, J �

k ; J�
k ; Jþ

k ; J Δ
k

k1; k2 Weight coefficients of density and speed gradients
L Circular road length
Lcong Jam queue length
Lfree Free flow traffic length
LqS ; Lρ;v Likelihood function
L Lagrangian function
N; M Finite dimensional state space,

satisfying N ¼ f1; 2; . . .; ng;M ¼ f1; 2; . . .;mg
N

þ The set of positive integers
N ; Log�N Normal and lognormal distributions
oð�Þ Infinitesimal of higher order
pðhÞ PDF of car-following state headway
p�ðλÞ Laplace transform of pðhÞ
pslow Slow-to-start probability
p̂k; p̂ Probability estimate
PB Traffic flow breakdown probability
~P0ðvÞ Distribution of speed expectation

xiv Acronyms



~Pðvjx; tÞ Speed distribution
P1; P2 Pressure terms, satisfying oρP1 6 0 and oυP2 6 0
PGUE Gaussian unitary ensemble, GUE
PPoisson Poisson distribution
P Transition probability matrix, satisfying P ¼ ðPijÞ
Pl; πl

Transition probability matrix and stationary
distribution of headway in the ‘th velocity range

Pðn; tÞ Probability of a jam queue with n vehicles at time t
Pðz; tÞ Probability of being state z at time t
PSðtÞ Probability of being state S at time t
qðhÞ PDF of headway in free flow state
qeðρÞ; υeðρÞ Equilibrium functions of flow and speed
qlower; qupper Maximal and minimal traffic flow rates,

analogically, ρlower; ρupper
qmain; qramp Mainline flow and ramp flow
qmax Maximal flow rate
�qS Breakdown traffic flow rate
r Iteration times
R Least squares residual
R Response function
sAðυÞ; sDðυÞ Spacings of ac/deceleration curves at speed v
sbefore; safter Spacings when joining and departing from jam queues
sbreak; sfree Spacing thresholds of braking and free flow states
scong Spacing in a jam queue
sstart; sstop Spacing thresholds of starting and stopping states
si(t) Spacing
smin; smax Minimal and maximal critical spacings
sn;n�1; hn;n�1 Headway and spacing of the nth vehicle
sAstop; s

D
stop

Fully stopping spacings of ac/deceleration curves

sAupper; s
D
upper

Maximal and minimal spacings corresponding
to the maximal speed ~υþ in metastable traffic
flow, analogically, sAlower; s

D
lower

Sk Sample set, analogically, S�k ; S
�
k ; S

þ
k ; S

Δ
k

S Arbitrary discrete state of traffic flow
SA; SD Probabilistic boundaries of microscopic fundamental

diagram
t Time

ðtðkÞa;i ; x
ðkÞ
a;i Þ Acceleration point of the ith vehicle,

analogically, ðtðkÞd;i ; x
ðkÞ
d;i Þ

T Entering time interval of ramping vehicles
�T Average travel time

Acronyms xv



T ; T �; T þ Tau factor

T �; �T � Tau factor Related statistics

T̂ �
k ; T̂

þ
k ; T̂

�
k

Estimate of Tau factor

υ, u Velocity
υðx; tÞ Mean velocity at location x and time t
υcong; υfree Congestion wave speed and free flow speed
υnðtÞ Speed of the nth vehicle at time t
υn;safe Lower bound of safety speed
υoptðxnðtÞÞ Optimal speed function
υþ c� Characteristic speed
�υðx; tÞ Expected speed
~υ; ~ρ Perturbation amplitudes of speed and density
w Congestion wave speed, analogically, wi; �wi; �Wn

wðt � kÞ Window function
wA; wD Ac/deceleration congestion wave speeds
W Weibull
x Location
xnðtÞ Location of the nth vehicle at time t
~X ¼ ~ρ;~vð ÞT Column vector of perturbation amplitude
ðx; vÞ 7! ðy; uÞ Transition rate from state ðx; vÞ to state ðy; uÞ

of traffic flow
z; z0 Arbitrary continuous traffic flow states
ðZ1; Z2Þ Bivariate random variables

ðZðiÞ
1 ; ZðiÞ

2 Þ Observations of bivariate random variables, i 2 N

fztg Traffic flow discrete time series data, t ¼ 0; 1; . . .; T � 1
Zn Summation of random variables
Zn;typical Extreme points of PDF of Zn
α;β Parameters of Weibull distribution
α̂; β̂ Parameter estimations of Weibull distribution

γS
i ; γ

B
i ; γ

E
i Net spacings before, within and after the deceleration of the

ith vehicle
Γ Gamma function
δv; δρ Speed and density variations
Δ Field data measurement interval
Δt Update time step
Δvn; Δxn Speed and location differences between the nth and the n� 1

the vehicles
εðx; tÞ Noise function at location x and time t
ηðρ; vÞ Inertial coefficient of driving behaviors
ηlower; ηupper α=2 and ð1� α=2Þ percentiles of

standard normal distribution

xvi Acronyms



θ1; θ2 Substitution parameters
θOCT; θHCT Dimensionless critical coefficients
θ Indicator function, analogically, 1 ð�Þ 7! f0; 1g
Θðx; tÞ States and parameter vector at location x and time t
ϑ�
i ;ϑ

þ
i Upper and lower bounds of the ith vehicle headway

κ; ~κ First vehicle delay after perturbations
λ; ~λ Parameters and their estimations
λp; λq Parameters of car-following and free flow states
μ; σ Lognormal distribution parameters, analogically,

headway ðμh; σhÞ, spacing ðμs; σsÞ, reaction
time ðμτ; στÞ, bivariate lognormal
distribution ðμz1jz2 ; σz1jz2Þ

μ̂; σ̂ Lognormal distribution parameter estimation
ξ; ζ Random variable
ξðρ; vÞ Anticipation coefficient of driving behavior
ρðx; tÞ Average density at location x and time t
ρ0 Steady state density, initial density
ρz Correlation coefficient
~ρðx; t; vÞ Phase space density
ζ;�ζ Vehicle gap and average vehicle gap
τ Latency time, relaxation time and reaction time
τin; τout Interarrival time and service time,

analogically, τin;i; τ
ðkÞ
in ; ~τout; τ̂out

τinðmÞ Interarrival time summation of m vehicle
τAi ; τ

D
i Reaction time of ac/deceleration

ðτA; wA sAstopÞ Characteristic parameters of acceleration curve,
analogically, ðτD; wD sDstopÞ

~Υ ; Υ k Inhomogeneous platoon and homogeneous sub-platoon
φ1;φ2;ϕ1;ϕ2 Substitution parameters
Φð�Þ Standard normal distribution
ϕ Proportionality coefficient
ϕFF ; ϕPLC Dimensionless critical coefficient
ψðtÞ; ψ̂ðf Þ Mother wavelet function and its Fourier

transform, the conjugate function is ψ̂�ðf Þ
ω Digital frequency
ωðkÞ; k 2 N

þ Angular frequency
ωzz0 Transition rate from state z to z0

ωþðnÞ; ω�ðnÞ Transition rate of jam queue length
from ðn 7! nþ 1Þ and ðn 7! n� 1Þ

ω� Complex solution of ω
ωSS0 Transition rate from state S to S0

Acronyms xvii



Ω Analog frequency
‘ð�Þ Likelihood function
<; = Real part and imaginary part
; Empty set

Abbreviations

ACTM Asymmetric Cell Transmission Model
A-curve Acceleration Curve
CA Cellular Automaton
CCTM Compositional Cell Transmission Model
CDF Cumulative Distribution Function
CTM Cell Transmission Model
CWT Continuous Wavelet Transform
D-curve Deceleration Curve
DFT Discrete Fourier Transform
DTA Dynamic Traffic Assignment
DWT Discrete Wavelet Transform
EKF Extended Kalman Filter
ELCTM Enhanced Lagged CTM
EM Error Mean
FD Fundamental Diagram
FF Free Flow
FHWA Federal Highway Administration
FT Fourier Transform
G/D/1 General Determinant 1
G/G/1 General General 1
GKT Gas-Kinetic-based Traffic Model
GUE Gaussian Unitary Ensemble
HCT Homogeneous Congested Traffic
i.i.d. Independent and Identically Distributed
IDM Intelligent Driver Model
ITS Intelligent Transportation System
K–S Kolmogorov–Smirnov Test
LCTM Lagged Cell Transmission Model
LPO Log Periodic Oscillations
LSCTM Location Specific CTM
LSR Least Squares Regression
MCTM Modified Cell Transmission Model
MLC Moving Local Cluster
NGSIM Next Generation Simulation
OCT Oscillated Congested Traffic
OVM Optimal Velocity Model

xviii Acronyms



PA Perturbation Analysis
PDF Probability Density Function
PeMS Performance Measurement System
PLC Pinned Local Cluster
PLM Product Limit Method
RMSE Root-Mean-Square Error
RMT Random Matrix Theory
SCTM Stochastic Cell Transmission Model
SSM State Switching Model
STFT Short-Term Fourier Transform
TF-BP Traffic Flow Breakdown Probability
TSG/SGW Triggered Stop-and-Go Waves
WSS Second-order Wide-sense Stationary Process
WT Wavelet Transform

Acronyms xix



Chapter 1
Introduction

1.1 Motivation

Traffic congestion results in a number of negative effects on: (1) Mobility. Travel
delays and wasting time of passengers or goods reduce the efficiency of transporta-
tion systems and increase opportunity costs; (2) Safety. Higher probability of serious
injuries and death crashes as a result of human fallibility in congested flows; (3) Sus-
tainability. Increased travel time and oscillatory acceleration/braking maneuvers in
traffic congestion induce significant environmental impacts, such as fuel consump-
tion, greenhouse gas emissions, air pollution, noises, etc.

Road traffic flow is influenced by various random factors, including both
external factors (e.g., weather) and internal factors (e.g., transportation facilities,
vehicle characteristics, driver behaviors, etc.). These stochastic influences make
deterministic traffic flow models difficult to accurately estimate and predict dynamic
evolutions. To overcome this problem, numerous stochastic approaches were devel-
oped for continuous traffic flow on the basis of microscopic/macroscopic traffic flow
models. Particularly, different kinds of drivers (e.g., aggressive versus passive, young
versus old, skilled versus greenhand, rigorous versus fatigued) run different kinds of
vehicles (e.g., cars versus trucks, buses) on the same road, and thus, traffic flow is
heterogeneous.

Since headway/spacing/velocity perform fundamental roles in stochastic traffic
flow modeling, it is significant to study their stochastic characteristics in traffic flow
evolutions. According to Highway Capacity Manual 2000 (on page 48 of Trans-
portation Research Board of the National Academies (2000)),

Definition 1.1 Headway (time headway, h) is the time, in seconds, between two
successive vehicles as they pass a point on the roadway, measured from the same
common feature of both vehicles.

Studies on headway distributions received continuous interests since the birth
of traffic flow research, because of their wide applications ranging from measuring
road capacity to scheduling traffic signals. Headway distribution model is one of
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2 1 Introduction

the most well-known mesoscopic flow models, in which vehicles and driver behav-
iors are described by more aggregated terms instead of individual interaction rules.
It is assumed that these headways are independent and identically distributed (i.i.d.)
random variables.

Spacing is another important statistics in traffic flow modeling. According to
Highway Capacity Manual 2000 (on p. 56 of Transportation Research Board of the
National Academies (2000)),

Definition 1.2 Spacing (space gap, s) is defined as the distance, in feet or meters,
between two successive vehicles in a traffic lane, measured from the same common
feature of the vehicles.

Numerous probability models have been proposed to fit the empirical distributions
of headway/spacing (Branston 1976; Buckley 1968; Cowan 1975; Hoogendoorn and
Bovy 1998; Kerner and Klenov 2006; Luttinen 1996; Ovuworie et al. 1980; Thie-
mann et al. 2008; Tolle 1976; Wasielewski 1974; Zhang et al. 2007), such as Gaussian
distribution, lognormal distribution, etc. Based on the statistical characteristics, we
incorporate a Markov model that yields the steady-state headway/spacing distribu-
tions as those observed in practice to simulate transient-state statistics of road traffic
for different driving scenarios, including highway traffic and urban street traffic. This
stochastic model is in accordance with our daily driving experiences.

Traffic flows are often described by three macroscopic variables: traffic flow rate
q (veh/h), traffic density ρ (veh/km), and mean velocity v (km/h). The relation-
ships among the macroscopic variables and the aforementioned microscopic vari-
ables are q = 3600/h and ρ = 1000/s. The fundamental diagram (FD) is the most
widely used model to describe the equilibrium flow-density relationship. But field
observations show the possible inconformity between the wide scattering features
of flow-density plot and the fundamental diagram assumption. Thus, it is necessary
to establish a tight link and a statistical relationship between the spacing/headway
distribution model and the wide scattering feature of flow-density plot because the
stochastic fundamental diagram is more consistent in empirical measurements.

Traffic congestion performs temporal-spatial features observed from field traffic
data. Many random factors influence empirical observations, such as driver charac-
teristics, stochastic car-following behaviors, random headway/spacing perceptions
and choices, weather and infrastructure conditions, time of day, etc. In particular,
traffic congestion caused by on-ramp flow is one of the main influencing factors
for highway mobility. From the macroscopic point of view, traffic breakdown phe-
nomena show sudden transitions from free flow states to congested states (obvious
velocity reduction) within a short period of time. The problem to describe the forma-
tion, evolution and dissipation of such congestions received increasing interests in
the last decade. Since phase diagram approach provides a tool to categorize the rich
congestion patterns and explain the origins of some complex phenomena at bottle-
necks. To solve this problem via a minimum number of parameters and rules, we may
need a concise temporal-spatial queueing model to depict traffic jams in trajectories
by extending the Newell’s simplified model.
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1.2 Objectives

This book aims to investigate the stochastic evolution modeling for highway traffic
flow to reveal the mechanism of complex and dynamic traffic congestion. We will
first review the existing studies on stochastic traffic flow approaches and probabilis-
tic distributions of headway/spacing. Motivated both by the availability of vehicle
trajectory data, and by the need for traffic congestion reduction, the goal of this
book is to develop a framework of stochastic traffic flow evolution analysis by using
Eulerian and Lagrangian field measurements that empirically reveal the important
characteristics of traffic congestion.

We aim to emphasize the features of headway/spacing/velocity distributions,
which establish a tight connection between microscopic and macroscopic traffic
flow approaches. We also target to adapt these empirical observations into stochastic
modeling problems by proposing a Markov car-following model and a stochastic
fundamental diagram model, because the randomness explicitly embedded in these
models could be reasonably explained as the outcome of the unconscious and also
inaccurate perceptions of space and/or time interval that people have. We will study
a behavioral or psychological mechanism that is different from other approaches to
explain the stochastic traffic flow features.

We aim to develop a traffic flow breakdown probability model and its correspond-
ing phase diagram approach to explore the phenomena that occur with continuous
oscillations and lead to a wide range of spatial-temporal traffic congestion near on-
ramp bottlenecks. We will study the transition process from perturbations to traffic
jams in the metastable traffic flow, and the varying features of traffic flow breakdown
by using vehicle trajectory data. This model will benefit the optimal control models
of active traffic management by minimizing traffic flow breakdown probability and
maximizing the expectation of stochastic traffic capacity.

1.3 Contributions

This book contains several contributions to the state of art in stochastic traffic flow
modeling based on headway/spacing distributions.

• A microscopic unified Markov-process car-following model: stochastic
behaviors in unconscious and inaccurate perceptions of headway/spacing.
We link two research directions of road traffic, the mesoscopic headway distrib-
ution model and the microscopic vehicle interaction model, together to account
for the empirical headway/spacing distributions. A unified car-following model
(a Markov-headway model for high velocity and a Markov-spacing model for
low velocity) will be proposed to simulate different driving scenarios, includ-
ing traffic on highways and at intersections. The parameters of this model are
directly estimated from the Next Generation Simulation (NGSIM) trajectory data.
Empirical headway/spacing distributions are viewed as the outcomes of stochastic
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car-following behaviors and the reflections of the unconscious and inaccurate
perceptions of space and/or time intervals that people may have. This expla-
nation can be viewed as a natural extension of the well-known psychological
car-following model (the action point model). The psychological explanation by
the asymmetric stochastic extension of the Tau theory will be also presented.
Furthermore, the fast simulation speed of this model will benefit transportation
planning and surrogate testing of traffic signals.

• A macroscopic stochastic fundamental diagram model: characterizing
scattering features in flow-density plots using a stochastic platoon model.
Fundamental diagram is observed as wide scattering in the congested flow regime
that requires a stochastic mechanism to explain this feature. Based on the Newell’s
simplified car-following model, we discuss the implicit but tight connection
between the microscopic spacing/headway distributions and the macroscopic scat-
tering feature of flow-density plot. We examine microscopic driving behaviors
that are retrieved from the NGSIM trajectory database and study the asymmet-
ric driving behaviors that result in a family of velocity-dependent lognormal type
headway/spacing distributions. Then, we propose a stochastic platoon model to
characterize the distribution of points in spacing-velocity plot. Extending the
Newell’s simplified car-following model, we finally discuss the distribution of
points in the flow-density plot.

• A traffic flow breakdown model for highway ramp bottlenecks: empirical
observations, queueing theory and phase diagram analysis.
We will incorporate the queueing theory to describe traffic breakdown phenom-
ena caused by ramping vehicle perturbations. The traffic breakdown probability
directly corresponds with the probability that this jam queue dissipates in a given
time period. The proposed queueing theory based model emphasizes the size evo-
lution of a jam queue (local congested vehicle cluster) instead of its spatial evolu-
tions. This model will capture the stochastic nature of traffic flow dynamics and
therefore accounts for the probability of breakdown phenomena.
We will propose a simple spatial-temporal queueing model based on Newell’s
simplified car-following model to quantitatively address some typical congestion
patterns that were observed around on/off-ramps. Particularly, we examine three
prime factors that play important roles in ramping traffic scenarios: the time for a
vehicle to join a jam queue, the time for this vehicle to depart from this jam queue,
and the time interval for the ramping vehicle to merge into the mainline. The ana-
lytically derived phase diagram will be compared with the simulation results. We
will show that the new queueing model not only reserves the merits of Newell’s
model on the microscopic level but also helps quantify the contributions of these
parameters in characterizing macroscopic congestion patterns.

In summary, from an academic point of view, our study advances the knowledge
on stochastic traffic flow modeling in both microscopic car-following models and
macroscopic fundamental diagram contexts; from a practice point of view, this study
reveals the numerous underlying aspects of empirical traffic measurements, including
the complex, dynamic and stochastic phenomena of highway traffic flow.
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1.4 Organization

This book is organized as follows.
Chapter 2 reviews the development of traffic flow theory from the perspectives of

macroscopic, mesoscopic, microscopic and stochastic approaches. Some represen-
tative models and methods in literature are summarized and compared. Particularly,
various categories of headway/spacing distributions are investigated, such as univari-
ate simple distribution, compositional distribution, mixed distribution and random
matrix theory based approaches. The review summarizes four typical approaches
in stochastic traffic flow modeling. The literature review forms a solid theoretical
background for the book.

As shown in Fig. 1.1, we explore the characteristics of empirical traffic flow mea-
surements to reveal the complex, dynamic and stochastic phenomena in Chap. 3.
We apply the Eulerian and Lagrangian observations to qualitatively and quan-
titatively study some significant aspects of traffic flow features, including head-
way/spacing/velocity distributions, disturbances of congested platoons (jam queues)
and time-frequency properties of oscillations. This work is the empirical foundation
of the stochastic modeling.

In Chap. 4, from a microscopic perspective, we link two research directions of
road traffic: mesoscopic headway distribution and microscopic vehicle interactions,
by proposing a unified Markov state transition car-following model for different
driving scenarios (highways and intersections), where random choice behaviors of
headway/spacing (unconscious and inaccurate perceptions of time intervals and/or
space) are the underlying stochastic sources. The parameters of this model can be
directly estimated from NGSIM trajectory data. We also propose an asymmetric
stochastic extension of the well-known Tau Theory by assuming that the observed
headway distributions come from drivers consistent actions of headway adjusting,
the intensity of headway change is proportional to the magnitude of headway on
average.

The scattering feature of points on the density-flow plot remains as an attrac-
tive topic in the last few decades. In Chap. 5, from a macroscopic perspective, we
discuss the implicit but tight connection between the microscopic spacing/headway
distributions and the macroscopic scattering feature of flow-density plot. Although
the scattering feature is influenced by various factors (e.g., driver heterogeneity and
lane-changing/merging behaviors), we believe that may be mainly dominated by
the microscopic spacing/headway distributions. Further extending the conventional
deterministic reciprocal relations between flow rate and headway, we assume that
the reciprocal of average headway of a homogeneous platoon and the correspond-
ing flow rate should follow the same distribution. We examine microscopic driving
behaviors that were retrieved from the NGSIM trajectory database. Results show that
asymmetric driving behaviors result in a family of velocity-dependent lognormal
type spacing/headway distributions. Then, we propose a stochastic platoon model
to characterize the distribution of points in spacing- velocity plot. Tests on Per-
formance Measurement System (PeMS) data reveal that the seemingly disorderly

http://dx.doi.org/10.1007/978-3-662-44572-3_2
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scattering points in the macroscopic flow-density plot follow the estimated flow rate
distributions when the aggregation time interval is small enough (e.g., 30 s). If the
aggregation time interval increases (e.g., to 5 min), the measured vehicles proba-
bly pass the loop detectors at different velocities and form heterogeneous platoons.
It becomes difficult to find a definite distribution model that can fit the distribution of
average headway/spacing for various heterogeneous platoons. However, most points
in flow-velocity plot still locate within a certain 2D region, whose boundaries can
be obtained from homogeneous platoon model. Finally, tests on PeMS verify this
boundary property.

In Chap. 6, we study the commonly observed traffic flow breakdown phenomena at
highway bottlenecks, emphasizing the transition process from perturbations to traffic
jams in congested flow. We propose a queueing model to describe traffic breakdown
phenomena caused by perturbations of on-ramp vehicles. If this jam queue cannot
dissipate before the next vehicle merges into the main road, it often grows into a wide
jam and results in traffic breakdown finally. In other words, the traffic breakdown
probability directly corresponds with the probability that this jam queue dissipates
in a given time period. But different from many previous models that focused on the
propagation of jam waves, the proposed queueing theory based model emphasizes
the size evolution of a jam queue (local congested vehicle cluster) instead of its
spatial evolutions. We discuss the close relationship between TF-BP and the jam
wave propagation phenomena with concentration on the evolution of jam queue size.
Furthermore, a simplified queuing models are proposed based on Newells simplified
car-following model, where the formation and dissipation of jam queues are treated
as comprehensive effects of stochastic joining and leaving processes for upstream and
downstream vehicles, respectively. Test results show that the simulated breakdown
probability curve fits well with the empirically observed Weibull distribution type
breakdown probabilities. This agreement indicates that this new model captures the
stochastic nature of traffic flow dynamics and therefore accounts for the probability
of breakdown phenomena. Finally, we analytically derive the phase diagram that
is useful for presenting the evolution process for different traffic flow phases and
quantitatively determining the phase transition conditions.

Chapter 7 summarizes this book and recommends a few future research directions.

http://dx.doi.org/10.1007/978-3-662-44572-3_6
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Chapter 2
Literature Review

2.1 Introduction

This chapter briefly reviews the development of traffic flow theory from the perspec-
tives of macroscopic, mesoscopic, microscopic, and stochastic approaches. Some
representative models and methods are summarized. Particularly, characteristics of
the stochastic traffic flow modeling will be emphasized and analyzed in detail. Since
headway/spacing are the fundamental parameters highly correlated with traffic flow
rate, density and speed, then probabilistic modeling of headway/spacing distribu-
tions will be categorized such as univariate distribution, compositional distribution,
mixed distribution, and random matrix theory based approach. The joint distribution
of headway/spacing/velocity can be regarded as a basis for stochastic modeling of
traffic state evolutions. The historical development of traffic flow theory forms a solid
theoretical background for the whole book.

2.2 Historical Development of Traffic Flow Theory

2.2.1 Macroscopic Modeling

The study of macroscopic continuum traffic flows began with the well-known
Lighthill-Whitham-Richards (LWR) model or kinematic wave model which was
proposed independently by Lighthill and Whitham (1955); Richards (1956). The
model assumes that a discrete flow of vehicles can be approximated by a continuous
flow. And then, vehicle dynamics can be described by the spatial vehicle density
ρ(x, t) as a function of location x and time t . As a result, many theoretical and
numerical methods were developed to study this property based on the hyperbolic
partial differential equation (PDE) type traffic flow model.

The conservation law of vehicles in an arbitrary stretch [x1, x2] of the road, over
an arbitrary time interval [t1, t2], is written as:

© Tsinghua University Press, Beijing and Springer-Verlag Berlin Heidelberg 2015
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x2∫

x1

ρ(x, t2)dx−
x2∫

x1

ρ(x, t1)dx =
t2∫

t1

ρ(x1, t)v(x1, t)dt−
t2∫

t1

ρ(x2, t)v(x2, t)dt (2.1)

where ρ(x, t) (veh/km) is the mean density at location x and time t , v(x, t) (km/h)
is the mean velocity at location x and time t .

However, weak solutions of Eq. (2.1) are not unique, and not all weak solutions
capture the physics of traffic flow correctly (Jabari and Liu 2012). In order to derive
the conservation law of traffic flow, Prigogine and Herman (1971) defined the phase
space density as a production of ρ(x, t) and the velocity distribution P̃(v|x, t), i.e.,

ρ̃(x, t, v) � ρ(x, t)P̃(v|x, t) (2.2)

where ρ̃(x, t, v) is the phase space density function, that is, the joint PDF with respect
to v at location x and time t , the velocity distribution satisfies

∫∞
0 P̃(v|x, t)dv=1,∫∞

0 v P̃(v|x, t)dv = v(x, t).
Let {(x, v) �→ (y, u)} denotes the transition rate from state (x, v) to (y, u),

where x and y represent locations, v and u represent velocities. Then the backward
Kolmogorov type master equation that depicts the evolution of phase space density
is

dρ̃(x, t, v)

dt
=

∞∫

0

∞∫

−∞
{(y, u) �→ (x, v)}ρ̃(y, t, u)dydu

−
∞∫

0

∞∫

−∞
{(x, v) �→ (y, u)}ρ̃(x, t, v)dydu (2.3)

Suppose when t → ∞, the phase space density tends to a steady state, i.e.,

lim
t→∞

dρ̃(x, t, v)

dt
= 0 (2.4)

Expand Eq. (2.4) to the total derivative

∂ρ̃(x, t, v)

∂t
+ dx

dt

∂ρ̃(x, t, v)

∂x
+ dv

dt

∂ρ̃(x, t, v)

∂v
= 0 (2.5)

Integrate Eq. (2.5) with respect to v, we have

∞∫

0

∂ρ̃(x, t, v)

∂t
dv + ∂ρ(x, t)

∂x

∞∫

0

v P̃(v|x, t)dv + ρ(x, t)

∞∫

0

∂ P̃(v|x, t)

∂v

dv

dt
dv = 0

(2.6)
Simplify Eq. (2.5), the reduced form is
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∂ρ(x, t)

∂t
+ ∂ρ(x, t)

∂x
v(x, t) + ∂v(x, t)

∂x
ρ(x, t) = 0 (2.7)

or

∂ρ(x, t)

∂t
+ ∂ρ(x, t)v(x, t)

∂x
= 0 (2.8)

Incorporate the equilibrium flow function qe(ρ), we have the hyperbolic PDE of
LWR model as

∂ρ(x, t)

∂t
+ dqe(ρ)

dρ

∂ρ(x, t)

∂x
= 0 (2.9)

The cell transmission model (CTM) was proposed by Daganzo (1994, 1995a) as
a direct discretization of LWR model to simulate traffic flow evolutions using the
Godunov Scheme (Lebacque 1996), in which the flow rate was modeled as a function
of density with a triangular or trapezoidal form. Various modifications of the CTM
model had been proposed in last two decades. For example, CTM was extended to
model network traffic flow with general fundamental diagrams (Daganzo 1995b).
Lags were introduced to formulate the lagged cell transmission model (LCTM) that
adopted a nonconcave fundamental diagram, in the fact that, the forward wave speed
was larger than the backward wave speed (Daganzo 1999). Recently, the original
LCTM was modified by Szeto (2008) as the enhanced LCTM (ELCTM) to guarantee
that the nonnegative densities would not be greater than the jam density. To validate
the parameters online by loop detectors data, a switching mode model (SMM) was
formulated, in which the evolution of traffic density switched among different sets
of linear difference equations (Muñoz et al. 2003, 2006). The asymmetric cell trans-
mission model (ACTM) was applied in optimal freeway ramp metering by Gomes
and Horowitz (2006); Gomes et al. (2008). The cell-based dynamic traffic assign-
ment formulation was further developed for networks. Lo et al. (2001); Lo and Szeto
(2002); Boel and Mihaylova (2006) proposed the compositional CTM afterwards.

To model the evolutions of velocity more accurately, higher-order terms of density
and velocity were incorporated. The higher-order density gradient type dynamic
equation has the following expression

∂v

∂t
+ v

∂v

∂x
= ve(ρ) − v

τ
− c2

0

ρ

∂ρ

∂x
(2.10)

where v = v(x, t), ρ = ρ(x, t), ve(ρ) is the equilibrium velocity-density function,
τ is the relaxation time, c0 � 0 is the substitution variable with the same unit as
velocity, {v + c0, v − c0} are the characteristic velocities. v + c0 is larger than the
macroscopic velocity of traffic flow, so that this model was criticized by Daganzo
(1995c).

In order to overcome the problem, higher-order velocity gradient type dynamic
equation was derived as
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∂v

∂t
+ v

∂v

∂x
= ve(ρ) − v

τ
+ c0

∂v

∂x
(2.11)

where characteristic velocities are not larger than the macroscopic velocity of traffic
flow, i.e., {v, v − c0} � v, so there are no reverse movements (Daganzo 1995c).

Helbing et al. (2009) proposed a general form for the higher-order model. They
regarded that it was not contradictory when the characteristic velocity was larger
than the macroscopic velocity. The general form is

∂v

∂t
+ v

∂v

∂x
= ve(ρ) − v

τ
− 1

ρ

(
∂ P1

∂ρ

∂ρ

∂x
+ ∂ P2

∂v

∂v

∂x

)
(2.12)

where P1 = P1(ρ, v) and P2 = P2(ρ, v) are pressure terms, satisfying ∂ρ P1 �
0, ∂v P2 � 0.

Analogously, we propose the following general macroscopic traffic flow model

∂v

∂t
+ v

∂v

∂x
= ve(ρ) − v

τ
+ k1v

′
e(ρ)

ξ

τ

∂ρ

∂x
+ k2

η

τ

∂v

∂x
(2.13)

where k1, k2 are the weighted coefficients for the density gradient term and the
velocity gradient term, ξ = ξ(ρ, v) and η = η(ρ, v) reflect the anticipative and
adaptive driving behaviors, respectively.

We obtain the general simultaneous PDEs

∂ρ

∂t
+ ve(ρ)

∂ρ

∂x
+ ρ

∂v

∂x
= 0 (2.14)

∂v

∂x
+ v

∂v

∂t
= ve(ρ) − v

τ
+ k1v

′
e(ρ)

ξ

τ

∂ρ

∂x
+ k2

η

τ

∂v

∂x
(2.15)

The analytical linear stability condition for this general model is as following
(refer to the detailed derivation in Appendix A)

ρ0v
′
e (ρ0) + k1

ξ

τ
+ k2

η

τ
� 0 (2.16)

Characteristic velocities are v + c±, where

c± = −|η|
2τ

∓
√

ρv′
e (ρ)

ξ

τ
+

( η

2τ

)2
(2.17)

2.2.2 Mesoscopic Modeling

Common mesoscopic models belong to three categories (Hoogendoorn and Bovy
2001): time-headway distribution models, cluster models, and gas-kinetic models.
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Table 2.1 Typical macroscopic traffic flow models

Models k1 k2 ξ η Characteristic velocities v + c±

Payne (1971) 1 0 1
2ρ

– c± = ∓
√ |v′

e(ρ)|
2τ

Whitham (1974) 1 0 − μ
ρv′

e(ρ)
– c± = ∓√

μ/τ

Phillips (1979) 1 0 − τ�0(1−ρ/ρ j )
ρv′

e(ρ)
– c± = ∓

√
�0

(
1 − ρ/ρ j

)
Zhang (1998) 1 0 −ρv′

e(ρ)τ – c± = ±ρv′
e (ρ)

Aw and Rascle (2000)
Greenberg (2001)

0 1 – τγργ c+ = −γργ � 0, c− = 0

Zhang (2002) 0 1 – −c(ρ)τ c+ = c (ρ) � 0, c− = 0

Jiang et al. (2001, 2002) 0 1 – c0τ c+ = c0 � 0, c− = 0

Xue and Dai (2003) 0 1 – −tr ρv′
e(ρ) c+ = tr

τ
ρv′

e (ρ) � 0, c− = 0

Helbing and Johansson
(2009)

1 1 − τ∂ρ P1
v′

e(ρ)ρ
− τ∂v P2

ρ
c± = ∂v P2

2ρ
∓

√
∂ρ P1 + ( ∂v P2

2ρ
)2

The book will discuss headway distribution models in Sect. 2.3. Due to the space
limitation, cluster models will be omitted. We will briefly show the idea of gas-kinetic
model (Table 2.1). Prigogine and Herman (1971) proposed the following Boltzmann
equation

dvρ̃

dt
= dρ̃

dt
+ v

dρ̃

dx
=

(
dρ̃

dt

)
acc

+
(

dρ̃

dt

)
int

(2.18)

Acceleration behaviors can be modeled by the relaxation process that transforms
from velocity distribution P̃(v; x, t) to the expected velocity distribution P̃0(v)

(
dρ̃

dt

)
acc

= ρ(x, t)

τ (ρ(x, t))

[
P̃0(v) − P̃(v|x, t)

]
(2.19)

Interactions among vehicles are

(
dρ̃

d
t

)
int

= (1 − p(ρ))ρ(x, t) [v̄(x, t) − v] ρ̃(x, t, v) (2.20)

where

v̄(x, t) =
∞∫

0

v P̃(v|x, t)dv =
∞∫

0

v
ρ̃(x, t, v)

ρ(x, t)
dv (2.21)

Recently, mesoscopic traffic simulation has been attracted more efforts on the
operations of dynamic traffic systems, e.g., CONTRAM (Leonard et al. 1989),
DYNASMART (Jayakrishnan et al. 1994), FASTLANE (Gawron 1998), DYNAMIT
(Ben-Akiva et al. 2010), INTEGRATION (van Aerde and Rakha 2002), MEZZO
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(Burghout et al. 2006), DYNAMEQ (Snelder 2009), dynaCHINA (Lin and Song
2006), etc.

2.2.3 Microscopic Modeling

Microscopic traffic flow model utilizes the Lagrangian method to study traffic
flow dynamics by describing one vehicular trajectory or interactions among mul-
tiple vehicles. Microscopic modeling can be divided into car-following model and
lane changing model. This section only reviews the theoretical development of car-
following models. Common car-following models include: stimulus response model,
safe distance or behavioral model, psychological-physical/action point model, arti-
ficial intelligence-based model, cellular automaton (CA), etc.

The updating equations of velocity and location are

{
vn(t + 	t) = vn(t) + v̇n(t)	t
xn(t + 	t) = xn(t) + vn(t)	t + 1

2 v̇n(t) (	t)2 (2.22)

where xn(t) is the location of the nth vehicle at time t , vn(t) = ẋn(t) is the velocity
of the nth vehicle at time t , 	t is the updating time step.

The general form of acceleration equation is

an = f (xn−1, xn, vn−1, vn) , n ∈ N
+ (2.23)

Table 2.2 shows the long-term evolution of typical microscopic car-following
models. We can expand Eq. (2.23) to the scenario of a multiple-car-following model
as

an = f (xn, . . . , xn−m+1; vn, . . . , vn−m+1) , m, n ∈ N
+ (2.24)

where m is the number of vehicles that influence the nth vehicle.
In the past decade, some multi-anticipative car-following models were proposed

to enhance the stability of traffic flow. One approach assumed that the individual loca-
tion and velocity information could be shared among different vehicles to simulate
multi-anticipative behaviors via inter-vehicle communications (Li and Wang 2007).
Other approaches emphasized the multi-anticipative behaviors of human drivers and
tried to model the actions of drivers via simulation models (Treiber et al. 2006a).
Numerical experiments showed that multi-vehicle interactions generally enlarged
the stable region of traffic flow. For example, based on the extended optimal veloc-
ity model (OVM) and full velocity difference model (FVDM), Lenz et al. (1999)
showed that the stability of traffic flow was improved by taking into account relative
velocities of vehicles. Results indicated that the multi-anticipative behavior enlarged
the linear stability region. On the contrary, the human reaction or manipulation
delays might lead to the instability of traffic flow. Appendix B applies perturbation
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Table 2.2 Typical microscopic traffic flow models

Models Acceleration equations a Parameters

Pipes (1953) an(t + τ) = c(vn(t) − vn−1(t)) c

Gazis et al. (1961) an(t) = cvm
n (t) vn (t)−vn−1(t)

(xn(t)−xn−1(t))l c, m, l

Newell (1961) an(t) = c(xn(t) − xn−1(t))l c

a(t) = 1
τ
[vopt(xn(t) − xn−1(t)) − vn−1(t)]b c, d

Bierley (1963) an(t) = α(vn(t) − vn−1(t)) + β(xn(t) − xn−1(t))l α, β

Sultan et al. (2004) an(t + τ) = cvm
n (t)	vn (t)

	xl
n (t)

+ k1an−1(t) + k2an(t) c, k1, k2

Bando et al. (1995) an(t) = c[vopt(xn(t) − xn−1(t)) − vn(t)]c c, ssafe

Helbing and Tilch (1998) an(t) = c[vopt(	xn(t)) − vn(t)] + λH	vn(t)d c, λ

Jiang et al. (2001) an(t) = c[vopt(	xn(t)) − vn(t)] + λ	vn(t) c, λ

Treiber et al. (2000) an(t) = amax

[
1 −

(
vn

vmax

)δ −
(

s∗(vn ,	vn )
sn

)2
]e

δ, Tn, sn

a 	xn(t) = 	xn,n−1(t) = xn(t) − xn−1(t), 	vn(t) = 	vn,n−1(t) = vn(t) − vn−1(t)
b vopt(xn(t) − xn−1(t)) = vfree

[
1 − exp

(
− c

vfree
(xn(t) − xn−1(t)) − d

)]
c vopt(xn(t) − xn−1(t)) = vfree

2

[
tanh(Xn(t) − xn−1(t) − Ssa f e) + tanh(Ssa f e)

]
d H = H(−	vn(t)) is Heaviside function
e s∗(vn,	vn) = smin + max{Tnvn + vn	vn/(2

√
amaxbn), 0}

analysis (PA) to derive the critical linear stability condition for multi-car-following
models.

However, the common problem of typical models listed in Table 2.2 is to define
a deterministic acceleration equation. In field applications, vehicles are influenced
by many stochastic internal and external factors that are not taken into consideration
in the classic deterministic acceleration equation based models. How to depict the
stochastic characteristics of driving behaviors and time-varying traffic flow states
more accurately will be discussed in Chap. 4 by using the Markov model based on
headway/spacing distributions.

2.2.4 Stochastic Modeling

Road traffic flow is influenced by various random factors, including both external fac-
tors such as the weather, and internal factors such as transportation facilities, vehicle
characteristics, driver behaviors, etc. These stochastic factors make the deterministic
approaches difficult to accurately estimate or predict dynamic traffic evolutions. To
overcome this problem, numerous stochastic approaches were developed for con-
tinuous traffic flow modeling. In this study, they are divided into the following four
categories:

• Macroscopic traffic flow modeling by the randomization of the first-order conser-
vation law and/or higher-order momentum equations;

http://dx.doi.org/10.1007/978-3-662-44572-3_4
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• Microscopic traffic flow modeling by the randomization of driving behaviors
and/or mixed traffic flows;

• Fundamental diagram and the corresponding phase transitions by the randomiza-
tion of relationships among flow, density, and velocity;

• Transportation reliability studies on the randomization of road capacity and/or
travel time distribution.

In summary, the four categories of stochastic approaches can be generally written
as

�(x + 	x, t + 	t) = f (�(x, t),	x,	t) + ε(x, t) (2.25)

where �(x, t) is the vector of traffic states at location x and time t , f (·) is the traffic
state evolution function, ε(x, t) is noise function.

First, in macroscopic modeling, Boel and Mihaylova (2006) proposed a stochastic
compositional model for freeway traffic flows, where the randomness was reflected
in the probability distributions of sending and receiving functions, also in the well-
defined noise term of speed adaptation rules. Sumalee et al. (2011) proposed a first-
order macroscopic stochastic cell transmission model (SCTM), each operational
mode of which was formulated as a discrete time bilinear stochastic system to model
traffic density of freeway segments in stochastic demand and supply. However, this
approach still assumed a deterministic FD with a second-order wide-sense station-
ary (WSS) noisy disturbance. Wang et al. (2005, 2006, 2009b) presented a general
stochastic macroscopic traffic flow model of freeway stretches based on a traffic
state estimator using extended Kalman filtering and developed the freeway network
state monitoring software (i.e., REal-time motorway Network trAffIc State Surveil-
lANCE, RENAISSANCE).

Secondly, in microscopic modeling, Wagner (2011) proposed a time-discrete sto-
chastic harmonic oscillator for car-following based on the deterministic acceleration
Eq. (2.23), i.e., an = f (xn−1, xn, vn−1, vn) + ε, n ∈ N

+ where ε is the noise
term. Huang et al. (2001) proposed a stochastic CA model by incorporating braking
probability, occurrence, and dissipation probability. Some other approaches include
Nagel and Schreckenberg (1992); Zhu et al. (2007). Since microscopic car-following
model is highly correlated with headway/spacing distributions, we will further dis-
cuss a Markov model to depict headway/spacing evolutions in Chap. 4.

Thirdly, in stochastic FD and its phase transition analysis, the classic assumption
is the existence of deterministic functions of flow-density and speed-density. FD has
been the foundation of traffic flow theory and transportation engineering. According
to the definition by Edie (1961), in the t ∼ x vehicular trajectory diagram, we have

ρ =
n∑

i=1

Ti

|A| , q =
n∑

i=1

Di

|A| , v = q

ρ
=

∑n
i=1 Di∑n
i=1 Ti

(2.26)

where |A| is the area of an arbitrary region A, Ti , and Di are the travel time and
distance for the i th vehicle in A.

http://dx.doi.org/10.1007/978-3-662-44572-3_4
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Treiber et al. (2006b) investigated the adaptation of headways in car-following
models as a function of the local velocity variance to study the scattering features
in flow-density plot. Ngoduy (2011) argued that the widely scattering flow-density
relationship might be caused by the random variations in driving behavior. The
distribution features and probabilistic boundaries estimation method will be further
discussed in Chap. 5.

