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Preface 

When solving real-life engineering problems, linguistic information is often 
encountered that is frequently hard to quantify using "classical" 
mathematical techniques. This linguistic information represents subjective 
knowledge. Through the assumptions made by the analyst when forming the 
mathematical model, the linguistic information is often ignored. On the 
other hand, a wide range of traffic and transportation engineering 
parameters are characterized by uncertainty, subjectivity, imprecision, and 
ambiguity. Human operators, dispatchers, drivers, and passengers use this 
subjective knowledge or linguistic information on a daily basis when 
making decisions. Decisions about route choice, mode of transportation, 
most suitable departure time, or dispatching trucks are made by drivers, 
passengers, or dispatchers. In each case the decision maker is a human. The 
environment in which a human expert (human controller) makes decisions is 
most often complex, making it difficult to formulate a suitable mathematical 
model. Thus, the development of fuzzy logic systems seems justified in such 
situations. In certain situations we accept linguistic information much more 
easily than numerical information. In the same vein, we are perfectly 
capable of accepting approximate numerical values and making decisions 
based on them. In a great number of cases we use approximate numerical 
values exclusively. It should be emphasized that the subjective estimates of 
different traffic parameters differs from dispatcher to dispatcher, driver to 
driver, and passenger to passenger. When solving real-life traffic and 
transportation problems we should not use only objective knowledge 
(formulas and equations) or only subjective knowledge (linguistic 
information). We simply cannot and should not ignore the existence of 
linguistic information that is, subjective knowledge. Fuzzy logic is an 
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extremely suitable concept that combines subjective knowledge and 
objective knowledge. 

Basic results linked to the development of fuzzy sets date from 
Zadeh (1965). Many sets encountered in reality do not have precisely 
defined bounds that separate the elements within the set from those outside 
the set. Thus, it might be said that a certain stoplight has a "long" waiting 
time. If we denote by A the set of "long waiting time at a stoplight," the 
question logically arises as to the bounds of such a defined set. Does a 
waiting time of 25 seconds belong to this set? What about 15 seconds or 60 
seconds? The answers to these questions are always positive. All these times 
belong to the set called "long waiting time at a stoplight." Other members of 
this set are waiting times equal to 22 seconds, 37 seconds, 18 seconds, and 
so on. On the other hand, we intuitively feel that a waiting time of 60 
seconds belongs to the set called "long waiting time at a stoplight" "more" 
or "stronger" than a waiting time of 22 seconds. In other words, there is 
more truth in the statement that a waiting time of 60 seconds is a "long 
waiting time at a stoplight" than in the statement that a waiting time of 22 
seconds is a: "long waiting time at a stoplight." Within the context of this 
simple example we can fully appreciate Bart Kosko's observation that 
"everything is a matter of degree." All waiting times at a stoplight can be 
treated as long. If we introduce a set called "short waiting time at a 
stoplight," we note that all waiting times at a stoplight can also be treated as 
short. Finally, we can ask ourselves whether a waiting time of 15 seconds is 
long, short, or perhaps medium. The answer is very simple. A waiting time 
of 15 seconds is long, short, and medium, all at the same time. In other 
words, a waiting time of 15 seconds belongs to the sets "long waiting time," 
"medium waiting time," and "short waiting time" with different grades of 
membership. 

Basic results linked to the development of fuzzy logic date from Zadeh 
(1973) and Mamdani and Assilian (1975). Introducing a concept he called 
approximate reasoning, Zadeh successfully showed that vague logical 
statements enable the formation of algorithms that can use vague data to 
derive vague inferences. Zadeh assumed his approach would be beneficial 
above all in the study of complex humanistic systems. Realizing that 
Zadeh's approach could be successfully applied to traffic controllers Pappis 
and Mamdani (1977) were first to use the principles of fuzzy logic to control 
the isolated intersection of two one-way streets. 

In the mid and late 1980s, a group of authors made a significant 
contribution to fuzzy set theory applications in traffic and transportation. 
Nakatsuyama et al. (1983), Sugeno and Murakami (1985), Sugeno and 
Nishida (1985), and particularly Sasaki and Akiyama (1986, 1987, 1988) 
solved complex traffic and transportation problems indicating the great 
potential of using fuzzy set theory techniques. At the end of the 1980s and 
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beginning of the 1990s, the fuzzy set theory in traffic and transportation 
became extensively used. The pioneer work of the research team of the 
University of Delaware deserves special attention, headed by Professor 
Shinya Kikuchi (Chakroborthy, 1990; Chakroborthy and Kikuchi, 1990; 
Perincherry, 1990; Perincherry and Kikuchi, 1990; Teodorovic and Kikuchi, 
1990, 1991a; Kikuchi et aI., 1991). At the beginning and mid-1990s, interest 
in fuzzy logic applications in traffic and transportation increased in other 
world universities. Different traffic and transportation problems successfully 
solved using fuzzy set theory techniques were presented in the works of 
Chen et al. (1990), Tzeng and Teng (1993), Lotan and Koutsopoulos (1993a, 
1993b), Xu and Chan (1993a, 1993b), Teodorovic and Babic (1993), 
Akiyama and Shao (1993), Chang and Shyu (1993), Chanas et al. (1993), 
Vukadinovic and Teodorovic (1994), Teodorovic et aI. (1994), Teodorovic 
(1994), Teodorovic and Kalic (1995), Milosavljevic et al. (1996), 
Teodorovic and Pavkovic (1996), Teodorovic and Lucic (1998) and Tzeng 
et aI. (1996). 

People relatively easily perform a variety of complex tasks that are 
highly difficult to solve by computational techniques of traditional 
algorithms. The brain architecture largely differs from common serial 
computers, and the researchers of artificial neural networks seek to endow 
these machines with the abilities of data processing similar to those of a 
human. Artificial neural networks are inspired by biology that is; they are 
composed of the elements that function similarly to a biological neuron. 
These elements are organized in a way that is reminiscent of the anatomy of 
a brain. In addition to this superficial similarity, artificial neural networks 
display a striking number of the brain's properties. For example, they are 
able to learn from experience, to apply to new cases generalizations derived 
from previous instances, to abstract essential characteristics of input data 
that often contain irrelevant information. Despite these functional 
similarities, even the most optimistic advocates could not claim that 
artificial neural networks will soon completely mimic the functions of a 
human brain. However, it is equally wrong to neglect the performance of 
certain artificial neural networks that staggeringly resembles that of a brain. 
These abilities, however limited they may be, indicate that a deeper 
understanding of human intelligence may be at hand accompanied by a 
number of revolutionary changes. 