At last, in transportation reliability studies, Brilon et al. (2005) pointed out that the
concept of stochastic capacities was more realistic and more useful than the traditional
concept of deterministic capacity. In the last decade, many efforts were made to
identify the characteristics of traffic flow breakdown and its occurrence condition
(Evans et al. 2001; Kerner and Klenov 2006; Kesting et al. 2010; Smilowitz and
Daganzo 2002). Usually, traffic breakdown phenomena can be triggered by external
disturbances or internal perturbations. This book only considers the latter one that
has been widely observed and validated when studying the features of oscillations
(Banks 2006; Del Castillo 2001; Jost and Nagel 2003; Kerner and Klenov 2006; Kim
and Zhang 2008; Lu and Skabardonis 2007; Son et al. 2004; Wang et al. 2007). Many
approaches can be used in traffic flow breakdown phenomena. For example, Bassan
et al. (2006) used the mathematical property of log periodic oscillations (LPO) to
model traffic density over time. Habib-Mattar et al. (2009) developed a density-
versus-time model to describe traffic breakdown, it was found that density increased
sharply toward the peak period and then decreased and increased again toward the
breakdown. Since density cannot be directly measured in field, many researchers
tend to study the relationship between traffic flow breakdown probability with the
upstream flow. In general, the probability shows an increasing sigmoid curve in
terms of the upstream flow, where Weibull distribution is commonly incorporated to
formulate the curve (Banks 2006; Brilon et al. 2005; Chow et al. 2009; Lorenz and
Elefteriadou 2001; Mahnke and Kühne 2007). Chen and Zhou (2010) proposed the
α-reliable mean-excess traffic equilibrium (METE) model that explicitly considered
both reliability and unreliability aspects of travel time variability in the route choice
decision process. Stochastic capacity is highly correlated with traffic flow breakdown
probability, and the analytical derivation of phase transition will be present in Chap. 6.

Differing from the above four kinds of stochastic approaches, Mahnke et al. (2001,
2005); Mahnke and Kühne (2007); Mahnke and Pieret (1997) applied stochastic
process to the dynamic mechanism of traffic congestion occurrence and dissipation
based on time-varying probability distributions, by using master equation of statisti-
cal physics to analyze the phase transitions and nucleation phenomena in jam queues.
The general form of master equation is (Chowdhury et al. 2010; van Kampen 2007)

∂P(z, t)

∂t
=

∫
[ωz′zP(z′, t) − ωzz′P(z, t)]dz′ (2.27)

where z and z′ are continuous state variables, t is continuous time, P(z, t) is the
probability of being in state z at time t , ωzz′ is the transition rate from state z to z′,
satisfying

∫
ωzz′dz′ = ∫

ωz′zdz′ = 1.

http://dx.doi.org/10.1007/978-3-662-44572-3_5
http://dx.doi.org/10.1007/978-3-662-44572-3_6
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In stochastic traffic flow modeling, traffic states are usually represented by discrete
variables. Let S be an arbitrary discrete state, the probability that traffic belongs to
state S at time t is PS(t). The evolution of traffic states can be described by the
following discrete master equation

dPS(t)

dt
=

∑
S ′

ωS ′SPS ′(t) −
∑
S ′

ωSS ′PS(t) (2.28)

where ωSS ′ is the transition rate from state S to S ′, satisfying
∑

S ′ ωSS ′ =∑
S ′ ωS ′S = 1, the first term on the right side is the transition rate from one state S ′

to the current state S, the second term is the transition rate from the current state S
to another state S ′.

Furthermore, when traffic state and time are both discrete, suppose traffic state
is S at time t , according to the master equation in Eq. (2.28), at time t + 	t , the
probability that traffic still belongs to state S is

PS(t + 	t) =
⎛
⎝1 −

∑
S ′ �=S

ωSS ′	t

⎞
⎠PS(t) +

∑
S ′ �=S

ωS ′S	tPS ′(t) (2.29)

Regard the formation and dissipation of a jam queue as a Markov process, and
assume at most one vehicle can join the jam queue in a differentiation δt , i.e., the
probability that two or more vehicles join the jam queue in δt is o(δt), then the master
equation of the jam queue length distribution is

∂P(n, t)

∂t
= ω+(n − 1)P(n − 1, t) + ω−(n + 1)P(n + 1, t)

− [ω+(n)P(n, t) + ω−(n)P(n, t)], n ∈ N
+ (2.30)

where ω+(n) and ω−(n) are the transition rates for a jam queue length changes of
{n �→ n + 1} and {n �→ n − 1} vehicles, respectively.

Mahnke et al. (2001, 2005); Mahnke and Kühne (2007); Mahnke and Pieret (1997)
studied the occurrence and evolution of jam queues in a homogeneous circle road
with periodic boundary conditions, and defined the joining and leaving rates as

ω+(n) = vopt(	xfree(n)) − vopt(	xcong(n))

	xfree(n)) − 	xcong(n)
, ω−(n) = 1

τout
(2.31)

where the joining rate is calculated by the OVM, the optimal free-flow velocity is
vopt(	xfree(n)), the congested optimal velocity is vopt(	xcong(n)), and 	xcong(n) =
	xcong. Then we get the jam queue length Lcong = n	xcong and the free-flow length
L free = L − Lcong = n	xcong, L is the length of the circle road. τout is the mean
waiting time for a vehicle to leaving a jam queue.
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Furthermore, Kühne et al. (2002) applied the master equation-based nucleation
model to traffic flow breakdown phenomenon in ramping bottlenecks, and formulated
the Fokker-Planck equation that described the jam queue evolutions.

2.3 Probabilistic Headway/Spacing Distributions

2.3.1 Simple Univariable Distributions

• Negative exponential distribution

Let h denote the random variable of headway. Negative exponential distribution
describes the interarrival time as Poisson process. Events occur continuously and
independently at a constant average rate. It is appropriate when traffic flow rate and
density are small.

The PDF is

f (h|λ) = λe−λh, h � 0 (2.32)

where λ is the rate parameter. It indicates aggressive driving behaviors when λ is
relatively large, while it indicates timid driving behaviors when λ is relatively small.

The CDF is

F(h|λ) = 1 − e−λh, h � 0 (2.33)

The expectation and variance of headway are

E[h] = 1

λ
, Var[h] = 1

λ2 (2.34)

Define the maximum likelihood function as

�(λ) � λn exp

(
−λ

n∑
i=1

hi

)
(2.35)

Let ∂�(λ)/∂λ = 0, we have the following maximum likelihood estimator (MLE)

λ̂ = 1

h̄
(2.36)

where h̄ = 1
n

∑n
i=1 hi , {h1, . . . , hn} are samples.
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• Shifted exponential distribution

Since the probability of headway near zero is large in negative exponential distri-
bution, to avoid the extremely short headways, the PDF is shifted rightwards with a
deterministic positive value.

The PDF is

f (h|λ, h0) = λe−λ(h−h0), h � h0 (2.37)

where h0 is the translation parameter.
The CDF is

F(h|λ, h0) = 1 − e−λ(h−h0), h � h0 (2.38)

The expectation and variance of headway are

E[h] = 1

λ
+ h0, Var[h] = 1

λ2 (2.39)

Define the maximum likelihood function as

�(λ, h0) � λn exp

(
−λ

n∑
i=1

(hi − h0)

)
(2.40)

Let ∂�(λ, h0)/∂λ = 0, we have the MLEs

ĥ0 = min{h1, . . . , hn}, λ̂ = 1

h̄ − ĥ0
(2.41)

• Gamma distribution (Pearson type III distribution)

Gamma distribution is a two-parameter family of continuous probability distrib-
utions used to model headway commonly.

The PDF is

f (h|α, β, h0) = (h − h0)
α−1e−(h−h0)/β

βαΓ (α)
, h � h0 (2.42)

where Γ (α) = ∫∞
0 tα−1et dt is the gamma function with a shape parameter α and a

scale parameter β.
The CDF is

F(h|λ, h0) = γ (α, (h − h0)/β)

Γ (α)
, h � h0 (2.43)

where γ (α, (h − h0)/β) = ∫ (h−h0)/β

0 tα−1e−t dt .



2.3 Probabilistic Headway/Spacing Distributions 21

The expectation and variance are

E[h] = αβ + h0, Var[h] = αβ2 (2.44)

There is no closed-form solution for α and β. They can be numerically approxi-
mated by using Newton’s method, method of moments, etc. However, Gamma dis-
tribution cannot be suitable to depict headway distribution when the shape parameter
is larger than 1 because the bell-like shape gives low probability to short headways.

• Shifted lognormal distribution

If log(h−h0) follows the normal distributionN (μh, σ 2
h ), then h belongs to shifted

lognormal distribution. The lognormal relation holds if the change in a headway
during a small time interval is a random proportion of the headway at the start of the
interval, and the mean and the variance of the headway remain constant over time
(Luttinen 1996). Shifted lognormal distribution is widely used in headway/spacing
modeling in both scenarios of continuous and interrupted transportation facilities. It
is also closely related to car-following models as well.

The PDF is

f (h|μh, σh, h0) = 1√
2πσh(h − h0)

exp

(
− (log(h − h0) − μh)2

2σ 2
h

)
, h � h0

(2.45)

where μh, σh are the mean and standard deviation, respectively, of the headway’s
natural logarithm

The CDF is

F(h|μh, σh, h0) = Φ

(
log(h − h0) − μh

σh

)
, h � h0 (2.46)

where Φ(·) is the standard normal distribution function.
The expectation and variance of headway are

E[h] = exp
(
μh + σ 2

h /2
)
+h0, Var[h] = exp

(
2μh + σ 2

h

) (
exp(σ 2

h ) − 1
)

(2.47)

Define the maximum likelihood function as

�(μh, σh, h0) �
n∏

i=1

f (hi |μh, σh, h0) (2.48)

Let

∂�(μ̂h, σ̂h, ĥ0)

∂μ̂h
= ∂�(μ̂h, σ̂h, ĥ0)

∂σ̂h
= ∂�(μ̂h, σ̂h, ĥ0)

∂ ĥ0
= 0
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we have the following MLEs

ĥ0 = min{h1, . . . , hn} (2.49a)

μ̂h = 1

n

n∑
i=1

log(hi − ĥ0) (2.49b)

σ̂h = 1

n

n∑
i=1

(
log(hi − ĥ0)

)2 −
(

1

n

n∑
i=1

log(hi − ĥ0)

)2

(2.49c)

2.3.2 Compositional Distributions

The simple univariable distributions are incapable of describing both sharp peak
and long tail properties of headway/spacing. Because of the coexistence of two
main traffic flow states, i.e., free-flow headways and car-following headways, whose
distributions are significantly different. So it’s better to incorporate the compositional
distribution functions.

The compositional PDF of headway is defined as f (h), i.e.,

f (h) = ϕp(h) + (1 − ϕ)q(h) (2.50)

where 0 � ϕ < 1 is the proportion of constrained headways in car-following states,
p(h) is the PDF of constrained headways, q(h) is the PDF of free-flow headways.

According to the convolution formula, we have

q(h) = p∗(λ)−1λe−λh

h∫

0

p(z)dz (2.51)

where p∗(λ) is the Laplace transform of p(h), i.e.

p∗(λ) =
∞∫

0

e−λh p(h)dh (2.52)

• Hyperexponential distribution

Schuhl (1955) first applied Hyperexponential distribution to model headway,
known as Schuhl’s (composite exponential) distribution.

The PDFs are

p(h) = λpe−λp(h−h0), q(h) = λqe−λq (h−h0) (2.53)
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where λp, λq are parameters of exponential distributions for car-following and free-
flow states, respectively.

• Hyperlang distribution

Dawson and Chimini (1968) suggested the Erlang-distribution as a model for
car-following headways, i.e.,

p(h) = λk
p(h − h0)

k−1e−λp(h−h0,p)

(k − 1)! , q(h) = λqe−λq (h−h0,q ) (2.54)

where k ∈ N
+, λp, λq are parameters of car-following and free-flow distributions,

respectively. h0,p, h0,q are the translation parameters. Luttinen (1996) pointed out
that the hyperlang distribution has an exponential tail, and the shape of the PDF is
similar to empirical headway distributions.

2.3.3 Mixed Distributions

It is found that many stationary distribution models could fit the empirical data of
free flow but not congested flow. One way to solve this problem is to use the mixed
headway distribution models. For example, in the M3 model (Cowan 1975), the
headways of free-driving vehicles and those leader-following vehicles were assumed
to follow different PDFs. But the calibration of mixed models is usually tedious, if
we want to fit the empirical distributions with a high accuracy.

• Semi-Poisson distributions

Buckley (1968) proposed the semi-Poisson model that described the fluctuations
in car-following states, conjectured there was a zone of emptiness in front of each
vehicle, and compared it with Gamma distribution, shifted Gamma distribution, expo-
nential distribution by using field measurements. Wasielewski (1974) applied non-
parametric method to calculate constrained headway in semi-Poisson distribution.

The PDF of semi-Poisson distribution is

f (h) = ϕp(h) + (1 − ϕ)

∫ h
0 p(h)dt

p∗(θ)
θe−θh, h � 0, θ > 0 (2.55)

where p∗(θ) = ∫∞
0 e−θh p(h)dh is the Laplace transform of p(h).

Semi-Poisson distribution defines two common headway distributions for car-
following scenarios, i.e.,

Gamma distribution and its Laplace transform

p(h) = hα−1e−h/β

βαΓ (α)
, q∗(λ) = (1 + λβ)−α (2.56)
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Gaussian distribution and its Laplace transform

p(h) = 1√
2πσ

e− (h−μ)2

2σ2 , p∗(λ) = e(σ 2/2−μ)λ (2.57)

where μ and σ are the expectation and standard deviation of Gaussian distribution.
Branston (1976) proposed a mixed model of a generalized queuing model and

semi-Poisson model. The PDF for free-flow headway is

q(h) = λe−λh

h∫

0

p(z)eλzdz (2.58)

where 1/λ is the average headway. Assume headway follows lognormal distribution
in car-following mode as

p(h) = 1√
2πσh

e− (log h−μ)2

2σ2 (2.59)

then the PDF for mixed headway is

f (h) = ϕp(h) + (1 − ϕ)λe−λh

h∫

0

p(z)eλzdz (2.60)

2.3.4 Random Matrix Model

Krbálex and Sěba (2001) showed that traffic data from different sources belonged to
a class of random matrix distributions. Abul-Magd (2006) applied the random matrix
theory (RMT) to the car-parking problem and adopted a Coulomb gas model that
associated coordinates of gas particles with the eigenvalues of a random matrix, in
which the Wigner surmise for Gaussian unitary ensemble (GUE) was given by

P(ς) = 32

π2 ς2e−4ς2/π , ς � 0 (2.61)

where ς is the space gap, i.e. spacing minus vehicle length.
Abul-Magd (2007) pointed out that RMT modeled the Hamiltonians of chaotic

systems as members of an ensemble of random matrices that depended only on the
symmetry properties of the system and GUE modeled systems violating time reversal
symmetry. In the phase transition from the free-flow state to the congested state, the
GUE of RMT is
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PGUE(ς) = 32ς2

π2ς̄3 e−4ς2/πς̄2
(2.62)

where ς̄ is the mean space gap.
Space gaps in free-flow traffic are uncorrelated and follow the Poisson distribution

PPoisson(ς) = 1

ς̄
e−ς/ς̄ (2.63)

More recently, models based on headway/spacing distributions and state transi-
tions received more interests. For example, Jin et al. (2009) revealed that the distri-
butions of departure headways at each position in a queue approximately followed a
certain lognormal distribution except the first one by using video data collected from
four intersections in Beijing. Wang et al. (2009a) estimated a cellular automation
model for spacing distribution.

2.4 Summary

This chapter reviews the history of traffic flow theory from the perspectives of macro-
scopic, mesoscopic, microscopic modeling approaches, and summaries their scopes
of applications. This chapter focuses on the stochastic traffic flow modeling method
and the headway/spacing probabilistic distributions. Based on the overview of the
state-of-the-art traffic flow model, the historical development of traffic flow modeling
approaches are summarized as a literature foundation for the other chapters.



Chapter 3
Empirical Observations of Stochastic
and Dynamic Evolutions of Traffic Flow

3.1 Introduction

Road traffic flow is characterized by the complex, dynamic, and stochastic phe-
nomena. In history, traffic theorists and transportation engineers applied numerous
approaches to the qualitative or quantitative analyses of traffic flow. Figure 3.1 shows
the empirical investigations based on Eulerian and Lagrangian field measurements in
this chapter. The studies of stochastic phenomena include headway/spacing/velocity
distributions, disturbances of congested platoons (jam queues), and time-frequency
properties of oscillations. These observations will reveal some important aspects of
complex, dynamic, and stochastic evolutions of traffic flow.

The observations in this chapter are the empirical basis for the book. The relations
with other parts in the book are: (1) the studies of empirical joint distributions of
headway/spacing/velocity based on typical Lagrangian measurements, i.e., trajec-
tory data, promise traffic state transition matrices for a Markov car-following model
that will be further discussed in Chap. 4; (2) based on the Lagrangian measurements,
the spatial-temporal evolutions of mean velocity, and disturbances of travel time, a
stochastic fundamental diagram model will be formulated in Chap. 5; (3) by using the
nonlinear stochastic signal processing method for time-frequency analysis, the typi-
cal Eulerian data, i.e., inductive loop detections are explored to reveal the stochastic
oscillations and breakdown phenomena, then a traffic flow breakdown probability
model will be established in Chap. 6.

3.2 Characteristics of Headway/Spacing/Velocity

The first question examined in this chapter is:
Question 3.1. Which one should be chosen as the fundamental modeling variables:
headway, spacing, or velocity?
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Fig. 3.1 Relationship between this chapter and other contents

To answer this question, we use different methods to retrieve and study the data
from the NGSIM datasets (NGSIM 2006). Many researchers had complained about
the lack of data against calibration and validation in late 1990s, e.g., Lipshtat (2009).
The appearance of the NGSIM program relieves this worriment recently, since it
provides high-quality and publicly available trajectory datasets that can be used to
describe the microscopic driver behaviors.

NGSIM trajectory data have been emergently applied to calibrate and validate
micro/macroscopic traffic models and simulations since 2005 (Chiabaut et al. 2009,
2010; Hamdar and Mahmassani 2008; Kesting and Treiber 2008; Kesting et al. 2007;
Leclercq et al. 2007; Lu and Skabardonis 2007; Ossen et al. 2006; Toledo and Zohar
2007; Yeo 2008; Young and Rice 2006). Recent achievements in Intelligent Trans-
portation System (ITS) have allowed drivers to communicate with other neighboring
drivers. To identify the macroscopic properties of traffic dynamics, such as FD and
shockwaves, a method to measure passing rate was proposed to determine lane-
specific FD and further reinforce the linear assumption in the congested regime
(Chiabaut et al. 2009). Another exploratory analysis and numerical algorithm were
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Fig. 3.2 The placements of the virtual loop detectors

applied to estimate the shockwave characteristics and propagation speeds by explor-
ing the trajectories (Lu and Skabardonis 2007).

The trajectory data used for calibration were obtained from the southbound direc-
tion of US Highway 101, in Hollywood, Los Angeles, California. The monitoring
period is from 7:50 to 8:35 am in morning rush hours on June 15, 2005. There are
five through lanes (Lane 1–5) with an auxiliary (Lane 6), an on-ramp (Lane 7) and
an off-ramp (Lane 8), for a total length of 640 m (see Fig. 3.2). The sampling time
interval is 0.1 s. The preprocessing of the trajectory data is similar to what have been
discussed in Thiemann et al. (2008) and is omitted here.

In particular, 65 virtual detectors are placed on the road as shown in Fig. 3.2. When
a vehicle passes one of these virtual detectors, its current headway and spacing to its
leaders will be recorded as a triple (hi , si , vi ), i ∈ N

+, where the footnote i is the
sampling index.

Because the sampling time period is limited, we apply an aggregation method to
obtain the smoother joint distributions of (hi , si , vi ). More precisely, these sampled
triples (hi , si , vi ) are divided into 10 groups according to vi with a uniform width
of 2 m/s. The joint probability distribution of (hi , si ) within each range of velocities
are estimated in Fig. 3.3.

Figure 3.3a gives a more clear comparison of the headway/spacing distributions
with different velocity ranges. The mean values of headways decrease with the veloc-
ities and finally reach the saturation headway. Moreover, statistical tests show that
these distributions approximately belong to a generic distribution family under dif-
ferent states (e.g., free flow and congested flow). This fact has been verified in many
previous reports (e.g., Abul-Magd 2007; Knospe et al. 2002; Krbalek 2007; Krbalek
and Helbing 2004; Krbalek and Šeba 2009; Krbalek et al. 2001; Li et al. 2010a;
Neubert et al. 1999; Thiemann et al. 2008; Wang et al. 2009a; Zhang et al. 2007).
As shown in Fig. 3.3a, there is a roughly linear correlation between headways and
spacings at each velocity range, because we have the following approximate relation
s ≈ vh, where h denotes the headway, s denotes the spacing, and v is the velocity
of the following vehicle.

Figure 3.3b shows that when the velocity is larger than 5 m/s, drivers will try to
maintain a relatively constant headway, whose mean value is around 2 s and the dis-
tributions belong to a family of lognormal distributions. On the other hand, Fig. 3.3c
shows that when the velocity is lower than 5 m/s, the drivers will try to maintain a
relatively constant spacing, whose mean value is around 8 m and the distributions



30 3 Empirical Observations of Stochastic and Dynamic Evolutions of Traffic Flow
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Fig. 3.3 The empirical joint probability distributions of headway/spacing/velocity. a (hi , si ). b (hi ,
vi ). c (si , vi )
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also belongs to a certain lognormal family of distribution. Figure 3.3c further shows
that the mean values of spacings increase with the velocities and gradually reach the
saturation spacing.

Since headway/spacing/velocity are correlated to each other, it is significant to
study their stochastic characteristics for deeply understanding traffic flow evolutions.
In probability theory and statistics, a copula can be used to describe the dependence
between random variables by estimating marginal distributions. There are many
parametric copula families available to control the strength of dependence.

Take the bivariate random variables (Z1, Z2)
1 as an example, define the joint

CDF as

F(z1, z2) � Pr{Z1 � z1, Z2 � z2} (3.1)

According to Sklar’s theorem (Nelsen 2006), given the joint CDF and marginal
CDF of bivariate random variables, the copula is unique, i.e.,

F(z1, z2) = C(F1(z1), F2(z2)) (3.2)

Incorporate random variables ξ, ζ defined in [0, 1], the copula is

C(ξ, ζ ) = F(F−1
1 (ξ), F−1

2 (ζ )) (3.3)

where ξ = F1(z1), ζ = F2(z2), z1 = F−1
1 (ξ), z2 = F−1

2 (ζ ). According to Frëchet–
Hoeffding theorem (Nelsen 2006), the copula bounds are

max{ξ + ζ − 1, 0} � C(ξ, ζ ) � min{ξ, ζ } (3.4)

Suppose we have n observations (Z (i)
1 , Z (i)

2 ), i ∈ N, where N = {1, 2, . . . , n},
the corresponding true copula observations would be

(U (i)
1 , U (i)

2 ) = (F1(Z (i)
1 ), F2(Z (i)

2 )), i ∈ N (3.5)

If the marginal distributions are unknown, the pseudo copula observations can be
constructed by using the empirical distributions

F̂1(z1) = 1

n

n∑
i=1

1(Z (i)
1 � z1), F̂2(z2) = 1

n

n∑
i=1

1(Z (i)
2 � z2) (3.6)

where 1(·) �→ {0, 1} is indicator function.
The pseudo copula observations are defined as

1 (Z1, Z2) represent bivariate normal random variables (h, v) or (s, v). Since (h, s) may not
follow the bivariate lognormal distributions, (h, s) are not considered.
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(Û (i)
1 , Û (i)

2 ) = (F̂1(Z (i)
1 ), F̂2(Z (i)

2 )), i ∈ N (3.7)

The corresponding empirical copula is then defined as

Ĉ(ξ, ζ ) = 1

n

n∑
i=1

1(Û (i)
1 � ξ, Û (i)

2 � ζ ) (3.8)

On the contrary, if given the marginal distributions of (F1(z1), F2(z2)) and the
copula C(ξ, ζ ), Monte-Carlo integral can be used to estimate the expectation of a
response function {R(z1, z2) : R

2 �→ R},

E[R(z1, z2)] =
∫

R2

R(z1, z2) dF(z1, z2)

=
∫

[0, 1]2

R(F−1
1 (ξ), F−1

2 (ζ )) dC(ξ, ζ )

=
1∫

0

1∫

0

R(F−1
1 (ξ), F−1

2 (ζ ))C′(ξ, ζ ) dξ dζ (3.9)

where C′(ξ, ζ ) = ∂2C(ξ, ζ )/(∂ξ∂ζ ) is the density function of copula.
First, generate n i.i.d. samples based on copula C, i.e.,

(U (i)
1 , U (i)

2 ) ∼ C(ξ, ζ ), i ∈ N (3.10)

then, use the inverse marginal CDF (F−1
1 , F−1

2 ) to produce samples

(Z (i)
1 , Z (i)

2 ) = (F−1
1 (U (i)

1 ), F−1
2 (U (i)

2 )), i ∈ N (3.11)

then, calculate the approximate value of the response function by its empirical value

E[R(z1, z2)] ≈ 1

n

n∑
i=1

R(Z (i)
1 , Z (i)

2 ) (3.12)

Specifically, assume that random variables Z1 and Z2 follow lognormal distribu-
tions, their PDFs are

f (z1) = Log-N (z1; μ1, σ1) = 1√
2πσ1z1

exp

(
− (log z1 − μ1)

2

2σ 2
1

)
, z1 > 0

(3.13a)
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f (z2) = Log-N (z2; μ2, σ2) = 1√
2πσ2z2

exp

(
− (log z2 − μ2)

2

2σ 2
2

)
, z2 > 0

(3.13b)

where μ1, σ1, μ2, σ2 are the parameters, satisfying log Z1 ∼ N (μ1, σ 2
1 ), log Z2 ∼

N (μ2, σ 2
2 ).

The joint PDF of Z1 and Z2 is

f (z1, z2) = 1

2π

√
1 − ρ2

z σ1σ2z1z2

exp

[
− 1

1 − ρ2
z

(
(log z1 − μ1)

2

2σ 2
1

−ρz(log z1 − μ1)(log z2 − μ2)

σ1σ2
+ (log z2 − μ2)

2

2σ 2
2

)]
(3.14)

where ρz is the correlation coefficient of Z1 and Z2, i.e.,

ρz = E[(log z1 − μ1)(log z2 − μ2)]
σ1σ2

, |ρz | � 1 (3.15)

The conditional PDFs of Z1 and Z2 are

f (z1|z2) = f (z1, z2)

f (z2)
= 1√

2πσz1|z2 z1
exp

(
− (log z1 − μz1|z2)

2

2σ 2
z1|z2

)
(3.16a)

f (z2|z1) = f (z1, z2)

f (z1)
= 1√

2πσz2|z1 z2
exp

(
− (log z2 − μz2|z1)

2

2σ 2
z2|z1

)
(3.16b)

It can be found that f (z1|z2) and f (z2|z1) are still lognormal type, but the para-
meters are

μz1|z2 = μ1 + ρz
σ1

σ2
(log z2 − μ2), σz1|z2 =

√
1 − ρ2

z σ1 (3.17a)

μz2|z1 = μ2 + ρz
σ2

σ1
(log z1 − μ1), σz2|z1 =

√
1 − ρ2

z σ2 (3.17b)

3.3 Congested Platoon Oscillations

The efforts to capture traffic oscillations can be traced back to early studies on
temporal and asymptotic stabilities of linear car-following models investigated with
frequency analysis tools (Chandler et al. 1958; Gazis et al. 1961). Later on, Gipps
Gipps (1981) proposed a nonlinear car-following model to better reproduce traf-
fic evolution. Bando et al. (1995) developed the well-known OVM model to study
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Fig. 3.4 Spatial-temporal evolution of velocity. a Lane 1. b Lane 2. 3 Lane 3. d Lane 4. e Speed
yardstick

stop-and-go traffic. Numerical traffic approaches were usually incorporated to
demonstrate the oscillation phenomena (Bertini and Leal 2005; Cassidy and Bertini
1999; Helbing et al. 1999; Kerner and Rehborn 1996a, b; Kühne 1987).

Li et al. (2010b) mentioned that traffic oscillations, also known as the “stop-and-
go” traffic, refer to the phenomenon that congested traffic tends to oscillate between
slow-moving and fast-moving states rather than maintain a steady state. Traffic oscil-
lations create significant driving discomfort, travel delay, extra fuel consumption,
increased air pollution, and potential safety hazards.

Figure 3.4 shows the spatial-temporal evolution of velocity by using trajectories
on Lane 1 through Lane 4. During the first 15 min, the traffic is almost stable between
400 m (near an off-ramp at 398 m) and the segment end, but the traffic state shows
several small oscillations propagating upstream with a relatively constant speed.
Particularly on Lane 1, the oscillation period is much smaller than the other three
lanes. During the following 30 min, the stop-and-go phenomenon occurs from the
segment end to the most upstream location. On Lane 1, Lane 2, and Lane 3, these
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Fig. 3.5 Statistics of the stable platoons by lanes and size of platoons

shockwaves are mixed with other oscillations caused by the off-ramp, while some
shockwaves vanish on Lane 4. The velocity evolutions clearly show the generation,
propagation and dissipation of stop-and-go waves, as well as the empirical oscillation
period and intensity.

We extracted vehicles in a stable platoon (not fewer than two vehicles) that means
each vehicle kept in the same lane without lane changing between x = 50 m and
x = 600 m and the spacing between two consecutive vehicles were smaller than
50 m. As shown in Fig. 3.5, there were 806 stable platoons extracted, with 147, 200,
158, 209, and 92 stable platoons on each lane, respectively. There were 3,545 full
trajectories, or 45.84 % of the total 7,734 measured vehicles. The number of vehicles
in one stable platoon decreased with the size of platoons, which indicated that a
platoon with a larger size was more likely disrupted. We will discuss the properties
of travel time distribution based on these stable platoons in the following sections.

In Fig. 3.6, all of the four lanes showed the same feature of oscillatory travel
times. The influences of traffic jam shockwaves on travel times are obviously shown
in Fig. 3.6. The minimal travel time is about 40 s. However, encountering shockwaves
will increase travel time to 80–100 s. Obviously, the empirical distributions of such
travel times are multimodal, and cannot be simply depicted by a single lognormal
distribution.

In order to understand the traffic flow dynamic in the NGSIM Highway 101
dataset, we plot several trajectories typical of platoons shown in Fig. 3.7. The first
platoon shown in Fig. 3.7a moves at a homogeneous speed (close to the free-flow
speed) and does not encounter any shockwaves. The corresponding average travel
time and variance are T̄ = 41.1 s,

√
S2[T ] = 0.8 s, respectively. Figure 3.7b–d plot

three other platoons interrupted by one, two, and multiple shockwaves, respectively.
The number and durations of jams induce oscillatory travel time that consists of
different number of components. It is worthy to point out that the case of multiple
shockwaves is rarely observed in the explored NGSIM dataset, while the vehicles
shown in Fig. 3.7a–c are in the majority.
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Fig. 3.6 Time series of travel times for NGSIM Highway 101 dataset

3.4 Time-Frequency Properties

Traffic congestion pattern performs an important role in traffic flow analysis. Signal
processing is a powerful tool for the analysis and synthesis of time series. Character-
istics localization of time series in spatial (or time) and frequency (or scale) domains
can be accomplished to learn the time-frequency properties of empirical traffic flow.

Let {zt , t = 0, 1, . . . , T − 1} be a discrete series of Eulerian data of traffic flow,
mean speed or time occupancy. Then the discrete Fourier transform (DFT) is

ẑd(ω) =
T −1∑
t=0

zt e
−iωt , ∀ω ∈ [0, π ] (3.18)

where ω is the digital frequency that can be transformed as

ẑ(Ω) = ẑd(ΩΔ) =
T −1∑
t=0

zt e
−iΔΩt , ∀Ω ∈ [0, π/Δ] (3.19)

where Ω = ω/Δ is analog frequency, Δ is the period of field data collection.
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(a) (b)

(c) (d)

Fig. 3.7 Oscillations of typical platoon trajectories. a T̄ = 41.1 s,
√

S2[T ] = 0.8. b T̄ =
56.0 s,

√
S2[T ] = 2.1. c T̄ = 73.9 s,

√
S2[T ] = 1.3. d T̄ = 93.7 s,

√
S2[T ] = 1.6

The discrete form of short-time Fourier transform (STFT) is

STFT(k, Ω) =
T −1∑
t=0

ztw(t − k)e−iΔΩt , ∀Ω ∈ [0, π/Δ] (3.20)

where k is the time of measurements (mean speed, density, etc.), w(t − k) is the
window function, a rectangular window is chosen for analysis, i.e., w(t − k| −
lwΔ/2 � t − k � lwΔ/2) = 1, otherwise 0, lwΔ is the window length.

Apply the STFT approach to empirical traffic flow data collected on a 8.8-
kilometer segment of G6 Highway (Beijing-Tibet Expressway or China National
Expressway 6) in Beijing, with 17 loop detectors, named “51001–51017”. The mea-
surement time interval is Δ = 120 s. As an example, Fig. 3.8 shows the application of
the STFT approach on mean speed of September 23, 2008 (Tuesday). The horizontal
axis shows the analogy frequency Ω . The warmer color represents more obvious
oscillations, while the colder color represents free-flow states. It can be seen that the
STFT approach clearly exhibits the time-frequency characteristics of traffic speed
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Fig. 3.8 Illustration of the STFT approach with empirical loop data. a Loop detector D1∼D2. b
Loop detector D6, D8∼D11

data along a series of loop detectors, and describes the stochastic oscillations in an
illustrative way. The low-frequency oscillations with a longer cycle need more time
to dissipate, but the high-frequency oscillations have significant influences on traffic
stability. Detectors D2∼D4 are in relatively congested states with obvious stochastic
oscillations, especially between 7:00 and 19:00. Meanwhile, the local extreme val-
ues of detectors D2∼D4 are approximate 2,2 4 and 6 mHz, and the corresponding

2 1 mHz = 0.001 Hz.
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oscillating circles are 8.3, 4.2, 2.8 min, respectively. For detector D5, the duration
of traffic congestion is from 14:24 to 18:00 or so. The principle frequency is about
1 mHz and the corresponding oscillating circle is 16.7 min.

Figure 3.8b shows that the stochastic oscillations of detectors D6, D8∼D11 con-
centrate in three peaks, i.e., morning rush hours (7:00–9:00), afternoon rush hours
(14:00–15:00), and evening rush hours (18:00–19:30).

More precisely, wavelet transform (WT) provides an interesting and useful alter-
native to the classical STFT. The basic difference consists in the fact that WT per-
forms a multiresolution analysis of the signals, by making use of short windows at
high frequencies and long windows at low frequencies. This property will be more
appropriate for the applications to stochastic and oscillatory traffic flow data.

Continuous wavelet transform (CWT) possesses the ability to construct a time-
frequency representation of a signal that offers a good time and frequency localiza-
tion. The mother wavelet ψ(t) is a continuous function in both the time and frequency
domains, satisfying

∞∫

−∞
|ψ(t)|2 dt =

∞∫

−∞
|ψ̂( f )|2 d f < ∞,

∞∫

−∞
ψ(t) dt = 0 (3.21)

where ψ̂( f ) = ∫ ∞
−∞ ψ(t)e−i(2π f )t dt is the FT of ψ(t).

The most common mother wavelet is Gauss wavelet

ψ(t) = √
2πφ(t) = e−t2/2 (3.22)

Its first order derivative is

ψ(t) = √
2πφ′(t) = −te−t2/2 (3.23)

Its second order derivative is as a Mexican hat wavelet

ψ(t) = −√
2πφ′′(t) = (1 − t2)e−t2/2 (3.24)

We can include the scale parameter a and translation parameter b, i.e.,

ψ

(
t − b

a

)
=

[
1 −

(
t − b

a

)2
]

exp

[
−1

2

(
t − b

a

)2
]

(3.25)

Based on the wavelets, CWT coefficients can be obtained by

CWT(a, b) = 1√
a

∞∫

−∞
z(t)ψ∗

(
t − b

a

)
dt = 1√

a

∞∫

−∞
ẑ( f )ψ̂∗(a f )ei(2π f )b d f

(3.26)
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where CWT(a, b) is the wavelet transform at time b given the scale a.
Then, the mean energy at time b across all scales is formulated as

E(b) = 1

max(a)

max(a)∫

0

|CWT(a, b)|2 da (3.27)

In real applications, Fig. 3.9 incorporates CWT to identify the begin and end
points of stochastic oscillations. Take the mean speed measured at detector D8 as an
example, Fig. 3.9a shows how to apply the most simplest Haar wavelet to field data.
We can find the energy evolution with time. The resolution and accuracy decrease
with the scale. So the characteristic traffic state transition points can be approximately
identified.3

As shown in Fig. 3.9b, the CWT coefficients become zero at 13:30 and 17:20
for more scales when the second order Gauss wavelet is used. In this way, we can
analyze the concave-convex properties of the curved surface of CWT coefficients.
The inflection points can be identified in such a way. In Fig. 3.9b, we can find the
begin and end points are 13:30–14:20 and 17:20–18:00, respectively.

For further applications of the WT approach, we study the traffic breakdown phe-
nomenon that can be defined as a sudden state transition from free-flow state to
congested state. It usually occurs when the mean speed drops rapidly below a certain
threshold in a short period of time Banks (2006). From the viewpoint of detection
theory in statistical signal processing, traffic breakdown can be inferred as the prob-
lem of model change detection. In this study, we divide the whole traffic breakdown
process into breakdown transition regime, congested regime, and breakdown recov-
ery regime. Empirical measurements of highway traffic breakdown using discrete
wavelet transform (DWT) reveal the breakdown activation and recovery process of
transitions from free-flow to congested states.

Figure 3.10a shows that a 9 km segment of I80-W (westbound) in and near Berke-
ley, California. It contains four to five lanes and 20 detector stations named D1 thought
D20. The southbound traffic direction is toward the downtown area of San Francisco
through the Bay Bridge. The data used in this study was downloaded via the Perfor-
mance Measurement System (PeMS 2011), which is jointly developed by California
Department of Transportation (Caltrans), University of California at Berkeley, and
California PATH (Partnership for Advanced Technology on Highways). Each detec-
tor measures the raw, 30 s data of vehicle counts and time occupancies that are
then transformed into the PeMS schema and archived in the PeMS database. The
30 s data are imputed and aggregated to 5 min samples per lane without holes. The
median lane is a high-occupancy vehicle (HOV) lane with different characteristics
from other regular lanes, this study only considers the three shadowed lanes (see
Fig. 3.10a). The measured 5 min interval and lane-aggregated data from October 1 to
31, 2011 (31 days). The maximal and minimal separations of loop detectors are 1.0

3 The characteristic points can be more accurately identified by using other more complex wavelets.
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Fig. 3.9 Time-frequency features of traffic flow by wavelet transform. a Time-frequency features
of mean speed (D8). b Contour plot of the first and second order Gaussian WT coefficients (D8)

and 0.06 km, respectively, and the mean separation is 0.48 km, which is close enough
for empirically observing spatial-temporal evolutions.

Figure 3.10a shows a segment of Highway G6 in Beijing. It is a 25 km segment
equipped with 34 double inductive loop detectors (labeled here as D1 through D34) on
each lane in both northbound and southbound directions. The maximal and minimal
separations of loop detectors are 3.0 and 0.1 km, respectively, and the average value
is 0.75 km, which is close enough as well although it is a little larger than the I80-W
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Fig. 3.10 Schematic of loop detectors and spatial-temporal evolutions of traffic speed. a Schematic
of Highway I80-W. b Schematic of Highway G6. c Spatial-temporal evolutions on I80-W. d Spatial-
temporal evolutions on G6-S

site. Vehicle counts (volumes for automobiles and trucks) and time occupancies were
collected by loop detectors on each lane and aggregated for every 5 min. The time-
average speed at each loop detector was not measured directly, but estimated based
on the vehicle counts, the occupancies, the average vehicle length, and the effective
detection zone length. The collected 5 min interval and lane-aggregated data are from
October 1 to 31, 2010 (31 days). During the measurement period, the experimental
segment experienced two severe traffic accidents on October 1 and 31, respectively,
but nonrecurrent traffic congestions on these two days are out of the scope of this
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book. It indicated that the vehicle conservation was roughly maintained by comparing
the cumulative counts from upstream and downstream locations although there were
many on/off-ramps without loop detectors installed in both bounds. Additionally,
there are two main junctions (between D9 and D10, between D17 and D18) and one
toll station (between D15 and D16) along the highway. It is worthy to point out that
the toll station is a physical bottleneck and incurs congestions. In order to make the
selected site more comparable with the I80-W segment, we choose the southbound
direction toward to the downtown of Beijing in this study (see the three shadowed
lanes in Fig. 3.10a).

Figure 3.10c shows the mean speeds and time occupancies across all lanes for each
5 min interval in the space-time plot. The warmer shades indicate lower speeds and
higher time occupancies, contrarily the cooler shades represent higher speeds and
lower time occupancies. In the southbound traffic flow evolutions on October 12, 2011
(Wednesday), there are two physical bottlenecks along this segment: (1) the merging
area with another Interstate Highway I580-E at the upstream of the D12 (20.23 km);
(2) the Bay Bridge toll station at the downstream of the D1 (14.40 km). In typical
weekdays, recurrent congestions usually occur at the first bottleneck and propagate
upstream rapidly in morning rush hours, and emerge at the second bottleneck in
evening rush hours.

Figure 3.10d shows the recurrent traffic congestions on October 5, 2010 (Tuesday).
Based on the empirical analysis, there is a physical bottleneck of toll station along
this segment between D15 (6.5 km) and D16 (7.2 km). Generally, the bottleneck
induces congestions in morning rush hours and more severely in the evening rush
hours. Obviously different from the case of I80-W, it shows that the toll station
incurred congestions in weekends (e.g., October 3, 2010, Tuesday) even heavier
than weekdays, this was even worse due to a higher demand of returning traffic back
to the city on Sunday evening rush hours and much more trucks run on G6-S without
entry limits in weekends.

In field applications, it is more efficient and effective for computation to recon-
struct the original signal by using infinite summations of discrete wavelet coefficients
rather than continuous integrals. As shown in Fig. 3.11, we select the biorthogonal
spline wavelets as an example to illustrate the application of DWT in traffic break-
down identifications, because biorthogonal spline wavelets enable symmetric and
antisymmetric wavelets and allow certain desirable properties to be incorporated
separately within the decomposition wavelets and the reconstruction wavelets.

Figure 3.11a, b illustrate two examples of speed time series, collected at D13,
October 12, 2011 and D6, October 13, 2011, respectively. For the sake of simplicity,
we demonstrate that equal to or larger than 90 km/h represents the free-flow state,
between 50 and 90 km/h indicates the less congested state or “synchronized flow”
in three-phase theory, while smaller than 50 km/h denotes the congested state. The
average wavelet-based energy across all scales at a specific time tracks the abrupt
speed change well. It can be seen from these two examples that DWT identifies some
other speed fluctuations within the same traffic states as well.