In the 1990s over fifty papers were published applying neural network 
models to transportation problems (Dougherty, 1995). Most of these papers 
are concerned with road transportation. Yang et al. (1992) and Dougherty 
and Joint (1992) modeled the driver's behavior when making strategic and 
instinctive decisions. When the developed networks were applied to new 
data, they produced good results more quickly and accurately than 
alternative techniques like logit models. Many authors study the simulation 
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of the driver's behavior while driving a vehicle. For example, Hunt and 
Lyons (1994) use neural networks to model the driver's behavior while 
changing the speed and lane on a highway. Ritchie and Cheu (1993) use 
neural networks to detect long-lasting traffic jams (traffic accidents, broken 
vehicles, dropped cargo, maintenance, constructions). Neural networks are 
used to analyze congestions of urban travel networks and seasonal 
fluctuations in the vehicle flow (Hua and Faghri, 1993), to estimate O-D 
matrices (Kikuchi et aI., 1993), and to evaluate travel network improvement 
(Wei and Schonfeld, 1993). In predicting the vehicle flow (over a long 
period or immediately after the observed moment) a number of authors 
present very good results (Chin et aI., 1992; Doughety et aI., 1994). The 
applications of neural networks in transportation have reached the stage in 
which all these important investigations should be applied to real 
transportation systems. 

The primary goal of this book is to acquaint the reader with the basic 
elements of the fuzzy set theory, fuzzy logic, fuzzy logic systems, artificial 
neural networks, neurofuzzy modeling, and applications of fuzzy logic and 
neural networks to date in traffic and transportation engineering, and to 
indicate the ~irections for future research in this area. 

Belgrade Dusan Teodorovic 
Katarina Vukadinovic 
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Chapter 1. 

Basic Definitions of the Fuzzy Sets Theory 

1.1. THE CONCEPT OF FUZZY SETS 

In the classic theory of sets, very precise bounds separate the elements 
that belong to a certain set from the elements outside the set. In other words, 
it is quite easy to determine whether an element belongs to a set or not. For 
example, if we denote by A the set of signalized intersections in a city, we 
conclude that every intersection under observation belongs to set A if it has 
a signal. Element x's membership in set A is described in the classic theory 
of sets by the membership function JlA(X), as follows: 

_ {I, if and only if x is member of A 
JlA (x) - 0, if and only if x is not member of A (1.1) 

Figure 1.1 presents set A and elements x, y, and z. 

A 

• z 

Figure 1.1. Set A and elementsx,y, andz 

It is clear from Figure 1.1 that JlA(X) = 1, JlA(Y) = 1, and JlA(Z) = o. 

D. Teodorovič et al., Traffic Control and Transport Planning:

© Kluwer Academic Publishers 1998



2 Chapter 1 

Many sets encountered in reality do not have precisely defined bounds 
that separate the elements in the set from those outside the set. Thus, it 
might be said that waiting time of a vehicle at a certain signal is "long." If 
we denote by A the set of "long waiting time at a signal," the question 
logically arises as to the bounds of such a defined set. In other words, we 
must establish which element belongs to this set. Does a waiting time of 25 
seconds belong to this set? What about 15 seconds or 90 seconds? The air 
traffic between two cities can be described as having "high flight 
frequency." Do flight frequencies of five flights a day, eight flights a day, 
three flights a day belong to "high flight frequency" category? Travel time 
between origin and destination is usually subjectively estimated as "short," 
"not too long," "long," "medium," "about twenty minutes," "around half an 
hour," and so on. Does a travel time of 40 minutes, 25 minutes, or 8 minutes 
belong to the set called "travel time of around half an hour"? We intuitively 
know that a travel time of 25 minutes belongs to the set called "travel time 
of around half an hour" "more" or "stronger" than a travel time of 8 
minutes. In other words, there is more truth in the statement that travel time 
of 25 minutes is "travel time of around half an hour" than in the statement 
that travel time of 8 minutes is "travel time of around half an hour." 

The membership function for fuzzy sets can take any value from the 
closed interval [0,1]. Fuzzy set A is defined as the set of ordered pairs 
A = {x, IlA(X)}, where IlA(X) is the grade of membership of element x in set 
A. The greater IlA(X), the greater the truth of the statement that element x 
belongs to set A. 

Let us denote by X = {x}, X2, ... , X3} the finite discrete set of elements Xi, 
i = 1,2, ... , n. Set X can also be shown in the form 

n 

X = Xl + x2 + ... + xn = I Xi 
i=l 

(1.2) 

where the sign + denotes the union of the elements. Set X is referred to as 
the "universe of discourse," and it may contain either discrete or continuous 
values (elements). 

Fuzzy set A defined over set X is most often shown in the form 

A = IlA (Xl) + IlA (X2 ) + ... + IlA (Xn) = i IlA (Xi) 
Xl X2 Xn i=l Xi 

(1.3) 

When X is a continuous and not a finite set, fuzzy set A defined over set 
X is expressed as 
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A = JIlA(X) 
x 

(1.4) 
x 

where the integration sign represents the union of the elements. 
Example 1.1. Let us note set X = {2, 5, 9, 18,21, 25}, whose elements 

denote the number of vehicles waiting in line at a signal. Set B consists of 
the fuzzy set "small number of vehicles in line." Fuzzy set B can be shown 
as 

(1.5) 

The grades of membership 0.95,0.55, ... ,0.01 are subjectively 
determined and indicate the "strength" of membership of individual 
elements in fuzzy set B. For example, 2 with a grade of membership of 0.95 
belongs to fuzzy set B, which comprises a "small number of vehicles in 
line" at the signal. 

Fuzzy sets are often defined through membership functions to the effect 
that every element is allotted a corresponding grade of membership in the 
fuzzy set. Let us note fuzzy set C. The membership function that determines 
the grades of membership of individual elements x in fuzzy set C must 
satisfy the following inequality: 

(1.6) 

Example 1.2. Let us note fuzzy set A, which is defined as "travel time is 
approximately 30 minutes." Membership function IlA(t), which is 
subjectively determined is shown in Figure 1.2. 