Here, we only take into account the temporally distributed energy peaks that
correspond to traffic state transitions in speed time series, particularly for the peaks
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Fig. 3.11 Identifications of traffic breakdown occurrence and recovery time. a I80-W, D13, October
12, 2011. b I80-W, D16, October 13, 2011. c G6-S, D20, October 3, 2010. d G6-S, D2, October 5,
2010

where traffic flow changes from free-flow state to congested state. The characteristics
of traffic breakdown can be approximately identified by four points: Point 1 is the
breakdown occurrence time T1 before traffic state transition; Point 2 is the end of
transition from free-flow state to less congested state or congested flow, i.e., T2; Point
3 represents the beginning of breakdown recovery time T3; and Point 4 denotes the
end of breakdown, i.e., recovery time T4. We also show the absolute values of discrete
wavelet transform coefficients from scales 1–16 in the examples.

Figure 3.11c, d demonstrate the applications of DWT in detecting breakdown
characteristic points via two speed time series, collected at D20, October 3, 2010
and D2, October 5, 2010. Due to the different speed limit of G6-S, we define the
three traffic states as follows, equal to or larger than 70 km/h represents free-flow
state, between 50 and 70 km/h indicates the less congested state, while smaller than
50 km/h denotes the congested state. It can be seen that speed profiles of G6-S
involve more oscillations and much more complicated features of traffic breakdown.
Analogically, the characteristic points of traffic breakdown can be approximately
identified by Points 1–4, these two examples show multiple breakdown phenomena
occurred and we defined the characteristic points sequentially, e.g., we had 12 points
in these two profiles and we treated Point 5 as Point 1, Point 6 as Point 2 and so
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on. Besides, it was found that when traffic breakdown lasted for a short while, the
wavelet-based approach was not capable of identifying the difference between T2
and T3, which was a shortcoming of this method but could be improved by selecting
higher resolution wavelet functions.

Based on the previous simplification of traffic breakdown phenomena, we con-
tinue to define some statistics to examine the statistical characteristics of breakdown.
T2−T1 quantifies the process of breakdown transition, T4 − T3 expresses the process
of breakdown recovery, v(T1)−v(T2) identifies the value of speed decline before and
after breakdown, v(T4) − v(T3) shows the value of speed increase during recovery
from traffic breakdown. Furthermore, we can also define T4 − T1 as the whole dura-
tion of traffic breakdown. Due to the nonstationarity and complex features of traffic
flow in congestion, it is difficult to mathematically formulate the exact evolution of
traffic states. Instead, we empirically observed the datasets from PeMS (2011) and
collected the characteristic peaks that satisfied the breakdown transition and recovery
conditions via the wavelet-based identification approach.

Based on the 31-day data (from October 1 to 31, 2011) from 20 loop detecting
stations on I80-W, Fig. 3.12a, b show the statistical results of T2 − T1 and T4 − T3,
based on more than 436 valid samples. The mean values of breakdown transition and
recovery duration are 47.8 and 41.7 min, respectively.
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Fig. 3.12 Statistical characteristics of traffic breakdown transition time and recovery time. a I80-W.
b I80-W. c G6-S. d G6-S
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Based on the 7-day data (from October 2 to 8, 2010) from 34 loop detecting
stations on G6-S, more than 117 valid samples, Fig. 3.12c, d show that mean values
of breakdown transition and recovery time are 36.9 and 38.0 min, that are about 22
and 9 % shorter than the case of I80-W with 47.8 and 41.7 min, respectively. We
can see that the G6-S case shows a much steeper feature of traffic breakdown and
performs a little shorter recovery time from breakdown.

The different performances of traffic breakdown transition time, recovery time,
and speed changes between the two study sites in the US and China can be interpreted
as follows:

1. Different patterns of driving behaviors may induce the distinct differences of
breakdown transition time and recovery time. For example, the drivers in China
are more heterogeneous from the perspective of driving maneuvers, and further
generate more aggressive car-following behaviors, shorter space headways, or
more jerks behind traffic queues, which encourages the abrupt breakdown tran-
sition or recovery. Another appropriate reason closely related to the breakdown
process is regarding to the lane-changing or merging behaviors that perform more
frequently and unexpectedly in China, e.g., merging vehicles on shoulder lane
usually cause oscillations that propagate across to the median lane much more
quickly than in the US. Overall, the diversity of driving behaviors influences
traffic breakdown to a large extent.

2. Different flow-density-speed relations or fundamental diagrams along the two
segments caused by different speed limits, capacities, and varieties of vehicles
may influence the distributions of speed decline and increase during the whole
traffic breakdown duration. The speed limit and highway capacities in China are
generally smaller than in the US, which partly influences the congested speed at
the end of breakdown transition.

The foregoing approach effectively distinguishes useful breakdown information
from nonlinear and nonstationary speed time series. Comparatively, the analysis
of loop detector data from two highways (I80-W in Berkeley, CA, U.S. and G6-S
in Beijing, China) shows that the wavelet-based energy approach enables effective
identification of traffic breakdown occurrence time, recovery time, state transition
time, and congested speed. Observations show that I80-W preforms longer transition
time and recovery time in traffic breakdown than G6-S, from which it infers that
traffic breakdown occurs and recovers more abruptly on G6-S. The empirical study
has important implications for understanding the breakdown process and statistical
characteristics of traffic state transitions.

3.5 Summary

Transportation system is a complex, dynamic, stochastic system. Herrera and Bayen
(2010) classified two kinds of traffic flow measurements depending on the way of
data collection. The Eulerian measurements consist of observing traffic flow at fixed
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locations such as loop detecting stations, while the Lagrangian measurements iden-
tify specific vehicle trajectories by using GPS, location-based technology inside
cellular phones, vehicle tracking device, etc.

This chapter makes use of two typical kinds of traffic flow datasets for the qualita-
tive to quantitative analyses of traffic flow evolution characteristics. Specifically, the
loop detectors on I80-W in Berkeley and G6 Highway in Beijing are chosen as the
Eulerian measurements, including the flow rate, mean speed, time occupancy, and
large vehicle percentage for each separate lane. The NGSIM trajectory datasets are
utilized as the Lagrangian measurements, including location, velocity, acceleration,
headway, spacing, etc. The observations in this chapter are the empirical basis for
the book.



Chapter 4
A Markov Model Based on Headway/Spacing
Distributions

4.1 Introduction

The stationary headway/spacing distribution models in Chap. 2 have been often
criticized for neglecting the dynamic role of traffic (Bovy 2001). A modern view
accepted by many researchers is: the explicit distribution observed in practice should
be a reflection of the implicit interaction between vehicles. The fact that some sta-
tionary distribution models are only suitable for free flow is because the interactions
between consecutive vehicles are relatively weak and neglectable in free flow.

In recently developed dynamic headway distribution models (Abul-Magd 2007;
Krbalek 2007; Krbalek and Helbing 2004; Krbalek and Seba 2009; Krbalek et al.
2001; Mahnke and Kühne 2007; Nishinari et al. 2003; Treiber et al. 2006b) traffic is
described as N strongly-linked particles under fluctuations. Notice that the governing
interaction forces or potentials are not directly measurable for traffic applications; the
statistical distributions of particles are investigated instead. For example, in Krbalek
(2007), Krbalek and Helbing (2004), Krbalek and Šeba (2009), Krbalek et al. (2001),
Random Matrix Theory was applied to predict headway distributions among vehicles
in different phases of traffic flows. These studies revealed why the shapes of head-
way/spacing distributions did not change too much, even in different traffic states
(free flow, congested flow).

However, previous statistic approaches mainly addressed on the steady-state of
the traffic; how to depict the transient-state of inter-arrival/inter-departure vehicle
queuing interactions still needs further discussions.

A natural idea to answer the above questions is to develop microscopic simulation
models, e.g., car-following, Cellular Automata (CA), which meanwhile yield such
statistical properties. In Krbalek and Helbing (2004), Mahnke and Kühne (2007),
Nishinari et al. (2003), Treiber et al. (2006b), different microscopic car-following
models were proposed. For example, in Treiber et al. (2006b), a special stochastic
repulsive interaction-based car-following model was reformulated into a Fokker-
Planck type equation, which calculated the steady-state space-gap distribution among
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the elements in a queue as a function of their interaction potentials. However, the
obtained formulas of the unseen potential that governs the movements of the vehicles
are not directly interpreted by our ordinary driving experiences.

In this chapter, we link two research directions of road traffic: mesoscopic headway
distribution model and microscopic vehicle interaction model, together to account
for the empirical headway/spacing distributions. A unified car-following model will
be proposed to simulate different driving scenarios, including traffic on highways and
at intersections. The parameters of this model are directly estimated from NGSIM
trajectory data. In this model, the empirical headway/spacing distributions are viewed
as the outcomes of stochastic car-following behaviors and also the reflections of the
unconscious and inaccurate perceptions of space and/or time intervals that people
may have. This explanation can be viewed as a natural extension of the well-known
psychological car-following model (action point model). Besides, the fast simulation
speed of this model will benefit transportation planning and surrogate testing of traffic
signals.

To explain the phenomenon that observed headways follow a certain lognormal
type distribution within each preselected velocity range, an asymmetric stochastic
extension of the well-known Tau Theory is proposed. It assumes that the observed
headway distributions come from drivers’ consistent actions of headway adjusting,
and more importantly, the intensity of headway change is proportional to the magni-
tude of headway on average. The agreement between the model predictions and the
empirical observations indicates that the physiological Tau characteristics of human
drivers govern driving behaviors in an implicit way.

4.2 A Markov Model for Headway/Spacing Distributions

4.2.1 Background

In this section, we will summarize and further improve the results on the following
issues:

(1) The first problem left unsolved in the models (Jin et al. 2009; Li et al. 2010a;
Wang et al. 2009a) is the parameters of the certain stochastic processes are indirectly
estimated from the steady-state headway/spacing distributions. To achieve a solid
proof, we use the NGSIM trajectory data to directly set the parameters. Testing results
will show that the above conjecture on stochastic processes-based car-following
modelling is correct.

(2) The second problem discussed in Jin et al. (2009), Li et al. (2010a), Wang
et al. (2009a) is whether we can set up a unified simulation model for different
driving scenarios, including highway and road intersections. From the viewpoint of
the vehicles’ queuing dynamics, we need to depict four kinds of traffics: (a) free-
flows formulating no explicit queues; (b) stable moving queues (vehicle platoons);
(c) unstable queues, which contains complex inter-arrival and inter-departure queuing
interactions; (d) static queues (e.g., a line of vehicles parked roadside, vehicle queues
fully stopped before a signalized intersection).
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Tests in Jin et al. (2009), Li et al. (2010a), Wang et al. (2009a) showed that we could
view the varying process of the headway/spacing between two consecutive vehicles
as a certain stochastic process, whose steady-state distribution corresponded with the
empirical distribution directly. Moreover, such stochastic phenomena can be naturally
explained as the outcomes of stochastic driving behaviors, since a human driver can
neither constantly maintain a desired velocity nor accelerate or decelerate in a smooth
fashion (Chowdhury et al. 2000; Helbing 2001; Mahnke et al. 2005). However,
most car-following models (Aycin and Benekohal 1999; Brackstone and McDonald
1999; Mehmood et al. 2003; Panwai and Dia 2005) emphasize on other performance
indices for traffic simulation. Moreover, it explicitly incorporates randomness in
the dynamic model (just like many CA models of road traffic in Maerivoet and
De Moor (2005)), which makes it easy to reproduce other statistics of traffic flow.
But unlike CA models, the space continuity of this model affords more accuracy in
fitting the empirical distributions than those cellular automata, which also considers
probabilistic headways/spacings (Hu et al. 2008; Li et al. 2008).

In the discussions of Jin et al. (2009), Li et al. (2010a), Wang et al. (2009a),
we found such models could be extended to characterize the statistics of unstable
queues). In Jin et al. (2009), the departure headways of a dissipating vehicle queue
at the intersection (when the traffic light turns green) were carefully studied. It was
found that the departure headway distribution at each position of a dissipating queue
had a similar shape (lognormal distribution or more generic distribution alike) to the
headways observed on highway. This triggered us to use a unified simulation model
to reproduce the departure headways at intersections as well as the headways on
highway. Simulation results proved the possibility of such approaches. The entering
spacings at signalized intersections were studied, where entering spacing was defined
as the spacial distance between two successive vehicles fully stopped in a traffic lane,
when the traffic light turned red.

The problem of parking spacings had received considerable attentions since
Renyi’s model Renyi (1963). Different models based on random sequential adsorp-
tion and random matrix theory had been proposed during the last four decades (Lee
2004; Rawal and Rodgers 2005; Talbot et al. 2000). One interesting and intuitive
model had recently been proposed in Petr (2008), in which the empirical spacing
distributions could also be generated as the outcome of a Markov type adjusting
process of the spacings. This could be viewed as an extension of the models pro-
posed in Wang et al. (2009a).

(3) The third problem is which variable (headway, spacing or velocity) should
be chosen as the fundamental random variable. Some approaches emphasized the
distributions of velocities, but more microscopic simulation models assumed that
drivers adopt relatively constant time headways. Based on the NGSIM trajectory data,
we show that this assumption is not accurate. Indeed, we find that (a) when the velocity
is low, the drivers will try to maintain a certain safe spacing whose distribution is
relatively constant; (b) when the velocity is high, the drivers prefer to maintain a
certain headway, whose distribution belongs to a lognormal like distribution family.
And the psychological car-following model can be extended to account for this
interesting phenomenon.
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4.2.2 Markov-Process Simulation Models

The empirical results indicate that we should choose headway as the fundamental
variable in simulation when velocity is high, while spacing when velocity is low. The
interesting finding also raises the following question:

Question 4.1. Why can we observe similar statistics during different traffic states?
Is there any microscopic explanation behind?

In some recent approaches (Jin et al. 2009; Li et al. 2010a; Wang et al. 2009a), the
observed distributions were viewed as the results of consistent headway/spacings
adjusting actions. Because of the unconscious and also inaccurate perceptions of
space and/or time interval that people have, these adjusting actions are stochastic
and discrete in time. This new viewpoint brings at least two benefits: (a) we can then
regard the consistent adjusting actions as a certain stochastic process, whose steady-
state distribution may be directly calculated and compared with the empirical ones;
(b) this explanation is in accordance with the psychological car-following model
(action point model), which had been well discussed in the 1970–1990s (Evans and
Rothery 1977; Hancock 1999; Michaels 1963; Ranney 1999).

In this section, we will first review some previous models and then propose the
Markov-headway model for high velocity and the Markov-spacing model for low
velocity. The associated psychological explanation is also presented.

4.2.2.1 Markov-Spacing Model

In Wang et al. (2009a), the varying process of the spacing during following was
assumed to be a Markov process. Since it is difficult to deal with continuous Markov
process in simulation, we assume altogether n possible aggregated spacing states,
each of which represents a certain range of spacing.1 To discretize the continuous
spacing into several nonoverlapping states is a simplification to introduce the Markov
transfer probability. We can define a certain transition kernel by applying continuous-
state Markov process, but it will make the simulation too difficult to implement.

Considering the relatively long time of driving actions of many drivers, the transi-
tion probability from state i to state j at a certain time would approach a steady value
Pi j , i, j = 1, 2, ..., n. Based on the property of Markov process, given a transition
matrix P , we can directly get the aggregated steady-state spacing distribution. This
model was shown to successfully explain and reproduce the entering spacings (Wang
et al. 2009a). However, the transition matrix P was not directly estimated from the
car-following data. Indeed, a guess of P was constructed in Wang et al. (2009a) to
allow a fastest convergence speed of the obtained Markov process.

We can see that when the velocity is low, drivers prefer to maintain a certain
safe space gap whose distribution is relatively constant. In such scenarios, we should
apply the Markov-spacing model. Because there are not enough low-velocity spacing

1 The aggregation technique is a useful tool in Markov processes modeling and analysis. It removes
some unnecessary details from the original complete Markov process and generates a simpler model
still with good approximation accuracy.
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data in NGSIM, we do not study the calibration of the transition matrix for Markov
spacing model in this chapter.

In Wang et al. (2009a), simulations show that the entering spacings could be
viewed as an approximation of the saturation spacing and can be reproduced by
adopting the above Markov-spacing model. It is further shown in Jin et al. (2009)
that the distribution of entering spacings was different from that of the saturation. This
is because: (a) vehicles are allowed to move back and forth when parking roadside
but not before intersections; (b) more importantly, the governing stochastic dynamic
for these two spacing varying processes are different.

4.2.2.2 Markov-Headway Model

Inspired by the previous approaches, we propose a Markov-headway model for high-
way traffic simulation.

Proposition 4.1 In a finite dimension of state space N = {1, 2, ..., n}, the transition
probability from states i to j for headway is Pi j ∈ (0, 1), satisfying

∑
j Pi j = 1,

∀i, j ∈ N. The corresponding transition probability matrix P can be estimated by
the observation samples hk(t) → hk(t + Δt) according to central limit theorem
when the sample number is large enough

P ≈ (Pi j ), Pi j = Ji j/J (4.1)

where Ji j is the number of samples that hk(t) belongs to state i while hk(t + Δt)
belongs to state j , J is the population.

Noticing that headway distributions vary with velocity, the process is depicted
by three Markov processes according to different velocity ranges2: 0–5, 5–10, and
10–15 m/s. Because there are few records with velocity greater than 15 m/s in the
NGSIM trajectory data of the US Highway 101 site, we simply discard these rare
records.

Clearly, we can divide even more velocity ranges to achieve even better simulation
results. Here, to use three Markov processes is a trade-off between simulation speed
and accuracy. For each velocity range, we aggregate the sample headways hi into 10
possible states,3 namely 0–1, 1–2, ... , 9–10 s. The headways that are larger than 10 s
are neglected, since it indicates the vehicle is in a free driving state.

Table 4.1 shows the transition probability matrices P = (Pi j ) for each velocity
range. We can thus calculate the steady-state distribution of each Markov processes
from

π� = π� P�, � = 1, 2, 3 (4.2)

2 Actually, this division plan implies to the division of free flow, congestion flow, and the middle
states.
3 It is allowed to choose nonuniform aggregation length here. Since the aggregation method is not
our main focus, we neglect the related discussions here.
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Table 4.1 The estimated transition matrices, v ∈ [0, 5) ∪ [5, 10) ∪ [10, 15]m/s

Pi j 1 2 3 4 5 6 7 8 9 10

1 0.5000 0.5000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

2 0.0341 0.4205 0.4318 0.0682 0.0341 0.0114 0.0000 0.0000 0.0000 0.0000

3 0.0000 0.0505 0.6291 0.2456 0.0466 0.0155 0.0058 0.0039 0.0029 0.0000

4 0.0000 0.0067 0.2345 0.5529 0.1345 0.0395 0.0176 0.0101 0.0034 0.0008

5 0.0000 0.0015 0.0507 0.3209 0.4448 0.1179 0.0358 0.0134 0.0104 0.0045

6 0.0000 0.0000 0.0168 0.1148 0.3249 0.3557 0.1232 0.0336 0.0196 0.0112

7 0.0000 0.0000 0.0108 0.0919 0.1784 0.2000 0.3351 0.0973 0.0757 0.0108

8 0.0000 0.0000 0.0227 0.0455 0.1591 0.2159 0.0909 0.2614 0.1477 0.0568

9 0.0000 0.0000 0.0172 0.0345 0.1207 0.1724 0.1207 0.1034 0.2759 0.1552

10 0.0000 0.0000 0.0000 0.0667 0.0333 0.2333 0.0667 0.0667 0.1667 0.3667

Pi j 1 2 3 4 5 6 7 8 9 10

1 0.4787 0.5106 0.0106 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

2 0.0047 0.8524 0.1404 0.0017 0.0004 0.0000 0.0000 0.0000 0.0001 0.0001

3 0.0000 0.1087 0.8248 0.0633 0.0023 0.0002 0.0003 0.0002 0.0002 0.0000

4 0.0000 0.0009 0.2179 0.7090 0.0688 0.0031 0.0003 0.0000 0.0000 0.0000

5 0.0000 0.0000 0.0061 0.2670 0.6323 0.0850 0.0097 0.0000 0.0000 0.0000

6 0.0000 0.0000 0.0000 0.0286 0.3250 0.5571 0.0893 0.0000 0.0000 0.0000

7 0.0000 0.0000 0.0000 0.0000 0.0098 0.2941 0.6078 0.0784 0.0098 0.0000

8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0204 0.2653 0.5714 0.1224 0.0204

9 0.0000 0.0000 0.0000 0.0000 0.0909 0.0000 0.0909 0.1818 0.6364 0.0000

10 0.0000 0.0000 0.0000 0.0000 0.0000 0.1250 0.0000 0.1250 0.2500 0.5000

Pi j 1 2 3 4 5 6 7 8 9 10

1 0.7547 0.2421 0.0011 0.0000 0.0011 0.0011 0.0000 0.0000 0.0000 0.0000

2 0.0149 0.9271 0.0574 0.0004 0.0001 0.0001 0.0000 0.0000 0.0000 0.0000

3 0.0000 0.0888 0.8679 0.0431 0.0001 0.0001 0.0000 0.0000 0.0000 0.0000

4 0.0000 0.0003 0.1303 0.8198 0.0489 0.0006 0.0000 0.0000 0.0000 0.0000

5 0.0000 0.0012 0.0012 0.1673 0.7651 0.0652 0.0000 0.0000 0.0000 0.0000

6 0.0000 0.0000 0.0000 0.0033 0.1759 0.7492 0.0684 0.0033 0.0000 0.0000

7 0.0000 0.0000 0.0000 0.0000 0.0095 0.1810 0.7333 0.0762 0.0000 0.0000

8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.2400 0.6000 0.1200 0.0400

9 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0769 0.2308 0.6154 0.0769

10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000 0.0000

where π� is the stationary distribution vector of headway for the �th velocity range,
P� is the corresponding transition probability matrix for the �th velocity range, � cor-
responds to 0 � v < 5, 5 � v < 10 and 10 � v < 15 m/s, respectively, whose sam-
ple sizes are 3,698, 20,943 and 32,475. If π� exists, then P∞

� = [π�,π�, ...,π�]T .



4.2 A Markov Model for Headway/Spacing Distributions 55

0 2 4 6 8 10
0

0.1

0.2

0.3

0.4

0.5

Empirical headway (s)

Pr
ob

ab
ili

ty
 d

en
si

ty

  0 m/s < v < 5 m/s
  5 m/s < v < 10 m/s
10 m/s < v < 15 m/s

0 2 4 6 8 10
0

0.1

0.2

0.3

0.4

0.5

Stationary headway (s)

Pr
ob

ab
ili

ty
 d

en
si

ty

  0 m/s < v < 5 m/s
  5 m/s < v < 10 m/s
10 m/s < v < 15 m/s

(a) (b)

Fig. 4.1 The discrete distribution of a the aggregated empirical headways based on the samples
and b the steady-state headways obtained from the observed transition matrices

As shown in Fig. 4.1, these calculated distributions agree well with the empirical
distribution. This fact verifies our conjecture that we can model car-following actions
by using Markov processes.4

Suppose the locations of the (n−1)th vehicle and nth vehicle at time t are denoted
as xn−1(t) and xn(t), respectively. And the associate velocities are vn−1(t) and vn(t).
The spacing is denoted as sn,n−1(t) = xn−1(t) − xn(t). The headway is written as
hn,n−1(t) ≈ sn,n−1(t)/vn(t).

In order to better depict the constraints of vehicle dynamics and human maneu-
vers, we divide the driving scenarios into four phases as shown in Fig. 4.2. At each
simulation time t , the nth vehicle will determine which mode should be applied:

Fig. 4.2 Car-following
phase-space diagram for the
proposed model
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4 A benefit of Markov model is that we can fit almost any kind of empirical distributions. In other
words, we can allow the steady-state distribution to be the more generic � distribution.
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1. Free driving mode: When the spacing is larger than a preselected maximum
threshold sfree, the vehicle is in free driving mode. It will try to reach and maintain
the highest possible velocity vmax as

vn(t + Δt) = min {vmax, vn(t) + amaxΔt} (4.3)

where amax is the maximum acceleration rate.
2. Starting mode: When the nth vehicle fully stops at time t and the spacing sn,n−1(t)

is larger than a preselected minimum threshold sstart, the vehicle will try to speed
up as

{
Pr{vn(t + Δt) = amaxΔt} = pslow
Pr{vn(t + Δt) = 0} = 1 − pslow

(4.4)

This mode is introduced to mimic the slow-to-start property of human drivers.5

3. Breaking mode: If the spacing sn,n−1(t) is smaller than a preselected minimum
threshold sbreak, the vehicle will stop as

vn(t + Δt) = 0 (4.5)

4. Following mode: When the spacing satisfies sstop < sn,n−1(t) < sfree at time t ,
the nth vehicle is in following mode. We will apply the kernel Markov-headway
car-following model as follows:

Step 1. Suppose at time t , headway hn,n−1(t) falls into state i as hn,n−1(t) ∈
(H−

i , H+
i ]. Thus, at time t + Δt , the desired headway h̃n,n−1(t + Δt) is determined

as

Pr{h̃n,n−1(t + Δt) = hrandom} = Pi j , ∀i, j ∈ N (4.6)

where hrandom is a randomly generated number, which has a uniform distribution
hrandom ∼ U(H−

j , H+
j ].

The desired nth vehicle’s velocity is approximately formed as

ṽn(t + Δt) ≈ sn,n−1(t)/h̃n,n−1(t + Δt) (4.7)

Step 2. A safe velocity lower bound vn,safe(t + Δt) at time t is also calculated to
guarantee collision free at time t + Δt as

sn,n−1(t) +
(

vn−1(t) − vn(t) + vn,safe(t + Δt)

2

)
Δt � sbrake (4.8)

In other words, we have

5 Another frequently mentioned driving feature, random deceleration, has been directly embedded
in the proposed model as the Markov-type transitions from a smaller headway to a larger headway.
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vn,safe(t + Δt) = max

{
0,

2(sn,n−1(t) − sbrake)

Δ
+ vn−1(t) + Δvn,n−1(t)

}
(4.9)

where Δvn,n−1(t) = vn−1(t) − vn(t).
Step 3. If ṽn(t + Δt) > vn(t), the final velocity at time t + Δt is chosen as

vn(t + Δt) = min
{
ṽn(t + Δt), vn(t) + amaxΔt, vmax, vn,safe(t + Δt)

}
(4.10)

If ṽn(t + Δt) � vn(t), the final velocity at time t + Δt is chosen as

vn(t +Δt) = min
{
ṽn(t + Δt), max {vn(t) − bmaxΔt, 0} , vn,safe(t + Δt)

}
(4.11)

where bmax is the maximum deceleration rate.
When the velocity is determined, the location, spacing and headway of the nth

vehicle are updated as

⎧⎨
⎩

xn(t + Δt) ≈ xn(t) + [vn(t) + vn(t + Δt)]Δt/2
sn,n−1(t + Δt) = xn−1(t + Δt) − xn(t + Δt)
hn,n−1(t + Δt) ≈ sn,n−1(t)/vn(t + Δt)

(4.12)

4.2.2.3 Psychological Explanations

As assumed in van Der Hulst (1999), Fuller (2005), Taylor (1964), van Winsum
(1999), Wilde (1982), drivers usually used time headway as a safety margin. When
drivers were required to follow at a headway smaller than preferred, his anxiety
would significantly increase, which could be measured as a reduction in heart rate
variability.

In Taylor (1964), it was argued that drivers attempted to maintain a constant level
of anxiety when driving, which sometimes was interpreted as that drivers will keep
a constant headway. But based on the statistics, it is better to say that drivers will
maintain a constant headway when the velocity is high and a constant spacing when
the velocity is low.

In other words, this human decision process can be taken as the subjective estima-
tion of the probability of collision (Wilde 1982). We can also adopt the explanation
in van Der Hulst (1999), in which drivers would maintain a level of task difficulty.
When the velocity is high, to keep a relatively constant headway is the dominant
task; when the velocity is low, to reserve a certain spacing becomes more important.

As pointed out in many literatures (Fuller 2005; van Der Hulst 1999; van Win-
sum 1999), human drivers could not maintain a strictly constant anxiety (head-
way/spacing) due to several reasons (including physiological unsteadiness, percep-
tion errors, and mechanical constraints of vehicles). But few action models discuss
how to model the fluctuations of headway or spacings.
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In this section, we argue that such deviations of the desired headways/spacings can
be modeled by Markov processes. The abstraction of the continuous headway into
several discrete states could be viewed as a conceptual usage of noticeable change
in the psychological car-following models, where the boundaries of the states in
Markov models can be taken as a kind of thresholds of visual perception.

The leading vehicle’s movement is often unpredictable (at least not fully pre-
dictable), the accelerating and braking action of the driver is therefore often overdue.
As a result, drivers tend to take very careful acceleration when the spacing between
the two vehicles is small and do not want to speed up at once after braking. From the
viewpoint of Markov transition, we observe higher probability to transfer to a state
with larger headway or spacing, when the current state indicates a headway shorter
than mean headway (preferred headway); and on the contrary lower probability to
transfer to a state with smaller headway/spacing, when current headway is larger than
preferred. The coincidences of the empirical distributions and the steady-state distri-
butions got from the observed transition matrices are strong proofs for the Markov
model argument.

4.2.3 Simulation Results

The above discussions answer Question 4.1. We will present some simulation results
to show: (a) the proposed model can generate the headway/spacing distributions as
observed; (b) it can fulfill other performance indices (e.g., low spacing and velocity
tracking errors) that had been used to evaluate car-following models (Aycin and
Benekohal 1999; Brackstone and McDonald 2007; Cassidy and Windover 1998;
Ossen and Hoogendoorn 2005; Panwai and Dia 2005).

4.2.3.1 Distribution Test of the Markov-Headway Model

To simulate headway distributions for highway traffic, a 10,000 m cycling single-lane
road system with 500 vehicles is constructed in the simulation test. The parameters
are vmax = 15 m/s, amax = 3 m/s2, bmax = 4.5 m/s2, l = 3.5 m, sbrake = 5 m,
sfree = 50 m, sstart = 10 m, pslow = 0.4.

To achieve better simulation results, we divide the headways into 20 possible
states, i.e., 0–0.5, 0.5–1, ... , 9.5–10 s, with respect to three velocity ranges of 0–5,
5–10, and 10–15 m/s. The corresponding transition matrices are still obtained from
the NGSIM trajectory data directly.

Initially, the vehicles are supposed to be uniformly 20-meter apart from each other
and the initial velocity is v0 = 10 m/s. The velocity, headway, spacing of each vehicle
are recorded during the 1,200 s simulation. As pointed out in Sugiyama et al. (2008),
we can observe free flow, congestion flow, and the middle states in such a cycle road
without bottlenecks. It is convenient to collect simulated headways in different traffic
states.
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Fig. 4.3 The simulated headways and the fitted lognormal distributions

Figure 4.3 shows the corresponding distributions of the simulated headways within
different velocity ranges. This proves that the proposed model yields similar headway
distributions as the observations.

4.2.3.2 Tracking Performance Test of the Markov-Headway Model

We also explore how this new model replicates the relative velocity and spacing
between the leader and follower vehicles. In this test, only two successive vehicles
are considered. The velocity and acceleration profile of the leader is ported from
NGSIM dataset. Only the dynamics of the follower is simulated and compared with
the values from NGSIM.

To avoid the influences of lane changing behaviors, only the trajectory data of the
vehicles forming a fixed platoon (containing more than three consecutive vehicles all
the way during observation) from NGSIM are retrieved and used. Figure 4.4 shows
the trajectories of five groups of such vehicles.

Figure 4.5 shows some typical results of the relative velocity and spacing differ-
ences. It is clear that the outputs of the proposed model agree with the real ones. As
suggested in Panwai and Dia (2005), we check the following performance criteria:

(a) The Root Mean Square Error (RMSE) metric on spacing

RMSE =
√√√√ 1

MT

M∑
m=1

T∑
t=1

(ds(t) − de(t))2 (4.13)
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Table 4.2 Performance of
the car-following model in the
traching tests

Platoon 1 2 3 4 5

RMSE 10.77 8.50 8.68 7.13 9.21

EM 0.51 0.39 0.45 0.40 0.37

Observations 432 237 581 332 432

Vehicles 7 4 8 5 7

where ds(t) is the simulated neat spacing at a certain time t , de(t) is the field neat
spacing at the same time, T represents the total observation times, M represents
the number of examined trajectories.

(b) The Error Metric (EM) on spacing

EM =
√√√√ 1

MT

M∑
m=1

T∑
t=1

(
log

ds(t)

de(t)

)2

(4.14)

where the error is weighted by the logarithm and squared to avoid overrating
discrepancies for large distance.

In the simulation, T = 75 s, and we can find totally M = 25 vehicles satisfied our
fixed platoon requirements. Table 4.2 shows that the obtained RMSE and EM values
are generally equivalent to many other important car-following models (Panwai and
Dia 2005). This proves the effectiveness of this new model.6

Simulations also reveal that the aforementioned model yields relatively larger
spacing errors when velocity is low (e.g., see the curves of empirical and simulated
spacings from t = 30 to t = 60 s in Fig. 4.5c). This is mainly because the braking
rule is an oversimplification here.

Thus, to achieve better simulation results, we shall develop a unified model, which
appropriately combines the Markov-headway mechanism (when driver is starting
up, approaching, or unconsciously following) and the Markov-spacing mechanism
(when driver is stopping or braking) simultaneously. However, there are few low-
velocity spacing data in NGSIM dataset; thus, we will not further discuss how to
build such a model in this chapter.

4.2.4 Discussions

• Model calibration
The parameters in the above Markov headway model are determined in two ways:
(a) the transition matrix P is directly estimated from the observed transition fre-
quencies; (b) the other parameters (e.g., vmax) are carefully simplified from other

6 It should be pointed out that different trajectory data are used in this section and Panwai and Dia
(2005), which may influence the values of RMSE and EM, too.
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empirical data. Simulations show that P is the dominant factor governing the
distributions of headways/spacings. We can approximately reproduce the desired
headways/spacings when P is correctly set, even if other parameters are not so
accurate. We will not discuss how to calibrate other parameters, since this problem
have received adequate discussions in the literature (Kesting 2008; Ossen 2008;
Ossen and Hoogendoorn 2005; Ossen et al. 2007).

• Simulation time interval/span
The simulation time interval Δt is assumed to be 1 s. We believe it is an appropriate
value to allow the possible actions of human drivers and meanwhile reduce the
incremental errors when updating locations. We can also set other value of time
interval, as long as Δt is not so large. As follows, we need to reestimate P , since
we indeed calculate the observed transition frequencies in one second. We also
need to reset the other time-dependent model parameters, such as amax and bmax.

• Reaction time/delay
Reaction time is a characteristic of human drivers in vehicle manipulation. How to
model and calibrate reaction time is an important problem in car-following models
(Kesting 2008; Ma and Ingmar 2006; Ossen 2008). In the proposed model, the
reaction delay is implicitly embedded in a stochastic manner: the following drivers
has a nonzero probability to maintain the current velocity even when the velocity of
the leading vehicle has been changed. We can also take it as a randomly distributed
reaction delay in the proposed model. Moreover, we combine the uncertainness
and the time delay into the randomness of headway variations. This is a trick that
is frequently used in CA models of road traffic (Hu et al. 2008; Li et al. 2008;
Maerivoet and De Moor 2005).

In short, we establish a new car-following model to fulfill the following con-
siderations: (a) it yields the steady-state headway/spacing distributions as those are
observed in practice. Moreover, it is a microscopic simulation model so that it can
simulate transient-state statistics of road traffic, too; (b) it provides a unified model
to simulate different driving scenarios, including highway traffic and urban street
traffic; (c) it is in accordance with our daily driving experiences. The stochastics
explicitly embedded in this model could be reasonably explained as the outcome
of the unconscious and also inaccurate perceptions of space and/or time interval
that people have. Thus, this model is an extension of the famous psychological car-
following model (action point model); (d) it is a fast simulation model for surrogate
testing.

Constrained by the length of this section, the following issues are not emphasized:
(a) in real traffic, different kinds of drivers (e.g., aggressive vs. passive, young vs.
old, skilled vs. green-hand, rigorous vs. fatigued) are running different kinds of
vehicles (e.g., cars vs. trucks, buses) on the same road and thus the traffic flow is
heterogeneous. Field testing data have proved that various headways and spacings
can be observed among different traffic participators. To deal with this problem, we
had better estimate and assign distinct transition matrices for each kind of traffic
participators. This naturally improves the transferability of the proposed models; (b)
the traffic control measures and visibility condition (Broughton et al. 2007) should
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also be considered when collecting headways/spacings in practice. As discussed in
Michaels and Solomon (1962), even a speed sign can notably alter the value of mean
headway. Therefore, the impact of such environmental factors should be carefully
handled in elaborate traffic simulation and planning; (c) the proposed model can
also reproduce many complex phenomena of highway traffic flows, including wide
moving jam, pinned localized cluster, stop and go waves, and oscillated congested
traffic; (d) the lane changing/merging behaviors are not discussed in this section. But
the above models provide a basis to further incorporate the well-known stochastic
gap acceptance model (Choudhury 2007; Daganzo 1981; Mahmassani and Sheffi
1981).

4.3 Asymmetric Stochastic Tau Theory in Car-Following

The statistics of time headway have gained a lot of attention in the field of transporta-
tion engineering for its significant impacts on traffic signal timing (Transportation
Research Board of the National Academies 2010), traffic flow physics, and behavioral
studies. It is often viewed as a reflection of the implicit forces that govern human’s
driving (see Brackstone and McDonald 2007; Brackstone et al. 2009; Ranney 1999;
van Winsum 1999).

In recent years, a number of experiments have been conducted in an effort to
examine headway adjustment behavior in car-following (Banks 2003; Chen et al.
2010b; Taieb-Maimon and Shinar 2001). The results indicate that drivers tend to
maintain a generally consistent headway while within a single specific driving sce-
nario. However, it is impossible for a driver to maintain a fixed headway, because
of the unpredictability of leading vehicle movements and the inaccuracy of human
perceptions, which lead to errors in decision-making and action. Drivers have to
constantly adjust their behavior in an attempt to maintain their preferred headway.
This process, which depends on the physiological response of the driver, yields a
lognormal type headway distribution (or more generally, a � distribution) within
each preselected velocity range (Chen et al. 2010a, b; Jin et al. 2009).

Since the early 1950s, many models have been proposed in order to explain
headway distribution patterns (e.g., Abul-Magd 2007; Chen et al. 2010b; Jin et al.
2009; Krbalek et al. 2001; Li et al. 2010a; Nishinari et al. 2003; Transportation
Research Board of the National Academies 2010; Wang et al. 2009a; Yan et al.
2011). In most of these stochastic models, the proposed visual forces that control
vehicle movements are difficult to interpret in our daily driving experiences. Thus, a
question is naturally raised as:

Question 4.2. Is there any driver-centric factors behind such lognormal distribu-
tions?

By further examining empirical headway distributions, we recently realized that
this phenomenon can be physiologically explained by extending the Tau Theory on
perception and action.
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The Tau theory originates from the study of optical variable Tau (T ), which is
defined as the projected angular size θ of an object divided by the relative change
rate dθ(t)/dt . In other words, it describes the change of the incoming object’s image
on the retina (Lee 1976, 2009), i.e., T = θ(t)/θ ′(t). Tau (T ) is often regarded as an
invariant. It is veridical and independent of other variables, such as the distance and
velocity of the incoming object (Yan et al. 2011).

In this section, we study the ratio T between the change in headway in the next
time interval and the current headway. Although different values ofT can be observed
in each iteration of headway adjustment process due to the randomness of human
behavior, we found that the values can generally be represented as T − and T + for
acceleration and deceleration cases, respectively. It is also widely accepted that the
coexistence of T − and T + is caused by asymmetric driving behaviors (Edie 1961;
Forbes 1963; Yeo 2008; Yeo and Skabardonis 2009).

The above findings indicate that microscopic driving behaviors influence macro-
scopic traffic flow dynamics in a latent and stochastic way. More importantly, we
can identify intrinsic common physiological characteristics of driving behavior via
the extrinsic measurements (e.g., headways).

4.3.1 Asymmetric Stochastic Extension of the Tau Theory

There are several measures of driving behavior characteristics. For example, Time-
To-Collision (TTC) is a frequently mentioned one. It is defined as the time at which
two vehicles would collide if both vehicles maintained their independent speeds and
trajectories (Brackstone and McDonald 2007; Brackstone et al. 2009). That is, TTC
is the ratio of the relative space gap divided by the relative speed Δv (a positive value
represents a higher following vehicle speed).

Similarly but differently, Tau theory studies headway instead of TTC. The rela-
tionship between TTC and headway is TTC = Δx/Δv = (hv − l)/Δv if Δv > 0,
where Δx is the following gap, v is the following velocity, l is the vehicle length.

Similarly but differently, Tau theory studies time headway h instead of TTC. The
original Tau Theory, which was developed by Lee (1976), stated that drivers usually
focused on visual information, such as time-to-collision, instead of other types of
information, such as space gap, speed, or ac/deceleration. More recently, Frost (2009)
showed that all purposeful actions entailed controlling T , which was the time-to-
collision between the current position and the expected post-adjustment positions.
Lee (2009) pointed out it was possible to build various T models depending on how
the movements and states were defined.

From a neurophysiology perspective (see Farrow et al. 2006; Frost 2009; Schrater
et al. 2001; Sun and Frost 1998), time headway change caused by driver actions is
controlled by a parameter T as
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T � h(t)

Δh(t)/T
= h(t)T

h(t + T ) − h(t)
(4.15)

where h(t) is the time headway at time t and Δh(t) = h(t + T )− h(t) is the change
of h(t) within a defined time interval T , which is the time interval between two
consecutive driver reactions.

If T is a constant, Eq. (4.15) indicates that the intensity of headway magnitude is
proportional to headway change in T . Based on the famous Weber-Fechner Law,7

Eq. (4.15) can also be explained as a linear function between visual stimulus (head-
way) and driver response (headway change) within a certain time interval T . This is
in accordance with previous assumptions from psychophysical car-following models
(Boer 1999; Brackstone and McDonald 1999; Michaels 1963). The difference is that
previous psychophysical models aim to directly depict the visual angle subtended by
the leading vehicle; while Eq. (4.15) attempts to incorporate perceptual reactions into
headway change and provide an indirect measure for human visual control. However,
we cannot directly fit Tau-theory model Eq. (4.15) with empirical observations. As
discussed by Michaels (1963) and Boer Boer (1999), the perceptions and actions of
human drivers are generally limited and inaccurate. In other words, T should not be
a constant in the real world.

The randomness explicitly embedded in the evolution of headway can be explained
as the unconscious and inaccurate perceptions of time interval and space that humans
perform. If a driver is observed for a long enough time period, we can characterize the
driver’s car-following behaviors by examining the statistical features of this stochastic
process. An advantage of this approach is that the steady-state distribution of this
stochastic process can be directly calculated, and compared with empirical headway
distributions as a way to validate the model. To model the randomness in driving
behaviors, a special stochastic process was proposed in Jin et al. (2009), Li et al.
(2010a) as follows:

h(t + T )

h(t)
=

{
β ⇒ p
1/β ⇒ 1 − p

(4.16)

where β ∈ (0, 1) is the scaling coefficient and p ∈ (0, 0.5] denotes the tendency for
the driver to reach a larger headway than preferred at time t + T . Specifically, only
the situation is considered in Jin et al. (2009), Li et al. (2010a). Analogously, 1 − p
is the tendency to reach a smaller headway than preferred at time t + T . As such,
Eq. (4.16) can be viewed as a modified Tau Theory model, which can be rewritten as

Δh(t)

h(t)
=

{
T/T − = β − 1 ⇒ p
T/T + = 1/β − 1 ⇒ 1 − p

(4.17)

or equivalently

7 Weber, E. H. is one of the earliest researchers who quantitatively studied the relationship between
the magnitude of stimuli and the perceived intensity of the stimuli. Then, Fechner, G. T. gave a
math form of Weber’s findings, which we now call the Weber-Fechner Law (Deco et al. 2007).
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T = h(t)

Δh(t)/T
=

{T − < 0 if h(t + T ) < h(t), with prob.p
T + > 0 if h(t + T ) > h(t), with prob.1 − p

(4.18)

where T − and T + are the Tau factors, given that
(
T/T − + 1

) (
T/T + + 1

) = 1.
Equation (4.18) extends the original Tau Theory model of Eq. (4.15) in two ways:

• Asymmetric behaviors: a driver’s behavior varies according to whether he/she
is accelerating or decelerating. During acceleration, a driver will be more cau-
tious and make smaller changes in headway. On the contrary, during deceleration,
he/she will be less sensitive to the headway change. This asymmetry in vehicle
acceleration and deceleration has been observed by many researchers (see Edie
1961; Forbes 1963). There are different ways to consider such asymmetry in car-
following models. For example, Forbes Forbes (1963) explained this asymmetry as
a difference in driver response time, which is slower during acceleration than decel-
eration. However, we consider more than just driver response time when addressing
the asymmetric property of T . Equation (4.18) does not indicate whether the Tau
factors T − and T + are constant or velocity-dependent. This will be determined
using field data in a later section.

• Stochastic behaviors: as reported in many literatures (e.g., Banks 2003; Brack-
stone and McDonald 2007; Chen et al. 2010b; Taieb-Maimon and Shinar 2001),
drivers try to maintain a constant headway; but in reality, drivers maintain a sto-
chastic headway that fluctuates around an expected value. In order to model this
uncertainty, the probability p is introduced to characterize the tendency of reach-
ing headway h(t + T ), which is smaller than the current headway h(t). The first
part of Eq. (4.16) asserts that, on average, drivers have a tendency/probability p
to reach a smaller headway than preferred. It should be pointed out that Eq. (4.16)
does not assert that drivers will adjust headway exactly as Δh(t) = h(t)T/T −
or Δh(t) = h(t)T/T + for each t . However, if the statistical mean of Δh(t) is
calculated over a relatively long period, the adjustment behavior will lead to a
headway change of Δh̄(t) = h(t)T/T −. Similarly, we can interpret the second
part of Eq. (4.16) as the tendency to reach a larger headway than preferred. In this
case, the headway change can be expressed as Δh(t) = h(t)T/T +.

As proven in the literature (Jin et al. 2009; Li et al. 2010a; Limpert et al. 2001), a
stochastic process, such as Eq. (4.16), would generate velocity-dependent lognormal
headway distributions in simulations. However, differing from the previous physical
analysis (Jin et al. 2009; Li et al. 2010a), the extended Tau Theory is a more pen-
etrative and intrinsic explanation, because it is built on the assumption: the limits
of drivers’ perceptions and actions will allow a certain T -type proportional law
between the headway and its increment (Lee 2009). Equation (4.16) has not been
previously validated by empirical flow data (Li et al. 2010a). To verify Eq. (4.16),
we need to prove two assertions for h(t) → h(t + T ):

• Drivers have a relatively constant tendency p to reach a smaller headway than
preferred at different velocities; If this is ture, then
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• Drivers have relatively constant T − and T + at different velocities and they satisfy
that T ∗ = (

T/T − + 1
) (

T/T + + 1
) = 1.

Or equivalently,

Proposition 4.2 In the sense of statistics, drivers tend to decrease expected headway
with a relatively steady probability p under different velocities, in order to keep
stationary T − and T +, satisfying T ∗ = (

T/T − + 1
) (

T/T + + 1
) = 1.

Notice that h(t) is a continuous value. In order to accurately verify Eq. (4.15),
it is necessary to estimate a transition kernel of the proposed stochastic process
(Kallenberg 1997). However, this can be quite complicated and time-consuming. In
addition, we may not have enough data to obtain acceptable results.

In this section, we use the aggregation method to estimate the statistics in Propo-
sition 4.2. More precisely, these observed triples (vi (t), hi (t), hi (t + T )) will be
first divided into several distinct groups according to vi (t). Within each velocity
group, the observed triples will be further divided into distinct subsets based on
Δhi (t) = hi (t + T ) − hi (t), where i denotes the sampling index. Finally, we exam-
ine the transition frequency among these subsets for each velocity group.

The headway adjustment time may be variable, but we cannot determine the exact
adjustment time for each driver. So, we choose several discrete values of sampling
time interval T to check its effects on the distributions of Tau values. Besides, we
also need to further consider two dominant factors that may influence the estimation
and validation of the extended Tau theory model: headway division strategies (N ,
i.e., headway domain is uniformly divided into N groups in order to specify headway
change) and velocity change threshold (ε).

To find appropriate values for these factors, we choose the best parameter set
from the following alternatives, i.e., T = 0.5, 1.0, 2.0, 5.0 s, N = 5, 6, ..., 15, and
ε = 0.25, 0.5, 1.0, 2.0 m/s. Though we can neither enumerate all the possible values
of these factors nor analytically derive their optimal solutions, we believe that the
empirical analysis would reveal the variation trend of the statistical results of p and
T ∗.

To select the best values from the empirical alternatives, we propose two criteria:

1. Mean criterion: we compare the F statistic and p-value based on the analysis
of variance (ANOVA) for each value of the aforementioned influencing factors.
The smaller F statistic and the corresponding larger p-value (e.g., close to 1.00)
indicate the hypothesis that the means of several populations are equal.

2. Variance criterion: we further compare the statistical features of p andT ∗ by using
box-and-whisker diagram through five statistics, i.e., the lower quartile (25th
percentile, Q1), median (Q2), upper quartile (75th percentile, Q3), the smallest
and largest observations within the interquartile ranges (i.e., 1.5 × |Q1 − Q3|). A
smaller statistical range p and T ∗ for each value of influencing factors indicates
a better concentration, and thus a better parameter set.
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4.3.2 Testing Results

4.3.2.1 Data Preparation

To test Proposition 4.2 by using the NGSIM dataset (NGSIM 2006). A total number
of 6,101 vehicles passed this road segment. In order to obtain nearly independent
measurements, we set 12 virtual detectors every 50 m as stationary detectors, too,
because extracting samples from the full trajectory information will lead to a high
correlation among the data. Since the NGSIM dataset only monitors a 640 m free-
way segment, we could not collect enough headway adjustment data on individual
drivers from the available trajectory dataset. In this section, we examined the head-
way adjustment processes of the aggregate driver population. As such, the following
statistics reflect the common characteristics of the aggregate driver population. This
is also in accordance with the headway distribution measurements collected for the
driver population, instead of individuals.

In this section, we conduct a three-step data filtering procedures for the NGSIM
Highway 101 dataset:

Step 1. All data associated with lane changing maneuvers were discarded. The
velocity and headway for each vehicle were recorded as the vehicle passed each
virtual detector and at four later discrete points in time (i.e., 0.5, 1.0, 2.0, 5.0 s).

Step 2. We filter out the samples whose headways are larger than 10 s and spacings
are larger than 50 m to retain car-following states. Data that showed velocities lower
than 3 m/s were also filtered out to avoid error caused by vehicles that were fully
stopped or travelling in a stop-and-go flow. When spacings are larger than 50 m,
the vehicle will be running in free flow and drivers will pursue maximum velocity
instead of safe headways.

Step 3. We use velocity of the following vehicle and velocity change of the leading
vehicle to further filter the data. Those samples in which the leading vehicle velocity
changes are larger than the threshold ε will also be discarded.

Table 4.3 shows the filtered samples of NGSIM Highway 101 dataset with the
parameters N = 10 and ε = 1.0 m/s as an example. After the three-step procedures
of data filtering, we finally believe that the remaining samples reflect representative
normal car-following behaviors.

Headway measurements are organized into 12 groups based on the recorded veloc-
ity, which ranges from 3 to 15 m/s. Each 1 m/s increase in velocity is considered as
an individual velocity range group (i.e., 3–3.99 m/s; 4–4.99 m/s). Later, the headway
is further divided into separate categories using a series of discrete values from 5 to
15. Let

Sk �
{(

v j (t), h j (t), h j (t + T )
)
, j = 1, ...,Jk

}
, k = 1, 2, ..., 12 (4.19)

where Sk is the kth set of triples, Jk is the number of records in the kth group.
Figure 4.6a shows the smoothed empirical joint probability density function of

56,481 filtered velocity-headway pairs from the NGSIM dataset. The obtained spac-
ing data are unbiased because the measurement errors of space traveled is negligible.
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Table 4.3 Headway adjustment data extracted from NGSIM Highway 101 dataset

T (s) Data filtering Sample size Headway decrease Headway increase Percentage of head-
way adjustment (%)

0.5 Step 1 and 2 16206 2252 2148 27

Step 3 13827 1890 1789 27

1.0 Step 1 and 2 56481 10444 10154 36

Step 3 42199 7614 7207 35

2.0 Step 1 and 2 15998 3647 4031 48

Step 3 8465 1941 1930 46

5.0 Step 1 and 2 15675 4737 5206 63

Step 3 4566 1507 1270 61
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Fig. 4.6 Statistical results of empirical headway and velocity data. a Joint probability distributions
of headway-velocity (hi , vi ); b extreme values and centroids of marginal PDFs

A more detailed discussion on the analysis of measurement errors, acceleration, head-
way, and spacing during data processing and vehicle trajectory reconstruction can be
found in Punzo et al. (2011). The measurement errors of velocities and correspond-
ing headways will not affect our analysis significantly as a result of the previously
described filtering efforts.

Figure 4.6b shows the empirical headway distributions within each velocity range
and their extreme values and centroids. It indicates that the mean values of headways
decrease with the velocities and finally reach the saturation headway with respect to
the high velocities. Kolmogorov-Smirnov (K-S) hypothesis test results show that all
headway distributions follow a family of lognormal distributions.

Suppose that within the kth velocity group, the collected headway hi (t) follows
a lognormal type velocity-dependent distribution �k , i.e.,

hi (t) ∼ Log-N
(
μk, σ 2

k

)
, vi (t) ∈ Sk (4.20)

where μk is the location parameter and σk is the scale parameter of lognormal dis-
tributions.
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The PDF of hi (t) can be written as

f (hi (t)) = 1√
2πσkhi (t)

exp

[
− (log hi (t) − μk)

2

2σ 2
k

]
, hi (t) > 0, vi (t) ∈ Sk

(4.21)
The CDF of hi (t) can be written as

�k = �

(
log hi (t) − μk

σk

)
, vi (t) ∈ Sk (4.22)

where � is the standard normal distribution function.
The α/2 quantile of the lognormal distribution can be calculated by the inverse

CDF of hi (t) as follows

�−k
α/2 = exp[σk�

−1(α/2) + μk], vi (t) ∈ Sk (4.23)

where �−k
α/2 is the α/2 quantile of �k with respect to the kth velocity range, �−1 is

the inverse function of standard normal distribution.
To discard abnormal patterns, we only focused on the headways within a confi-

dence interval at the significance level of α as [�−k
α/2, �

−k
1−α/2], where �−k

α/2 and �−k
1−α/2

denote the inverse function of the CDF at α/2 and 1 − α/2, respectively.
We estimated the parameters of lognormal distributions for each velocity range

based on the filtered NGSIM trajectory data. Figure 4.7 shows the mean μ̂k and
standard deviation σ̂k of the headways’ natural logarithm. From this, we determined
the confidence intervals of headway [�−k

α/2, �
−k
1−α/2] at the significance level of α =

0.05. The mean headway values indicate that the lower and upper bounds of headway
decrease monotonically as velocity increases, which is in accordance with Fig. 4.6b.

Fig. 4.7 The estimated shape
coefficients of lognormal
distributions
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4.3.2.2 Tau Value Estimation Algorithm

We discretize [�−k
α/2, �

−k
1−α/2] into N subsets uniformly, each of which occupies a

headway range of [�−k
1−α/2 − �−k

α/2]/N . We will only study the effective headway
adjustment behaviors where h j (t) belongs to the mth subset and h j (t +T ) belongs to
a different nth subset. This method filters out data that were collected during periods
of zero action, allowing us to isolate and focus on headway adjustment data. Fur-
thermore, we screened out data from headway changes caused by the ac/deceleration
of leading vehicles. That is,

(
v j (t), h j (t), h j (t + T )

)
is a valid sample, if and only

if the velocity change of the leading vehicle is less than the threshold of ε, i.e.,∣∣v j−1(t + T ) − v j−1(t)
∣∣ � ε. We will discuss different velocity change thresholds

(i.e., ε = 0.25 m/s for T = 0.5 s; ε = 0.5 m/s for T = 1.0 s; ε = 1.0 m/s for
T = 2.0 s and T = 5.0 s). As a result, Skwill be divided into four groups:

• if h j (t) and h j (t +T ) are part of the same subset, the triple
(
v j (t), h j (t), h j (t + T )

)
is categorized as part of S

∗
k , which is the group that did not show significant

adjustment behaviors;
• if h j (t) → h j (t + T ) is an effective headway adjustment, and h j (t) > h j (t + T ),

the triple is categorized as part of S−
k , which is the group that accelerated during

headway adjustment;
• if h j (t) < h j (t + T ), the triple is categorized into the S

+
k group;

• if v j−1(t) → v j−1(t + T ) is not an effective headway adjustment, the triple is
categorized as part of the SΔ

k group, where velocity change of the leading vehicle
is larger than ε.

Then, S∗
k ∪ S

−
k ∪ S

+
k ∪ S

Δ
k = Sk , and S

∗
k ∩ S

−
k ∩ S

+
k ∩ S

Δ
k = ∅. The numbers of

triples within each subset are denoted as J ∗
k , J −

k , J +
k , J Δ

k , satisfying J ∗
k +J −

k +
J +

k + J Δ
k = Jk, ∀k. Thus, T̂k and p̂k are calculated as

T̂ ±
k = 1

J ±
k

J ±
k∑

j=1

h j (t)T

h j (t + T ) − h j (t)
(4.24)

p̂k = J −
k

J −
k + J +

k

(4.25)

where T̂ −
k and T̂ +

k are the Tau factors for the kth velocity range, p̂k is probability
estimate for the kth velocity range.

4.3.2.3 The Influence of Sampling Time Interval

Choosing an appropriate sampling time interval is a difficult problem. Generally,
the chosen T needs to be long enough to allow the driver to react. Therefore, it
cannot be less than 0.5 s. A smaller sampling time interval will result in the inability
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Fig. 4.8 Variation of the two behavioral statistics T ∗
k and p̂k . a T = 0.5s, F = 1.07, p = 0.40.

b T = 0.5s, F = 0.08, p = 0.99. c T = 1.0s, F = 0.34, p = 0.97. d T = 1.0s, F = 0.19,
p = 0.99. e T = 2.0s, F = 0.30, p = 0.98 f T = 2.0s, F = 0.13, p = 0.99

to smooth out the measurement noise generated by vision-based vehicle trajectory
retrieval, which may lead to incorrect conclusions. On the other hand, headway
adjustment actions can be viewed as a series of temporally discrete ac/decelerations,
where the driver rapidly makes one decision/action after another. If the sampling
time interval is larger than 5.0 s, we may be unable to capture many of the driver’s
actions. We compare four sampling time intervals: 0.5, 1.0, 2.0 and 5.0 s based on
the mean criterion and variance criterion. Figure 4.8 compares the variations of
(T/T̂ −

k + 1)(T/T̂ +
k + 1) and p̂k , k = 1, 2, ..., 12, with respect to the subset number,

N (N = 5, 6, ..., 15), and the sampling time interval T (T = 0.5, 1.0, 2.0, 5.0 s).
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To further explain these results, we incorporated the ANOVA to determine whether
or not the mean Tau values are equal for different headway groups (each value of N
represents one division strategy). The p-value results from ANOVA depend on the
assumption of independent and normal distributions with constant variances. More
specifically, one-way/single-factor ANOVA is used to test the statistical significance
by comparing the F test statistic. In ANOVA, large differences between the central
lines of the boxes correspond to a small p-value derived from the large values of
the F statistic. In addition, a small p-value usually indicates significant differences
between column means. When there are only two means to compare, the t-test and
the ANOVA F-test are equivalent; the relation between ANOVA and t-test is given
by F = t2.

As shown in Fig. 4.8, the means of (T/T̂ −
k + 1)(T/T̂ +

k + 1) indicate significant
differences among some of the means in the N division strategies under T = 0.5 s.
This is because the probability of the observed F being larger than the F statistic is
relatively small at 0.40.

The p-values are close to 1.00 for all N division strategies at T = 1.0 s, T = 2.0 s
and T = 5.0 s. This indicates that the means of (T/T̂ −

k + 1)(T/T̂ +
k + 1) for each

group are equal. Since we do not know the exact distributions or a priori knowledge
of T̂ −

k , T̂ +
k and p̂k , it is difficult to accurately conduct the hypothesis test to compare

(T/T̂ −
k + 1)(T/T̂ +

k + 1) and 1.0, p̂k and 0.5, respectively. Therefore, we will focus
on the empirical statistical properties based on the field data.

It is interesting to note that the variation range of (T/T̂ −
k + 1)(T/T̂ +

k + 1) stays
within (1.0, 1.1) when T � 1.0 s; but significantly increases with T when T � 2.0 s.
This may be caused by the omission of driver actions due to large T values. In short,
based on the statistics of (T/T̂ −

k + 1)(T/T̂ +
k + 1) and p̂k , T = 1.0 s is the best

sampling time interval. In addition, p̂k for all N can be generally viewed as the same
at T = 0.5 s, T = 1.0 s, T = 2.0 s and T = 5.0 s. This is because the p-values for
all four cases are all close to 1.0. From the statistics in Fig. 4.8, the box-and-whisker
diagram graphically depicts the lower quartile, median, and upper quartile. We find
that when T = 1.0 s, the ranges between the upper and lower quartiles for both
(T/T̂ −

k + 1)(T/T̂ +
k + 1) and p̂k are the lowest. This empirical observation validates

the chosen T = 1.0 s is more reasonable sampling time interval for an asymmetrical
behavioral analysis.

4.3.2.4 The Influence of Division Strategies

Whether the division strategies (N ) for headway change affect our tests on the Tau
values also requires careful examination. For example, Table 4.4 shows the variations
of the average probability for reaching a smaller headway p̂ and the average asserting

index (T/T̂ − + 1)(T/T̂ + + 1) weighted by the number of samples, with respect to
different N values (from 5 to 15). The sampling time interval is chosen as T = 1.0 s.
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Table 4.4 The estimated parameters with respect to N , T = 1.0 s, (
∑

k Jk = 56436)

N
∑

k J−
k

∑
k J+

k

∑
k

(J−
k +J+

k

)
∑

k

(Jk−JΔ
k

) (%) T ∗ p̂

5 3859 3723 17.97 1.03 0.51

6 4590 4484 21.50 1.03 0.51

7 5401 5239 25.21 1.03 0.51

8 6268 6010 29.10 1.02 0.51

9 7025 6722 32.58 1.02 0.51

10 7614 7207 35.12 1.02 0.51

11 8226 7822 38.03 1.02 0.51

12 8842 8367 40.78 1.02 0.51

13 9260 8912 43.06 1.02 0.51

14 9984 9476 46.11 1.02 0.51

15 10379 9886 48.02 1.02 0.51

p̂ =
∑

k [(J −
k + J +

k ) p̂k]∑
k (J −

k + J +
k )

=

∑
k J −

k∑
k (J −

k + J +
k )

(4.26)

T ∗ = (T/T̂ − + 1)(T/T̂ + + 1) =
∑

k [(J −
k + J +

k )(T/T̂ −
k + 1)(T/T̂ +

k + 1)]∑
k (J −

k + J +
k )

(4.27)
where p̂ is the average probability of headway decline, T ∗ is the weighted average
of T ∗ statistics. Results indicate that p̂ maintains a relatively constant 0.51, and T ∗
is around 1 for all the headway division strategies.

Figure 4.9 presents the distributions of T ∗ and p̂ with respect to both the number
N of headway division groups and the sampling time interval T under the same
velocity change threshold of ε = 1.0 m/s. The obtained p-values are approximately
0.00, strongly indicating that the means of T ∗ and p̂ at different time sampling
intervals are not the same. It is worthwhile to point out that the different means, with
respect to various T , are significantly different. This is consistent with the results
shown in Fig. 4.9, where we concluded the same means for (T/T̂ −

k + 1)(T/T̂ +
k + 1)

and p̂k , in terms of different headway division strategies N (5, 6, ... , 15) at each T .
The comparison indicates that the headway division strategies have no significant
influences on the statistical tests; while the sampling time intervals will significantly
impact statistical tests.

4.3.2.5 The Influence of Velocity Change Threshold

As mentioned in the third step of the data filtering, whether the velocity change
threshold of the leading vehicle affect our tests on the Tau values is worthy for
investigations. In the above discussions, the velocity change threshold is set ε =
1.0 m/s, below which changes in velocity of the leading vehicle are minor.
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Fig. 4.9 Variation of the two behavioral statistics with respect to T : T ∗ and p̂. a F = 105.92,
p = 0.00. b F = 120.99, p = 0.00

If we estimate the approximate acceleration and deceleration rates for each sam-
pling time interval T , e.g., the leading vehicle could brake up to −ε/T = −0.2 m/s2

(for T = 5.0 s) and −ε/T = −0.5 m/s2 (for T = 2.0 s), these minimal decelerations
rates within one sampling time interval would be reasonable for the aforementioned
assumption of the stable leading vehicle. However, the deceleration rates will be
−ε/T = −1.0 m/s2 (for T = 1.0 s) and −ε/T = −2.0 m/s2 (for T = 0.5 s), they
may infer to solid braking maneuvers, and therefore the car-following behaviors are
not stable.

In order to solve this problem, we discuss a minimal deceleration rate of −ε/T =
−0.5 m/s2 (or maximal acceleration rate of −ε/T = 0.5 m/s2) for the leading
vehicle in this subsection. We only choose smaller velocity change thresholds for
T = 0.5 s and T = 1.0 s, i.e., ε = 0.25 m/s and ε = 0.5 m/s, respectively. We filter
the samples in steady car-following states because the acceptable velocity change
thresholds become smaller. Recall Table 4.3, for T = 0.5 s, the sample size reduces
from 13,827 to 7,503 (46 % reduction); for T = 1.0 s, the sample size reduces from
42,199 to 30,376 (28 % reduction).

Though the remaining sample sizes decrease to a great extent, as shown in
Fig. 4.10, the two behavioral statistics T ∗ and p̂ do not perform differently with
respect to both the number N of headway division groups and the sampling time
interval T under the various velocity change thresholds. Using the mean and vari-
ance criteria to check the best sampling time interval out of the four alternatives,
we can see that the interquartile ranges of T = 1.0 s is also the smallest. The corre-
sponding mean values are T ∗ = 1.02 and p̂ = 0.51, which are almost the same as
Table 4.4 and Fig. 4.10. This consistency indicates that the velocity change threshold
has no significant influence on the Tau Theory statistics.
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(a) (b)

Fig. 4.10 Variations of the two behavioral statistics with respect to T (various ε): T ∗ and p̂. a
F = 77.99, p = 0.00. b F = 124.37, p = 0.00

4.3.2.6 Testing Results on Tau Values

Figure 4.11 shows the mean values, i.e., the 25th and 75th percentiles of T̂ −
k and T̂ +

k
within the kth velocity range with a sampling time interval of T = 1.0 s. We divided
the headway confidence interval into 10 subgroups, i.e., N = 10. The mean values
of T̂ −

k and T̂ +
k decreased as the velocity increase until v > 15 m/s. This was mainly

because in the NGSIM dataset, we did not have enough free flow headway samples
where v > 15 m/s.

Table 4.5 shows the number of samples based on the division strategies of valid
triples

(
v j (t), h j (t), h j (t + T )

)
, where J ∗

k + J −
k + J +

k + J Δ
k = Jk is satisfied.

The percentages of the pruned data, as a result of the leading vehicle velocity change,
are between 24 to 30 %, and shown as J Δ

k /Jk . If the velocity change of the leading
vehicle is larger than ε, we regard the headway adjustment may be caused by the

Fig. 4.11 The estimated Tau
values
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Table 4.5 The parameters estimated from the NGSIM dataset (T = 1.0, N = 10)

k v Jk JΔ
k

JΔ
k

Jk
(%) J−

k T̂ −
k J+

k T̂ +
k T ∗

k p̂k
J+

k +J−
k

Jk−JΔ
k

(%)

1 3–4 1113 330 30 249 −0.19 258 0.37 1.11 0.49 65

2 4–5 1924 518 27 446 −0.16 424 0.27 1.07 0.51 62

3 5–6 1545 435 28 319 −0.14 332 0.21 1.05 0.49 59

4 6–7 3308 924 28 671 −0.13 548 0.16 1.01 0.55 51

5 7–8 5103 1354 27 875 −0.12 695 0.14 1.01 0.56 42

6 8–9 3705 893 24 520 −0.10 551 0.14 1.02 0.49 38

7 9–10 7296 1755 24 1030 −0.10 907 0.13 1.02 0.53 35

8 10–11 9904 2485 25 1142 −0.09 1107 0.11 1.01 0.51 30

9 11–12 5047 1206 24 571 −0.10 569 0.11 1.00 0.50 30

10 12–13 8028 2062 26 806 −0.09 841 0.10 1.01 0.49 28

11 13–14 6979 1684 24 699 −0.08 725 0.10 1.01 0.49 27

12 14–15 2529 636 25 286 −0.08 250 0.14 1.05 0.53 28

nonstationary behaviors of the leading vehicle but not the following driver’s nature
stochastic behavior in such a case. Thus, we eliminate these samples with an obvious
velocity change of the leading vehicle.

The sampling percentages of headway change or effective headway adjustment
are between 27 and 65 %. We find this percentage decreases when velocity increases,
headway tends to be more stable for the higher velocity ranges. This may be caused by
relatively more random maneuvers perform in the low-velocity state. It is equivalent
to simplify the assertion of (T/T̂ −

k + 1)(T/T +
k + 1) as T + T +

k + T −
k = 0. It is

estimated by substituting the mean values of T̂ −
k and T̂ +

k . It is shown that T + T̂ −
k +

T̂ +
k concentrates around zero with an acceptable accuracy given the Tau values.

The relationship between Tables 4.4 and 4.5 is as follows: Table 4.4 summarizes
the estimated T ∗ and p̂ by checking the samples across all velocity ranges; Table 4.5
is designed to estimate T̂ ∗ and p̂k for a specific headway division N = 10. Based on
these results, it is clear that the probability of reaching a smaller or larger headway
keeps an acceptably constant of 0.5. This indicates a relatively constant tendency p
to reach a headway that is smaller than preferred in different velocities.

The assertion, (T/T̂ −
k + 1)(T/T̂ +

k + 1) = 1 can be empirically validated based

on Table 4.5, since the values of T̂ ∗ are between 1.0004 and 1.1103 for all the
velocity range. When velocities are higher than 5 m/s, the values of T̂ ∗ are between
1.00 and 1.05, which are almost equal to the previous assertion. This means that
the reciprocal relationship between T − and T + holds, especially when there is less
traffic congestion (e.g. velocities are higher than 5 m/s). The agreement between the
predictions of this extended Tau Theory and the empirical observations indicates
that the physiological Tau characteristics can be viewed as a dominant factor that
implicitly governs driving behavior.
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As shown in Fig. 4.11, | ˆT −| and ˆT + roughly decrease as velocity increases. This
can be explained as drivers being more careful at higher velocities. It is interesting
to note that the percentage of headway state transitions in all the effective samples,
i.e., (J +

k + J −
k )/(Jk − J Δ

k ) decreases with velocity. It may be because it is more
difficult for a driver to maintain a preferred headway during congestion. Besides, the
deviation of T̂ ∗ from the asserted value of 1.0 implies that, at low velocities, it is
increasingly difficult to describe human behavior using any single theory.

4.3.3 Discussions

In this section, we propose an extended Tau Theory model that assumes different
T coefficients to maintain a constant headway in asymmetric car-following behav-
iors. This study uses multistage data filtering procedures to choose the steady car-
following samples for each velocity range. Tests using the real-world data show
that the predicted consistency of T coefficients agrees with the empirical observa-
tions. Although car-following behaviors can be better described using more complex
microscopic models, e.g., the models listed in Brackstone and McDonald (1999),
this finding reveals that the physiological Tau characteristics implicitly affect human
driving behavior and the resulting traffic dynamics.

In summary, field tests show two contributions in this study:

1. In headway adjustments, divers have a relatively constant tendency p (close to
0.5) to reach a smaller headway than preferred at different velocities and relatively
constant T − and T + at different velocities, satisfying (T/T −+1)(T/T ++1) = 1.

2. The influences of sampling time interval on the statistical features of the asymmet-
ric stochastic Tau Theory-based car-following behaviors are significant (T = 1.0 s
outperforms other sampling time interval according to the mean and variance
criteria), but the influences of headway division strategies and velocity change
thresholds of leading vehicles are not prominent.

It is also important to note that there are still several areas for future research,
such as:

(1) The above findings are mainly based on NGSIM trajectory datasets, in which
the currently four available datasets (US Highway 101 dataset, I80 dataset, urban
arterials Lankershim Boulevard dataset, and Peachtree dataset) were all collected
during rush hours without enough higher speeds data. So we are still unable to
examine the driving behaviors in high speed traffic flow. And the proposed Tau
theory-based model may not be fit for free driving behaviors.

On the other side, the main concern in this study is to address the close following
actions of drivers when they are trying to keep safety distances; while in high speed
traffic flow, the interactions between vehicles are relatively weak and the dominant
task of a driver becomes keeping the highest possible speed in such traffic scenarios.
Therefore, we infer such driving actions should be described by another set of model
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rather than Tau theory. We would like to collect more data to validate our inference
in the future.

(2) Our research only used headway records collected from a single driving sce-
nario. As proven in previous research, drivers are inconsistent in their headway choice
across different driving scenarios, e.g., Brackstone et al. (2009) concluded that the
road type (motorway versus urban dual carriageway) did not seem to affect head-
way choice and the type of leading vehicle (truck/vans or cars) did influence the
following headway; Michael et al. (2000) implemented an intervention to decrease
tailgating during normal traffic flow among a large number of drivers on urban road-
ways; and Broughton et al. (2007) illustrated drivers’ velocity variability increased
under conditions of reduced visibility. However, we believe that their headway adjust-
ment processes will still be governed by the extended Tau theory, even though the
observed T may vary with respect to certain other factors, including heterogeneity
of different kinds of drivers (aggressive versus passive), different vehicle types (cars
versus trucks, buses), inaccurate headway perceptions in foggy weather, and lane
changing/merging actions. We will collect more data to validate our conjectures.

(3) Another question is how far the T coefficients for an individual driver can
deviate from the common values in a population. In NGSIM datasets, we monitored
one only 550-meter long road segment. As a result, we were unable to collect driver
action data for a long enough time period, or develop effective statistical tests on T
coefficients for individual drivers.

To solve this problem, we can use laser or radar sensors to accurately and diligently
measure the relative speed and the space gap between vehicles. With the aid of inertial
navigation systems (INS) and global positioning systems (GPS), we can also measure
the positions of vehicles (Li and Wang 2007; Skog and Handel 2009) at all times.
These emerging technologies and fast developing in-vehicle equipment can help us
collect long term leading vehicle tracking data on individual drivers that cannot be
obtained via video-based traffic monitoring methods.



Chapter 5
Stochastic Fundamental Diagram Based
on Headway/Spacing Distributions

5.1 Introduction

Traffic flows on highways are often described in terms of three variables: mean
velocity v, traffic flow rate q, and traffic density ρ. Based on the definitions of these
variables, we have q = vρ. So we only need to establish the relations between either
two variables. All the discussions below focus on congested flow, because q increases
almost linearly with ρ in free flow.

Among various approaches in literature, the FD is the most widely used model to
describe the equilibrium flow-density relationship. The efforts on developing traffic
flow models to capture the FD can be traced back to Greenshields’ work in early
1930s (Greenshields 1935). Different functions for modeling FD had been proposed
in the last 75 years, including Greenshields’ model, Greensburg’s model, Under-
wood’s model, and many more complex variations (Del Castillo and Benitez 1995a,
b; Gilchrist and Hall 1989; Hall et al. 1986; Li 2008; Wu 2002; Wu et al. 2011).
Recently, Del Castillo (2001) proposed three models for the concave flow-density
relationship that was validated by freeway data and urban data.

Two associated questions on the FD have been carefully discussed during the last
two decades. The first one is how to estimate the FD in practice, since the FD is
usually defined as a function of the homogeneous equilibrium states which may not
be exactly measured from empirical data. As a result, the measured mean values
of the three variables over a long time interval are often used to approximately
estimate the FD (Banks 1989, 2002). Traditionally, the data used to estimate the
FD are obtained from loop detectors at a specific location and are aggregated over
time intervals that range from 30 s to 5 min. Recently, vehicle trajectory data based
FD estimation methods received increasing interests, since equilibrium and transient
phases are difficult to distinguish at a specific location.

The second question is whether the wide scattering feature of flow-density plot is
in the concordance with the FD assumption. For example, Kerner (2001, 2009, 2004)
argued that FD should not be used, because it failed to well account for the scattering
features of flow-density plot. Differently, Treiber et al. (2006b) thought that the
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wide scattering of flow-density data could be reproduced by taking into account the
variation of propagation speed or the local velocity variance caused by the variation
of the netto time gaps among successive vehicles, and the delayed adaptation of the
driving behaviors (Nishinari et al. 2003; Treiber and Helbing 2003; Treiber et al.
2006b).

In some recent approaches, these two questions were studied in a united way.
The FD was linked to a certain car-following model so that we can combine the
information provided by vehicle trajectory data and loop detector data. Particularly,
Newell’s simplified car-following model attracts increasing attentions (Newell 2002).
Theoretical analysis and field data validation show that such a simple model provides
an acceptable description of car-following dynamics (Ahn et al. 2004; Chiabaut et al.
2009, 2010; Kim and Zhang 2008; Lu and Skabardonis 2007; Wang and Coifman
2008; Yeo 2008; Yeo and Skabardonis 2009). As predicted by Newell (2002), it
provides a starting point for investigating more complex traffic phenomena. As shown
in Chiabaut et al. (2009), the assumption that FD holds in stable platoons is equivalent
to the assumption that vehicles within the platoon follow Newell’s simplified car-
following model. How to obtain the FD based on the simplified model was then
presented in Chiabaut et al. (2009, 2010), Duret et al. (2008), Yeo (2008). Kim and
Zhang (2008) further explained the scattering feature in terms of random fluctuations
of gap time based on the simplified car-following model. It provides an analytical
framework to study how a perturbation of car-following spacing may grow and
influence the flow-density plot. This approach is in consistent with Forbes (1963)
and it indicates that we may discuss congested flows based on Newell’s simplified
car-following model. However, the region covered by the scattering points in the
flow-density plot was not further estimated. More recently, Li and Zhang (2011)
assumed that the congestion branch of the FD consisted of several velocity-constant
fluctuations that meant the state transitions in the neighborhood of straight lines
emanating from the origin of the flow-density plane. Li et al. (2011) analyzed how
reliable the LWR model prediction would be when the uncertainties were introduced
into the FD.

Following these approaches, we aim to establish a tight link between the spac-
ing/headway distribution model and the wide scattering feature of flow-density plot
based on the aforementioned discussions in this chapter. The motivations are trifold:

(1) We would like to provide a more rigorous relation between the distributions of
microscopic-level traffic measurements (headways/spacings) and macroscopic-
level traffic measurements (flow rate/density). There are lots of other models
dedicated for individual driving behavior and the FD. For example, the linkage
between GHR car-following model and the FD (Gazis et al. 1961). But, not
many of them emphasized on the distribution features of measurements on two
levels. Several models had been attempted to in this direction. However, few of
them had clearly simultaneously described the distribution models on two levels
and specified the model parameters. Moreover, no previous models had given
explicit formulas on the mapping relation between distributions between two
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levels. So, our model is an initial attempt to account for the implicit links and
the distribution of measurements on two levels;

(2) The origins of wide scattering features of the points in the density-flow plot had
attracted consistent interests (e.g., Chen et al. 2010b; Li et al. 2011). We aim to
provide a simple and intuitive explanation that can fit with both microscopic-level
and macroscopic-level traffic measurements, and meanwhile keeping limited
possible assumptions in our proposed model;

(3) The model proposed is a good starting point to analyze several other traffic
phenomena. One important application is to measure the FD curve similar to
Chiabaut et al. (2009, 2010).

In this chapter, first, we review previous models on the scattering features and
examine the stochastic description of drivers’ tendency on spacing/headway choices.
To distinguish the influences of aggregation time interval on the joint distribution of
flow-density, we categorize the sampled parameters for congested traffic flow into
two kinds: one kind of data are sampled from homogeneous platoons during short
enough time periods; and the rest of the data are sampled from heterogeneous vehi-
cle platoons during longer time periods. Then, we discuss the statistical relations
between the microscopic average headway distribution in a homogeneous platoon
and the resulting macroscopic flow-density plot; and an algorithm is given to project
scattering features from the headway distributions with respect to different velocity
ranges. Field tests on California PeMS data verify the hypothetical similarity between
the estimated and empirical distributions of flow/density, and then prove the feasi-
bility of the proposed stochastic platoon model. We will further discuss the average
headway distribution in a heterogeneous platoon and demonstrate how to estimate
its corresponding probabilistic boundaries in flow-density plot that characterizes the
scattering features.

5.2 Newell’s Simplified Model and Its Stochastic Extension

First, we will briefly revisit Newell’s simplified car-following model. In short, this
model assumes that if the vehicles are running on a homogeneous highway, the time-
space trajectory of the following vehicle is essentially the same as the leading vehicle,
except for a transition in both space and time; (see Fig. 5.1a). Indeed, we adopt and
extend Newell’s simplified model for two reasons:

(1) We aim to find a simple yet effective way to decouple the interlaced dependence
relationship between velocity, density, and headway. When we introduce the
piecewise linear trajectory, we implicitly presume a constant velocity within
each linear segment and then we can handle the variation of spacing and headway
in a much easier mode;

(2) Newell’s simplified model is an accurate enough abstraction of the reality for
our study.
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(a) (b)

Fig. 5.1 Piecewise linear approximation to vehicle trajectories in Newell’s model. a Vehicle tra-
jectories; b Relation between spacing and velocity

It is supposed that the (i − 1)th vehicle is ahead of the i th vehicle, and their
velocities are vi−1(t) and vi (t), respectively. When the leading i − 1th vehicle alters
its velocity from v to v′, it acquires a nearly constant velocity for some time. The fol-
lowing i th vehicle will adjust its velocity in the same way after a space displacement
of di and an adjusting time of τi to reach the preferred spacing for a new velocity.
For simplicity, Newell (2002) assumed vi−1(t) = vi (t) = v and the continuous
trajectory evolution (the dashed curve in Fig. 5.1a) can be approximated by piece-
wise linear curves (the solid line segments in Fig. 5.1a). These linear relationships
between spacing and velocity are written as

si (t) = di + vi (t)τi , 0 � vi (t) � ṽi (5.1)

where the spacing si (t) refers to the distance between the front of the i − 1th vehicle
and the front of the i th vehicle at time t , ṽi is the allowable velocity of the i th vehicle.
As shown in Fig. 5.1b, these relationships are depicted as piecewise linear lines in the
spacing-velocity plot. si (t) is the vertical axis intercept, τi is the slope. We assume
that di and τi are the inherent properties of the i th vehicle, and not relevant to vi (t).
{d1, d2, . . . , dn}, and {τ1, τ2, . . . , τn} of a platoon are i.i.d. random variables.

In short, the kernel of Newell’s simplified model (Newell 2002) lies in the fol-
lowing assumption:

Definition 5.1 The Newell Condition is that two arbitrarily consecutive vehicles in
a platoon travel on a homogeneous road essentially maintain the same time-space
trajectory shape expect for a translation in space and in time.

Some efforts were made to develop methods for the estimation of wave velocities
between several successive detectors, e.g., oblique cumulative curves (Cassidy and
Bertini 1999), cross correlation method (Coifman et al. 2003). Careful investigations
of NGSIM trajectory data (NGSIM 2006) show that the time-space trajectory of the
following vehicle is not exactly the same as the leading vehicle, even when the transi-
tion in both space and time are considered. Newell (1965) used two separated curves
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in the spacing-velocity plot to depict the difference of acceleration and deceleration
behaviors in congested traffic and pointed out that the car-following instability would
lead to a growth of a small perturbation.

Yeo and Skabardonis (2009) followed this idea and interpreted the stop-and-go
traffic phenomenon by an asymmetric microscopic driving behavior theory. They
assumed that the deceleration curve (D-curve) was the lower bound or the minimum
spacing preventing front-end collision even in the worst case of the leading vehicle’s
emergency braking. On the other hand, the acceleration curve (A-curve) is the upper
bound of spacing that ensures a safe driving spacing even in the case of the following
vehicle’s accelerating and the leading vehicle’s sudden stop. In our Chap. 4, the
asymmetric car-following behaviors were explained by using the stochastic extension
of the physiological Tau Theory.

The shape of these two curves depends on the maximum deceleration rate amax, i−1
of the leading vehicle, the comfortable deceleration rate bi of the following vehicle,
the ac/decelerating reaction time τA

i and τD
i , satisfying τA

i > τD
i . Thus, Yeo (2008)

modeled these two curves as
{

A-curve: sA
i (t) = vi (t)τA

i + (a−1
max, i−1 − b−1

i )v2
i (t)/2 + sA

stop

D-curve: sD
i (t) = vi (t)τD

i + (a−1
max, i−1 − b−1

i )v2
i (t)/2 + sD

stop

(5.2)

where sA
stop is the jam spacing in acceleration phase, sD

stop is the jam spacing, satisfying

sA
stop > sD

stop, A and D indicate acceleration and deceleration, respectively.
As shown in Yeo (2008), the A/D curves enclosed a 2D region in the spacing-

velocity plot (see Fig. 5.2a, b). The coasting behavior around the A/D curves implied
that the equilibrium traffic flow state lied on this 2D region. Thus, the A/D curves
corresponded with the boundaries of congested flow points in flow-density plot.