IlA(t) 
1.0 +-----------.------

0.5 

0.0 
o 5 10 15 20 25 30 35 40 t [min] 

Figure 1.2. Membership function I1A(t) offuzzy set A 
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In this case, we have subjectively estimated that travel time between the 
two points can be within the limits of 25 to 35 minutes. A travel time of 30 
minutes has a grade of membership of 1 and belongs to the set "travel time 
is approximately 30 minutes." All travel times within the interval of 25 to 
35 minutes are also members of this set because their grades of membership 
are greater than zero. Travel times outside this interval have grades of 
membership equal to zero. 

1.2. THE EQUALITY OF FUZZY SETS 

Let us note fuzzy sets A and B defined over set X. Fuzzy sets A and B 
are equal (A = B) if and only if J-lA(X) = J-lB(X) for all elements of set X. 

1.3. SUBSETS OF FUZZY SETS 

Fuzzy set A is a subset of fuzzy set B if and only if J-lA(X) ::;; J-lB(X) for all 
elements x of set X. In other words, A c B if, for every x, the grade of 
membership in fuzzy set A is less than or equal to the grade of membership 
in fuzzy set B. 

Example 1.3. Figure 1.3 presents the membership functions of the fuzzy 
sets "long" and "very long" travel times. 

~ 

1+---------------------.~ .•. ~----~--

. . . 
o 

. . 

-
x [min] 

Figure 1.3. Membership functions offuzzy sets "long" and "very long" travel times 

We denote by A and B, respectively, the sets of "long" and "very long" 
travel times. The fuzzy set "very long" travel time is a subset of the fuzzy 
set "long" travel time since the following relation is satisfied for every x: 

(1.7) 
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1.4. THE INTERSECTION OF FUZZY SETS 

The intersection of fuzzy sets A and B is denoted by A n B and is 
defmed as the largest fuzzy set contained in both fuzzy sets A and B. The 
intersection corresponds to the operation "and." 

Membership function J.lArB(x) of the intersection A n B is defined as 
follows: 

(1.8) 

The symbol 1\ is often used instead of the symbol min. Figure 1.4 
presents the membership functions of sets A, B, and A n B. 

l~--------~~r~~---~--.~~--~~~.,-------

!llx) .••••. .~: , J.lB(X) .. .. .. 
/ ~ \ . '. ... . .. .. .. \ .•. . .. .. .. .. .. 

o x 

Figure 1.4. Membership functions of fuzzy sets A, B, and A n B 

Example 1.4. Visibility on airport runways and the height of the cloud 
base are measured in meters. Visibility can be "good," "medium," or 
"poor." The cloud base can be "low" or "high." 

We note fuzzy sets A and B, which are defined as follows: A defines 
"poor visibility on airport runways," and B defines "high cloud base." Fuzzy 
set A n B denotes "poor visibility on airp'ort runways and high cloud base." 
The membership functions of fuzzy sets A, B, and A n B are shown in 
Figure 1.5. 

In addition to min operator, there are other operators, under the name T
norm operators, frequently used in describing the intersection of two fuzzy 
sets, such as the algebraic product and the bounded product. 

The algebraic product of fuzzy set A and fuzzy set B is denoted as A·B. 
The membership function !lA.B(X) ofthe algebraic product is calculated as 

(1.9) 



6 

......................... 

o 60 

.... .... .... 

Chapter 1 

Poor visibility 

.-'-'-'-'-
." 

". " 
........ ." .,,' ~ High cloud base ........ . 

......... 
........ 

........ 
...... ..... 

200 (m) 

Figure 1.5. Membership functions of the fuzzy sets "poor visibility," "high cloud base," and 
"poor visibility and high cloud base" 

The bounded product of fuzzy sets A and B is denoted as AOB. The 
corresponding membership function is given by 

f...LA(')B(X) = max {O, f...LA (x) + f...LB(X) -I}. (1.10) 

Besides these, there are operators used in describing the intersection of 
two fuzzy sets characterized by a particular parameter, the task of which is 
to indicate the strength of "and." These operators, which represent a 
parameterized intersection, include Hamacher's min operator, Yager's min 
operator, and Dubois and Prade's min operator. Let us clarify the concept of 
a parameterized intersection by the example of Dubois and Prade's min 
operator. 

Dubois and Prade (1984) defined their min operator in the following 
way: 

(1.11 ) 

It is easily shown that for A=O and A=I, respectively, 

(1.12) 

(1.13) 
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Different values of parameter A. are corresponded by different strengths 
of demand for fuzzy set A "and" fuzzy set B. Thus, for example, the choice 
of route in urban traffic between a number of alternative routes is influenced 
by a great variety of factors, of which travel time and total length of route 
are certainly among the most important. Different values of A. are 
corresponded by different strengths of a driver's (decision maker's) desire 
to select the route that has a low travel time "and" that is short. 

1.5. THE UNION OF FUZZY SETS 

The union of fuzzy sets A and B is denoted by A u B and is defined as 
the smallest fuzzy set that contains both fuzzy set A and fuzzy set B. The 
membership function IlAuB(X) of the union Au B of fuzzy sets A and B is 
defined as follows: 

(1.14) 

The symbol v is often used instead of the symbol max. The union 
corresponds to the operation "or." Figure 1.6 presents the membership 
functions of sets A, B, and A u B. 

lr-------.. r------,~---------------

o x 

Figure 1.6. Membership functions of fuzzy sets A, B, and A u B 

Example 1.5. Delays in air transportation can be due to technical reasons, 
meteorological conditions, late or nonappearing flight crews, and so on. We 
assume that out of total aircraft delays, technical reasons make 
"approximately 30%" of the reasons for delays. We also assume that 
meteorological conditions cause delays in "approximately 25%" of the 
cases. We will define fuzzy sets A and B as follows: A defines 
"approximately 30% of the cause of delay," and B defines "approximately 
25% of the cause of delay." 
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The fuzzy set A u B denotes "approximately 25% or approximately 30% 
of the cause of delay" and refers to aircraft delays due to technical reasons 
or meteorological conditions. The membership functions of fuzzy sets A, B, 
and A u B are shown in Figure 1.7. 