Differently, Del Castillo (2001) studied the transition of traffic states within this 2D
region. He developed an analytical approximation for the normalization probability
of the growth/decay of a perturbation based on the headway distribution and on
the ratio of the wave speed to the maximum speed. Kim and Zhang (2008) showed
that the growth/decay of perturbations caused by random fluctuations of gap time
would lead to a random transition of traffic state in this 2D region (see Fig. 5.2d). The
stochastic wave propagation speeds are associated to the relative differences between
gap times and the reaction times of drivers. Generally, such random state transitions
are restricted in a 2D region in flow-density plot, whose boundaries encompassed
the traffic wave structures. However, Kim and Zhang (2008) did not address the
empirical statistics of the spacings/headways and thus did not derive the boundaries
of this 2D region.

Let us take the trajectories shown in Fig. 5.2c as an example. Here, the waves
of acceleration and deceleration perturbations occur in the order of w1 → w2 →
w3. Suppose P1, P2, P3 are the corresponding instantaneous transition states of
Platoon 1. As illustrated in Fig. 5.2d, the transition from P1 to P3 yields a random
walk in the flow-density plot, including two state transitions. The first one satisfies−−→
P1P2 ∝ −−→w 1, v1 → v2, the second one satisfies

−−→
P2P3 ∝ −−→w 2, v2 → v1. Generally,

http://dx.doi.org/10.1007/978-3-662-44572-3_4
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Fig. 5.2 Asymmetric characteristics of typical platoons in car-following processes. a, b Velocity
spacing transitions observed in Highway 101 NGSIM dataset; c the platoon trajectories correspond-
ing to a and b, respectively; d an illustration of the generated random walk in the flow-density plot
for Platoon 1

this random walk is restricted in a 2D region in the flow-density plot, whose boundary
encompasses the traffic wave structures.

One remaining problem is how to account for the observed spacing-velocity pairs
outside the 2D region enclosed by A/D curves, since A/D curves were assumed to the
maximum/minimum spacing in Yeo (2008). Chen et al. (2010b) solved this problem
by providing a statistical explanation as follows. Noticing that drivers make random
choices of spacing but with potential preferences, Chen et al. (2010b) studied the
joint distribution of the spacing-velocity pairs and also the α-truncated conditional
PDFs of spacing under different velocities. The velocity-dependent upper bounds
are denoted as F−1

|v, 1−α/2 and the lower bounds are F−1
|v, α/2 , v ∈ (0, vfree) at the

same confidence level α. Here, F|v denotes the CDF conditional on velocity and
F−1

|v means the inverse function. The α confidence level is introduced here to filter
out the influences of some abnormal data. The spacing-velocity samples falling into
the truncated PDF ranges may reflect transient driving actions. In other words, Chen
et al. (2010b) defined the maximum/minimum normal spacing as the α-level statis-
tical upper/lower bounds of spacings with respect to velocity.
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Fig. 5.3 An illustration of
the α-truncated marginal
distributions of spacing
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As shown in Fig. 5.3, by linking the lower and upper truncating points of each
conditional PDFs of spacings under each range of velocity, the obtained joint PDF
of spacing-velocity envelops a 2D region in spacing-velocity plot. Empirical data
indicate that these two curves, i.e., upper and lower boundaries, are approximately
two straight lines. Following the approach of Kim and Zhang (2008), Chen et al.
(2010a) defined the maximal/minimal wave travel speeds wA and wD as

wA = sA
upperṽ

+ − sA
lowerṽ

−

sA
upper − sA

lower

, wD = sD
upperṽ

+ − sD
lowerṽ

−

sD
upper − sD

lower

(5.3)

where sA
upper and sD

upper are the minimum and maximum spacings after truncation

at ṽ+, respectively; sA
lower and sD

lower are the minimum and maximum spacings after
truncation at ṽ−, respectively (Fig. 5.4b).

Figure 5.4a illustrates the growth/decay of perturbations in flow-density plot; see
also Kim and Zhang (2008). Figure 5.4b shows the relations between wA, wD, and
the estimated (dashed) 2D region of congested flows. Chen et al. (2010a) further
assumed that the transition of congested flows would not cross the corresponding
boundaries determined by wA and wD. More precisely, the points of congested flow
locate within the intersection of two sectors, i.e., the shaded area in flow-density
plot: one sector centers at the original point and the slopes of its bounds are the
minimal velocity ṽ− and the maximum velocity ṽ+; the other sector centers at the
point (ρmax, 0) and the slopes of its bounds are the acceleration wave travel speed
wA and the deceleration wave travel speed wD.

Figure 5.4c shows the random transition of the state P, characterized by (τP, −wP)

in the spacing-velocity plot corresponding to Fig. 5.4a. Clearly, wA and wD directly
correspond to the interceptions of the upper/lower boundaries of the 2D region in the
flow-density plot. Figure 5.4d shows the stochastic property of an arbitrary vehicle i
characterized by (τi , wi ) within the envelope curves of acceleration and deceleration
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(a) (b)

(c) (d)

Fig. 5.4 Stochastic characteristics of congested traffic flow in FD. a The growth/decay of pertur-
bations that is reflected in the flow-density plot. The transitions P → Q1, P → Q2, P → Q3, and
P → Q4 stand for deceleration disturbance vanishes, deceleration disturbance grows, acceleration
disturbance vanishes and acceleration disturbance grows, respectively. Detailed discussions can be
found in Kim and Zhang (2008); b the relation between wA, wD, and the estimated (dashed) 2D
region of the congested flows. Detailed discussions can be found in Chen et al. (2010b); c the random
state transitions shown in spacing-velocity plot; d the maximum/minimum stochastic propagation
wave speeds in spacing-velocity plot

characterized by (τA, wA sA
stop) and (τD, wD sD

stop), that satisfy τD < τi < τA,

wA < wi < wD and sD
stop < di < sA

stop.
Although the model proposed in Chen et al. (2010a) recovered the implicit

links between the spacing-velocity distribution models and the flow-density plot,
it neglected one important fact: the flow-density plots are usually obtained by aggre-
gating the measured flow rate and density over one to several minutes. In other
words, the flow-density plots depict the traffic parameters over a vehicle platoon that
contains several vehicles. On the contrary, the spacing distributions are generally
measured between two consecutive vehicles. Therefore, we need to discuss how to
combine these two measurements collected on different time and space scale, rather
than simply map one into the other as Chen et al. (2010a). Besides, the distribution of
points in flow-density plot also needs further discussions. Surprisingly, we find that
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such tendency can be implicitly determined by the spacing/headway distributions.
We will further explain our findings in the following sections.

5.3 The Homogeneous Platoon Model

5.3.1 Basic Idea

A straightforward idea to connect the microscopic measurements of traffic flow
(spacing/headway) and the macroscopic measurements of traffic flow (density/flow
rate) are deterministic reciprocal relations:

q = 3600/h, ρ = 1000/s (5.4)

where q, ρ, s, and h are conventionally assumed to be deterministic measurements
(usually the mean values) of flow rate (veh/h), density (veh/km), spacing (meters),
and headway (seconds).

These fundamental formulas hold for homogeneous congested traffic flow and set
up a good starting point for our further discussions. However, empirical traffic flows
are not homogeneous due to various influencing factors, e.g., the mixture of vari-
ous kinds of vehicles, heterogeneous driving behaviors, stochastic headway/spacing
perception, etc.

From the viewpoint of platoon dynamics, we further categorize empirical con-
gested traffic flows into two kinds in this chapter:

(1) Traffic flow is in a near homogeneous state. That is, the velocities are roughly
the same in these so called homogeneous platoons. The spacings/headways
between any two consecutive vehicles may be different, because empirical spac-
ings/headways follow certain lognormal type distributions under a given velocity
(Chen et al. 2010a, b; Jin et al. 2009). If we use loop detectors to collect traffic
flow information, a sequence of vehicles recorded within a short time interval
can be roughly viewed as belonging to a homogeneous platoon. In this chapter,
we assume that when the aggregation time interval is set as T = 30, the sampled
data correspond to homogeneous platoons.

(2) Traffic flow is far from homogeneous and can be depicted as heterogeneous. In
other words, both the velocities and spacings/headways of a series of vehicles
are different in these so called heterogeneous platoons. Usually, a large heteroge-
neous vehicle platoon consists of several small homogeneous vehicle platoons.
If we use loop detectors to collect traffic flow information, the increase of the
aggregation time interval often leads to an increasing loss of information and
makes it difficult to build a simple distribution model for flow rate and density. In
this chapter, we assume that when the aggregation time interval is set as T � 5
min, the sampled data often correspond to heterogeneous platoons.
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For the first kind of traffic flows, we extend the deterministic reciprocal relations
into the following stochastic reciprocal relations:

Proposition 5.1 When velocity is given, the reciprocal of average headway of vehi-
cles in a homogeneous platoon and the corresponding flow rate follow the same
distribution; similarly, the reciprocal of the average spacing of vehicles in a homo-
geneous platoon and the corresponding density follow the same distribution.

More precisely, we have the following relations in probability distribution

q ⇔ 3600/h, ρ ⇔ 1000/s (5.5)

We could map the distribution of average headways/spacings under different
velocities to the distributions of flow rates/density in flow-density plot.

As shown in Fig. 5.5, it indeed provides a new interpretation on the distribution of
points in flow-density plot. Different from the conventional orthogonal coordinates
of density and flow rate, these points are now investigated under the polar coordinates
of velocity and flow rate. Though the velocity in the first triple (velocity, headway,
spacing) refers to individual velocity whereas the second triple (speed, flow rate,
density) refer to flow speed, i.e., harmonic mean of individual velocities, we may
find the link from the individual level with the population average value in a statistical
sense.

There is another equivalent approach. Let us first calculate the distribution for
the average spacing of vehicles in a homogeneous platoon. Then, we could map
the distribution of spacings to the distributions for density in flow-density plot. As
shown in Fig. 5.5, these two approaches will get the same distributions in flow-density
plot. To verify the estimated distributions, we will compare the distributions of flow
rate/density that are estimated from headway distributions and the empirical flow
rate/density distributions extracted from PeMS (2005).

Fig. 5.5 An illustration of
the mapped distributions for
points of congested flows in
flow-density plot
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If we apply the concept of α-truncated conditional PDFs of headway proposed in
Chen et al. (2010a), we could get the corresponding α-truncated conditional PDFs of
flow rate. Let Fh̄|v denotes the CDF of average headways with respect to the velocity

v in a vehicle platoon during a certain time interval T . We can then define F−1
h̄|v, α/2

and F−1
h̄|v, 1−α/2

as the lower and upper confidence bounds of average headways in

terms of the inverse functions of CDFs at the confidence level of α. Linking the lower
and upper truncating points of each conditional PDFs of flow rates across all ranges
of velocity, we can obtain the joint PDF of flow velocity that envelops a 2D region
in flow-density plot. The probability that one flow-density point falls outside this 2D
region is less than α. This 2D region of congested flows is more accurate than the
estimation in Chen et al. (2010a).

Similarly, let F−1
s̄|v, α/2 and F−1

s̄|v, 1−α/2 be the lower and upper confidence bounds
of the average spacings in terms of the inverse functions of CDFs, we can get the
same boundaries and the same 2D region of congested flows.

For the second kind of traffic flow, no definite distribution can fit average head-
way/spacing in a heterogeneous platoon. Thus, we cannot derive the analytical distri-
bution of flow rate/density, correspondingly. However, we will show that the sampled
points for heterogeneous platoons still locate within the α-truncated envelop that had
been obtained from homogeneous platoon in flow-density plot.

5.3.2 Summation of Lognormal Random Variables

There is no closed form expression of the CDF/PDF for a sum of i.i.d. lognormal
random variables. As a result, various approximations for the CDF/PDF had been
proposed in the literatures (Beaulieu and Rajwani 2004; Beaulieu and Xie 2004; Ben
Slimane 2001; Lam and Le-Ngoc 2006; Mehta et al. 2007; Nadarajah 2008; Zhao
and Ding 2007).

Assume that n i.i.d. random variables zi (i = 1, 2, . . . , n) follow the lognormal
distribution, whose PDF is as follows:

fz(zi ) = Log-N (μz, σ 2
z ) = 1√

2πσz zi
exp

[
− (log zi − μz)

2

2σ 2
z

]
, zi > 0 (5.6)

where μz and σz are the location and scale parameters, then log zi is a normal random
variable and belongs to N (μz, σ 2

z ).
Romeo et al. (2003) studied Zn = ∑n

i=1 zi , the sum of the random variables zi

and showed that

(1) if σ 2
z � 1, the PDF of Zn could be well approximated by a normal distribution.

(2) if σ 2
z � 1, the PDF of Zn are close to a lognormal distribution

fZn (Zn) ≈ Log-N (μZn , σ 2
Zn

) (5.7)
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where μZn and σZn are the location and scale parameters of Zn , their relations
with μz and σz are as follows:

⎧⎨
⎩

σ 2
Zn

= log
(

1 + exp(σ 2
z )−1

n

)

μZn = log n + μz + σ 2
z −σ 2

Zn
2

(5.8)

The sum expectation and the typical sum can be obtained

E[Zn] ≈ exp(μZn + σ 2
Zn

/2), Zn,typical ≈ exp(μZn − σ 2
Zn

) (5.9)

The expectation and variance of Zn are

⎧⎨
⎩

E[Zn] = nE[zi ] = n exp
(
μz + σ 2

z
2

)

Var[Zn] = nVar[zi ] = n exp(2μz + σ 2
z )(exp(σ 2

z ) − 1)
(5.10)

(3) if σ 2
z 
 1, the PDF of the sum are very complex to find a close-form approxi-

mation.

Since we have σ 2
z � 1 for empirical headway/spacing distributions, we will use

the approximation form of lognormal distribution in our study.

5.3.3 Average Headway Distribution

In this subsection, the velocities of vehicles in a platoon are supposed to be almost
the same. But we relax the strict homogeneity requirement in Newell’s model and
allow different spacings/headways between two consecutive vehicles.

Our previous studies based on the empirical NGSIM data and many other obser-
vations (Jin et al. 2009; Wang and Coifman 2008; Wang et al. 2009a) assumed the
lognormal distributions of headway/spacing with the domain of (0,∞). However,
it is not so accurate. When headway/spacing approaches to zero; the corresponding
flow rate and density may exceed the traffic capacity and maximal jam density due
to the reciprocals. Thus, we need to consider the infimum of spacing as the mean
vehicle length and the infimum of headway as a small value larger than zero.

In order to solve this problem in reciprocal calculations, we assume that headway
h(t) at time t follows certain shifted lognormal type velocity-dependent distributions,
i.e.,

h(t) − h0 ∼ Log-N
(
μh(v(t)), σ 2

h (v(t))
)

(5.11)

where h0 is the infimum of headway (similarly, the infimum of spacing is s0),μh(v(t))
is the location parameter, and σh(v(t)) is the scale parameter of lognormal distri-
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butions with respect to velocity v(t). We will abbreviate them as μh and σh for
presentation simplification.

The PDF of h(t) is written as

f (h(t)) = 1√
2πσh(h(t) − h0)

exp

[
− (log(h(t) − h0) − μh)2

2σ 2
h

]
, h(t) > h0

(5.12)
where the expectation and the variance are

{
E[h(t)] = exp

(
μh + σ 2

h /2
)+ h0

Var[h(t)] = exp(2μh + σ 2
h )(exp(σ 2

h ) − 1)
(5.13)

The so called typical value corresponds to the maximum of the PDF

htypical(t) = exp(μh − σ 2
h ) + h0 (5.14)

The coefficient that characterizes the relative dispersion of the shifted lognormal
distribution is

Ch ≡ √
Var(h(t))/E[h(t)] (5.15)

Explorations on the NSGIM dataset of Highway 101 show that asymmetric
driving behaviors result in a family of velocity-dependent shifted lognormal spac-
ing/headway distributions. Among total 5,814 trajectories, we filter out the samples
of motorcycles and truck automobiles, and keep the remaining 5,646 samples of
cars. The average vehicle length is 4.5 m for cars. Thus, we set s0 = 4.5 m, and
h0 = 0.5 s.1

As shown in Tables 5.1 and 5.2, and Fig. 5.6 μh decreases and μs increases with
velocity v. The estimated parameters of μh , σh , μs , σs will be used for calculating
headway/spacing distributions and corresponding flow rate/density distributions.

Suppose n vehicles in a platoon pass the loop detector sequentially. Since we
assume their velocities are the same v, the sum of these n vehicles’ headways mea-
sured at this point can be written as Hn = ∑n

i=1 hi , where hi are i.i.d. random
variables, satisfying

hi − h0 ∼ Log-N
(
μh, σ 2

h

)
, i = 1, 2, . . . , n (5.16)

where the measured headway of the i th vehicle at time t is hi = hi (t).

1 The spacing is always larger than the corresponding vehicle length. Hereafter, we select the
infimum of spacing as 4.5 m. Since the infimum of headway is difficult to estimate because of
varying velocities, we choose an empirical value of 0.5 s so that the headway is always larger.
Actually, both the values have mild influences on the headway/spacing distributions because the
estimated location and scale parameters guarantee the stable shapes of the PDFs.
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Table 5.1 The estimated parameters of headway distribution from NGSIM dataset, U.S. Highway
101

v # v̄ μh(v) σh(v) E[h(t)] Var[h(t)] Ch(v) htypical(v)

0–3 763 2.083 1.598 0.350 5.755 3.597 0.330 4.874

3–4 1113 3.324 1.190 0.323 3.963 1.319 0.290 3.462

4–5 1924 4.552 0.970 0.338 3.293 0.943 0.295 2.854

5–6 1544 5.553 0.809 0.371 2.905 0.854 0.318 2.456

6–7 3303 6.336 0.728 0.379 2.726 0.766 0.321 2.294

7–8 5076 7.567 0.603 0.407 2.484 0.709 0.339 2.048

8–9 3682 8.538 0.499 0.440 2.314 0.703 0.362 1.857

9–10 7205 9.369 0.452 0.448 2.237 0.669 0.366 1.786

10–11 9697 10.571 0.378 0.475 2.133 0.674 0.385 1.665

11–12 4912 11.505 0.324 0.490 2.059 0.661 0.395 1.587

12–13 7734 12.360 0.290 0.501 2.015 0.655 0.402 1.539

13–14 6611 13.589 0.229 0.504 1.927 0.589 0.398 1.475

14–15 2389 14.476 0.191 0.527 1.890 0.619 0.416 1.417

Table 5.2 The estimated parameters of spacing distribution from NGSIM dataset, U.S. Highway
101

v # v̄ μs(v) σs(v) E[s(t)] Var[s(t)] Cs(v) stypical(v)

0–3 763 2.083 1.811 0.497 11.419 13.422 0.321 9.276

3–4 1113 3.324 2.056 0.453 13.157 17.033 0.314 10.867

4–5 1924 4.552 2.262 0.426 15.010 22.009 0.313 12.503

5–6 1545 5.553 2.359 0.437 16.135 28.437 0.330 13.241

6–7 3308 6.336 2.457 0.424 17.261 31.991 0.328 14.250

7–8 5103 7.567 2.568 0.432 18.807 41.911 0.344 15.320

8–9 3705 8.538 2.624 0.449 19.754 51.986 0.365 15.773

9–10 7296 9.369 2.702 0.441 20.938 57.980 0.364 16.780

10–11 9903 10.571 2.791 0.447 22.507 71.575 0.376 17.851

11–12 5046 11.505 2.851 0.445 23.611 79.999 0.379 18.699

12–13 8028 12.360 2.913 0.442 24.799 89.094 0.381 19.634

13–14 6977 13.589 2.978 0.431 26.070 94.991 0.374 20.824

14–15 2529 14.476 3.027 0.426 27.088 101.314 0.372 21.714

According to the analysis in Sect. 5.3.2, Hn − nh0 approximately follow a log-
normal style distribution. Let average headway of a platoon be defined as

h̄n = Hn

n
= 1

n

n∑
i=1

hi (5.17)
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Fig. 5.6 The estimated PDFs of a headway and b spacing with respect to vehicle velocity

We have

h̄n − h0∼̇Log-N
(
μHn (v) − log n, σ 2

Hn
(v)
)

= Log-N
(
μh̄n

(v), σ 2
h̄n

(v)
)

(5.18)

whose scale and location parameters are

⎧⎨
⎩

σ 2
h̄n

(v) = log
{

Var [ hi |v]
n(E[ hi |v]−h0)

2 + 1
}

= log
(
exp(σ 2

h ) + n − 1
)− log n

[0.3cm]μh̄n
(v) = log (nE[ hi | v] − nh0) − σ 2

Hn
(v)

2 − log n = μh + σ 2
h −σ 2

h̄n
(v)

2
(5.19)

where the expectation and variance of h̄n with respect to v are

{
E[ h̄n

∣∣ v] = exp(μh̄n
(v) + σ 2

h̄n
(v)/2) + h0 = exp(μh + σ 2

h /2) + h0 = E[hi | v]
[0.3cm]Var[ h̄n

∣∣ v] = exp(2μh̄n
(v) + σ 2

h̄n
(v))

(
exp(σ 2

h̄n
(v)) − 1

)
= Var[ hi | v]/n

(5.20)
According to the Hoeffding’s Inequality (Hoeffding 1963) that provides an upper

bound on the probability of the sum of random variables, define the upper and lower
bounds of car-following headways in homogeneous platoon, i.e.,

ϑ−
i = 0 < hi < ϑ+

i = 10, i ∈ N
+ (5.21)

whereϑ−
i andϑ+

i are the upper and lower bounds of the i th vehicle, a reasonable value
of ϑ+

i = 10 can be obtained by field data. Let ϑ−
i and ϑ+

i satisfy ϑ− = sup{ϑ−
i , ∀i}

and ϑ+ = inf{ϑ+
i , ∀i}, then ∀ε > 0, we have
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Pr
{
h̄n − E

(
h̄n
)

� ε
}

� Pr

{
max

1� j�n
(Hj − E

(
Hj
)
) � nε

}

� exp

(
− 2n2ε2∑n

i=1 (ϑ+
i −ϑ−

i )
2

)

� exp
(
− 2nε2

(ϑ+−ϑ−)2

)
� δ

(5.22)

Thus, the effective number of vehicles given the error limits ε and δ is

n∗ = − ln δ(ϑ+ − ϑ−)
2

2ε2 (5.23)

Figure 5.7 shows that the differences between the true and measured values for
h̄n and s̄n are εh and εs , respectively. The probability supremum decreases with n.
This indicates that the estimation accuracy will increase with the number of vehicles.
Moreover, we can also calculate the upper and lower bounds of estimate errors based
on Kolmogorov’s Inequality, i.e.,

1 − (ε + 2ϑ+)
2

∑n
i=1 Var(hi )

� Pr

{
max

1� j�n

∣∣Hj − E(Hj )
∣∣ � ε

}
�
∑n

i=1 Var(hi )

ε2 (5.24)

Notice the special reciprocal property of lognormal distributions, if the mean
headway distribution for each velocity range belongs to a family of lognormal type
distributions, then its reciprocal shall be lognormal type as well. Thus, we can derive
the PDF of the mean headway

f (h̄n) = 1√
2πσh̄n

(h̄n − h0)
exp

⎡
⎢⎣−

(
log(h̄n − h0) − μh̄n

)2

2σ 2
h̄n

⎤
⎥⎦ , h̄n > h0

(5.25)
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We assume that the platoon velocity does not change too much during a short time
interval (e.g., T = 30 s) so that the headways belong to the same shifted lognormal
distribution. The number of vehicles detected during T can then be estimated as

n =
⌊

T

E[hi | v]
⌋

=
⌊

T

exp(μh + σ 2
h /2) + h0

⌋
(5.26)

Because the relationship is monotonic, the PDF of traffic flow rate can be derived
according to fQ(q̄) = ∣∣dh̄n/dq̄

∣∣ f (h̄n), we obtain

fQ(q̄) = 3,600√
2πσh̄n

q̄(3,600 − h0q̄)
exp

⎡
⎢⎣−

(
log(3,600/q̄ − h0) − μh̄n

)2

2σ 2
h̄n

⎤
⎥⎦
(5.27)

where fQ(q̄) is PDF of the estimated traffic flow rate given by headway distributions.
Analogously, we could derive the distribution of density from the distribution of

spacings. Based on the hypothesis that spacings also belong to a family of shifted
lognormal distributions, we can derive the PDF of the mean spacing as

f (s̄n) = 1√
2πσs̄n (s̄n − s0)

exp

[
−
(
log(s̄n − s0) − μs̄n

)2
2σ 2

s̄n

]
, s̄n > s0 (5.28)

where s0 is the infimum of spacing, in the rest of this chapter, it is chosen as the mean
vehicle length.

Since the relationship between density and spacing during the predefined short
time interval can be approximated as ρ̄ = 1,000/s̄n . The PDF of density can be
derived according to fρ(ρ̄) = |ds̄n/dρ̄| f (s̄n) as the following

fρ(ρ̄) = 1,000√
2πσs̄n ρ̄(1,000 − s0ρ̄)

exp

[
−
(
log(1,000 − s0ρ̄) − log ρ̄ − μs̄n

)2
2σ 2

s̄n

]

(5.29)

5.3.4 Model Validation

To validate the above estimated distributions based on the vehicle trajectory dataset,
we compare them with the empirical distributions of flow rate and density with
respect of velocity extracted from the loop detectors (PeMS 2005; Rice and van
Zwet 2004) at Vehicle Detection Station (VDS) 717490 on Highway SR101 south-
bound, California. Figure 5.8 shows that the loop station is at the same site where
NGSIM trajectory data Highway 101 were gotten. The NGSIM trajectory data used
here were collected using video cameras mounted on a 36-story building adjacent
to the Lankershim Boulevard interchange. In order to evaluate the performance of
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Fig. 5.8 PeMS loop detector layout and NGSIM vehicle trajectory measurement site

the proposed model aforementioned, we test more detector locations. The down-
stream VDS 717489 was chosen as the alternative one because the mainline layout
is analogical to VDS 717490. The distance between these two locations is 0.64 mile
(1.03 km), then it is reasonable to incorporate the estimated lognormal parameters of
headway/spacing distributions from NGSIM dataset because the driver population
doesn’t vary too much at these two locations (the off-ramp may slightly reduce the
population consistency). It is worthy to point out that we estimate flow rate and den-
sity distribution using different methods from two independent datasets with different
data formats and other characteristics, see Table 5.3.

Thus, we can take them as different measures for the same traffic flows. Since
PeMS only provides the time occupancy information, we need to choose an appro-
priate g-factor to retrieve the density from the time occupancy as Rice and van Zwet
(2004)

Table 5.3 Characteristics of the PeMS and NGSIM datasets used in this study

Datasets PeMS PeMS NGSIM

homogeneous platoon heterogeneous platoon Highway 101

Locations VDS 717490 VDS 717490 SR 101-S

VDS 717489

Number of lanes 5 versus middle 3 5 lanes 5 lanes

Lane-by-lane Yes Yes Yes

Time intervals 30 s 5 min 0.01 s

Measurement period 06/1-30/2005 05/1-07/31/2005 7:50–8:35 am

06/15/2005

Measurement length 30 days 92 days 45 min

Valid data length 29 days 72 days 45 min

Observed quantities Vehicle counts Vehicle counts Headway

Time occupancy Time occupancy Spacing

Vehicle length Vehicle length Velocity

Vehicle type Vehicle type Coordinates

Detected vehicles 5 lanes: 3,601,055 5 lanes: 8,196,829 6,101

3 lanes: 2,497,869 3 lanes: 5,878,290
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Figure 5.9 shows that there are three categories of vehicles in the sample. Among
5,814 sample trajectories of NGSIM Highway 101 dataset, the number of motorcy-
cles, automobiles, and truck automobiles are 42, 5,646, and 126, respectively. And
the average lengths for these vehicles are 2.39, 4.50, and 11.62 m. Noticing that
almost all the vehicles are automobiles, we set g-factor as 4.50 m.

In this chapter, we categorize the empirical data points (q, ρ, ṽ) extracted from
PeMS, according to their estimated velocity ṽ = q/ρ instead of the time-mean
velocity v fed by loop detectors. The reason on using space mean velocity is that
the time-mean velocity does not coordinate well with occupancy data in the flow-
density plot; see also the related discussions in Coifman et al. (2003), Dailey (1999),
Li (2009, 2010), Soriguera and Robusté (2011).

As shown in Table 5.3, in order to retrieve the data for homogeneous platoons,
we choose the aggregation time interval as T = 30 s. We assume the maximal traffic
density to be ρmax = 125 veh/km that corresponds to the average spacing of full
stop, i.e., 8 m, or the 100 % time occupancy, see the analogical measurement results
in Chiabaut et al. (2010), Laval and Leclercq (2010a).

We calculate the mean time occupancies only using the data collected on the mid-
dle 3 lanes (lane 2–4) and then transfer these percentage values into traffic densities
by using the relationship ρ = ρmax×Occupancy×100 (veh/km). This is because the
data collected on all five lanes include the slow traffic records of trucks and ramping
vehicles, which may influence the estimated results. We will show the lane-by-lane
variations by comparing the 3-lane and 5-lane results in the following sections.

In order to focus on congested flow, we only plot the points whose velocities
are between 0–3, 3–4,…,14–15 m/s and densities are larger than the critical value
ρc = 37 veh/km.2 As shown in Fig. 5.10, let us divide the sector (which centers

2 The critical density is the value that corresponds to the road capacity, and can be empirically
estimated in the flow-density plots by using PeMS data.
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(a) (b)

Fig. 5.10 a An illustration of the division plan, b an illustration of the division plan and the sampled
flow rate and density of the points with respect to each velocity range in the flow-density plot

at the original point and the slopes of its bounds are the minimal velocity ṽ− and
maximum velocity ṽ+ in congested flow) into 13 nonoverlapping sectors according
to the estimated velocity ṽ = q/ρ. Finally, we sample q and ρ with respect to the
average velocity v̄k of the kth velocity range and analyze their empirical distributions.

Figure 5.11 illustrates both the estimated and empirical distributions of traffic
flow rates from the aforementioned two kinds of datasets. The bars are the empirical
distributions based on the sampling points extracted from the 30 s lane-aggregated
PeMS data during June 1–30, 2005. The solid-line curves represent the analytical
distributions calculated based on NGSIM data. The same left-skewed characteristics
indicate that analytical solutions coincide with field observations in most velocity
ranges. In all of these 12 velocity ranges, the results of both PDFs match each other
very well. When velocity increases, the mean values of both PeMS and NGSIM
datasets increase. Since we did not estimate the continuous curves by regression of
field observation, the PeMS data were drawn in histograms directly and the NGSIM
data were used to estimate flow rate and density PDFs, respectively. The match
of loop data and trajectory data in probability distribution validate the proposed
homogeneous platoon model in this book.

For the slower velocity ranges, e.g., (3, 4) and (4, 5) m/s, both the mean and vari-
ance of two datasets are highly consistent with each other. For the faster ranges, e.g.,
(12, 13), (13, 14), and (14, 15) m/s, the estimation of mean values are relatively more
accurate. The variance of two datasets are biased mainly because σh(v) increases
with v in the shifted headway distributions.

Table 5.4 further gives the statistics of mean values, median values, and α = 0.05
percentiles of flow rates for each velocity range. Though we do not have enough
measurements for all the ranges, the mean flow rates well match between the sim-
ulations and observations (the differences are smaller than 6 % except for the range
of 0–3 m/s).

Figure 5.12 shows the agreements between the estimated density distributions
based on NGSIM data and the field measurements of PeMS, from perspectives of
the mathematical expectation and the skewness direction. For most velocity ranges,
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Fig. 5.11 Comparison of hypothetical and empirical distributions of traffic flow rate

the mean densities of analytical solutions match well with field observations of PeMS
data. This again verifies the proposed stochastic platoon model.

For the smaller range (3, 4) m/s, the analytical density distribution from NGSIM
data is right biased, because the mean spacing of small velocity range is relatively
small, e.g., 8–10 m. When we calculate the analytical density distribution based on
the reciprocal relationship between spacing and density, a small bias in spacing may
induce a large change of density. For other smaller ranges, e.g., (4, 5) and (5, 6) m/s,
the mean values are relatively accurately estimated, but the variance of two datasets
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Table 5.4 Comparison of empirical (PeMS) and estimated flow rate distributions

v # PeMS Analytical solution

Mean Median 2.5 % 97.5 % Mean Median 2.5 % 97.5 %

0–3 365 760 768 528 912 635 631 494 802

3–4 536 972 984 816 1,106 917 913 754 1,100

4–5 587 1,130 1,128 960 1,292 1,102 1,098 921 1,303

5–6 676 1,277 1,272 1,090 1,440 1,250 1,246 1,038 1,485

6–7 670 1,391 1,416 1,008 1,584 1,331 1,327 1,112 1,574

7–8 1,010 1,439 1,488 1,056 1,680 1,461 1,456 1,216 1,731

8–9 1,152 1,549 1,584 1,200 1,800 1,570 1,565 1,290 1,880

9–10 1,139 1,668 1,680 1,344 1,896 1,624 1,619 1,340 1,936

10–11 870 1,758 1,776 1,398 1,992 1,703 1,698 1,400 2,036

11–12 602 1,817 1,824 1,536 2,040 1,765 1,759 1,443 2,119

12–13 330 1,874 1,872 1,608 2,112 1,804 1,798 1,470 2,172

13–14 151 1,912 1,920 1,680 2,136 1,885 1,880 1,548 2,254

14–15 53 1,971 1,968 1,820 2,160 1,924 1,917 1,565 2,317

are biased mainly because of decrease with σs(v) in the shifted spacing distributions.
For the faster ranges, e.g., (12, 13), (13, 14), and (14, 15) m/s, both the mean and
variance of two datasets are highly consistent with each other.

Table 5.5 shows the statistics of mean values, median values, and α = 0.05 per-
centiles of densities for each velocity range. All the differences in mean values and
median values of densities are smaller than 4 and 15 %, respectively. This again
verifies the proposed stochastic platoon model.

To quantitate the statistical difference of the estimated continuous PDFs based
on NGSIM data and the directly measured discrete histograms based on PeMS data
shown in Figs. 5.11 and 5.12, we calculate the expectation and standard deviation of
the continuous random variable q̄ (flow rate) as follows:

ENGSIM[q̄] =
∞∫

0

fQ(q̄)q̄dq̄ (5.31)

SDNGSIM[q̄] =

√√√√√
∞∫

0

fQ(q̄)q̄2dq̄ −
⎛
⎝

∞∫

0

fQ(q̄)q̄dq̄

⎞
⎠

2

(5.32)

where ENGSIM is the expectation of the flow rate based on NGSIM data, SDNGSIM is
the standard deviation of the flow rate, fQ(q̄) is the flow rate PDF, similar expressions
of density can be obtained, and are omitted in this book.
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Fig. 5.12 Comparison of hypothetical and empirical distributions of density

EPeMS[q̄] = 1

nk

nk∑
i=1

qi,k (5.33)

SDPeMS[q̄] =
√√√√ 1

nk

nk∑
i=1

(qi,k − EPeMS[q̄])2 (5.34)
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Table 5.5 Comparison of empirical (PeMS) and estimated traffic density distributions

v # PeMS Analytical solution

Mean Median 2.5 % 97.5 % Mean Median 2.5 % 97.5 %

0–3 365 87 86 76 102 89 89 69 110

3–4 536 77 77 67 86 77 77 62 93

4–5 587 70 70 61 78 67 67 55 80

5–6 676 64 65 55 72 63 62 51 75

6–7 670 59 60 42 67 58 58 48 69

7–8 1,010 53 55 40 62 54 53 44 64

8–9 1,152 51 52 40 59 51 51 42 61

9–10 1,139 49 49 39 56 48 48 40 57

10–11 870 47 47 37 53 45 45 37 53

11–12 602 44 45 37 50 43 43 35 51

12–13 330 42 42 36 47 41 41 33 49

13–14 151 40 40 35 44 39 39 32 46

14–15 53 38 38 35 42 37 37 31 44

where EPeMS is the mean flow rate from directly measured 30 s vehicle counts of
PeMS data, nk is the number of points in the kth velocity range, qi,k is the flow rate
of the i th point in the kth velocity range, SDPeMS is the standard deviation of the flow
rate of PeMS data, similar expressions of density can be obtained and are omitted in
this book.

Figure 5.13a shows the comparison of mean flow rates between PeMS data and
NGSIM data, and their changing trends with velocity. The mean flow rates monoto-
nously increase with velocity. The error bars show positive and negative of stan-
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dard deviations. The average maximal absolute relative biases of the mean flow rate
and density for each velocity range are 1.55 and 1.85 %, respectively. The maxi-
mal absolute relative bias of the mean flow rate is 3.82 % (the 3rd velocity range,
5–6 m/s, i.e., |1250 − 1204|/1204 = 3.82 %). Figure 5.13b shows the comparison of
mean densities between PeMS data and NGSIM data. The mean densities monoto-
nously decrease with velocity. The maximal absolute relative bias of the mean den-
sity is 7.75 % (the 1st velocity range, 3–4 m/s, i.e., |76.8 − 71.3|/71.3 = 7.75 %).
Figure 5.13 also shows that the NGSIM data based standard deviations are a little
large than the PeMS data based values, but the standard deviations are quite small
compared to the mean values. The consistency of mean values of flow rate and den-
sity validate the proposed homogeneous platoon model based on PeMS and NGSIM
data.

5.3.5 Sensitivity Analysis

Several factors may influence the estimation and comparison results in this chapter,
including lane-by-lane variations (see Chen et al. 2010c), velocity intervals (num-
ber of intervals and velocity ranges), and the so called g-factor. We will conduct a
sensitivity analysis for these factors in this section to reveal their effects.

Figure 5.14 shows the significant differences of flow rate versus density relation-
ship for five lanes at two detection stations on SR 101-S. Lanes 1 and 5 are the
HOV lane and weaving lane, respectively, their flow-density relationships do not
show obvious transitions between free states to less congested states (capacity is
not achieved). Lanes 2–4 are relatively stationary lanes with obvious capacity drop.
This clearly reflects the lane-by-lane variability of the density-flow relationship. All
five lanes include diverse traffic of trucks and slow traffic for exiting and entering.
This may influence on the estimated result. It might be better to use some lanes

Fig. 5.14 Lane-by-lane variability of density-flow relationships across all lanes SR101-S Freeway,
California, Jun 1–30, 2005. a VDS 717490. b VDS 717489
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(for example, lane 1–3) only to have reliable result. We will compare the estimation
results using 5 lanes and middle 3 lanes in the followings.

To quantitate the difference between the CDFs based on PeMS and NGSIM
datasets, we incorporate the nonparametric K-S statistic to compare a sample with
a reference probability distribution. It measures the maximal vertical separation
between the empirical distribution function of the sample and the CDF of the refer-
ence distribution. We define the K-S statistic for a given flow rate CDF

KSQ,k = sup
q̄

|FQ,k, PeMS(q̄) − FQ,k, NGSIM(q̄)| (5.35)

where KSQ,k is the K-S statistic for flow rate distribution of the kth velocity range,
FQ,k, PeMS(q̄) is the empirical distribution function of flow rate based on nk points

in the kth velocity range based on PeMS datasets, FQ,k,NGSIM(q̄) = ∫ q̄
0 fQ(q̄)dq̄ is

the estimated CDF of flow rate by NGSIM datasets for the kth velocity range, sup is
the supremum of the set of distances.

Similarly, we have the K-S statistic for a given density CDF

KSρ,k = sup
ρ̄

|Fρ,k, PeMS(ρ̄) − Fρ,k, NGSIM(ρ̄)| (5.36)

where KSρ,k is the K-S statistic, Fρ,k, PeMS(ρ̄) is the empirical CDF, Fρ,k,NGSIM(ρ) =∫ ρ̄

0 fρ(ρ̄)dρ̄ is the given CDF.
Take 12 velocity ranges as an illustration of how different lane grouping strategies

influence the results in accuracy. Table 5.6 compares the K-S statistics of using middle
3 lanes and summing up all 5 lanes. The former one mainly considers the stationary

Table 5.6 Comparison of K-S statistics of two lane grouping strategies, 12 velocity ranges

k v Middle lanes (lane 2–4) All lanes (lane 1–5)

Sample KSQ,k KSρ,k Sample KSQ,k KSρ,k

1 3–4 407 0.137 0.363 404 0.123 0.403

2 4–5 493 0.229 0.165 512 0.251 0.193

3 5–6 547 0.223 0.168 574 0.249 0.228

4 6–7 590 0.173 0.127 633 0.141 0.172

5 7–8 668 0.111* 0.084* 646 0.140* 0.109*

6 8–9 712 0.120 0.089 772 0.162 0.121

7 9–10 790 0.150 0.063 818 0.192 0.119

8 10–11 875 0.160 0.135 892 0.142 0.149

9 11–12 765 0.185 0.152 770 0.176 0.146

10 12–13 590 0.270 0.183 545 0.230 0.154

11 13–14 362 0.211 0.223 301 0.185 0.167

12 14–15 172 0.339 0.277 122 0.276 0.266

* means the minimum value of each column
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lanes where traffic flow are least impacted by lane management and on/off-ramps,
while the latter one ignore the lane-by-lane variations. The bold numbers show the
smaller value of K-S statistic between two strategies. The stars mean the minimal
KSQ or KSρ among all velocity ranges for each strategy. We can find that for smaller
velocity ranges, i.e., (3–10) m/s, using middle 3-lane aggregated data generate better
estimation accuracy for both flow rate and density, while for larger velocity ranges,
i.e., (11–15) m/s, using all 5-lane aggregated data generate better estimation accuracy
for both flow rate and density.

In order to investigate the effects of different velocity ranges on the results, we
define the following weighted mean K-S statistics with the consideration of sample
size of each velocity range

KSQ =
∑
k

nkKSQ,k

∑
k

nk
, KSρ =

∑
k

nkKSρ,k

∑
k

nk
(5.37)

Figure 5.15 shows the comparisons between PeMS data based empirical CDF and
NGSIM data based analytical CDF of flow rates and density when 5 equal velocity
ranges are chosen in (3, 15) m/s, each range size of which is 2.4 m/s.

We compare 5, 10, 12, 15, 20 different but equally disaggregated velocity ranges
in this chapter to check if a different disaggregation period would change the esti-
mated distributions. Table 5.7 shows the influence of the velocity range threshold.
The starred number represents the minimal value of each column. Results show that
the 5 velocity ranges perform better than other disaggregation plans. Once again,
most K-S statistics of middle 3 lanes (Lane 2–4) aggregation is smaller than all 5
lanes (Lane 1–5) aggregation. We could also find that KSρ < KSQ holds for all
disaggregation plans, because the hourly flow rate is estimated by multiplying 30 s
vehicle counts by 120, while the density is calculated based on 30 s time occupancies.
The former one may result in a large change in hourly flow rate, e.g.,120 veh/h, if
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Fig. 5.15 Comparison of CDFs based on PeMS and NGSIM datasets. a Flow rate. b Density
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Table 5.7 The weighted average K-S statistics for different velocity intervals

Velocity intervals Middle lanes (lane 2–4) All lanes (lane 1–5)

KSQ KSρ KSQ KSρ

5 0.153* 0.124* 0.131* 0.129*

10 0.171 0.147 0.169 0.165

12 0.179 0.149 0.180 0.168

15 0.186 0.143 0.193 0.165

20 0.195 0.154 0.199 0.177

* means the minimum value of each column

one vehicle changes in the 30 s counts, but the latter one is not so sensitive with field
measurements.