1+---------------~.-~----------

o 
o 5 10 15 20 25 30 35 40 45 [%] 

Figure 1.7. Membership functions of fuzzy sets "approximately 25%," "approximately 30%," 
and "approximately 25% or approximately 30%" of the cause of delay 

In addition to max operator, under the name T - conorm operators, the 
algebraic sum and the bounded sum can also be used to describe the union 
of two fuzzy sets. 

The membership function of the algebraic sum of fuzzy sets A and B is 
defined as 

(1.15) 

The membership function of the bounded sum of fuzzy sets A and B is 
given by 

(1.16) 

As in the case of intersection of two fuzzy sets, in representing the union 
of two fuzzy sets there also exist operators representing a parameterized 
union. These include Hamacher's max operator, Yager's max operator, and 
Dubois and Prade' s max operator. Let us illustrate the concept of a 
parameterized union by the example of Yager's max operator. 

Yager (1982) defined his max operator in the following manner: 

(1.17) 
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In the case of 13 = 1, we obtain 

J.!Aj3B(X) = min {1,J.!A (x) + J.!B(X)} (1.18) 

For 13 = 00, we have 

(1.19) 

Different values of parameter 13 are corresponded by a weaker or 
stronger demand for "or." 

1.6. FUZZY SET HEIGHT 

Fuzzy set height comprises the greatest grade of membership of the 
elements belonging to a set. A fuzzy set is termed normalized if the grade of 
membership of at least one of its elements equals 1. Figure 1.8 presents the 
membership functions of fuzzy set A whose height equals 0.7 and 
normalized fuzzy set B whose height equals 1. 

1+-----------------------------.~-------------.......... 
. " "" 

0.7+------
." "" ." ". .. . 

." "" .. . 
." "" .' . . " "" .... . .. 

•••• ••• Jla(x) 
." ". ~ . 

~ \ ..... . ... 
..•.. 

o x 

Figure 1.8. Membership functions of fuzzy set A whose height equals 0.7 and normalized 
fuzzy set B 

1.7. SUPPORT OF FUZZY SET 

In certain cases it is of particular interest to note those elements of a 
fuzzy set whose membership grade is greater than zero. Let us denote a 
fuzzy set by A. The support of fuzzy set A is understood to be a set of 
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elements from X whose membership grade in fuzzy set A is greater than 
zero that is, 

SuppA={xeXI J.1A(X) >0 } (1.20) 

1.S. THE SCALAR CARDINALITY OF FUZZY SET 

The scalar cardinality of fuzzy set A is defined as 

(1.21) 

whereas the relative cardinality of A is given by 

(1.22) 

It can therefore be said that cardinality and relative cardinality of fuzzy 
set A in a certain way indicate the proportion of elements from X having 
property A. 

Example 1.6. Let us note fuzzy set A labeled as "set of old buses": 

(1.23) 

The age of the latest bus is one year while the age of the oldest bus is 
twelve years. 

The cardinality of fuzzy set A is given by 

IAI = 1 + 1 + 0.8 + 0.7 + 0.4 + 02 + 0.1 = 42 

The relative cardinality of A is equal to 

IAI 42 
IIAII=-=-=0.6 

Ixl 7 

(1.24) 

(1.25) 
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1.9. COMPLEMENT OF FUZZY SETS 

A complement of fuzzy set A (whose elements have a grade of 
membership between 0 and 1) is understood to be fuzzy set A whose 
membership function is calculated as 

(1.26) 

Example 1.7. The precision in carrying out a planned timetable or airline 
schedule can be "measured" by delays in planned departure times. A delay 
is understood to be the difference between the actual and planned departure 
time. Let us denote by A and A, respectively, the fuzzy sets "punctual 
timetable" and "late timetable," whose membership functions are shown in 
Figure 1.9. 

1 Late 

Punctual 

o 
o 10 20 30 40 50 60 [min] 

Figure 1.9. Membership functions of the fuzzy sets "punctual" and "late" timetables 

It is clear that the fuzzy set "late" timetable is a complement ofthe fuzzy 
set "punctual" timetable. 

1.10. CONVEX FUZZY SETS 

Fuzzy set A is a convex fuzzy set if 

(1.27) 

where xl. X2 E X, A E [0,1]. Figure 1.10 shows a convex fuzzy set and a 
non convex fuzzy set. 
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lr-----------------------------

Convex • --. ¥----------_. 
;' " . 

/ \ 

o x 

Figure 1. J O. Convex and nonconvex fuzzy sets 

1.11. LINGUISTIC HEDGES 

Natural languages used in interpersonal communication are 
characterized by uncertainty, ambiguity, and imprecision. Nevertheless, we 
usually have no difficulty in understanding each other. Every driver will 
easily understand and accept the information that to a desired destination 
there is "about a ten-minute ride." The information to the effect that to a 
certain destination there is "9 min and 37s" is not normally used in everyday 
communication, nor is of any special interest. In some situations, insistence 
on the absolute precision that is, on the exclusive use of numerical variables 
may even cause confusion and ambiguity. When entering traffic from a 
parking lot or approaching an insufficiently visible intersection, the codriver 
is often requested information about the vehicles coming from the opposite 
direction. The information of the type "a vehicle is coming but it is quite 
far" will certainly be more easily accepted and understood than the 
following type of information "a vehicle is coming at the speed of 67 (kmlh) 
and at a distance of 52.36 (m)." Certain situations are more conveniently 
described in terms of the so-called linguistic variables than by numerical 
variables. The concept of a linguistic variable was first introduced by Zadeh 
(1975a, 1975b). The values of numerical variables are numbers. 
Analogously, the values of linguistic variables are words or sentences. The 
stated examples show that linguistic variables are primarily used in either 
exceptionally complex or insufficiently defined or explained situations in 
which the application of numerical variables is not possible. 

In order to explain a particular concept or situation, certain adjectives or 
adverbs are frequently used. These adjectives or adverbs are called linguistic 
hedges. The following are some of the typical linguistic hedges: very, very 
very, more-or-less, almost, slightly, and so on. By employing linguistic 
hedges, we can modify a membership function of a particular fuzzy set 
(Zadeh, 1973). 
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Let us denote by A a fuzzy set to which certain linguistic hedges will be 
applied. The linguistic hedges involved are those of concentration, 
dilatation, and intensification. Here are some examples of concentration: 

"very" A = A 2 (1.28) 

"very, very" A = A 4 (1.29) 

The concentration defined by relation (1.30) will be denoted as 
CON I (A), while the concentration defmed by relation (1.31) is denoted as 
CON2 (A). The corresponding membership functions are 

(1.30) 

(1.31) 

The membership functions of fuzzy set A and its concentration 
CONI (A) are shown in Figure 1.11. 

As seen from Figure 1.11, the result of the concentration is a fuzzy set 
with a smaller membership grade. It can be observed that the degree of 
membership attained by the operation of concentration becomes lower as 
the original membership grade diminishes. The operation of dilatation yields 
the results contrary to those achieved by the operation of concentration. In 
other words, when the operation of dilatation is applied, the membership 
grade increases as the original membership grade diminishes. The following 
relation represents a typical dilatation: 

"slightly" B = JB (1.32) 

that is, 

1 

/-lDll.(B) (x) = (/-lB (x))2 (1.33) 

Let us note a fuzzy set A. The membership function of intensification of 
fuzzy set A is defined as 
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(1.34) 

o x 

Figure 1.11. Membership functions of fuzzy set A and its concentration CON, (A) 

The membership functions J.lB(X) and J.lDIL(B)(X) are given in Figure 
1.12. 

1r---------------~--~------_+--------

o x 

Figure 1.12. Membership functions IlB(X) and IlDlL(B)(X) 

The membership functions J.lA(X) and J.lINT(A)(X) are given in Figure 
1.13. 

As shown in Figure 1.13, the operation of intensification results in a 
growing difference in the grades of membership between the elements 
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whose original membership grade is greater than 0.5 and those whose 
original membership grade is lower than 0.5. 

1+----------------~~----------------

0,5 +----------tlf------__._-------

o x 

Figure 1.13. Membership functions ~A(X) and ~INT(A)(X) 

Let us note that concentrations, i.e., dilatations, can be defined by 
different relations. Thus, for example, one concentration and one dilatation 
can be, respectively, defined as: 

(1.35) 

(1.36) 

In the case of complex linguistic statements, i.e., in calculating their 
membership functions, Zadeh (1973) suggests first the application of 
linguistic hedges and the logical operator Not (if there is such in the 
statement), then the logical operator And, and finally the logical operator 
Or. 

Example 1.8. We denote by L and S the fuzzy sets representing, 
respectively, "a large number of passengers waiting at a station" and "a 
small number of passengers waiting at a station." The membership functions 
of fuzzy sets L and S, J.ldx) and J.ls(x) are given in Figure 1.14. These 
membership functions are calculated as 

() {
- ~ + 1, 0 ~ x ~ 50 

J.ls x = 50 
0, x>50 

(1.37) 
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ilL (X) = {SXO ' 
1, 

o 

0:5:x:5:S0 

X>SO 

Ils(X) 

50 

Number of 
passengers 

Figure 1.14. Membership functions IlL(X) and Ils(x) 

Chapter 1 

(1.38) 

X 

Let us denote by VL and VVL, respectively, the fuzzy sets representing 
a "very large" and a "very, very large" number of passengers waiting at a 
station. The corresponding membership functions are defined as follows: 

{ 
X2 

2 --,0:5:x:5:S0 
Ilvdx) = (Ildx )) = 2S00 

I, X >so 
(1.39) 

{ 

X4 
4 , 0:5: x:5: SO 

Ilvvdx) = (Ildx )) == 62S0000 
1, x> SO 

(l.40) 

The membership functions of fuzzy sets "very small" (VS) and "not very 
small" (NVS) number of passengers are, respectively, equal to 

Ilvs(x) = (IlS(X))2 = ( - sXo + Iy (1.41) 
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(1.42) 

1.12. FUZZY SETS AS POINTS IN HYPERCUBES 

In his books devoted to the fuzzy set theory Kosko (1992b, 1993) 
suggests the possibility of representing fuzzy sets as points in hypercubes. A 
specific graphical interpretation accompanied by appropriate explanations is 
intended to facilitate our reception of the concept of fuzzy sets. The 
presentation of fuzzy sets as points in hypercubes allows us to see more 
clearly the relation between a fuzzy set and its complement. 

Let the universe comprise three elements, i.e., X = {Xl, x2, X3}. Figure 
1.15 represents fuzzy sets as points in hypercubes in the case of a three
element universe. 

All the points at cube comers represent crisp sets. Thus, for example, 
point (0,1,0) represents a crisp subset to which Xl and X3 do not belong, 
while X2 has a full membership. In other words, point (0,1,0) represents 
subset {X2}. Subset {xd is represented by point (1,0,0), subset {Xl, X3} by 
point (1,0,1), subset {X3} by point (0,0,1), and so on. Let us also note that 
point (0,0,0) represents a null set 0, while point (1,1,1) refers to the whole 
set of X. The fact that bivalent opposites are linked by long diagonals 
«1,0,1) and (0,1,0), (1,0,0) and (0,1,1), (0,0,1) and (1,1,0), and (0,0,0) and 
(1,1,1)) is particularly interesting. 

Kosko (1992b, 1993) raised the following question: "If bivalent sets lie 
at the comers of a cube, what lies inside?" Kosko's perfectly clear reply was 
that "the fuzzy sets fill in the cube." Thus, for example, point (1/4, 2/3, 1/3) 
designated in Figure 1.15 by X, represents a fuzzy set in which the 
membership grade of element Xl is equal to 1/4, the membership grade of 
element X2 is equal to 2/3, while the membership grade of element X3 is 
equal to 1/3. It is obvious that each point in the cube shown in Figure 1.15 
represents a fuzzy set. The point at the cube center, at the intersection of the 
main diagonals, bears special significance. The coordinates of this point are 
(1/2, 1/2, 1/2). 

These membership values indicate that the elements as much belong to 
the fuzzy set as they do not. In other words, these elements have equal 
membership in both the fuzzy set and its complement. The point at the cube 
center can be said to represent a set corresponded by a maximal fuzziness. 
Geometrically, the point at the cube center is viewed as equally remote from 
all comers of the cube. 

Fuzzy sets as points in the case of a one-element universe and two
element universe are illustrated in Figure 1.16. 