To illustrate the influence of g-factor that link the time occupancy with density
(Occupancy × 100 % × 1,000/g-factor = Density) on estimation results. The g-
factor (effective vehicle length plus effective detector length) is used to calculate the
average vehicle speeds from the flow and occupancy data. Typically, PeMS uses an
adaptive algorithm to compute the g-factor per each loop to provide accurate speed
estimates because g-factor varies by lane, time of day, as well as the loop sensitivity.
However, it is usually difficult to obtain the time-varying g-factors in practice. We
try to test several typical values and their sensitivity to the results. Tables 5.8 and 5.9
list different values of g-factors, i.e., 5.1, 5.2, 5.3, 5.4, 5.5 m, we could find the best
g-factor, which induces the minimal weighed K-S statistics for both flow rate and
density, is 5.3 m. To roughly find the regulation from the results, for slower ranges,
a smaller g-factor may increase the accuracy of estimation results (reduced CDF
difference), while for faster ranges, a larger g-factor may increase the accuracy of
estimation results.

Table 5.8 Effects of different g-factors, KSQ,k for flow rate distributions

k v g-factor g-factor g-factor g-factor g-factor

5.5 m 5.4 m 5.3 m 5.2 m 5.1 m

1 3–4 0.236 0.194 0.137 0.144 0.175

2 4–5 0.346 0.287 0.229 0.182 0.127

3 5–6 0.340 0.291 0.223 0.165 0.114*

4 6–7 0.171 0.121* 0.173 0.222 0.259

5 7–8 0.183 0.139 0.111* 0.160 0.216

6 8–9 0.201 0.164 0.120 0.118* 0.172

7 9–10 0.108* 0.123 0.150 0.179 0.234

8 10–11 0.117 0.137 0.160 0.194 0.228

9 11–12 0.124 0.168 0.185 0.206 0.241

10 12–13 0.207 0.230 0.270 0.283 0.297

11 13–14 0.212 0.215 0.211 0.240 0.248

12 14–15 0.315 0.337 0.339 0.387 0.318

KSQ 0.194 0.183 0.179 0.194 0.216

* means the minimum value of each column
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Table 5.9 Effects of different g-factors, KSρ,k for density distributions

k v g-factor g-factor g-factor g-factor g-factor

5.5 m 5.4 m 5.3 m 5.2 m 5.1 m

1 3–4 0.445 0.406 0.363 0.309 0.257

2 4–5 0.267 0.222 0.165 0.126 0.096

3 5–6 0.256 0.221 0.168 0.123 0.109

4 6–7 0.223 0.177 0.127 0.089* 0.077*

5 7–8 0.139 0.091 0.084 0.142 0.174

6 8–9 0.135 0.091 0.089 0.113 0.142

7 9–10 0.113 0.079* 0.063* 0.101 0.120

8 10–11 0.084* 0.103 0.135 0.185 0.218

9 11–12 0.087 0.128 0.152 0.169 0.202

10 12–13 0.108 0.135 0.183 0.194 0.241

11 13–14 0.209 0.219 0.223 0.227 0.256

12 14–15 0.276 0.278 0.277 0.316 0.267

KSρ 0.171 0.155 0.149 0.159 0.171

* means the minimum value of each column

5.4 The Heterogeneous Platoon Model

5.4.1 Average Headway Distribution

In practice, we often encounter complex traffic dynamics which cannot be sim-
ply modeled as a homogeneous platoon. In the following discussion, we will show
that average headway/spacing in a heterogeneous platoon does not follow a definite
distribution. However, we will also prove that the points for heterogeneous platoons
still locate within the α-truncated envelop for homogeneous platoons.

Proposition 5.2 Given a heterogeneous platoon Υ̃ consisting of n vehicles, it can
be absolutely decomposed into m homogeneous subplatoons Υk, k = 1, 2, . . . , m,
satisfying

⋃m
k=1 Υk = Υ̃ and

⋂m
k=1 Υk = ∅, ∀k, if Υk keeps in congested flows, then

Υ̃ is located within the probabilistic boundaries of congested flows as well.

Proof Mathematical induction is incorporated to prove this proposition as follows.
When m = 1, the previously defined probabilistic boundaries of congested flows

are established based on the assumption of homogeneous and stable platoons. In this
simple case, Υ̃ is a homogeneous platoon, indicating that the speeds of n vehicles
are in the same range, so the above proposition clearly holds.

When m = 2, without loss of generality, assume Υ̃ can be absolutely decomposed
into two homogeneous subplatoons Υ1 and Υ2, consisting of n1 and n2 vehicles,
satisfying n1 + n2 = n. When Υ1 and Υ2 pass through the detecting section with
mean velocities of v1 and v2, respectively, the passing times are T1 and T2, let
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T1 + T2 = T . Since the different speeds of the two subplatoons ,
⋃m

k=1 Υk = Υ̃ is
inhomogeneous.

Suppose the mean headways of Υ1 and Υ2 are h̄1 and h̄2, respectively. Thus, the
passing number of vehicles in the first platoon Υ1 is n1 = T1/h̄1, and the passing
number of vehicles in the second platoon Υ2 is n2 = T2/h̄2. The mean velocity and
mean headway of this larger platoon measured at this point is

ṽ = v1n1 + v2n2

n1 + n2
= v1T1h̄2 + v2T2h̄1

T1h̄2 + T2h̄1
(5.38)

h̃ = T1 + T2

n1 + n2
= h̄1h̄2 (T1 + T2)

T1h̄2 + T2h̄1
(5.39)

Suppose the lower and upper boundary points of headway distributions are h−
1

and h+
1 for velocity v1, and h+

2 and h−
2 for velocity v2, satisfying h−

1 � h̄1 � h+
1 and

h−
1 � h̄2 � h+

2 . As shown in Fig. 5.16, all the lower (upper) boundary points fall in
one line, then we have the lower and upper boundary points of headway distributions
for velocity ṽ as

h̃− = h−
1 h−

2 (T1 + T2)

T1h−
2 + T2h−

1

, h̃+ = h+
1 h+

2 (T1 + T2)

T1h+
2 + T2h+

1

(5.40)

Without loss of generality, we assume v1 < v2, then h−
1 > h−

2 and h+
1 > h+

2 .
Thus, we have

h−
2 < h̃− < h−

1 , h+
2 < h̃+ < h+

1 (5.41)

(a) (b)

Fig. 5.16 a An illustration of the average headway of a heterogeneous platoon in flow-density
plot; b an illustration of the trajectories of this mixed platoon, where x denotes the location of the
loop detector. We can see that the speed of the platoon changes, because an upstream shock front
(congestion wave) passes this loop detector during measuring
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Furthermore,

h̃− � h̃ � h̃+ (5.42)

So, the points denoting this heterogeneous platoon Υ̃ are still within the α-
truncated envelop that had been determined from homogeneous platoons in the flow-
density plot. Using the same decomposition trick, we can extend this conclusion to
general platoons, ∀m > 2 containing even more complex traffic dynamic.

In summary, the confidence level is not only a parameter of stochastic distribution
but also a physical parameter of traffic flow. On the microscopic level, it depicts the
preference of drivers on spacings and headways; on the macroscopic level, it char-
acterizes the boundaries that are obtained via distribution models and thus provides
the probability that an observed point falls outside the congested flow region.

5.4.2 Validation

To check whether the predicated boundaries envelop the points in flow-density plot,
we still resort to empirical PeMS data; but the aggregation time interval is set as
T = 5 min. For each range of v (expect the low-velocity range between 0 and 3 m/s
because of the relatively small sample size), we estimate the probabilistic boundaries
based on the homogeneous platoon model as follows:

Define the CDF of h(t) as Fh|v with respective to v. The α/2 lower bounds and
the (1 − α/2) upper bounds of h(t) can then be denoted as

Fh|v(exp(μh −σhηlower)+h0) = α

2
Fh|v(exp(μh −σhηupper)+h0) = 1− α

2
(5.43)

the inverse function are

F−1
h|v, α/2 = exp(μh − σhηlower) + h0, F−1

h|v, 1−α/2 = exp(μh − σhηupper) + h0
(5.44)

where ηlower is the α/2 quantile and ηupper is (1 − α/2) quantile of the standard
normal distribution N (0, 1), i.e., ηlower = Φ−1(α/2) and ηupper = Φ−1(1 − α/2),
and Φ−1( · ) is the inverse CDF of N (0, 1).

Thus, the mapped boundary points for h̄n are

qupper(v, n) = F−1
Q|v, α/2 = 1

F−1
h̄n |v, α/2

(5.45)

qlower(v, n) = F−1
Q|v, 1−α/2 = 1

F−1
h̄n |v, 1−α/2

(5.46)
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where qlower(v) and qupper(v) are the minimum/maximum flow rate, analogously,
ρlower(v) and ρupper(v) are the minimum/maximum density, FQ|v = ∫

fQ(q̄)dq̄ is
the CDF of average flow rate.

Since we get qlower(v) = vρlower(v) and qupper(v) = vρupper(v), the boundary of
the 2D region of congested flow can finally be calculated as

⋃
∀v

(ρlower(v), qlower(v)) ,
⋃
∀v

(
ρupper(v), qupper(v)

)
(5.47)

with v ∈ [ṽ−, ṽ+].
We still apply the same values of n as what had been used in Figs. 5.11 and

5.12. Linking these upper and lower confidence bounds by linear regression method,
respectively, we obtain an envelope of congested flows for each particular confidence
level α. We have the following hypothesis test problem:

H0 : (ρi , qi ) ∈ Envelop
H1 : (ρi , qi ) /∈ Envelop

(5.48)

where (ρi , qi ) is the estimated density-flow rate points by PeMS datasets in the
flow-density plane.

Figure 5.17 shows the empirical flow-density plot from the same loop detector
(PeMS 2005), where the vehicle count and time occupancy data (aggregated from 5
lanes in the mainline) were collected from May 1 to July 31, 2005 (three months).
We can see that for a small enough value of α, e.g., α = 0.01, most scattering points
for the congested flows locate in the estimated envelope region.

The estimated envelop region shrinks when α increases, and the percentage of
points outside the envelop decreases simultaneously. Given a truncating threshold α,
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Fig. 5.17 The estimated probabilistic boundaries of congested flow with respect to the α values
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we may predict that at least (1−α)×100 % points will fall into the envelope region.
Table 5.5 compares the empirical percentage of points that fall into the envelope
region and the predicted percentage under difference confidence levels. The accuracy
of the estimated probabilistic boundaries are validated by comparing the statistical
results of scatter PeMS data with the envelope region. For all selected α (we take 0.01,
0.05, 0.10, 0.15, and 0.20 as examples here), the percentages of scattering points lie
outside the boundaries are all smaller than α × 100 %. This agreement supports the
proposed stochastic platoon model, again.

5.4.3 Boundaries of Congested Flows

Field data in Tables 5.1 and 5.2 show that μh(v) decreases while μs(v) increases
with vehicle velocity v, until reaches free velocity vfree. Roughly, the probabilistic
boundary points of congested flows are approximately on two straight lines with
negative slopes.

Noticing another famous assumption that the congested points lie in one sector
(centers at the original point and the slopes of its bounds are the minimal flow
velocity ṽ− and maximum flow velocity ṽ+) (Forbes 1963), we finally get a trapezoid
boundary curve for the 2D region of congested flows.

Figure 5.18 and Table 5.10 show the estimated trapezoid 2D region with respect to
different significance level α and vehicle numbers n. According to the concentration
property for the sum of i.i.d. random variables (Petrov 1975) the variance of h̄n, Hn

will decrease with n. Thus, as shown in Fig. 5.18, the 2D region of congested flows
will shrink with the increase of n.

It is worthy to notice that the probabilistic boundary lines do not cross the horizon-
tal axis at the same point. Differently, these two lines were assumed to intersect the
same point (ρmax, 0) in Chen et al. (2010b), Forbes (1963), Kim and Zhang (2008).
One possible answer to this difference is, from the viewpoint of spacing distribution,
minimum (jam) spacing is also a random variable, if the heterogeneity of drivers is
considered. Some discussions on the spacing distributions for parked vehicles could
be found in Jin et al. (2009) and the references within. As a result, ρA

max and ρD
max are

different. ρD
max corresponds with the jam spacing chosen by the boldest driver and

ρA
max corresponds with the jam spacing chosen by the most cautious driver.

It is hard to judge which assumption is better at present, since we still do not
have enough data for heavily congested traffic flow. In almost all studies, e.g., Li and
Zhang (2011), we can just get one or few sparse points located in the right bottom
corner of the FD. The lack of data prevents us from verifying the feature of flow-
density plot, when the density approaches the maximum value. We hope that new
data collected in severe congestions could help solving this puzzle in the future.
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(a) (b)

(c) (d)

Fig. 5.18 Comparison of probabilistic boundaries of congested flows in the flow-density plot at
different significance levels based on headway a n = 20 b n = 30 c n = 40 d n = 50

Table 5.10 Statistical validation of probabilistic boundaries using PeMS datasets

Location Confidence level α Inside envelope (%) Outside envelope Accepted
hypothesis

Upstream 0.01 99.38 0.62% < 0.01 H0

VDS 717490 0.05 97.77 2.23% < 0.05 H0

SR101-S, CA 0.10 96.01 3.99% < 0.10 H0

0.15 93.92 6.08% < 0.15 H0

0.20 90.46 9.54% < 0.20 H0

Downstream 0.01 99.28 0.72% < 0.01 H0

VDS 717489 0.05 97.54 2.46% < 0.05 H0

SR101-S, CA 0.10 93.23 6.77% < 0.10 H0

0.15 85.77 14.23% < 0.15 H0

0.20 78.32 21.68% < 0.20 H1
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5.5 Summary

Due to unavoidable randomness of driving actions, we observe the sampling points of
loop data spread in the flow-density plot. Some researchers had attempted to interpret
the scattering features based on spacing/headway variations. However, to the best of
our knowledge, no clear mathematical models had been proposed to fill this void in
previous studies.

In this chapter, we discuss the relationships between the spacing/headway distrib-
utions, the microscopic spacing-velocity plot, and also the macroscopic flow-density
plot. Particularly, we propose three new viewpoints in our study:

First, we extend the conventionally deterministic Newell’s simplified car-following
model into stochastic models and allow random headways/spacings in a homoge-
neous platoon in which vehicles run at the same velocity.

Second, we extent the conventionally deterministic reciprocal relation between
headway and flow rate into a stochastic form: the reciprocal of average headway
of vehicles in a homogeneous platoon and the corresponding flow rate should fol-
low the same distribution. From this way, we could connect average headways in a
platoon that pass the loop detector and the flow rate measured in the same period.
In other words, we can link microscopic headways/spacings and macroscopic flow
rates/densities through this stochastic platoon model.

Third, we interpret the flow-density plot by emphasizing the hidden variable
“velocity”. Under the orthogonal coordinates of density and flow rate, the points
seem disorderly scattering. But when we revisit these points under either the polar
coordinates of velocity and flow rate or the polar coordinates of velocity and density,
the hidden distribution tendency emerges.

We find that when the aggregation time interval is as short as 30 s, the measured
vehicles could be viewed to a homogeneous platoon, and the corresponding points
distribution in the flow-density plot can be directly estimated by headway-velocity
distributions or equivalently spacing-velocity distributions. As the aggregation time
interval increases, the measured vehicles may belong to several separated homoge-
neous platoons that form heterogeneous ones. It becomes impossible to give a definite
distribution for the corresponding points in the flow-density plot. But, most points
for heterogeneous platoons still locate within a certain 2D region, whose boundaries
can be obtained from homogeneous platoon model.



Chapter 6
Traffic Flow Breakdown Model Based
on Headway/Spacing Distributions

6.1 Introduction

In the traditional sense of the transportation engineering, capacity is a deterministic
and an inherent property of a road. It has been widely used as one of the basic
concepts of transportation studies and plays a significant role in field applications.
Numerous studies tend to treat road capacity as a static indicator for the guidance
of road design and traffic control. According to “Highway Capacity Manual 2010”
(Transportation Research Board of the National Academies 2010).

Definition 6.1 Capacity is the maximum sustainable hourly flow rate at which
persons or vehicles reasonably can be expected to traverse a point or a uniform
section of a lane or roadway during a given time period under prevailing roadway,
environmental, traffic, and control conditions.

However, the road capacity is closely associated with external conditions, such as
wet and dry road conditions, lighting conditions, road traffic management measures,
etc. Although some scholars have noticed the random nature of the traffic capacity,
and conducted useful discussions on the impact factors, overall, the stochastic concept
of traffic capacity is still in a primary stage.

Recently, in modern traffic flow theory and applications, scholars broke shackle
of the traditional assumption of deterministic capacity by investigating its random-
ness and time variability. Unlike the deterministic definition, such a dynamic and
stochastic feature of capacity influences driving behaviors, travel time distribution,
and the reliability of transportation systems.

At present, stochastic road capacity in bottlenecks of continuous traffic flow
facilities has been widely accepted. The stochastic features of traffic capacity and the
associated traffic breakdown phenomena become a hot research topic. Traffic break-
down occurs with persistent oscillations and leads to a wide range of spatial-temporal
traffic congestions, so the studies of traffic breakdown are of great significance and
beneficial to maintain the smoothness and efficiency of traffic flow.
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Definition 6.2 Traffic Flow Breakdown Probability (TF-BP) is the probability of
traffic jams occurrence and upstream propagations when mathematical expectations
of a particular traffic flow rate and the road capacity are given.

Based on the analysis of field measurements in Sect. 3.4, traffic breakdown
phenomenon reflects the sudden transition between free-flow and congested states
in the macroscopic perspective, spontaneously speed decreases in a relatively short
time. Even in the same external conditions, observations of road capacity still show
stochastic features (Chow et al. 2009), which means traffic breakdown may occur
under different traffic demands. Road capacity distribution and TF-BP are closely
related. And TF-BP directly reflects the reliability of traffic flow. This chapter estab-
lishes one kind of TF-BP model based on nonparametric statistics of survival data by
using Eulerian data. Furthermore, we will build up the other kind of TF-BP model
based on the headway/spacing distributions, then calibrate parameters and conduct
simulations of phase diagrams by using Lagrangian data.

6.2 Nonparametric Lifetime Statistics Approach

Traffic flow breakdown is closely related to FD. By constructing the survival data of
traffic capacity, we incorporate the approach of nonparametric statistics to the TF-
BP problem. Under normal circumstances, TF-BP monotonically increases with the
traffic flow rate. Weibull CDF is one of the most widely used curves to describe this
relationship (Banks 2006; Brilon et al. 2005, 2001; Chow et al. 2009; Elefteriadou and
Lertworawanich 2003; Elefteriadou et al. 1995, 2011; Geistefeldt and Brilon 2009;
Kondyli and Elefteriadou 2011; Kondyli et al. 2011; Lorenz and Elefteriadou 2001;
Mahnke and Kühne 2007; Ozbay and Ozguven 2007; Persaud et al. 2001; Shawky
and Nakamura 2007; Shladover et al. 2010). For example, Brilon et al. (2005) studied
the TF-BP model based on univariate Weibull distribution by using the right censored
data. They took the traffic flow breakdown phenomenon as a failure event, estimated
road capacity (survival time) by nonparametric statistical analysis, and then obtained
the relationship between TF-BP and the upstream traffic flow rate.

Numerically, the curve of a univariate Weibull CDF is written as:

W(q) = 1 − exp

[
−
(q

α

)β
]

(6.1)

where W(q) is the Weibull CDF, q is a random variable, α and β are the scale and
shape parameters.

This model assumes TF-BP is only related with the upstream flow rate qS , the
TF-BP function and its PDF are as follows:

http://dx.doi.org/10.1007/978-3-662-44572-3_3
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Fc(qS) = Pr{c � qS} = W(qS) (6.2)

fc(qS) = exp

[
−
(

qS

β

)α]
α

β

(
qS

β

)α−1

(6.3)

where Fc(qS) is the CDF of qS or the lifetime distribution function, 1 − Fc(qS) is
the survival function, c is the stochastic road capacity, fc(qS) is the derivative of
Fc(qS) or the density function of the lifetime distribution (event density). Thus, the
breakdown flow rate q̄S is derived by

q̄S = βΓ

(
1

α
+ 1

)
(6.4)

where Γ (n) = ∫∞
0 exp(−x)xn−1dx .

According to the Product Limit Method (PLM) proposed by Kaplan and Meier
(1958), define the maximal likelihood function as:

LqS =
n∏

i=1

[ fc(q
(i)
S )]θi [1 − Fc(q

(i)
S )]1−θi

(6.5)

where q(i)
S is the measured flow in the i th time interval, n is the number of measure-

ments. If the mean measured speed in the i th time interval is larger than a specific
threshold v∗ but the value in the i + 1th time interval is smaller than v∗, then θi = 1;
otherwise, θi = 0. Take the natural logarithm on both sides of Eq. (6.5), we have

log LqS =
n∑

i=1

{
θi log fc(q

(i)
S ) + (1 − θi ) log[1 − Fc(q

(i)
S )]

}
(6.6)

Since Kaplan–Meier’s method is based on a generalized MLE (Kaplan and Meier
1958), the nonparametric MLE of the lifetime distribution function is

F̂c(qS) = 1 −
∏

q(i)
S �qS

ni − mi

ni
(6.7)

where F̂c(qS) is the PLM estimate, ni is the number of measured flows that satisfy
q(i)

S � qS , mi is the number of traffic congestions.
To maximize Eq. (6.5), let the partial derivatives of the likelihood function with

respect to α and β equal 0, i.e.,

∂ log LqS

∂α
= 0,

∂ log LqS

∂β
= 0 (6.8)
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The MLE of Weibull distribution parameters are obtained as follows:

1

α̂
=

∑n
i=1 log q(i)

S [q(i)
S ]α̂

∑n
i=1 [q(i)

S ]α̂
− 1

r

r∑
i=1

log q(i :n)
S (6.9)

β̂ =
{

1

r

n∑
i=1

[q(i)
S ]α̂

}1/α̂

(6.10)

where α̂ is and implicit nonlinear equation that can be solved through numerical
approximation, r is the number θi = 1, satisfying 1 � r � n, {q(1:n)

S , q(2:n)
S , q(r :n)

S }
is the corresponding flow measurements.

On this basis, Chow et al. (2009) extended the univariate Weibull distribution to
a bivariate Weibull distribution by taking into account the upstream traffic density ρ

and mean speed v. For the statistical correlation of random variables ρ and v, their
joint distribution is usually determined by the marginal distributions. At this point,
the TF-BP can be formulated as a joint probability distribution function of density
and mean speed, i.e.,

Fc(ρ, v) = C(ξ, ζ ) (6.11)

where C is the Copula function that can be used to describe the dependence be-
tween random variables in probability theory and statistics, ξ = W(ρ|αρ, βρ), ζ =
W(v|αv, βv), and αρ, βρ, αv, βv are the parameter of Weibull distribution, respec-
tively. Its PDF is

fc(ρ, v) = ξ ′ζ ′C′(ξ, ζ ) = ξ ′ζ ′ ∂2C(ξ, ζ )

∂ξ∂ζ
(6.12)

where ξ ′ = fc(ρ|αρ, βρ), ζ ′ = fc(v|αv, βv).
Analogical to Eq. (6.5), define the maximal likelihood function as

Lρ,v =
n∏

i=1

fc(ρi , vi ) =
n∏

i=1

fc(ρi ) fc(vi )C ′
(ξi , ζi ) (6.13)

let its partial derivatives with respect to αρ, βρ, αv, βv equal 0, then solve the MLE
of α̂ρ, β̂ρ, α̂v, β̂v by numerical methods.

This section briefly reviews the nonparametric statistical TF-BP model based on
survival data. Road traffic flow is analogous to the survival time, and traffic break-
down is analogous to the failure event in survival analysis. By incorporating the
product limit estimation of the survival function, we obtain the approximate Weibull
relationship between TF-BP and the upstream traffic flow rate. However, the non-
parametric statistics based on survival data only holds for the analysis of macroscopic
measurements of traffic flow, such as road traffic flow, density, mean speed, etc. But it
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is difficult to dig more accurate information inherent in vehicle trajectories. In-depth
analysis of the inherent correlation between microscopic vehicle trajectories and
macroscopic traffic flow breakdown phenomena will be conducted in the following
section.

6.3 Queueing Models for Breakdown Probability

6.3.1 Backgrounds

From the macroscopic point of view, traffic breakdown phenomena can be defined
as a sudden transition from a free-flow state to a congested state. It is usually charac-
terized by an obvious traffic velocity decrease within a short period of time. In order
to maintain traffic fluency, the occurrence condition of traffic breakdown attracts
continuous interests in the last decade (Bassan et al. 2006; Evans et al. 2001; Kerner
and Klenov 2006; Smilowitz and Daganzo 2002).

As proven in many reports, traffic breakdown does not always occur at the same
demand level, but can occur when flows are lower than the numerical value that is
traditionally accepted as capacity (Banks 1991a, b; Brilon et al. 2005, 2001; Coif-
man and Kim 2011; Elefteriadou and Lertworawanich 2003; Elefteriadou et al. 1995;
Geistefeldt and Brilon 2009; Hall and Agyemang–Duah 1991; Lorenz and Elefteri-
adou 2001; Persaud et al. 2001; Shawky and Nakamura 2007). So, many researchers
and transportation engineers investigated the relationship between traffic breakdown
probability and the upstream inflow rate, e.g., Coifman and Kim (2011), Shawky and
Nakamura (2007).

Usually, this relationship is depicted as a monotonically increasing curve in the
plot of breakdown probability versus inflow rate. The CDF for Weibull distribution
is the most frequently incorporated function to fit the sigmoid breakdown probability
curve. Weibull distribution was widely observed and verified according to empirical
measurements from loop detectors (Banks 2006; Brilon et al. 2005, 2001; Chow
et al. 2009; Elefteriadou and Lertworawanich 2003; Elefteriadou et al. 1995, 2011;
Geistefeldt and Brilon 2009; Kondyli and Elefteriadou 2011; Kondyli et al. 2011;
Lorenz and Elefteriadou 2001; Mahnke and Kühne 2007; Ozbay and Ozguven 2007;
Persaud et al. 1998; Shawky and Nakamura 2007; Shladover et al. 2010).

Meanwhile, many researchers delved to seek dynamic explanations for these static
breakdown probability curves in the last two decades. Some researchers discussed
the traffic breakdown triggered by small perturbations and studied the associated
queueing process (Bassan et al. 2006; Del Castillo 2001; Habib–Mattar et al. 2009;
Jost and Nagel 2003; Kerner and Klenov 2006; Wang et al. 2007). In some recent
works, traffic breakdown phenomena at an on-ramp bottleneck received increasing
interests (Polus and Pollatschek 2002; Son et al. 2004). For example, Elefteriadou
et al. (2011), Kondyli and Elefteriadou (2011), and Kondyli et al. (2011) discussed the
relation between merging behaviors and traffic breakdown probability so as to reduce
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its occurrence by optimal ramp metering control strategies. Kühne and Lüdtke (2012)
assumed the main road traffic flow was periodically perturbed by on-ramp vehicles.
For each time, a jam queue (local congested vehicle cluster) will be generated after the
merged vehicle. If this jam queue cannot dissipate before the next vehicle’s merging,
it often grows into a wide jam and we can observe a traffic breakdown finally. In other
words, the traffic breakdown probability is assumed to be equivalent to the survival
probability of the jam queue in a pre-selected time period. Via this way, we could
link the macroscopic-level traffic breakdown probability at ramping region and the
microscopic-level perturbation raised vehicle queueing process. This allows us to
take advantage of modeling approaches in both sides.

Newell’s simplified model (Newell 2002) provides a concise but an efficient way
to formulate the jam queue formation, propagation, and dissipation. For example,
Kim and Zhang (2008) developed a stochastic jam wave propagation model based
on Newell’s simplified car-following model to explain the growth and dissipation of
a jam queue initialized by ramping vehicles. Based on their results, Son et al. (2004)
further proposed a Monte-Carlo simulation method to study the survival probability
of a jam queue. They assumed that the deceleration and acceleration waves caused by
a ramp merging disturbance propagated upwards in a stochastic manner. In the sim-
ulation, a traffic breakdown was assumed to occur, if the deceleration wave caused
by the previous merging vehicle was not eliminated when another consecutive merg-
ing disturbance happened. After thousands of times of simulations, the percent of
noneliminated perturbations would be taken as the estimated traffic breakdown prob-
ability.

A merit of using Newell’s simplified model (Newell 2002) in these models is to
explain and simultaneously calculate the traffic breakdown probability according to
empirical vehicular trajectories data (Kim and Zhang 2008; Son et al. 2004). How-
ever, the above models mainly focused on the jam wave propagation properties and
did not thoroughly link the formation/dissipation of jam queue to traffic breakdown
probability.

To solve this problem, we propose a new concise queueing model to interpret
traffic breakdown mechanism. The merits of this queueing-based traffic breakdown
model include:

(1) It provides a simple, intuitive yet insightful explanation for the S-shape traf-
fic breakdown probability curve observed in practice: the uncertainty of traffic
breakdown mainly roots in the stochastic vehicle headways and the resulting
joining times of the jam queue.

(2) It further characterizes the distribution of the vehicle joining time in terms of
upstream inflow rate, based on an extended Newell’s car-following model. This
enables us to directly calibrate model parameters via empirical measurements
on normal traffic flow.

(3) It is a fast simulation model to estimate breakdown probability according to
short-term measurements on headway/spacing distributions.
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6.3.2 Some Previous Models

6.3.2.1 Jam Wave Model

In order to better describe the queueing model, let us recall some backgrounds
associated with this study. To understand the complex behaviors of vehicular traf-
fic flow, various car-following models have been proposed and analyzed. Kim and
Zhang (2008) and Son et al. (2004) discussed how to explain and simulate traffic
breakdown phenomena based upon Newell’s simplified model. In their model, a
perturbation was assumed to be caused by a merging vehicle at the ramping area.

Figure 6.1 illustrates the deceleration and acceleration waves that are triggered by
this sudden interruption. The solid black curves stand for the main road vehicles, and
the dash red curves stand for the merging vehicles. Suppose the loop detectors are
deployed several meters in the upstream of the on/off-ramp bottleneck to measure the
main road inflow rate, and they are plotted as a blue dash–dot line. If the deceleration
and acceleration waves do not collide before the next vehicle merges from the ramp
road, the jam queue will grow. Several jam queues will finally merge into a wide
jam, and the wide jam will propagate backward and influence the traffic at the loop
detector. From the collected data, we will observe a traffic breakdown occurs; see
Fig. 6.1a.

On the contrary, Fig. 6.1b shows the dissipation of a jam queue, in which the
deceleration and acceleration waves collide before the next merging vehicle enters.
The jam region will not grow and the main road flow at the loop detector will not be
influenced. Thus, we will not observe a breakdown from the traffic data collected at
the loop detectors.

Kim and Zhang (2008) further studied whether a jam trigged by a merging vehicle
could dissipate in a time period H̄ . Suppose the speed of the vehicle before it meets
the deceleration wave is vS , the speed of the vehicle after it meets the acceleration
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Fig. 6.1 The birth/death of jam queues from the viewpoint of Newell’s simplified model. a Jam
growth. b Jam dissipation
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wave is vE = vfree, while the speed of the vehicle within the jam queue is vB . The
wave propagation time from the merging vehicle to the nth vehicle in the acceleration
and deceleration waves can be respectively written as:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

H (1)
n = 1

vB − vS

(
vB

n∑
i=1

γ B
i − vS

n∑
i=1

γ S
i

)

H (2)
n = 1

vS − vB

(
vE

n∑
i=1

γ E
i − vB

n∑
i=1

γ B
i

) (6.14)

where H (1)
n , H (2)

n are the wave propagation time of the two acceleration and deceler-
ation waves, γ S

i , γ B
i , γ E

i are the gap time for the i th following vehicle to travel the
spacing minus the i th vehicle length before, within and after the deceleration wave,
respectively. Due to the stochastic wave propagation properties, γ S

i , γ B
i , γ E

i are
random variables with given distributions.

In the ramp metering scenario, traffic breakdown is avoided when H (1)
n = H (2)

n .
So the breakdown probability was defined by Son et al. (2004) as

PB = 1 −
+∞∫

0

Pr{H (1)
n = H (2)

n � T }p(vB)dvB (6.15)

where PB is the breakdown probability, p(vB) is the probabilistic distribution of vB .
Equation (6.15) links the macroscopic traffic breakdown phenomenon with the

microscopic gap time variations. It provides us a chance to use the microscopic
simulation to estimate traffic breakdown probability. The simulation results in Son
et al. (2004) yielded an S-type curve in the breakdown probability versus inflow
rate plot. This indicates that Newell’s simplified model is capable of capturing the
fundamental mechanism of traffic breakdown.

However, the breakdown probability curve obtained via this model is not smooth
or steep enough, partly because of the insufficient modeling of gap time distribu-
tion. Therefore, we need to find a better model to fit the Weibull distribution-type
breakdown probability that had been verified by many empirical experiments.

6.3.2.2 Random Walk Model

As shown in Fig. 6.2, when a vehicle joins the congested vehicle cluster, the jam
queue increases in size; while, when a vehicle accelerates and leaves this jam queue,
the jam queue decreases in size. Therefore, the rates of a vehicle that joins in or
departs from the jam queue control the birth–death of it. If the joining rate is on
average larger than the departing rate, a small perturbation will usually be amplified
into a wide jam. Otherwise, a perturbation will finally dissipate.
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Fig. 6.2 The evolution of jam queue is controlled by both joining rate (inflow) and departing rate
(outflow) of vehicles

These two competing processes were depicted as nucleation phenomena in Kühne
et al. (2002), Mahnke and Kaupužs (2001), Mahnke et al. (2005), Mahnke and Kühne
(2007), Mahnke and Pieret (1997), the growth of jam queue was modeled as a random
walk, which was governed by the following discrete master equation

∂P(n, t)

∂t
= ω+(n − 1)P(n − 1, t) + ω−(n + 1)P(n + 1, t)

− [ω+(n)P(n, t) + ω−(n)P(n, t)] (6.16)

where P(n, t) is the probability function when the jam queue length is equal to n at
time t , ω+(n) and ω−(n) are the transition rates of the jam queue length increasing
and decreasing from n, e.g., ω+(n) = qS , ω−(n) = 1/τout.

The departing rate was assumed to be a constant 2 s and the joining rate was
described as a spacing-dependent car-following model. This one-dimensional ran-
dom walk process Eq. (6.16) was first approximated by a continuous-time diffusion
process and then solved by the decomposition of the corresponding Fokker–Planck
equation in these literature studies. However, the solving algorithm is relatively com-
plex.

6.3.3 G/G/1 Queueing Model

In this subsection, we derive the traffic breakdown probability for an on-ramp freeway
bottleneck on the basis of queueing theory using microscopic vehicle trajectories.
The model not only captures the dynamic evolution of queue size in the viewpoint
of birth–death process, but also characterizes the equilibrium or steady features of
jam queues. Hereafter, the merging area is assumed to be zero length for the sake of
simplicity, so that on-ramp vehicles will enter the mainline only if the gap between
two adjacent mainline vehicles is acceptable or large enough.

Different from models that focus on the jam wave propagation in Kim and Zhang
(2008), Son et al. (2004), we characterize traffic breakdown merely in terms of jam
queue dissipating time in this chapter. But other than the random walk model in
Mahnke and Kaupužs (2001), we use the classical queueing theory to describe the
evolution dynamics of the jam queue that is assumed to be first-in-first-out (FIFO)
in this chapter. Moreover, we did not apply the hypothesized car-following model
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adopted in Mahnke and Kaupužs (2001) to derive the join time of the jam queue.
Instead, we use the empirical measurements on headways to characterize the join
time.

In short, the most innovative part is that we take vehicle headway as the prime
factor to connect the upstream inflow rate and the joining time of the jam queue.
Newell (2002) argued that the adjusting time was equal to the departing time and was
not changeable with the velocity or the headway in front of a jam queue. However,
we find vehicle headway changes with upstream inflow rate and thus influences
the joining time. So, we extend the Newell’s model to explain their relationships.
We validate the mean vehicle headway is reciprocal to the upstream inflow rate.
Moreover, the distributions of vehicle headways and the joining times are tightly
related.

6.3.3.1 An Extension of Newell’s Simplified Model

There were already several extensions of Newell’s simplified model. One of these
extensions assumes that τin,i (the adjusting time for the i th vehicle to pass the decel-
eration wave) are random variables due to the stochastic driving behaviors (Daganzo
2001; Kerner 2001; Smilowitz and Daganzo 2002; Yeo and Skabardonis 2009). We
also assume τin,i to be random variables.

Since τin,i is tightly related with jam queue evolutions, we derive its statistic
features by making the following three assumptions in the extend Newell’s simplified
model:

In the previous studies, (Chen et al. 2010a, b; Jin et al. 2009), headway/spacing
between two consecutive vehicles were shown to follow a family of lognormal distri-
butions. Based on this fact, we will further show that τin,i of the i th vehicle roughly
follows a lognormal distribution.

(1) In accordance with our previous studies (Jin et al., 2009; Chen et al., 2010a,
2010b), vehicle headway/spacing are random variables that belong to shifted
log-normal distributions with a constant scale parameter;

(2) Since we only consider the phase transition during traffic breakdown, the vehicles
either run in free flow with velocity vfree or run in congested flow with velocity
vcong;

(3) The jam propagation wave speed w is constant.

Suppose the random spacing si of the i th vehicle are independent random variables
among drivers satisfying

si − s0 ∼ Log-N
(
μs, σ 2

s

)
, i ∈ N

+ (6.17)

where s0 is the infimum of spacing, μs and σs are the corresponding location and
scale parameters, respectively.
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Fig. 6.3 An illustration of
the geometric relationship
between τin,i and the spacing
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Since we only consider the phase transition during traffic breakdown, we can
assume the velocities before and after the jam wave front are two constants denoted
as vS = vfree and vB = vcong, respectively.

As shown in Fig. 6.3, we have the following relationship

di = si − vfreeτin,i = scong − vcongτin,i (6.18)

where scong is the compressed spacing in jam queue and is thus regarded to be
constant.

From Eq. (6.18), we have

τin,i = si − scong

vfree − vcong
= θ1si + θ2 (6.19)

where θ1 = (vfree − vcong)
−1 > 0, θ2 = −scong(vfree − vcong)

−1 < 0 are the linear
coefficients.

Notice that si ∼ Log-N (
μs, σ 2

s

) ⇒ θ1si ∼ Log-N (
μs + log θ1, σ 2

s

)
, so τin,i

has a shifted lognormal distribution with the expectation and variance

E[τin,i ] = θ1E[si ] + θ2

Var[τin,i ] = θ2
1 Var[si ]

In practice, vfree is much larger (Fig. 6.4) than vcong, and scong is small. So θ2
is usually very small. In order to calibrate the parameters in the shifted log-normal
distributions, we make the following assumption:

Proposition 6.1 In general, the adjusting time τin for a vehicle to enter a jam queue
roughly follows a shifted log-normal distribution.

τin − τ0 ∼̇ Log-N
(
μτ , σ 2

τ

)
(6.20)
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(a) (b)

Fig. 6.4 The birth–death of the congested jam queue (vehicle cluster) from the viewpoint of the
G/G/1 queueing model. a Jam growth. b Jam dissipation

where τ0 is the infimum of adjusting time, μτ is the location parameter and στ is the
scale parameter of log-normal distribution.

The expectation (mean) and variance of τin are

E[τin] = exp(μτ + σ 2
τ /2) + τ0

Var[τin] = exp(2μτ + σ 2
τ )(exp(σ 2

τ ) − 1)

Noticing that traffic breakdown probability is often measured versus upstream
inflow rate, we need to know the distribution of τin with respect to the upstream
inflow rate qS . As shown in Fig. 6.5, the interarrival time of customers (vehicles) is
independent and belongs to a general distribution. The remained job is to determine
the influence of qS on the lognormal distribution parameters μτ and στ of τin.

The relationship between the expectation of spacing E[si ] and the corresponding
inflow rate qS can be written as:

qS = vfree

E[si ] , ∀i (6.21)

According to Eq. (6.18), the jam propagation wave speed of the i th vehicle is

wi = di

τin,i
= si

τin,i
− vfree (6.22)

then
si = (vfree + wi )τin,i (6.23)

The deviation of an individual backward wave speed wi to the average backward
wave speed w = E[wi ] is so small that we can omit the difference. This property can
be illustrated as Fig. 6.5a, in which the white points in the left ellipse denote the traffic
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(a) (b)

Fig. 6.5 a An illustration diagram of probabilistic expectation of backward wave speed; b An
illustration of the relationship between qS and the expectation of τin

flow states before breakdown, and the traffic flow rate after breakdown is denoted
as the red points in the right ellipse. The average backward wave speed corresponds
to the slope of the dash–dot line. Each individual backward speed wi corresponds
to a transition from a free-flow state (with low density) to a congested state (with
high density), see the slopes of the dashed arrows in Fig. 6.5a. Generally, the traffic
flow rate before any breakdown occurrence is generally not far away from maximum
pre-breakdown inflow rate that was recorded. This feature guarantees that the slopes
of those dashed arrows are roughly the same as the slop of the dash–dot line (or
plainly, the average backward wave speed). So, we approximate wi as wi = w in
the rest of this chapter.

Suppose si and τin,i are independent random variables among drivers, get the
expectations of the left and right terms of Eq. (6.23), we have

E[si ] = (vfree + w)E[τin] (6.24)

Substitute Eq. (6.24) into Eq. (6.21), we have the relationship between the traffic
flow rate qS and E[τin] as

qS = vfree

E[τin](vfree + w)
(6.25)

Alternatively, Eq. (6.25) can be derived from some different approaches. As shown
in Fig. 6.5b, the relationship between the upstream inflow rate qS and the mean
adjusting time τin,i of the inflow can be written as:

qS = E

⎡
⎣n

(
n∑

i=1

τin,i

(
1 + ‖−Wn‖

vS

))−1
⎤
⎦ = vS

E[τin](vS + w)
(6.26)
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where −Wn is the jam wave propagation velocity, i.e., −Wn = −∑n
i=1 wi . Its scalar

value w satisfies

w =
∑n

i=1 ‖−wi‖x∑n
i=1 ‖−wi‖t

= ‖−Wn‖x

‖−Wn‖t
= E[wi ] (6.27)

The derived formulas of qS and w are similar to the formulas that had been
obtained based upon the framework of the stochastic wave propagation model (Kim
and Zhang 2008) and the passing rate measurement (Chiabaut et al. 2009).

We can conclude that μτ decreases with the inflow rate qS

μτ = log

(
vfree

qS(vfree + w)
− τ0

)
− σ 2

τ

2
(6.28)

Moreover, we also assume that στ is a constant. This assumption is partly veri-
fied via field data. Specifically, in order to capture both wi and di of the i th vehicle
from microscopic vehicle trajectories, Duret et al. (2008) proposed a method to
calculate the trajectory shift in the space-time coordinate by minimizing the distinc-
tion between simulated and experimental vehicles’ trajectories. Following this idea,
Chiabaut et al. (2010) estimated the jam wave velocity as:

‖−w‖ = arg min
u

ε(u|x (v̄, u)) = arg min
u

√
1
K

∑K
k=1

(
u|x (v̄k, u) − u|x (v̄k, u)

)2

u|x (v̄k, u)
(6.29)

where ε(·) means the relative standard deviation, −w is the congestion wave speed
vector, whose projection at space coordinate is the transition distance denoted as
w|x ≡ d, and at time coordinate is the reaction time for transition denoted as w|t ≡ τ ,
respectively. ‖−w‖ is the scalar of −w, satisfying ‖−w‖x = d, u|x (v̄i , u) is the
projection at space coordinate of the i th velocity range within n ranges for the passing
velocity vector u, u|x (v̄i , u) is the average passing velocity for all velocity ranges.

Similarly, we can estimate τin from vehicle trajectories as:

τin = arg min
u

ε(u|t (v̄, u)) = arg min
u

√
1
K

∑K
k=1

(
u|t (v̄k, u) − u|t (v̄k, u)

)2

u|t (v̄k, u)
(6.30)

In order to better investigate the optimal value of τin for every two consecutive
trajectories, we only check the consecutive vehicles in a stable platoon (each vehicle
remains driving in the same lane without lane changing and the spacing between two
consecutive vehicles were smaller than 50 m). Table 6.1 and Fig. 6.6 show the statis-
tics of the entering inflow rates of three 15 min intervals of the Highway 101 NGSIM
dataset. The five lanes mean inflow rate slightly decreased with time from 1,626 to
1,414 veh/h. The observed τin include 1,272 samples, with a minimum observation
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Table 6.1 Validation of the shifted lognormal τin distribution using NGSIM dataset

Time period 7:50–8:05 8:05–8:20 8:20–8:35 Total dataset

Entering vehicles (Lane 1–5) 2032 1887 1768 5687

Average inflow (veh/h/lane) 1626 1510 1414 1521

Sampling trajectories 339 469 464 1272

vS (m/s) 10.3 9.3 8.6 –

μ̂τ −0.032 −0.023 −0.051 −0.036

σ̂τ 0.457 0.436 0.448 0.446

E[τin] 1.469 1.470 1.444 1.461

Var[τin] 0.223 0.208 0.201 0.214

p-value 0.257 0.303 0.217 0.040

K-S statistics 0.055 0.045 0.049 0.039

Cutoff value 0.088 0.075 0.075 0.046

Accept the hypothesis Yes Yes Yes Yes
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Fig. 6.6 Lognormal fitting of the adjusting time distribution of the Highway 101 NGSIM dataset.
a 15 min intervals. b Total 45 min

of 0.544 s. To identify shifted lognormal distribution, we choose the infimum of ad-
justing time to be τ0 = 0.4 s. The calibrated values of μ̂τ = E[log(τin − τ0)] is
negative because the mean of the shifted log-normally distributed random variable
τin − τ0 is mainly within (0, 1]. The Kolmogorov–Smirnov (KS) test results for the
distribution of the total dataset at the significance level of α = 0.01 show the p value
is 0.040, the test statistic is 0.039, and the cutoff value for determining whether the
test statistic is significant is 0.046, which is larger than the test statistic. Therefore,
we accept the shifted lognormal distribution of τin. It is clear that στ almost keeps a
constant. This partly verifies our assumption that στ is a constant.

In the following, we set στ = 0.446. As suggested in many literature studies (e.g.,
Kim and Zhang 2008), we set w ≈ 18 km/h = 5 m/s and vfree = 20 m/s in the
following. For a given qS , we can directly obtain the corresponding μτ and also the
PDF of τin,i , see Fig. 6.7.
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Fig. 6.7 The estimated
probability density functions
of τin in terms of qS
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6.3.3.2 G/G/1 Queueing Model Derivation

In our model, the time for a vehicle to join this jam queue is taken as the interarrival
time τin of customers (vehicles). On the other side, we regard the time for a vehicle
to depart from this jam queue as the service time τout (the adjusting time for a vehicle
to pass the acceleration wave).

{
τin,i , 1 ≤ i ≤ n

}
should be a series of indepen-

dently and identically shifted lognormal distributed random variables. Similar to the
assumptions in Mahnke and Pieret (1997), we first assume τout is a constant. This
assumption infers that the jam queue can be described by a G/D/1 queueing model.

According to Elefteriadou et al. (2011), Kondyli and Elefteriadou (2011), Kondyli
et al. (2011), Mahnke et al. (2005), the breakdown probability can be influenced by
a variety of factors, including the geometry of ramping regions, the multilane effect
and possible overtaking maneuvers. In this simplified model, we assume all these
factors can be reflected as different pre-selected values of τout. After entering the
queue, customers (vehicles) are patient and willing to wait for infinite time before
leaving this queue because overtaking behaviors are forbidden.

Clearly, the waiting buffer of this queue is also infinite, if we assume the highway
is long enough. It is worth noticing that the vehicles in the jam queue are not static but
might move forward at a small velocity. But, we only care about the size evolution
of this queue but not its spatial evolution.

In summary, according to Kendall’s shorthand notation, we model this queue as
a G/G/1 queue:

(1) With a given inflow rate qS , the arrival intervals are independent and identi-
cally distributed shifted lognormal type random numbers (General distribution
of interarrival time, G);
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(2) General distribution of service time or the departing time τout,i for the i th vehicle
to pass the acceleration wave (General distribution of inter-departure time, G).
Since people perform various time delays to depart from a jam queue in reality,
i.e., stochastic response time during acceleration. To check the possible influence
of a stochastic τout, we could assume that τout,i is a random variable whose mean
value keeps constant. For simplicity, we assume {τout,1, . . . , τout,n} to be i.i.d.
Gaussian random variables in this chapter as

τout = c + ε (6.31)

where c is a constant that denotes the default value of departing time, ε ∼
N (0, 0.22) is the Gaussian white noise.

(3) Only one server or single lane.
(4) Stochastic extra delay of the first vehicle. The duration of the merging disturbance

is stochastic and associated with many vehicle dynamic factors, e.g., merging
vehicle velocity, accepted gap. We could consider all these factors simultane-
ously by taking the assumption that κ is also a random variable. Because we
do not have enough a priori knowledge on its real distribution, without loss of
generality, we assume κ is under Gaussian type white disturbances

κ = 0.5 + N (0, 0.22) (6.32)

The initial size of this queue is one vehicle (the first vehicle influenced by the
merging vehicle). Then, the survival process of this jam queue can be depicted by a set
of mutual and independent probabilistic events

{Ai , i ∈ N
+}, satisfying

⋂+∞
i=1 Ai =

∅ and
⋃+∞

i=1 Ai = �, where Ai denotes that the i th vehicle leaves the jam queue.
We can characterize traffic breakdown mainly in terms of jam queue dissipating

time. More precisely, we have

(1) The probability that this queue dissipates, when the first vehicle leaves (i.e., in
2 s), is

P1 = Pr {A1} = Pr {τin(1) − κ � τout} (6.33)

where the random variable is τin(1) = τin,1, κ is the disturbance delay of the
first vehicle. Since the first vehicle interrupted by the merging disturbance has
a relatively shorter time to adjust its velocity, we introduce an extra delay κ .
As a result, the breakdown probability will become larger, and we discuss the
sensitivity of the breakdown probability to κ .

(2) The probability that this queue dissipates, right when the second vehicle leaves
(in other words, in 4 s), is

P2 = Pr {A2} = (1 − P1) Pr {τin(2) − κ � 2τout|τin(1) − κ < τout} (6.34)

where the random variable is τin(2) = τin,1 + τin,2. The first part 1 − P1 means
Scenario 2) A2 happens only if Scenario (1) A1 does not happen.
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(3) Similarly, for i � 2, the probability that this queue dissipates, right when the i th
vehicle leaves, is

Pi = Pr {Ai }

=
⎛
⎝1 −

i∑
j=1

Pj

⎞
⎠Pr{τin(i) − κ � iτout|

τin(1) − κ < τout, . . . , τin(i − 1) − κ < (i − 1)τout} (6.35)

where the random variable is τin(i) = ∑i
j=1 τin, j .

Thus, for a large n, the truncated approximation of the breakdown probability is

PB = P+∞ ≈ 1 −
n∑

i=1

Pi =
n⋂

m=1

AC
m

= Pr
{
AC

m |AC
m−1, . . . ,AC

1

}

= Pr {τin(1) < τout + κ, . . . , τin(n) < nτout + κ} (6.36)

where AC
m, m = 1, . . . , n is the complementary set of Am , τin(n) = ∑n

i=1 τin,i is
the summation of the adjusting time of n vehicles.

The conditional probability in Eq. (6.36) leads to complicated convolution calcu-
lations and is thus difficult to analytically solve. The upper and lower bounds of PB
can be derived as follows:

The PDF of τin is

fτ (τin) = 1√
2πστ (τin − τ0)

exp

(
− (log(τin − τ0) − μτ )

2

2σ 2
τ

)
(6.37)

The CDF is

F(τin) = �

(
log(τin − τ0) − μτ

στ

)
(6.38)

where �(·) is the standard normal distribution function.
Although there is no closed form of distribution for a sum of i.i.d. lognormal

random variables, the summation of the characteristic time approximately belongs
to the lognormal type distribution (Beaulieu and Rajwani 2004; Beaulieu and Xie
2004; Nadarajah 2008; Romeo et al. 2003), i.e.,

τin(m) − mτ0 ∼̇ Log-N
(
μτ(m), σ 2

τ(m)

)
, 1 � m � n (6.39)

where τin(m) = ∑m
i=1 τin,i . Thus, the CDF of τin(m) − mτ0 is
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Fm(τin(m)) ≈ �

(
log(τin(m) − mτ0) − μτ(m)

στ(m)

)
(6.40)

where the parameters are

⎧⎨
⎩

σ 2
τ(m) = log[exp(σ 2

τ ) + m − 1] − log m

μτ(m) = μτ + (σ 2
τ − σ 2

τ(m))/2 + log m
(6.41)

and the expectation and variance of τin(m) is

{
E[τin(m)] = exp(μτ(m) + σ 2

τ(m)/2) + mτ0 = m exp(μτ + σ 2
τ /2) + mτ0 = mE[τin]

Var[τin(m)] = exp(2μτ(m) + σ 2
τ(m))(exp(σ 2

τ(m)) − 1) = m2Var[τin]
(6.42)

One lower bound of PB is

PB � Pr {τin(n) < nτout + κ}

+ Pr

{
n−1⋂
m=1

(τin(m) < mτout + κ)

}
− 1

�
n∑

m=1

Pr {τin(m) < mτout + κ} − n + 1

≈
n∑

m=1

Fm (mτout + κ) − n + 1

=
n∑

m=1

�

(
log (m(τout − τ0) + κ) − μτ(m)

στ(m)

)
− n + 1 (6.43)

At the same time, another lower bound of PB is

PB � Pr
{
τin,1 < τout + κ

} n∏
i=2

Pr
{
τin,i < τout

}

= F(τout + κ)[F(τout)]
n−1

= �

(
log(τout − τ0 + κ) − μτ

στ

)
×

[
�

(
log(τout − τ0) − μτ

στ

)]n−1

(6.44)

Therefore, the lower bound of PB is the maximum of the right terms in Eqs. (6.43)
and (6.44).

On the other hand, one upper bound of PB is
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PB � min
1�m�n

{Pr {τin(m) < mτout + κ}}
≈ min

1�m�n
{Fm (mτout + κ)}

= min
1�m�n

{
�

(
log (m(τout − τ0) + κ) − μτ(m)

στ(m)

)}
(6.45)

It is worthy to note that the equalities in the formulated lower and upper bounds
of PB can be satisfied if and only if the events {τin(m) < mτout + κ, m = 1, . . . , n}
are independent. However, these estimated bounds are not so tight in general.

6.3.3.3 Monte-Carlo Simulation Procedure and Results

The conditional probabilities in Eq. (6.36) consist of complicated convolution calcu-
lations and are thus difficult to analytically solve. In order to calculate the accurate
traffic breakdown probability, we need to resort to Monte-Carlo simulations (Kalos
and Whitlock 2008). More precisely, we will simulate to check whether a newly
formed jam queue could dissipate in a given time period Hn , e.g., Hn = 1 min.

As illustrated in Fig. 6.5b, the number of approaching vehicles within a time
period Hn is about n̂ = �qS Hn�, where �z� denotes the largest integer not greater
than z. We do not need to simulate for a long-time period Hn that is larger than 60 s,
because Pr {τin(n) < nτout + κ} → 1 for a large enough n. This further reduces our
simulation time.

The basic simulation outflow is shown in Fig. 6.8, which includes the following
steps:

Step 0: Given the upstream inflow qS , τout and a long enough time window Hn .
Initialize the number of traffic breakdown B = 0.

Step 1: Generate n̄ i.i.d. random variables {τin,1, . . . , τin,n̂} that follow the log-
normal distribution with μ̄τ , σ̄ 2

τ . Check whether the breakdown criteria in Eq. (6.36)
is satisfied, if yes, let B = B + 1; if no, go to Step 2.

Step 2: Repeat Step 1 for 10,000 times.
Step 3: Calculate the simulated breakdown probability as PB(qS) = B/10000.

Choose another value of qS and repeat the whole procedure until we obtain the entire
traffic breakdown curve.

In the following simulation, we increase qS from 1,000 to 2,500 veh/h with a
step of 50 veh/h to get the traffic breakdown probability curve. We designed several
experiments to test the proposed model. Constrained by the length limit, we only
present two most important experiments in this book.

In the first experiment, we examine the possible influence of departing time
on traffic breakdown probability. Particularly, we are interested whether the pro-
posed queueing model performs significantly different when we adopt the constant
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Fig. 6.8 Estimation approach
by Monte-Carlo method

Fig. 6.9 Comparisons
between the G/G/1 queueing
model and the fitting Weibull
distributions in terms of τout,
given (κ = 0.5) s

0 500 1000 1500 2000 2500
0

0.2

0.4

0.6

0.8

1

Flow (veh/h)

B
re

ak
do

w
n 

pr
ob

ab
ili

ty

out
=1.5 s

out
=1.75 s

out
=2.0 s

Weibull distribution

τ
τ
τ

departing time as Mahnke and Kaupužs (2001), Kühne et al. (2002) instead of the
stochastic departing time.

Figure 6.9 shows the simulation results of traffic breakdown probability curves
with different τout varying from 1.5 to 2.0 s, given κ = 0.5 s. All of these curves
show nondecreasing S-style features, which are consistent with many other studies
(Lorenz and Elefteriadou 2001; Son et al. 2004; Wang et al. 2010a).
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In order to compare the simulation results with the widely used Weibull CDF
curve, we use the least-squares criteria to obtain the Weibull CDF curve that best fits
the simulated traffic breakdown probability curve

R(α, β) =
∑
qS

(W(qS|α, β) − PB(qS))2 (6.46)

where R(α, β) is the square residuals between the breakdown probability curve
PB(qS) and the Weibull distribution with parameters of α, β. The fitting parameters
can be gotten as:

α̂, β̂ = arg min
α, β

R(α, β) (6.47)

then, the least-squares residual is

LSR =
∑
qS

(
W(qS|α̂, β̂) − PB(qS)

)2
(6.48)

We set vfree = 20 m/s, w = 5 m/s, Hn = 60 s in the simulations. Test results
show that the curves obtained by the G/G/1 queueing model are not as steep as the
Weibull CDF-type breakdown probability curves, especially when qS approaches the
maximum pre-breakdown inflow rate that had been recorded. Moreover, the traffic
breakdown probability curve moves rightward when τout decreases. In particular,
when τout is reduced by 0.1 s, the mean road capacity will increase by around 6 %.

Table 6.2 compares the fitting parameters for Weibull distributions shown in
Fig. 6.9 by using the least-squares residual. As the increase of τout in the G/D/1
queueing model, both the estimated scale parameter α̂ and shape parameter β̂ de-
crease, and the estimated Weibull distributions move leftward.

Figure 6.10 shows the sensitivity analysis results of κ , when τout = 2.0 s and
other parameters are equal to Fig. 6.9. Generally, the larger the extra delay κ is, the
larger the breakdown probability will be. As illustrated in Fig. 6.10a, a larger κ will
notably shift the breakdown probability curve upper-left and make it more steep.
Figure 6.10b shows the LSR values almost decrease with κ for all τout values. It
indicates that when we choose a larger value of κ , the simulation curve will better
fit with the CDF curve of Weibull distribution.

Table 6.2 Comparisons of
the optimal Weibull
distributions between G/D/1
queueing models, given
κ = 0.5 s

τout α̂ β̂ LSR/10−3

1.5 2127.3 11.9 47.3

1.6 2009.9 11.0 52.7

1.7 1902.0 10.5 52.5

1.8 1810.2 10.0 52.6

1.9 1724.8 9.5 53.9

2.0 1646.9 9.2 51.5
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Fig. 6.11 Breakdown
probability curves of the
stochastic and deterministic
departing time τout
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Figure 6.11 shows that the differences of these two kinds of breakdown prob-
ability curves are quite small. The queueing model yields nondecreasing sigmoid
breakdown probability curves and captures dominant factors that govern the traffic
breakdown dynamics around an on-ramp bottleneck, which are consistent with many
other studies (Lorenz and Elefteriadou 2001; Son et al. 2004; Wang et al. 2010b).
The stochastic τout curves are usually a little lower than the deterministic curves.
Moreover, the traffic breakdown probability curve moves rightward when E[τout]
decreases.

In the second experiment, we investigate the possible impact of additive distur-
bance κ on traffic breakdown probability. Figure 6.12 shows that E[κ] dominates the
shape of breakdown probability curve. Generally, the larger E[κ] is, the larger break-
down probability will be. Moreover, E[κ] notably shifts the breakdown probability
curve upper-left and makes it much steeper.



140 6 Traffic Flow Breakdown Model Based on Headway/Spacing Distributions

Fig. 6.12 Breakdown
probability curves with
different extra delays κ
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6.3.4 Discussions

Now, we can come back to the initial question: what on earth leads to the Weibull
type breakdown probability curve? Our answer is the dominating factor should be
the average headway that changes with the main road flow rather than the shape of
vehicle headway distribution.

Based on Newell’s model, the average headway will decrease as the inflow rate
increases, which leads to a longer existing time of the jam queue and thus a larger
probability of breakdown. So, traffic breakdown probability is sensitive to the relation
between the average jam queue joining time τin and the jam queue departing time
τout. As a result, we could observe a sharp increase of breakdown probability around
the critical flow rate, where τin = τout.

Further simulations indicate that we could observe a similar (but slightly different)
breakdown probability curve, if we use another one-peak, smooth, and right skewed
distribution model with the same mean value and variance; because the dominating
factor should be the average headway that changes with the main road flow.

We will categorize three kinds of jam queues associated with ramping vehicle
disturbances by using a simplified temporal-spatial queueing model. The jam queue
width will decrease if τin > τout, keep constant if τin = τout, and increase if τin < τout.
Further simulations indicate that we could observe a similar (but slightly different)
breakdown probability curve, if we use other one-peak, smooth, and right skewed
distribution models instead of the shifted log-normal distribution model and keep the
same mean value and variance; because the dominating factor should be the average
headway that changes with the main road flow, and the PDF shapes will not influence
the breakdown probability curve too much.

Besides, we may sometimes observe the so-called pinned localized clusters, which
stay at a fixed location over a longer period of time but do not grow into severe
congestions (Helbing 2009; Schönhof and Helbing 2007; Treiber et al. 2000, 2010).
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Usually, traffic velocity and throughput will not be significantly influenced when
vehicles pass pinned localized clusters or moving localized clusters. Since the formed
jam queue did not dissipate in a given time, the proposed model will mistakenly treat
such phenomena as traffic breakdowns. However, the existing condition of such
phenomena is relatively strict so that the occurring probability of such phenomena is
quite small. Neglecting such phenomena in our simulations will not notably change
the shape of traffic breakdown probability curve.

6.3.5 Model Validation

To validate the breakdown probability estimation algorithm, we compare the
simulated breakdown probability curves with the field measurements of breakdown
events.

We first extract the three-month (June 1 to August 31, 2005), 5-min interval, lane-
by-lane vehicle counts, speeds, and occupancies from the loop detectors at Station
717490 on the southbound Highway 101, California, via PeMS (2011). This is the
same site where the trajectory data of NGSIM 101 Highway were collected. The
NGSIM trajectory data used here were collected on Wednesday, June 15, 2005. We
use the average values across five lanes to calculate the traffic breakdown probability
curve. Figure 6.13 shows the empirical relationships between flow rates and speed
(or occupancy). The critical speed and occupancy that correspond to the maximum
flow rate (i.e., road capacity) are approximately 88.5 km/h and 15 %, respectively.

In this book, we define the so-called pre-breakdown flow rate estimated from time
occupancies similarly to Lorenz and Elefteriadou (2001): if the occupancy at time
t is smaller than the critical occupancy, i.e., O(t) < Oc, and O(t + 1), O(t + 2),
O(t +3) > Oc, then the flow rate at time t , i.e., q(t), is the pre-breakdown flow rate.
Figure 6.14 shows an example of one-day time series of flow rates and time occupan-
cies, in which two breakdown events were observed. The breakdowns occurred at
7:15 am in the morning rush hour and 5:45 pm in the afternoon rush hour, respectively.
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Fig. 6.14 Characteristics of
breakdown flow rates
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The corresponding breakdown flow rates are 2,131 and 1,646 veh/h, respectively.
Totally, we observed 118 breakdown events from the three-month field measure-
ments. The minimum and maximum breakdown flow rates are 835 and 2,166 veh/h,
respectively.

The PLM adopted from Brilon et al. (2005) was applied in this study. Figure 6.15
shows the empirical and simulated breakdown probabilities. The parameters in the
G/G/1 model were calibrated from NGSIM dataset as: μ̂τ = −0.036, σ̂τ = 0.446,
E[τin] = 1.461 s, τ0 = 0.4 s. Since we do not have a priori knowledge on the
expectations of τout and κ , they are assumed to be equal to the mean value of τin, i.e.,
E[τout] = E[κ] = E[τin] = 1.461 s.

The comparison shows that the predicted breakdown probability estimations
could fit well with field measurements by loop detectors. These curves yield an
analogous tendency and curvature, which validate the proposed queueing-based
breakdown probability estimation method in this chapter. However, we also find
that the simulated curve is a little lower than the empirical curve since 2,000
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veh/h. This is mainly because the proposed model does not thoroughly describe the
“self-compressions” phenomena happened in practice (Helbing 2009; Schönhof and
Helbing 2007). Indeed, when the upstream inflow rate becomes larger than a thresh-
old (i.e., 2,000 veh/h), the newly developing small jam queues will soon merge into
a large jam queue whose dissipating speed is much slower than that of the small jam
queues.

6.3.6 Summary

In this section, we study the evolution process of a jam queue initialized by an on-ramp
vehicle and calculate the resulting traffic breakdown probability from a microscopic
viewpoint using vehicle trajectories. Different from many previous studies that dis-
cuss the relationship between jam wave propagation and breakdown probability, we
address on the size evolution of the jam queue instead of its spatial evolution.

Following this idea, a simple G/G/1 queueing model is proposed based on Newell’s
simplified car-following model. We show that the growth and dissipation of a jam
queue are controlled by two competing stochastic processes: the upstream vehicle
joining process and downstream vehicle departing process. The average joining rates
are governed by the upstream inflow rate, while the departing rates are assumed
to be stochastic (we incorporate the normal distribution to departing time). With
the increase of the inflow rate, the average joining rate grows significantly but the
departing rate is constrained, which therefore yields the sharply increase of traffic
breakdown probability when upstream inflow rates approach the capacity flow rate.
Monte-Carlo simulation examples show that the simulated breakdown probability
curves agree with empirical breakdown probability curve.

The main merit of the proposed intuitive model in this chapter is that it links
the microscopic measurement (headways/spacings of an individual vehicle or pla-
toons) and macroscopic measurement (traffic breakdown phenomena, dynamics of
jam formation, propagation, and dissipation).

Although a practical model of breakdown probability should be more complex to
include weather, surface condition, and sight quality, et al., we believe this queueing
model is useful and could be further applied in many applications, including design-
ing optimal ramp metering strategies (Kesting et al. 2010; Kondyli and Elefteriadou
2011) and cooperative driving strategies.

6.4 Phase Diagram Analysis

6.4.1 Backgrounds

Congestions caused by on-ramp flow remain as an important research topic dur-
ing the last 50 years. In order to describe the formation, evolution, and dissipa-
tion of such congestions, various models had been proposed (Ahn et al. 2010; Cas-
sidy et al. 2002; Chen et al. 2010b; Daganzo et al. 1999; Duret et al. 2010; Helbing
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et al. 2009; Kerner 2009, 2004; Laval and Leclercq 2010b; Leclercq et al. 2011;
Lu et al. 2010; Munjal and Pipes 1971; Schönhof and Helbing 2007; Treiber et al.
2000, 2010; Windover and Cassidy 2001; Zhang and Shen 2009). Particularly, the
“phase diagram” approach received increasing interests in the last decade, since it
provided a tool to categorize the rich congestion patterns and explain the origins of
some complex phenomena.

The term of “phase” is borrowed from thermodynamics into traffic flow theory to
denote different spatial-temporal states (patterns) of traffic flows. Usually, we enu-
merate the possible conditions and plot all the observed traffic states into one diagram,
from which we can semi-quantitatively determine the phase transition conditions.

One application of phase diagram is to sketch the boundaries of different con-
gestion patterns observed in ramping regions on freeways. If the ramping flow rate
exceeds a certain limit, we observe two kinds of congestions: spatially localized
and spatially extended congestions. In the first kind of congestions, the jam queue
of vehicles will be restricted within a certain low-velocity region whose length is
roughly stable over time. Differently, in the second kind of congestions, the lengths
and locations of low-velocity regions may change over time. We can further classify
these congestions into several categories, e.g., moving jam queues and stop-and-go
waves, etc. By examining the conditions and boundaries of these traffic congestion
patterns, we can gain more insights into traffic flow dynamics.

In order to reproduce and then explain the empirical phase diagram observed
in practice, some microscopic car-following and lane-changing models had been
proposed and discussed in the last two decades (Chen et al. 2010b; Helbing et al.
2009; Kerner 2009; Lu et al. 2010; Schönhof and Helbing 2007; Treiber et al. 2000,
2010). However, most of these models incorporated quite a lot of parameters and were
thus relatively too complicated to calibrate or analyze quantitatively. This problem
hinders us from discovering the governing power that characterizes the mechanism
of phase formation and transition.

To solve this problem, we propose a spatial-temporal queueing model to depict
traffic jams via the minimum number of parameters and rules. The new model applies
a specialized Newell’s simplified model (Newell 2002) to describe the trajectories
of vehicles. As a result, we can link individual vehicle movements and the resulting
congestion patterns. This helps reveal the factors that dominate the formations and
transitions of different congestion patterns.

To present a detailed discussion on these new findings, a new queueing model
for traffic congestions is presented based on the extended Newell’s simplified model.
This study further discusses how to apply this queueing model to obtain the analytical
phase diagram for a typical ramping region and provides simulation results to support
the derivation.
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6.4.2 The Spatial-Temporal Queueing Model

Newell’s simplified model (Ahn et al. 2004; Kim and Zhang 2008; Newell 2002;
Son et al. 2004; Yeo 2008; Yeo and Skabardonis 2009) characterizes how a vehicle
changes its speed according to its leading vehicle. When the vehicles run on a homo-
geneous highway, this model assumes that the time-space trajectory of the following
vehicle is the same as the leading vehicle, except for a transformation in both space
and time.

Based on Newell’s simplified model, Kim and Zhang (2008) analyzed the growth
and dissipation of jam queue caused by perturbations. It was shown that stochastic
reaction times of drivers resulted in stochastic ac/deceleration wave speeds and thus
led to random growth/decay of disturbances.

Differently in Mahnke and Kaupužs (2001), Mahnke et al. (2005), Mahnke and
Kühne (2007), Mahnke and Pieret (1997), the temporal evolution instead of the spatial
evolution of a jam queue was addressed. The evolution is characterized by how a
vehicle joins in and departs from it. Thus, we can depict the evolution dynamics of
the jam queue as a diffusion process as well.

Similarly, we can describe the jam queue as a FIFO queue system and then depict
its temporal evolution by queueing theory. But, if we want to simultaneously describe
the spatial evolution features of congestion patterns, we need a new queueing model
that also considers the spatial evolution of a jam queue.

In the following, let us consider a specialized Newell’s model that focuses on
the scenario of congestion propagations. For the sake of simplicity, we assume that
there exist only two kinds of vehicle velocities: free-flow velocity vfree and congested
velocity vcong. Therefore, we only have two kinds of slopes for all the piecewise-
linear trajectories shown in Fig. 6.16a. Obviously, the birth–death of a jam queue
is controlled by the rate of vehicles that join in/depart from it. If the joining rate
is on average larger than the departing rate, a small perturbation will grow into a
wide jam. Otherwise, the perturbation will dissipate finally. As shown in Fig. 6.16a,
we define the joining time and departing time for the i th vehicle as τin,i and τout,i ,
respectively. In the rest of this section, we will show that the congestion patterns are
indeed determined by τin,i and τout,i through an implicit way.

Moreover, we assume the propagation velocity of upstream shock front (conges-
tion wave) as w, i.e., the slope of the dashed arrow in Fig. 6.16a; when the leading
(i − 1)th vehicle joins a jam queue, the following i th vehicle will adjust its velocity
after a spatial displacement of

di = wτin,i (6.49)

According to the geometric relationship shown in Fig. 6.16a, the development of
spacing between two vehicles can be written as:
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⎧⎨
⎩

sbefore = (vfree + w)τin,i
scong = (vcong + w)τin,i
safter = (vcong + w)τin,i + (vfree − vcong)τout

(6.50)

where sbefore is the spacing before the i th vehicle joining the jam queue, scong is the
spacing within the jam queue, and safter is the spacing after the i th vehicle departing
from the jam queue.

Moreover, we can denote the corresponding headway as:

hbefore = sbefore/vfree = (vfree + w)τin,i/vfree (6.51)

Therefore, the change of spacing through a jam queue is

safter − sbefore = (vfree − vcong)(τout − τin,i ) (6.52)

If τin,i < τout, the spacing becomes larger after the jam queue; if τin,i = τout, the
spacing maintains constant, which is the assumption in Newell’s simplified model
(Newell 2002), if τin,i > τout, the spacing becomes smaller after the jam queue.

As illustrated in Fig. 6.16b, in order to get the spatial evolution of a jam queue,
we only need to determine the speed changing points of each vehicle and then link
these points via a series of lines segments with known slopes. When the first vehicle
is determined, we will take a two-step recursive method to get the trajectories of the
following vehicles: first determine the time axis of a speed changing point and then
get its associated spatial axis via the following geometric assumptions.

In the first jam queue, suppose the first ramping vehicle’s merging point is
P(1)

0 (t (1)
0 , x (1)

0 ), where the superscript “(1)” denotes the first jam queue and the
subscript “0” represents the merging vehicle. Denote the first deceleration point of
the first influenced vehicle on main road as P(1)

d,1(t
(1)
d,1, x (1)

d,1) in the plot. If the decel-
eration wave of the first vehicle influences the speed of its following vehicle, we can
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determine the first deceleration point P(1)
d,2(t

(1)
d,2, x (1)

d,2) of the second vehicle by

⎧⎨
⎩

t (1)
d,2 = t (1)

d,1 + τ
(1)
in,2

x (1)
d,2 = x (1)

d,1 − wτ
(1)
in,2

(6.53)

where τ
(1)
in,2 is the join time of the second vehicle in the first jam queue.

This determination process of deceleration points can be formulated as the fol-
lowing recursion

⎧⎨
⎩

t (1)
d,i = t (1)

d,i−1 + τ
(1)
in,i

x (1)
d,i = x (1)

d,i−1 − wτ
(1)
in,i

i = 2, . . . s, n (6.54)

Suppose this propagation process in the first jam queue is denoted as P(1)
d,1 → P(1)

d,2.
Similarly, we can sequentially determine the deceleration points for the vehicles
coming next, i.e., P(1)

d,i → P(1)
a,i , i = 2, 3 . . ..

As suggested in Mahnke and Kaupužs (2001), Mahnke et al. (2005), Mahnke and
Kühne (2007), Mahnke and Pieret (1997), we assume a constant departing time of
τout for any vehicle. So, we can determine the acceleration point P(1)

a,1(t
(1)
a,1 , x (1)

a,1) of
the first influenced vehicle as

{
t (1)
a,1 = t (1)

d,1 + τout

x (1)
a,1 = x (1)

d,1 + vcongτout
(6.55)

As shown in Fig. 6.16b, the acceleration point P(1)
a,2(t

(1)
a,2 , x (1)

a,2)of the second vehicle
should be

⎧⎨
⎩

t (1)
a,2 = t (1)

d,2 + 2τout − τ
(1)
in,2

x (1)
a,2 = x (1)

d,2 + vcong(τout − τ
(1)
in,2)

(6.56)

unless the acceleration wave collide the deceleration wave.
Similarly, we could sequentially determine the acceleration points for the vehicles

coming next, i.e., P(1)
d,i → P(1)

a,i as:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

t (1)
a,i = t (1)

d,i + iτout −
i∑

j=2
τ

(1)
in, j

x (1)
a,i = x (1)

d,i + vcong

(
iτout −

i∑
j=2

τ
(1)
in, j

) i = 2, . . . , n (6.57)
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On the other hand, we determine the de/acceleration points of the i th trajectory
based on the (i − 1)th trajectory in the kth jam queue, i.e., P(k)

d,i−1 → P(k)
d,i and

P(k)
a,i−1 → P(k)

a,i as:

Y(k)
i = Y(k)

i−1 + b(k)
i , i = 2, . . . , n (6.58)

where

Y(k)
i =

⎡
⎢⎢⎢⎣

t (k)
d,i

x (k)
d,i

t (k)
a,i

x (k)
a,i

⎤
⎥⎥⎥⎦ , b(k)

i =

⎡
⎢⎢⎢⎣

τ
(k)
in,i

−wτ
(k)
in,i

τout

vcongτout − (vcong + w)τ
(k)
in,i

⎤
⎥⎥⎥⎦ (6.59)

Sometimes, two jam queues collide and finally merge into one; see Fig. 6.17.
Suppose the i th vehicle in the first jam queue is the same as the j th vehicle in the
second jam queue. We have i > j , because the first jam queue occurs earlier than
the second one. Then, the merging condition of two jam queues is

t (1)
a,i � t (2)

d, j or x (1)
a,i � x (2)

d, j (6.60)

In case this happens, we let t (2)
d, j = t (1)

a,i and x (2)
d, j = x (1)

a,i in order to avoid driving
back or unreasonable trajectories, see Fig. 6.17b.

Figure 6.18 shows the trajectory of a vehicle that is influenced by multiple jam
queues. The join time of this vehicle in the kth jam queue is denoted as τ

(k)
in . We can

see that τ
(k)
in changes with the number of jam queues

{
s(1)

cong = s(1)
before − (vfree − vcong)τ

(1)
in

s(1)
after = s(2)

before = s(1)
cong + (vfree − vcong)τout

(6.61)

If the vehicle joins another jam queue after departing from the previous one, we
can calculate the join time to the second jam queue by

(1) (2)
a, d,i jt ≥ t
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Jam queue 2
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Fig. 6.17 An illustration of how to simulate two colliding jam queues. a The unrevised trajectory.
b The revised trajectory
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(k)
in → τout

τ
(2)
in = s(1)

after

vfree + w
= (vcong + w)τ

(1)
in + (vfree − vcong)τout

vfree + w
(6.62)

Extending the logic into a general situation, we have the recursion formula for
the dynamic evolution of join time

τ
(k+1)
in = (vcong + w)τ

(k)
in + (vfree − vcong)τout

vfree + w
= aτ

(k)
in + b, k = 1, 2 · · · (6.63)

where a = (vcong + w)/(vfree + w) < 1 and b = (1 − a)τout.

Therefore, the general term formula of τ
(k)
in is

τ
(k)
in = ak−1τ

(1)
in + (1 − ak−1)τout, k = 1, 2 · · · (6.64)

For a large k, the limit of τ
(k)
in is equal to τout, i.e.,

lim
k→∞ τ

(k)
in = τout (6.65)

We can also obtain the asymptotic properties of τ
(k)
in as:

⎧⎪⎨
⎪⎩

τ
(1)
in < τout ⇒ τ

(k)
in < τ

(k+1)
in < τout

τ
(1)
in = τout ⇒ τ

(k)
in = τ

(k+1)
in = τout

τ
(1)
in > τout ⇒ τout < τ

(k + 1)
in < τ

(k)
in

, k = 1, 2 · · · (6.66)

s(k)
cong is smaller than both s(k)

before and s(k)
after. So, we only need to check whether

s(k)
cong � ssafe holds in the simulations. We have
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s(k)
cong = s(1)

cong − (vfree − vcong)

k∑
i=2

τ
(i)
in + (k − 1)(vfree − vcong)τout

= s(1)
cong − (vfree − vcong)(τ

(1)
in − τout)

k∑
i=2

ai−1 (6.67)

Clearly, we have the limit of s(k)
cong as

lim
k→∞ s(k)

cong = s(1)
cong − (vfree − vcong)(τ

(1)
in − τout)

a

1 − a

= s(1)
cong − (vcong + w)(τ

(1)
in − τout)

= (vcong + w)τout > ssafe (6.68)

Based on Eq. (6.67), we can see the series of s(k)
cong is monotonous with k and

limk→∞s(k)
cong > ssafe. So, we only need to check whether we have s(1)

cong > ssafe.
On the other hand, our model needs to preserve the convective instability Treiber

and Kesting (2011). This means small oscillations grow due to merging disturbances,
but the range of growing amplitudes propagate only upstream. In the extreme case
that the acceleration wave does not propagates upstream, the situation satisfies the
following relationship:

τinw = (τout − τin)vcong (6.69)

The condition that ensures convective instability is

τ
(k)
in

τout
>

vcong

w + vcong
, k = 1, 2 . . . (6.70)

According to the asymptotic property of the join time denoted in Eq. (6.66), we
have three situations:

(1) If τ
(1)
in < τout, then τ

(k)
in < τ

(k+1)
in < τout, we need to select τ

(1)
in >

τoutvcong(w + vcong)
−1;

(2) If τ
(1)
in = τout, the left term of Eq. (6.70) equals 1, while the right term is less

than 1, so Eq. (6.70) can be naturally satisfied;
(3) If τ

(1)
in > τout, the left term of Eq. (6.70) is larger than 1 and is also larger than the

right term, so Eq. (6.70) can also be naturally satisfied. Therefore, our model guar-
antees the convective instability if min{τ (k)

in } > τoutvcong(w + vcong)
−1, k =

1, 2 . . ..
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(a) (b)

(c)

Fig. 6.19 Three typical jam queues from the viewpoint of queueing theory. a Jam queue dissipation.
b Jam queue propogation. c Jam queue collision

6.4.3 The Analytical Solution for Phase Diagram

In this subsection, we derive the analytical boundaries of phases for the scenario
of an on-ramp merging bottleneck based on the proposed spatial-temporal queueing
model.

Figure 6.19 shows three kinds of jam queues that can be generated via the above
new queueing model, due to periodical ramping vehicle disturbances:

(1) When τin > τout, the jam queue width decreases. If the jam queue dissipates
before the next ramping vehicle inserts into the main road, we may observe a
localized jam queue; see Fig. 6.19a.

(2) When τin = τout, we can observe a moving localized jam queue; see Fig. 6.19b.
(3) When τin < τout, two jam queues finally merge into one. The jam queue width

increases, see Fig. 6.19c.

According to Helbing et al. (2009), Schönhof and Helbing (2007), Treiber et al.
(2000, 2010), there are six possible congestion patterns in this scenario: Free Traffic
(FT), Pinned Localized Cluster (PLC), Moving Localized Cluster (MLC), Stop-and-
Go Waves (SGW), Oscillatory Congested Traffic (OCT), and Homogeneous Con-
gested Traffic (HCT). In this subsection, we derive the analytical emerging conditions
for these patterns based on the above queueing model.
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Noticing that the proposed model gives prominence to three independent
parameters: τin, τout and T , if assume τout be a constant as suggested in Mahnke
and Kaupužs (2001), Mahnke et al. (2005), Mahnke and Kühne (2007), Mahnke and
Pieret (1997), we can plot the congestion phase diagram in the widely adopted qramp
versus qmain plot, due to the relations between τin and qmain, T and qramp.

First, as proven in Chiabaut et al. (2009, 2010), when a vehicle from upstream
meet the first jam queue, the join time τin with a given inflow rate qmain should be

τin = vfree

qmain(vfree + w)
= vfreehmain

vfree + w
(6.71)

where hmain = 1/qmain is the main road headway.
Second, qramp is the reciprocal of T by definition

qramp = 1/T (6.72)

Since ramping become impossible when T is too small, we will only discuss the
scenario of T � 2τout in the rest of this section. In the T versus τin phase diagram,
we analytically classify the traffic phases into the following four main categories:

6.4.3.1 Case (1) FF

We define the free-flow state as that a jam queue dissipates within a very short time
period. Clearly, only if τin � τout and T is large enough, we get the free-flow traffic
state.

Figure 6.20a shows the case in which the ramping vehicle affects only one main
road vehicle. The critical inflow headway in the free-flow case can be defined as

hfree = 2τout − ssafe

vfree
= 2vfree − vcong

vfree
· τout (6.73)

where hfree guarantees the mainline following vehicle being not influenced even in
the worst case of a sudden deceleration of the leading mainline vehicle.

Thus, as shown in Fig. 6.20a, the phase condition for such a free-flow scenario is

τin � vfreehfree/(vfree + w) (6.74)

6.4.3.2 Case (2) FF, PLC and SGW

If the dissipation time of a jam queue becomes larger, more vehicles will be disturbed
by more tha one jam queue; see Fig. 6.19a. According to the asymptomatic property of
τ

(k)
in given by Eq. (6.65), for those vehicles that encounter more tha one jam queue,

their join times decrease as τ
(k+1)
in < τ

(k)
in , with τ

(1)
in = τin. This might make the
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dissipation time of the second jam queue larger than that of the first jam queue. If
the increase of the dissipation time converges to a certain limit, we may observe a
localized congestion. Otherwise, we will observe a sequence of jam queues whose
influenced road regions extend spatially from one to another.

According to Fig. 6.19a, if the first jam queue dissipates after just p vehicles,
p = 2, . . . , n, we have

⎧⎨
⎩

τin > τout
(p − 1)τin < pτout
pτin � (p + 1)τout

(6.75)

Then
τout

τin − τout
� p <

τin

τin − τout
(6.76)

As shown in Fig. 6.20c, we further assume there are r vehicles influenced by only
one or none jam queues when passing the ramping region before the second ramping
vehicle inserting into the mainline, we have

(a) (b)

(c)

Fig. 6.20 Critical conditions of free flow and congested flow. a One special scenario of free flow.
b Appropriate colliding points. c One special scenario of PLC/SGW
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T � (r − 1)wτin

vfree
+ rτout + hmin (6.77)

where the first term on the right side of Ineq.(6.77) corresponds to |CF| = tC − tF,
tC and tF mean the time coordinates of points C and F, respectively; the second term
represents tE−tA, so the first two terms denote tD−tA that is approximately the arrival
time of the r th vehicle at the on-ramp location; the third term of hmin guarantees the
minimal headway between the merging vehicle and the r th mainline vehicle.