18 Chapter 1 

(0,0, \) (0, I, 1) 

X={x" x" x,} 

, , , x (114, 213, 1/3) 
", 

(1,0,0) (I, 1,0) 

Figure 1.15. Fuzzy sets as points in the case of a three-element universe 

It should be stressed once again that only points at cube corners (Figure 
1.16), i.e., points at square corners, points at line ends represent crisp sets. 
All other points represent fuzzy sets. The fuzzier things are, the closer we 
get to the center of a section, square, cube, ... , hypercube in the n-space (in 
the case of a universe with n elements). As Kosko (1993) noted: "Bivalence 
holds at cube corners. Multivalence holds everywhere else." 

(0) (1/2) (1) 
•• -------fl@tl-----..x={x,} 

(a) 
(0,1) (I, 1) 

@ (112, 1/2) X={x" x,} 

(0,0) (1,0) 
(b) 

Figure 1.16. Fuzzy sets as points in the case of (a) one-element universe and (b) two-element 
universe 
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1.13. FUZZY RELATIONS 

The concept of a fuzzy relation can be explained similarly to that of a 
fuzzy set. As we have already mentioned, unlike classical sets, where 
membership functions of set elements can take only the values 0 and 1, 
membership functions of fuzzy sets can take any value in the interval [0,1]. 
A higher membership function value indicates an element's "stronger" 
membership in a fuzzy set. There is a specific relation between two classical 
sets if their elements are interdependent, are connected, or condition each 
other. The transition from the concept of classical relations to the concept of 
fuzzy relations can be made by introducing the concept of "strength" of the 
relation between individual elements. 

Before a formal definition of the concept of fuzzy relations is given, let 
us recall the definition of Cartesian product. 

1.13.1. Cartesian product 

Let us note two classical sets A and B. The Cartesian product of sets A 
and B is denoted by A x B and is defined as the set of ordered pairs in which 
the first element is from set A and the second element is from set B. The 
Cartesian product of A x B can be written as 

A x B= {(a, b) I a EA,b EB} (1.43) 

Relation R between sets A and B is a subset of the Cartesian product 
AxB. 

Example 1.9. Let X = {Xl, x2, X3} denote the set of international airports 
in a country. Let Y = {y}, Y2} denote the set of international airports in one 
of the neighboring countries. Let there be air traffic established between 
cities Xl and Y2 and cities X3 and YI. We denote by R the relation of 
establishing air traffic between these cities, The Cartesian product X x Y is 

(1.44) 

Relation R(X,Y) between sets X and Y is 

(1.45) 

Figure 1.17 presents the cities and the established air traffic. 
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Figure 1.17. Airline network 

The Cartesian product X x Y contains all possible air traffic routes 
(dotted lines), while relation R(X,Y) consists of only those routes where air 
traffic has been established. We can write that R(X,Y) c X x Y. 

1.13.2. Definition of a fuzzy relation 

The membership function of relation /-lR(a, b) can be defmed as follows: 

{
I, if and only if (a, b) belongs to relation R 

/-lR (a, b) = 
0, otherwise 

(1.46) 

It is clear that for a classical relation, membership of a pair in the 
relation is expressed by only 0 or 1. Let us assume that membership of a 
pair in the relation can be expressed by any number between 0 and 1. We 
also designate this value to comprise the "strength" of membership of a pair 
in the relation. Let us note sets X I and X2. 

A fuzzy relation between sets X I and X2 consists of a fuzzy set defined 
over the Cartesian product of Xl x X2, where the ordered pairs (x}, X2) 

belong to a relation with a grade of membership ranging from 0 to 1. 
Example 1.10. Let A and B denote sets of new housing areas on one side 

and the other of a river passing through a city (Figure 1.18). Set A consists 
of housing areas a}, a2, a3 and set B consists of housing areas bI, b2: 
A={a}, a2, a3} B={b}, b2}. 
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Figure 1. lB. Distribution of new housing areas 

Let us assume that fuzzy binary relation R between sets A and B denotes 
"short travel time." The convenient representations of a fuzzy binary 
relation R referring to "short travel time" are shown in Figure 1.19. 

Figure 1.19. Representations of a fuzzy relation: membership matrix and sagittal diagram 

Example 1.11. The dial-a-ride passenger transportation service is used in 
areas with smaller population density in some of the West European 
countries and in the United States. This system is also used in large cities to 
transport older and handicapped persons. Although there are various 
modifications to the dial-a-ride system, it most often has the following 
characteristics: 
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• The user calls the dispatcher service of the transportation organization 
and requests a ride. 

• The ride request is described by an origin, a destination, and the time (or 
time interval) when the vehicle should pick up the client. 

• Ride requests are usually made the day before they are needed. 
• During the period from receiving the requests to starting the pickups, 

the ride organizer plans the vehicle routes. 
• When designing the vehicle routes, the ride organizer endeavors to plan 

trips with the smallest number of vehicles and to design a set of routes 
with the shortest possible length. 

When designing vehicle routes, some models first group the requested 
rides and then design the routes within each group. Kagaya et al. (1994) 
developed a model to group the requested rides. The model is based on the 
concept of fuzzy relations. Let us note Figure 1.20. 

t time 

y 

Figure 1.20. Requested rides described by an origin and destination direction and requested 
pickup time 

Figure 1.20 presents a group of "similar" rides. Kagaya et al. (1994) 
determined the "similarity" of individual rides according to the following 
attributes: 

• Distance between origin of ride ti and origin of ride lj, 
• Distance between destination of ride ti and destination of ride lj, 
• Time difference between pickup time of ride ti and pickup time of ride 

lj, 
• Time difference between dropoff time of ride Ii and dropoff time of ride 

lj, 
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• The difference between the angle that covers rides ti and Ij, and the x (or 
y) axis, 

• The difference between destination of ride Ii and origin of ride Ij. 

Let there be a total of n rides to be made. We denote these rides 
respectively by tt, 12, 13, ... , In. Each of these rides is described by origin and 
destination coordinates and by the pickup time of the ride. Let us denote by 
R} the fuzzy relation referring to the "similarity of the origin of two rides." 
The grade of membership in fuzzy relation R} can be presented in matrix 
form: 

II 12 t3 In 

'I [~R,(tl' 'I) J.lR) (tl' t2) J.lR) (tl' (3) ~R,(tl' '"] If J.lRl(~2,11) J.lRI (12' t2) J.lR) (t2' (3) J.lR (t2' In) (1.47) I 

tn J.lR) (tn' 11) J.lR) (tn' t2) J.lRI (tn' t3) J.lR (tn' In) I 

Kagaya et al. (1994) proposed that the grade of membership in fuzzy 
relation R} representing the "similarity of two rides" can be calculated using 
the following relation: 

(1.48) 

where XO(ti), YO(li) are origin coordinates of ride ti; XO(Ij), YO(Ij) are 
origin coordinates of ride Ij; a, b are parameters whose values are 
subjectively defined after many attempts to create a functional dependence 
that will generate a wide range of grades of membership in the fuzzy 
relation within the interval of 0 to 1. 