Thus, Ineq. (6.77) formulates the boundary condition that at least r vehicles pass
the merging region without influences by the second merging vehicle, or equivalently

r � wτin + vfree(T − hmin)

wτin + vfreeτout
(6.78)

Define the proportion of vehicles that are only influenced by one jam queue as

ϕ ≡ r

p
(6.79)

Substitute Eq. (6.79) into Ineq. (6.76) and Ineq. (6.78), and eliminate the interme-
diate variable r and p, we obtain the following condition by neglecting the relatively
small influence of hmin

T � −wτ 2
in + (ϕ + 1)wτoutτin + ϕvfreeτ

2
out

vfree(τin − τout)
= f (ϕ, τin) (6.80)

where f (ϕ, τin) is the boundary function with respective to ϕ and τin.
Clearly, when ϕ = 1, we get the FF phase with the boundary

T = −wτ 2
in + 2wτoutτin + vfreeτ

2
out

vfree(τin − τout)
= − w

vfree
(τin−τout)+ (vfree + w)τ 2

out

vfree(τin − τout)
(6.81)

When 0 < ϕ < 1, the rest p − r vehicles that depart from the first jam will join
the second jam queue with join time τ

(2)
in , while the other vehicles join the second

jam with join time τ
(1)
in . We can then get the number of the vehicles influenced by

the second jam queue as

τout + (p − r)(τin − τ
(2)
in )

τin − τout
� q <

τin + (p − r)(τin − τ
(2)
in )

τin − τout
(6.82)

where the second jam queue dissipates after just q vehicles.
Based on Eq. (6.67), we could have

τout

τin − τout
+ (p − r)(1 − a) � q <

τin

τin − τout
+ (p − r)(1 − a) (6.83)
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which indicates that if (p − r)(1 − a) � 1, we will have q > p. Similar deductions
show that when 0 < ϕ < 1, the number of the vehicles influenced by the (k + 1)th
jam queue will always be larger than the number of vehicles influenced by the kth
jam queue. Further tests show that when ϕ < 0.8, the increase of the dissipation
time will have no limits. For simplicity, we choose a threshold ϕPLC in Ineq. (6.77)
to distinguish PLC and SGW phases, satisfying

0 < ϕPLC < ϕFF = 1 (6.84)

6.4.3.3 Case (3) MLC

In this case, we define MLC as a single moving jam queue that propagates upstream
with a constant size. Based on the above discussion, we can easily find one condition
for τin as

τin = vfree

qmain(vfree + w)
= τout (6.85)

This scenario is quite a special one, because τin keeps the constant and the same
as τout. But we have to set a relatively large T � τout to guarantee that the distance
between two consecutive moving clusters is large enough; otherwise the obtained
congestion pattern might be recognized as oscillating jams.

6.4.3.4 Case (4) SGW, OCT, and HCT

The phases of SGW/OCT/HCT occur when τin < τout; see Fig. 6.20b. More pre-
ciously, according to the convective instability and road capacity constraint, we have

τin � max

{
vcongτout

vcong + w
,

vfree

qmax(vfree + w)

}
(6.86)

In order to study their dividing boundaries, we would like to check the propagation
difference of acceleration wave. We have

w′ = (xk
a,i−1 − xk

a,i )/τout︸ ︷︷ ︸
∀k, i

= (vcong + w)
τin

τout
− vcong � 0 (6.87)

where w′ is the acceleration wave speed; see Fig. 6.20b.
The propagation distance for the downstream front of the previous jam queue

before it collides with the upstream front of the next jam queue can be estimated as

D ≈ wT [(vcong + w)τin − vcongτout]
(vcong + w)(τout − τin)

> 0 (6.88)
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If D is relatively large, the small separate jam queues spend more time to merge
into a larger jam queue. And we can see a SGW phase. If D becomes smaller, then
the OCT phase appears; if D becomes even smaller, the HCT phase emerges.

Let us define the following dimensionless scaling parameter to compare D with
wτout as

θ = D

wτout
(6.89)

From Eq. (6.88), we have the following monotonously decreasing relationship
between τout and T

τin =
(

1 − wT

(vcong + w)(θτout + T )

)
τout = g(θ, T )τout (6.90)

where g(θ, T ) is the substitution function with respective to θ and T .
Clearly, we have

lim
T →0+ τin = τout, lim

T →∞ τin = vcongτout

vcong + w
(6.91)

Choose two thresholds θOCT and θHCT in Eq. (6.90) to distinguish OCT and HCT
phases, satisfying

0 < θHCT < θOCT (6.92)

We predict that when g(θHCT, T )τout < τin � g(θOCT, T )τout, we get the OCT
phase; when τin � g(θHCT, T )τout, we get the HCT phase instead; otherwise, we
get the SGW phase.

In summary, Fig. 6.21a shows the congested traffic patterns denoted by the merg-
ing time interval T and the join time τin. Furthermore, we transfer the T versus τin
phase diagram into the regular qramp versus qmain phase diagram, see Fig. 6.21a. As
illustrated in Fig. 6.21, we formulate the six regions in the analytical phase diagram:
(1) FF; (2) PLC; (3) MLC; (4) SGW; (5) OCT; (6) HCT. The dashed curves indicate
the boundaries of each region. We adopt two dimensionless scaling parameters ϕ

and θ to distinguish the phases of FF/PLC/SGW and SGW/OCT/HCT, respectively.
It should be pointed out that we have two kinds of SGW patterns here. In the

scenarios with the condition of τin > τout, the jam queues finally dissipate but their
lasting time periods will become larger one by one. In the scenarios of τin < τout,
the jam queues finally merge into a wide jam that will last forever.

The above boundaries are not accurate, since we only discuss the evolution dy-
namics of the first few queues and meanwhile employ several approximations. So
in the next section, we use simulations to verify the accuracy of the predicted phase
transition boundaries.
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(a) (b)

Fig. 6.21 Analytical phase diagram of the spatial-temporal queueing model. a T versus τin. b qramp
versus qmain

6.4.4 Numerical Example

6.4.4.1 Parameter Setting for the Ramping Scenario

To verify the above analytical derivation of phase boundaries, we discuss a typical
ramping scenario that had been addressed in literature (Chen et al. 2010b; Lu et al.
2010; Treiber et al. 2010). The studied ramping region is with a bottleneck at x =
7.5 km. Compared to the ramping region studied in Lu et al. (2010), the geometric
feature of the ramping road is neglected.

We assume that all the vehicles in the simulations are small cars. As suggested
in the literature (Chen et al. 2010b; Helbing et al. 2009; Kerner 2009, 2004; Kim
and Zhang 2008; Lu et al. 2010; Schönhof and Helbing 2007; Treiber et al. 2000,
2010). We set vfree = 90 km/h = 25 m/s, w ≈ 18 km/h = 5 m/s, and τout = 2 s
as suggested in Mahnke and Kaupužs (2001), Mahnke et al. (2005), Mahnke and
Kühne (2007), Mahnke and Pieret (1997). Table 6.3 lists other parameters that are
used in the simulations.

We can hold the convective condition, because qmain � qmax = 2/3 veh/s, τin �
vfreeq−1

max(vfree + w)−1 = 1.25 s and vcongτout(w + vcong)
−1 = 0.95 s. Moreover,

we can also guarantee the collision free condition s(1)
cong > ssafe, because τ

(1)
in >

vcongτout/(vcong + w) = 1.05 s.

6.4.4.2 On-Ramp Merging Rule

We assume that the mainline vehicles have higher priority than the merging vehicles.
If possible, one merging vehicle will be inserted into the mainline, strictly according
to the time period T . However, if doing this leads to an immediate collision between
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Table 6.3 Specific parameters for numerical example

Parameters Symbols Values

Main road capacity qmax 2,400 veh/h/lane

Main road free flow speed vfree 90 km/h

Main road congested flow speed vcong 20 km/h

Congestion wave propagation speed w 18 km/h

Maximal traffic flow spacing smax 50 m

Minimal unaffected spacing smin 37.5 m

Safety spacing ssafe 11.1 m

Departing time τout 2 s

Dimensionless scaling coefficient for FF ϕFF 1.0

Dimensionless scaling coefficient for PLC ϕPLC 0.8

Dimensionless scaling coefficient for OCT θOCT 10

Dimensionless scaling coefficient for HCT θHCT 5

the merging vehicle and the mainline vehicle that just leaves the ramping point, we
will let the merging vehicle wait for a while and then merge into the mainline. We
call it intelligent on-ramp merging rule or minimal headway rule.

In other words, the merging vehicle will wait until its headway to the leading
vehicle is larger than the minimal critical headway hmin = 1/qmax. This assumption
is consistent with our driving experiences and has been adopted by many previous
simulation systems (Hidas 2005). The intelligent merging behavior will prevent gen-
erating unsafe spacings in simulations, but it will certainly result in more complicated
merging disturbances and thus more complex congestions. It will finally influence
the simulated phase diagram, especially for FF, PLC and MLC phases.

It should be pointed out that no lane changing actions are considered, mainly
because the model allows only two kinds of vehicles speeds. So, the vehicle will
not benefit from lane changing actions. It is worthy to point out that the spatial-
temporal queueing model is highly suitable for a simulation approach because we
only consider the transition points and ignore the dynamics between two adjacent
points. This technique enables us to reproduce the spatial-temporal evolution of
traffic speed much more quickly.

6.4.4.3 Numerical Results

Figure 6.22 shows the typical traffic patterns when we choose different values of
qramp and qmain. In order to get a uniform grid in the widely adopted qramp versus
qmain phase diagram, we sample the parameter space of (qramp, qmain) uniformly,
with a discretization level of 50 veh/h for qramp and another discretization level of
100 veh/h for qmain, respectively. Thus, the sampling grid in the T versus τin phase
diagram is not uniform due to the reciprocal relationships.
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Fig. 6.22 The obtained phase diagram. 5 states: Pinned Localized Cluster (PLC), Moving Localized
Cluster (MLC), Stop-and-Go Wave (SGW), Oscillatory Congested Traffic (OCT), and Homoge-
neous Congested Traffic (HCT), are reproduced. The selected conditions are: a (qramp, qmain) =
(500, 1200) veh/h. b (qramp, qmain) = (50, 1500) veh/h. c (qramp, qmain) = (400, 1600) veh/h.
d (qramp, qmain) = (450, 1800) veh/h. e (qramp, qmain) = (300, 2100) veh/h

Figure 6.22 also presents the corresponding trajectory plots for five representative
congestion states. In order to make the plots more clear, we only draw the trajectory
of the first vehicle for every two consecutive vehicles; otherwise the curves will be
too dense to observe. The red lines, which start at the location x = 7.5 km in the
vehicle trajectory plots, denote the merging on-ramp vehicles. The headway between
two adjacent red lines represents the merging time interval.

Figure 6.23 compares the predicated boundaries obtained in the analytical and
the simulated boundaries. Here, the dimensionless scaling parameters are chosen as
ϕFF = 1, ϕPLC = 0.8, θOCT = 10 and θOCT = 5. Clearly, the boundaries of FF,
PLC, MLC, SGW, OCT, and HCT phases fit dramatically well with those estimated
in analytical results.

The MLC states only appear at (qramp, qmain) = (50, 1500)veh/h and (qramp,

qmain) = (100, 1500)veh/h that correspond to T = 72 s and T = 36 s. Because
the maximum T is 18 s in Fig. 6.23a, we cannot see the MLC pattern in this subfigure.
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(a) (b)

Fig. 6.23 Comparison between theoretical and simulated phase diagram. a T versus τin. b qramp
versus qmain

The locations of congestion patterns are similar to those that have been obtained
via different simulation models. This shows the effectiveness of such a simple spatial-
temporal queueing model.

As revealed in the phase condition, any simulation model that can reproduce PLC
patterns should be able to generate a roughly equal jam queue join time τin and
departing time τout. Thus, we can directly analyze the mainline-ramping flow rate
condition that allows the τin ≈ τout.

It should be pointed out that the SGW (with τin < τout) and OCT congestion
patterns that are generated do not strictly reproduce the SGW and OCT congestion
patterns that have been observed in practice. Particularly, in our model, the narrow
jams in which vehicles move with a low speed cannot merge in to a large jam where
vehicles fully stop. This is mainly because our model allows only two kinds of
vehicles speeds for simplicity. Indeed, the SGW/OCT trajectories shown in Fig. 6.23
are similar to the trajectories obtained via the OVM in Wagner and Nagel (2008).
This indicates that the equivalence between Newell’s simplified model and the OVM
in terms of phase diagram.

In this section, we propose an as simple as possible spatial-temporal queueing
model to study the phase diagram around ramping regions. The merits of this new
model include but are not limited to:

(1) This model adopts a minimum set of parameters and rules to analytically
formulate the traffic flow phase diagram. All the parameters have clear physical
meanings. Therefore, it is easy to analyze. Different from previous approaches,
this model could derive analytical boundaries for the phases. One major concern
of this approach is to find what a phase diagram can be gotten if only a simple
density-speed relation model is adopted. Surprisingly, FF/PLC/MLC/HCT pat-
terns can be well reproduced even via such a simple model. However, results
also reveal that the occurrence and evolution of SGW/OCT patterns still needs
further discussions.
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(2) Due to its conciseness, this model reveals the basic factors that govern the
instable nature of traffic flow in on-ramp regions. On the microscopic level, these
factors are: the time τin for a vehicle to join the jam queue and the merging time
interval T . Noticing the tight relationship between τin and the headway/spacing
of a vehicle, we can see that the dominating factors of macroscopic traffic con-
gestion patterns are the microscopic headways/spacings adopted by drivers with
respect to mainline inflow rate. Indeed, the proposed model gives a simplified
yet equivalent description of the close tracking behaviors that were depicted via
many other stimulus-response type or optimal-velocity type car-following mod-
els. But the conciseness of the proposed method, which inherits from Newell’s
simplified car-following model, makes it distinct from other approaches. On the
macroscopic level, the corresponding factors are the main road flow rate qmain
and ramping road flow rate qramp. Based on this queueing model, we show how
τin and qmain, as well as T and qramp, depend on each other. As a result, we
link microscopic individual vehicle movements with macroscopic congestion
patterns.

However, this new model is not perfect. Particularly in the following aspects:

(1) This model does not consider the stochastic features of τin and τout in reality.
Thus, some stochastic properties of traffic flow cannot be reproduced via this
model.

(2) This model allows only two kinds of vehicles speeds and forbids lane change for
simplicity. Although this simplification helps emphasize the major driven force
of congestion evolution, it meanwhile prevents the appearances of nonhomo-
geneous jam queues. And the obtained SGW and OCT phases are not exactly
the same as the ones reproduced by the Gas-Kinetic-based Traffic model (GKT
model) and Intelligent Driver Model (IDM). We plan to modify the model to
solve this problem in our coming reports.

(3) This model implicitly adopts the hypothesis that the speed and density satisfy a
linear relationship in the congested flows (Daganzo 2005; Lighthill and Whitham
1955; Richards 1956). Therefore, it cannot explain some nonlinear effects in con-
gestion formation. How to overcome this shortcoming needs further discussions.

In short, this new model provides a reasonable starting point for modeling more
complex traffic phenomena.

6.5 Discussions

Traffic flow breakdown phenomena occur with continuous oscillations and lead to
a wide range of spatial-temporal traffic congestions. Based on the analysis of the
stochastic traffic capacity, this chapter focuses on the transition process from per-
turbations to traffic jams in the metastable traffic flow, and studies the varying fea-
tures of TF-BP under the framework of vehicle trajectory analysis. Unlike previous
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studies, this chapter discusses the close relationship between TF-BP and the jam wave
propagation phenomena with concentration on the evolution of jam queue size.

Furthermore, the simplified G/D/1 queuing model and general G/G/1 queuing
model are proposed based on Newell’s simplified car-following model, and they link
the microscopic driving behaviors with the dynamic characteristics of the correspond-
ing macroscopic traffic flow patterns. The formation and dissipation of jam queues
are treated as comprehensive effects of stochastic joining and leaving processes for
upstream and downstream vehicles, respectively. Simulation results show that the
estimated TF-BP curves well fit with the widely used Weibull distributions.

Finally, the chapter proposes a concise spatial-temporal queueing model to de-
scribe the formation mechanism and evolution process of traffic jams based on the
stochastic Newell’s condition in the ramping bottleneck on freeways. We analyti-
cally derive the phase diagram that is useful for presenting the evolution process
for different traffic flow phases and quantitatively determining the phase transition
conditions. Simulations results show two main congestion modes: spatially localized
congestion and spatially extended congestion, they are helpful to reveal the inherent
mechanism of phase transitions.

From the perspective of field applications, studies of TF-BP in bottleneck areas
focus on the increase in traffic capacity by analyzing the nature, intensity, and evo-
lution of traffic congestions. In the future studies, optimal control models of active
traffic management (ATM) can be established in order to minimize TF-BP and maxi-
mize the expectation of stochastic traffic capacity. With a careful consideration of the
ramping influences on the mainline, feasible, dynamic, and optimal control schemes
(strategies) to alleviate bottleneck congestions include:

(1) Ramp metering Investigate the influences of different ramping signal control
strategies on the mainline traffic flow, and obtain the optimal solutions of ramp me-
tering strategies by adjusting the ramping flows conditional on a maximal acceptable
value of TF-BP.

(2) Mainline variable speed limits Study time-varying speed limits of the upstream
mainline and their influences on traffic state evolutions. Establish the optimization
model of variable speed limits to enhance the mainline capacity constrained by the
upper limit of TF-BP threshold.

(3) Lane-changing control After entering a weaving section, vehicles need to
complete lane-changing maneuvers that result in stochastic movements and reduce
the expected capacity of weaving sections. Study the entering/exiting behaviors on
weaving sections and their impacts on TF-BP and stochastic capacity in order to
reduce lane-changing-related TF-BP and improve safety and level of service.



Chapter 7
Conclusions and Future Work

The main efforts and contributions of this book are briefly outlined as follows:

• Summaries of stochastic traffic flow modeling on the basis of the histori-
cal development In Chap. 2, we reviewed and summarized the history of traf-
fic flow theory in terms of macroscopic, mesoscopic, and microscopic modeling
approaches. Four categories of stochastic approaches were summarized for con-
tinuous traffic flow modeling: randomization of first order conservation law and
higher-order momentum equations; randomization of driving behaviors and mixed
traffic flow; randomization of relationships among flow, density and velocity; ran-
domization of road capacity and travel time distribution in transportation relia-
bility studies. Particularly, we focused on the probabilistic distributions of head-
way/spacing/velocity, based on which comprehensive methods such as Markov
models, stochastic fundamental diagram, stochastic Newell condition would be
proposed to better fit the empirical observations.

• Empirical observations of complex, dynamic, and stochastic evolutions of
traffic flow on the basis of two dominating measurements In Chap. 3, we
made use of two typical kinds of datasets (Eulerian and Lagrangian field mea-
surements) and several approaches (joint/marginal/conditional probabilities, sta-
tistics, signal processing) for the qualitative and quantitative analysis of traf-
fic flow evolution characteristics to reveal the complex, dynamic and stochastic
phenomena. Specifically, fixed loop detectors data were used as Eulerian mea-
surements and NSGIM trajectory data were used as Lagrangian measurements.
Three significant aspects of stochastic traffic flow features were studied, including
headway/spacing/velocity distributions, disturbances of congested platoons (jam
queues) and time-frequency properties of oscillations. The observations deepen
our understanding of traffic flow characteristics.

• Development of the headway/spacing Markov model and asymmetric stochas-
tic Tau theory in car-following behaviors In Chap. 4, we linked mesoscopic head-
way/spacing distributions with a unified car-following model based on Markov
state transition theory. The parameters of this model were directly estimated
from NGSIM data. The empirical headway/spacing distributions were viewed as
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outcomes of stochastic car-following behaviors and reflections of unconscious and
inaccurate perceptions people had. To explain the phenomenon that the observed
headways follow a certain lognormal type distribution in terms of velocity, an
asymmetric stochastic extension of the well-known Tau Theory was proposed.
The agreement between the model predictions and the empirical observations indi-
cated that the physiological Tau characteristics of human drivers govern driving
behaviors in an implicit way.

• Examination of wide scattering characteristics in stochastic fundamental dia-
gram In Chap. 5, we discussed the implicit but tight connection between head-
way/spacing distributions and the wide scattering feature of flow-density plot based
on the Newell’s simplified car-following model. We first examined microscopic
driving behaviors that were retrieved from the NGSIM trajectory database. Results
showed that asymmetric driving behaviors result in a family of velocity-dependent
lognormal type spacing/headway distributions. Based on this fact, we then pro-
posed a probabilistic model to characterize the 2D region of congested flows in
spacing-velocity plot. Extending the Newell’s simplified car-following model, we
finally discussed the corresponding 2D region of congested flows in the flow-
density plot. Results surprisingly revealed that the seemingly disorderly scattering
points on the flow-density plot had a certain distribution tendency. Indeed, such
tendency was determined by the microscopic headway/spacing distributions.

• Traffic flow breakdown probability estimation in highway bottlenecks: queue-
ing theory and phase diagram analysis In Chap. 6, traditional approach of non-
parametric statistics to the TF-BP problem was well developed for the usage of
Eulerian traffic flow measurements. In order to explore the emerging Lagrangian
data, a simple G/D/1 queueing model and a more general G/G/1 queueing model
were proposed on the basis of Newell’s simplified car-following model. We showed
that the growth and dissipation of a jam queue were controlled by two competing
stochastic processes: the upstream vehicle joining process and downstream vehicle
departing process. Monte-Carlo simulations were incorporated to estimate TF-BP.
Queueing model could be further used to help design ramp metering strategy and
cooperative driving strategy to reduce/avoid traffic breakdowns. We also derived
the analytical phase diagram for the evolution process of different traffic flow
phases and determined phase transition conditions, which helped reveal that the
dominating factors in the formations and transitions of different congestion pat-
terns were: the time τin for a vehicle to join the jam queue and the merging time
interval T (microscopic level); main road flow rate qmain and ramping road flow
rate qramp (macroscopic level).

Several other significant explorations have not been included in this work, which
may be the focus of future research efforts.

• Data fusion of multisource and heterogeneous sensors The Eulerian measure-
ments consist of traffic flow counts, speed and occupancies at fixed locations,
such as loop detectors, locally virtual video cameras, AVI and LPR records;
while the Lagrangian measurements identify specific vehicle trajectories by using
large-scale video cameras or radars, GPS equipped vehicle, GPS equipped mobile
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devices (location based technology inside cellular phones), tracking device, etc.
As the data availability of both measurements continue to rapidly expand, it may
be possible to engage on the data fusion of multisource and heterogeneous sen-
sors, and derive more accurate traffic flow models and algorithms for stochastic
characteristics analysis that may be beneficial in traffic state estimation and pre-
diction. Since the measured quantities, the spatial and temporal extent of the two
kinds of measurements are generally various but complementary to each other,
data fusion of heterogeneous sensors would be useful in areas without dedicated
sensors deployed.

• Development and implementation of TF-BP incorporated control strategies
In field applications of the TF-BP estimation approach and highway bottleneck
phase diagram analysis, the capacity is regarded stochastic. In order to increase the
expectation of traffic capacity in bottlenecks and minimize the probability of con-
gestion evolutions, optimal control strategies of active traffic management (ATM)
could be established to alleviate bottleneck congestions with the consideration
of TF-BP constraint, including ramp metering; mainline variable speed limits;
lane-changing behaviors control. This spatial-temporal queueing model implicitly
adopted the hypothesis of a linear relationship of speed and density in the con-
gested flows. How to explain more nonlinear effects in congestion formation, and
how the analytical phase diagram would change when randomizing τin and τout
still need more further research efforts.



Appendix A
Linear Stability Analysis of the Higher-Order
Macroscopic Model

In order to analyze the linear stability properties of the general higher-order
macroscopic traffic flow model of Eq. (2.14), we assume that ρ(x, 0) = ρ0 and
v(x, 0) = v0 are the steady state solutions, respectively. Define the following
variations

{
δρ = δρ(x, t) = ρ(x, t) − ρ0

δv = δv(x, t) = v(x, t) − ve(ρ0)
(A.1)

Substitute ρ(x, t) = ρ0 + δρ and v(x, t) = ve(ρ0) + δv into Eq. (2.14), it can
be expanded in Taylor’s series, ignore the nonlinear terms, we obtain the following
linear equations

∂δρ

∂t
+ ve(ρ0)

∂δρ

∂x
+ ρ0

∂δv

∂x
= 0 (A.2)

∂δv

∂t
+ ve(ρ0)

∂δv

∂t
= ve(ρ0) − v

τ
+ k1v

′
e(ρ0)

ξ

τ

∂δρ

∂x
+ k2

η

τ

∂δv

∂x
(A.3)

Assume that the perturbations on traffic flow density and speed are exponential

{
ρ(x, t) = ρ0 + ρ̃eikx+ω(k)t

v(x, t) = v0 + ṽeikx+ω(k)t (A.4)

Thus,

∂δρ

∂x
= ikρ̃eikx+ω(k)t ,

∂δρ

∂t
= ωρ̃eikx+ω(k)t

∂δv

∂x
= ikṽeikx+ω(k)t ,

∂δv

∂t
= ωṽeikx+ω(k)t
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Substitute Eq. (A.4) into Eq. (2.14), we have

AX̃ = 0 (A.5)

where X̃ = (ρ̃, ṽ)T , the elements of matrix A are

A11 = ω + ikv0

A12 = ikρ0

A21 = v′
e (ρ0)

τ
+ ikk1

ξ

τ
v′

e (ρ0)

A22 = − (ω + ikv0) − 1

τ
+ ikk2

η

τ

Linear equations in Eq. (A.5) have valid solutions only if det A = A11A22 −
A12A21 = 0, then we get a quadratic plural equation with respect to ω as follows

ω2 +
(
1

τ
+ i

(
2kv0 − kk2

η

τ

))
ω

+
(

k2v0k2
η

τ
− k2v20 − k2ρ0v

′
e (ρ0) k1

ξ

τ

)

+ i
k
(
v0 + ρ0v

′
e (ρ0)

)
τ

= 0 (A.6)

It can be reduced to

ω2 + (φ1 + iϕ1) ω + (φ2 + iϕ2) = 0 (A.7)

where

φ1 = 1

τ

ϕ1 = 2kv0 − kk2
η

τ

φ2 = −k2v20 − k2ρ0v
′
e (ρ0) k1

ξ

τ
+ k2v0k2

η

τ

ϕ2 = −k
(
v0 + ρ0v

′
e(ρ0)

)
τ

The solutions of Eq. (A.7) are

ω± =
−φ1 − iϕ1 ±

√(
φ2
1 − ϕ2

1 − 4φ2
) + i (2φ1ϕ1 − 4ϕ2)

2
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= −φ1

2
− i

ϕ1

2
±

√√√√
(

φ2
1 − ϕ2

1 − 4φ2

4

)
+ i

(
φ1ϕ1 − 2ϕ2

2

)

= −φ1

2
− i

ϕ1

2
± √� ± i |�|

=
⎛
⎝−φ1

2
±

√√�2 + �2 + �
2

⎞
⎠ + i

⎛
⎝−ϕ1

2
±

√√�2 + �2 − �
2

⎞
⎠(A.8)

where

� = φ2
1 − ϕ2

1 − 4φ2

4
, |�| = φ1ϕ1 − 2ϕ2

2
(A.9)

The real part of the solution in Eq. (A.8) is

Re (ω±) = −φ1

2
±

√
1

2
(
√

�2 + �2 + �) (A.10)

Let Re (ω±) = 0, which is equivalent to

φ2
1� + �2 = φ4

1

4
(A.11)

thus,

φ2
1φ2 − ϕ2

2 + φ1ϕ1ϕ2 = 0 (A.12)

Substitute the parameters of the general higher-order macroscopic model into
Eq. (A.12), we obtain the critical linear stability condition as following

ρ0v
′
e (ρ0) + k1

ξ

τ
+ k2

η

τ
= 0 (A.13)

Thus, the linear stability condition is Re (ω±) � 0, i.e.

ρ0v
′
e (ρ0) + k1

ξ

τ
+ k2

η

τ
� 0 (A.14)

Substitute ∂ρ P1 and ∂v P2 into Eq. (A.14), assume they satisfy ∂v P2 (ρ, v) � 0,
v′

e (ρ) � 0 and η = − τ
ρ
∂v P2(ρ, v) � 0. Then the linear stability constion is

equivalent to the following inequation in Helbing and Johansson (2009)

ρ0
∣∣v′

e (ρ0)
∣∣ �

√
∂ P1

∂ρ
+ 1

4ρ2

(
∂ P2

∂v

)2

+ 1

2ρ

∣∣∣∣∂ P2

∂v

∣∣∣∣ (A.15)



Appendix B
Linear Stability Analysis
of the Multi-Anticipative
Car-Following Models

The purpose of microscopic traffic flow stability analysis is to study the perturbation
effects from one vehicle to another vehicle. The equilibrium state of traffic flow is
assumed when a platoon moves at the same spacing and speed. A general conclusion
of themulti-anticipative car-followingmodel is that the stability region increaseswith
the decline of drivers reaction delays and the multi-vehicle information. Information
of multi-vehicle speed differences and spacings increase stability in the evolution of
traffic flow. Stability can be categorized into local stability and asymptotic stability.
The former type accounts for car-following behaviours of two consecutive vehicles,
while the latter one is to study the complex behaviours of a platoon.

When a perturbation occurs to the first vehicle or in the middle of a platoon, it
may be enlarged or reduced when propagating upstream. If traffic flow is unstable,
the perturbation will gradually change the smooth flow into a congested state; If the
system is stable, the perturbation will gradually shrink and disappear, be ultimately
controlled in a certain small range in the propagation process, after that, the system
will restore equilibrium. Therefore, traffic congestion can be regarded as a phenom-
enon of instability, the related studies are of great significance in the analysis of
traffic flow characteristics, reasons of rear-end accidents and traffic jams, increase of
driving safety and road capacity etc.

Although there are a variety of car-following models in literature, most of them
can be basically assorted as a nonlinear relationship between acceleration of the nth
vehicle and speed, spacing and speed difference. A general expression is

an = f (xn, ..., xn−m+1; vn, ..., vn−m+1) , m ∈ N
+ (B.1)

Assume a platoon runs on a homogeneous road, given an initial equilibrium state
that the spacing is a constant of s̄, the corresponding speed of each vehicle is v̄. For
N vehicles, we have

x̄n(t) = (N − n)s̄ + v̄t, n ∈ N
+ (B.2)

where s̄ and v̄ are the net gap of two adjacent vehicles and the velocity of vehicles
in homogenous flow, respectively. x̄n(t) is the location of the nth vehicle at time t .
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Let yn(t) be a small perturbation with the linear Fourier-mode expanding from
the steady state position of the nth vehicle at time t . The position xn(t) with as a
small deviation is expressed as follows

xn(t) = x̄n(t) + yn(t) (B.3)

Suppose the small perturbation of homogenous flow is chosen as:

yn(t) = �
(

ceiαk n+zt
)

= xn(t) − x̄n(t), |yn(t)| � 1 (B.4)

where c is the constant, αk = 2πk/N , k = 0, ..., (N − 1).
We use the long-wavelength expansion to analyze the three models and here we

generally consider the finite reaction time. However, the instabilities can also first
arise at nonzero wave number, i.e. the short-wavelength instability, for τ > 0, which
can be very complex. While the problem does not arise for the case of τ = 0 (Wilson
2008). For simplicity, the linear analysis in the following sections only discusses the
long-wavelength instability pattern.

B.1 Model I

Assume that the ac/deceleration behaviour of the nth vehicle is a linear combination
of the reactions with regard to its m preceding vehicles, i.e.

v̇n(t + τ) =
m∑

j=1

γ j f
(
sn,n− j (t), vn(t),�vn,n− j (t)

)
(B.5)

where τ is driver reaction delay. sn,n− j = xn− j −xn−Ln− j is the gap between the nth
vehicle and the preceding (n − j)th vehicle. �vn,n− j (t) = vn − vn− j is the velocity
difference between the nth vehicle and the (n − j)th vehicle. Ln− j is the vehicle
length of the n − j th vehicle, and equals to L for simplicity. The weighting coeffi-
cients γ j ( j = 1, 2, ..., m) decrease monotonically as m increases, which indicates
that the influences of the vehicles ahead decrease according to the distance gaps. The
weighting coefficients γ j are introduced here, because the simply summing up for-
mula will lead to inconsistent desired headways when considering different number
of preceding vehicles at the same homogenous velocity. The inconsistence can also
be avoided by selecting the suitable γ j . We assume that 0 � γ j � 1,

∑m
j=1 γ j = 1.

Suppose yn(t) to be a small deviation from the uniform steady state. We have
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ÿn(t + τ) =
m∑

j=1

γ j
[

f1 j
(
yn− j (t) − yn− j+1(t)

)]

+
m∑

j=1

γ j
[

f2 j ẏn(t) + f3 j
(
ẏn(t) − ẏn− j (t)

)]
(B.6)

where ∂ f/∂sn,n− j (s̄, v̄, 0) = f1 j � 0, ∂ f/∂vn (s̄, v̄, 0) = f2 j � 0 and ∂ f/∂�vn,n− j

(s̄, v̄, 0) = f3 j � 0.
We can rewrite Eq. (B.6) to obtain the difference equation

ẏn(t + 2τ) − ẏn(t + τ)

= τ

m∑
j=1

γ j f1 j (yn− j (t) − yn− j+1(t)) +
m∑

j=1

γ j f2 j (yn(t + τ) − yn(t))

+
m∑

j=1

γ j f3 j (yn(t + τ) − yn(t) − yn− j (t + τ) + yn− j (t)) (B.7)

To maintain linear stability, it requires the real part of z is negative for any mode
of small perturbations yn(t) (k = 0, 1, ..., N − 1). we have

(eτ z − 1)

⎡
⎣eτ z z −

m∑
j=1

γ j f2 j +
m∑

j=1

γ j f3 j (e
−i jαk − 1)

⎤
⎦

= τ

m∑
j=1

γ j f1 j (e
−i jαk − e−i( j−1)αk ) (B.8)

By expanding z = z1(iαk)+z2(iαk)
2+... inTaylor’s series,where z is the complex

growth rate, z1 and z2 are real numbers. Therefore, the first order and second order
terms of the expression of z is given respectively as follows:

z1 =
∑m

j=1 γ j f1 j∑m
j=1 γ j f2 j

(B.9)

z2 = (1 − τ
∑m

j=1 γ j f2 j )z21 − z1
∑m

j=1 γ j f3 j j − ∑m
j=1 γ j f1 j ( j − 1/2)∑m

j=1 γ j f2 j
> 0

(B.10)
For small disturbances with long wavelengths, the stationary traffic flow is stable

when the following condition is satisfied:
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τ <
1∑m

j=1 γ j f2 j
−

∑m
j=1 γ j f1 j

∑m
j=1 γ j f3 j j + ∑m

j=1 γ j f1 j
(

j − 1
2

)∑m
j=1 γ j f2 j(∑m

j=1 γ j f1 j

)2
(B.11)

It provides a criteria that can be applied into all car-following models with the
consideration of reaction delays to verify the boundary of stable and unstable regimes
of traffic flow.

B.2 Model II

Different from Model I, Model II takes actions according to the gap/ velocity differ-
ences between two adjacent vehicles ahead instead of the gap/velocity differences
between the subject vehicle and an arbitrary preceding vehicle.

v̇n(t + τ) =
m∑

j=1

γ j f
(
sn− j+1(t), vn(t),�vn− j+1(t)

)
(B.12)

where sn− j+1 = xn− j − xn− j+1 − L is the net gap between the (n − j + 1)th
vehicle and the nearest preceding vehicle.�vn− j+1 = vn− j+1−vn− j is the velocity
difference of two adjacent vehicles.

Suppose y(t) to be a small disturbance from the uniform steady state, i.e.

ÿn(t) =
m∑

j=1

γ j [ f1 j (yn− j (t) − yn− j+1(t)) + f2 j ẏn(t) + f3 j (ẏn− j+1(t) − ẏn− j (t))]
(B.13)

where γ1 = 1, 0 < γ j < 1, j = 2, 3, ..., m. The partial derivation of acceleration
f satisfies ∂ f/∂sn− j+1 ( j s̄, v̄, 0) = f1 j � 0, ∂ f/∂vn ( j s̄, v̄, 0) = f2 j � 0, and
∂ f/∂�vn− j+1 ( j s̄, v̄, 0) = f3 j � 0.

The corresponding difference equation is

ẏn(t + 2τ) − ẏn(t + τ)

= τ

m∑
j=1

γ j f1 j (yn− j (t) − yn− j+1(t)) +
m∑

j=1

γ j f2 j (yn(t + τ) − yn(t))

+
m∑

j=1

γ j f3 j (yn− j+1(t + τ) − yn− j+1(t) − yn− j (t + τ) + yn− j (t)) (B.14)

Then the equation for z can be obtained for any mode of perturbation, k = 0, ...,
(N − 1), which requires the real part of z negative in order to maintain the linear
stability. We obtain
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(
eτ z − 1

)
⎡
⎣eτ z z −

m∑
j=1

γ j f2 j +
m∑

j=1

γ j f3 j (e
−i jαk − e−i( j−1)αk )

⎤
⎦

= τ

m∑
j=1

γ j f1 j (e
−i jαk − e−i( j−1)αk ) (B.15)

Similarly, the first and second order terms in the expression of z can be written
respectively as

z1 =
∑m

j=1 γ j f1 j∑m
j=1 γ j f2 j

(B.16)

z2 = (1 − τ
∑m

j=1 γ j f2 j )z21 − z1
∑m

j=1 γ j f3 j − ∑m
j=1 γ j f1 j ( j − 1/2)∑m

j=1 γ j f2 j
> 0

(B.17)
Thus the stable condition of homogenous flow is described as follows

τ <
1∑m

j=1 γ j f2 j
−

∑m
j=1 γ j f1 j

∑m
j=1 γ j f3 j + ∑m

j=1 γ j f1 j ( j − 1/2)
∑m

j=1 γ j f2 j(∑m
j=1 γ j f1 j

)2
(B.18)

B.3 Model III

Model III further distinguishes the influences of speed and spacing, e.g. the speeds
of preceding P vehicles and the spacings of preceding Q vehicles, i.e.

v̇n(t + τ) = f (s̄n(t), vn(t),�v̄n(t)) (B.19)

where the follower will consider the average net vehicle-vehicle gap of P preced-
ing vehicles as s̄n = ∑P

p=1 ϕpsn−p+1, where the weighting coefficients satisfy∑P
p=1 ϕp = 1. And the follower will consider the average vehicle-vehicle veloc-

ity difference of Q preceding vehicles as �v̄n = ∑Q
q=1 ψq�vn−q+1, where the

weighting coefficients satisfy
∑Q

q=1 ψq = �Q , and the scaling coefficient�Q might
not equal to 1 because sn−p+1 and �vn−q+1 have different dimensions. P can be
different from Q because they can be regarded as independent statistic variables.
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ÿn(t + τ) = f1

P∑
p=1

ϕp(yn−p(t) − yn−p+1(t)) + f2 ẏn(t)

+ f3

Q∑
q=1

ψq(ẏn−q+1(t) − ẏn−q(t)) (B.20)

where f1 = ∂ f/∂ s̄n(s̄, v̄, 0) � 0, f2 = ∂ f/∂v̄n(s̄, v̄, 0) � 0 and f3 =
∂ f/∂�v̄n(s̄, v̄, 0) � 0.

The corresponding difference equation is

ẏn(t + 2τ) − ẏn(t + τ)

= τ f1

P∑
p=1

ϕp(yn−p(t) − yn−p+1(t)) + f2(yn(t + τ) − yn(t))

+ f3

Q∑
q=1

ψq(yn−q+1(t + τ) − yn−q+1(t) − yn−q(t + τ) + yn−q(t)) (B.21)

The algebraic equation for z can be obtained as

(
eτ z − 1

)
⎡
⎣eτ z z − f2 + f3

Q∑
q=1

ψq

(
e−iqαk − e−i(q−1)αk

)⎤⎦

= τ f1

P∑
p=1

ϕp

(
e−ipαk − e−i(p−1)αk

)
(B.22)

Expanding the first and second order in the expression of expending z, we have

z1 =
P∑

p=1

ϕp f1/ f2 (B.23)

z2 =
⎡
⎣(1 − f2τ) z21 − f3z1

Q∑
q=1

ψq − f1

P∑
p=1

ϕp (p − 1/2)

⎤
⎦ / f2 > 0 (B.24)

Thus, the stable condition of homogenous flow is described as follows

τ <
1

f2
−

∑Q
q=1 ψq f3 + f2

∑P
p=1 ϕp (p − 1/2)

f1
(B.25)
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Departing time, 133
Departure headway, 51
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Headway distribution, 3
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Headway/spacing perception, 89
Headway/spacing/velocity, 9
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Heterogeneous platoon, 89
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Maximal/minimal wave travel speed, 87
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Partial differential equation, 9
Passing rate, 130
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Periodic boundary condition, 18
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Propagation speed, 29
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Random fluctuation, 85
Random matrix theory, 9, 24, 49
Random state transition, 85
Random variable, 31
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Sklar’s theorem, 31
Small perturbation, 173
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Spacing-velocity distribution model, 88
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Stochastic fundamental diagram, 81, 164
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Stochastic jam wave propagation model, 122
Stochastic oscillation, 39
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Stop-and-go, 34, 68, 85
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Tau Theory, 4, 50
Temporal-spatial feature, 2
Temporal-spatial queueing model, 2
TF-BP, 7, 164
Time-frequency, 27
Time-frequency property, 163
Time-tocollision, 64
Traffic breakdown, 118
Traffic breakdown phenomena, 121
Traffic density, 81
Traffic flow breakdown probability, 118, 164
Traffic flow rate, 9, 81
Traffic flow theory, 9
Traffic jam, 171
Trajectory, 3
Transition kernel, 52
Transition matrix, 52
Transportation engineering, 16
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Travel time distribution, 117
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Uniform steady state, 172
Univariable distribution, 22
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Upper bound, 136
Upstream inflow rate, 143
Upstream shock front, 145
Upstream vehicle joining process, 164
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Variable speed limit, 162
Variance criterion, 67
Vehicle detection station, 97
Vehicle trajectory, 47
Velocity, 51, 90
Velocity change threshold, 74
Velocity distribution, 10
Velocity-dependent lognormal headway

distribution, 66
Velocity-headway pair, 68

Virtual detector, 29
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Wavelet transform, 39
Wavelet-based identification approach, 45
Weibull distribution, 17, 120
Wide scattering characteristics, 164
Wide scattering feature, 81
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