We denote the relations R2, R3, :a.., Rs and ~ as follows: 

R2 is fuzzy relation of similarity (proximity) between the destination 
coordinates of two rides 
R3 is fuzzy relation of similarity between the pickup times of two rides 
:a.. is fuzzy relation of similarity between the dropoff times of two rides 
Rs is fuzzy relation of similarity between the angles that cover rides with 
the x (or) y axis 
~ is fuzzy relation of similarity (proximity) between the destination of 
the first and the origin of the second ride under consideration 
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Kagaya et al. (1994) proposed the following functional dependencies to 
calculate the grades of membership in these fuzzy relations: 

I 
=~----------------------------------~ 

{I + 0.000 15[ (XD(ti) - XD(tj) t + (YD(ti) - YD(tj) t T23} 
(1.49) 

I 
/-lRJ (ti' t) = 1.02 

{ I + 0.007 [ TD(tJ - TD(t)]} 
(1.50) 

/-lR. (ti' t) = { } 1.02 
1+ 0.007 [TA(ti ) - TA(tj )] 

I 
(1.51 ) 

(1.52) 

{ [ 2 2J1.75} 1+0.00014 (XD(tJ-XD(t)) +(YO(ti)-YO(t)) 
(1.53) 

XO(ti), YO(ti), XD(ti), YD(tj), TD(ti), TA(tj) are, respectively, the origin 
and destination coordinates of the ride, the pickup time, and dropoff time of 
the ith ride. 

1.13.3. The Cartesian product of fuzzy sets 

Let us denote by A}, Az, ... , An, respectively, the fuzzy sets defined over 
sets Xl, XZ, ... , X n. The Cartesian product of fuzzy sets AI, Az, ... , An is 
defined as Al x Az x ... x An. The membership function of the Cartesian 
product of the fuzzy sets is calculated as 
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Example 1.12. The following example illustrates how to calculate the 
membership function of the Cartesian product of fuzzy sets. A great variety 
of factors influence the trips that are made between two cities. Urban 
population is one of the most important factors generating a total number of 
trips. 

Let Al and A2 denote fuzzy sets that represent "large populations" in 
cities in two neighboring countries. Let the fuzzy sets A I and A2 be 

A OJ 0.6 1 = + +------
1 200000 450000 1100000 

A 0.25 0.85 - +-----
2 - 180000 820000 

(1.55) 

The fuzzy set Al x A2, which represents the Cartesian product of sets Al 
and A2, refers to "pairs of cities with large populations." We can write that 

min(OJ,0.25) min(OJ,0.85) 
~ __ ~ __ -L~+ + 
(200000,180000) (200000,820000) 

min( 0.6, 0.25) min( 0.6, 0.85) 
+ + + 

(450000,180000) (450000,820000) 
(1.56) 

min(l, 0.25) min(l, 0.85) 
+ + --;------'----L--c-

(1100000,180000) (1100000,820000) 

which is 

0.25 OJ 
--;---------~+ + 
(200000,180000) (200000,820000) 

0.25 0.6 + + ---------,- + 
(450000,180000) (450000,820000) 

(1.57) 

Q25 OJ5 + + -,------------:-
(1100000,180000) (1100000,820000) 

1.14. MAX-MIN COMPOSITION 

Let us note sets X, Y, and Z and relations RI(X,Y) and R2(Y,Z), The 
composition of these relations R(X,Z) is denoted as 

R(X,Z) = Rl (X, Y) 0 R2 (X,Z) (1.58) 
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The composition R(X,Z) is a subset of the Cartesian product X x Z such 
that (x, z) E R if and only if there is at least one Y E Y such that (x, y) E Rl 
and (y, z) E R2. 

For fuzzy relations Rl and R2, which are defined, respectively, over the 
Cartesian products X x Y and Y x Z, the max-min composition is most often 
used, which calculates the membership function as 

J.lR oR (x,z) = max {min [J.lR (x,y), J.lR (y,z)]} 
1 2 yeY 1 2 

(1.59) 

Example 1.13. Let us note three sets of airports X, Y, and Z. The 
following airports belong to these sets: 

(1.60) 

We assume that due to the existing flight schedule, trips going from 
airports in set X to airports in set Z can be made only through airports in set 
Y. In other words, airports Yl and Y2 are stopover points on trips from Xl, x2, 
or x3 to z}, z2, z3, or z4. We also assume that passengers subjectively 
estimate total travel time between individual airports, bearing in mind 
planned departure times, expected delays, and waiting times at the stopover 
airports. Let fuzzy relation Rl refer to "short travel time" between the 
airports of set X and the airports of set Y. R2 denotes the fuzzy relation 
"short travel time" between the airports of set Y and the airports of set Z. 
Let Rl and R2 be defined by the following matrices: 

YJ Y2 

Xl (0.4 0.8 J R J = x2 0.65 0.75 
X3 0.9 0.2 

Zl z2 Z3 Z4 

R - YI (0.15 0.45 0.35 0.21 
2 - Y2 0.1 0.95 I 0.55) 

(1.61) 

(1.62) 

Fuzzy relation Rl 0 R2 refers to "short travel time" between the airports 
of set X and the airports of set Z through the airports of set Y. The 
calculations for the grades of membership for airports X2 and Z3 in fuzzy 
relation RIo R2 are illustrated as follows: 

(1.63) 
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(1.64) 

(1.65) 

The grades of membership in fuzzy relation R} 0 R2 for the other pairs of 
airports are determined in the same manner. These grades of membership 
are given in the following matrix: 

Z3 Z4 

0.8 0.55) 
0.75 0.55 
0.2 0.2 

1.15. EXTENSION PRINCIPLE 

(1.66) 

The extension principle is one of the most important principles in the 
theory of fuzzy sets. Let us note sets X and Y. Let functionfmap set X onto 
set Y. We also note fuzzy set A defined over set X: 

(1.67) 

The extension principle states 

f(A) = f(JlA (Xl) + JlA (X2) + ... + JlA (Xn)) = 
Xl X2 Xn 

= JlA (Xl) + JlA (X2) + ... + JlA (Xn) 
(1.68) 

f(xl ) f(x2 ) f(xn) 

Example 1.14. Time loss caused by an airline schedule, i.e., schedule 
delay, is a difference between a passenger's desired departure time and the 
time the passenger chooses based on the offered flight schedule. Thus, for 
example, if a passenger wants to leave at 9:00 a.m. and the airline schedule 
provides him with a departure at 11 :00 a.m., there is a 2-hour schedule 
delay. There is a 3-hour schedule delay if the passenger wants to leave at 
2:00 p.m. and the airline schedule offers him a departure at 11 :00 a.m. 
Teodorovic (1983) established the following relation between average 
schedule delay per passenger Sd and flight frequency: 
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(1.69) 

where Sd is schedule delay per passenger caused by the airline schedule, Tis 
time period during which passengers have requested flights (passenger 
requests for flights are most often from 6:00 a.m. to 10:00 p.m.), and N is 
flight frequency during time period T. 

Let there be 18 hours of passenger requests for flights during the day and 
let there be a planned flight frequency of "approximately 6 flights." We 
assume that fuzzy set A denoting "approximately 6 flights" contains the 
following elements: 

It is clear that 

18 
sd(4)=-=1.125 

16 
18 

sd(7) = - = 0.642 
28 

18 
sd(5) = - = 0.9 

20 
18 

sd(8) = - = 0.562 
32 

18 
sd(6) = - = 0.75 

24 

(1.70) 

(1.71) 

Fuzzy set B denotes "average schedule delay per passenger when there is 
a flight frequency of approximately 6 flights." The following elements 
belong to set B: 

(1.72) 

Let us consider the extension principle when the dependent variable is a 
function of a large number of independent variables. Let us note sets 
X I, X2, ... , Xn. The Cartesian product of these sets is denoted by X: 

(1.73) 

We denote by PI, P2, ... , Pn the fuzzy sets determined respectively over 
sets Xl, X2, ... , X n. Let function/maps X onto set Y: 

(1.74) 
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The extension principle states 

IlQ(Y) = max (1.75) 

Y=!(X[,X2,""Xn ) 

where Q is a fuzzy set defined over set Y. 
Example 1.15. Figure 1.21 presents part of a transportation network. The 

solid line indicates link (A,B), which is common to paths PI and P2. Origins 
and destinations along paths PI and P2 are indicated, respectively, by r}, r2 
and SI, S2. 

r, P, 9 1 

I 0._._._._.0 
i 

/0' 

,. ,. ,. ,. 
0" 

r l 

,. 
O .,., 

0,-,-'-' .' ,. 
.' 

Figure 1.21. PathsPl,P2 and common link (A,B) 

The traffic volume along common link (A,B), q, equals 

where qj is traffic volume along pathpj, and i = 1,2. 

" PI 

9, 

(1.76) 

Let us assume that we know the approximate values of the volumes qi, 
(i = 1,2). We have described these approximate values by the following 
fuzzy sets: PI is the traffic volume along path PI of approximately 500 
(vehic1eslh), and P2 is the traffic volume along path P2 of approximately 
700 (vehic1eslh). 

Let Q denote the fuzzy set that represents the traffic volume along link 
(A,B). The following elements belong to fuzzy sets PI and P2: 
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p = 0.5 + _1_ + 0.5 (1.77) 
2 600 700 800 

J-lQ (400 + 600) = J-lQ (1000) = min(O.2, 0.5) = 0.2 (1.78) 

J-lQ (400 + 700) = J-lQ (11 00) = min(O.2, 1) = 0.2 (1.79) 

J-lQ (400 + 800) = J-lQ (1200) = min(O.2, 0.5) = 0.2 (1.80) 

J-lQ (450 + 600) = J-lQ (1050) = min(0.6, 0.5) = 0.5 (1.81 ) 

J-lQ (450 + 700) = J-lQ (1150) = min(0.6, 1) = 0.6 (1.82) 

J-lQ (450 + 800) = J-lQ (1250) = min(0.6, 0.5) = 0.5 (1.83) 

J-lQ (500 + 600) = J-lQ (11 00) = min(1, 0.5) = 0.5 (1.84) 

J-lQ (500 + 700) = J-lQ (1200) = min(1, 1) = 1 (1.85) 

J-lQ (500 + 800) = J-lQ (1300) = min(1, 0.5) = 0.5 (1.86) 

J-lQ (550 + 600) = J-lQ (1150) = min(0.6, 0.5) = 0.5 (1.87) 

J-lQ (550 + 700) = J-lQ (1250) = min(0.6, 1) = 0.6 (1.88) 

J-lQ (550 + 800) = J-lQ (1350) = min(0.6, 0.5) = 0.5 (1.89) 
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IlQ (600 + 600) = IlQ (1200) = min(O.2, 0.5) = 0.2 (1.90) 

IlQ(600+ 700) = IlQ(1300) = min(O.2, 1) = 0.2 (1.91) 

IlQ (600 + 800) = IlQ (1400) = min(O.2, 0.5) = 0.2 (1.92) 

The final grades of membership of the elements in set Q equal 

IlQ(1000) = 0.2, IlQ(1050) = 0.5 (1.93) 

IlQ(1100) = max (0.2,0.5) = 0.5 (1.94) 

IlQ(1150) = max (0.6,0.5) = 0.6 (1.95) 

IlQ (1200) = max (0.2, 1, 0.2) = 1 (1.96) 

IlQ (1250) = max (0.5, 0.6) = 0.6 (1.97) 

IlQ (1300) = max (0.5, 0.2) = 0.5 (1.98) 

IlQ(1350) = 0.5, IlQ(1400) = 0.2 (1.99) 

The membership functions of fuzzy sets PI. P2, and Q are shown in 
Figure 1.22. 
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1.0 +-"----T--r-----;-----

0.8 P, 

0.6 

0.4 

0.2 I • . 
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Q 

1111111 ....... ...... . 
1111111 ......... . ....... . 

111111111 
300 500 700 900 1100 1300 1500 

Figure 1.22. Membership functions of fuzzy sets PI. P2, and Q 

1.16. ALPHA CUT 

Chapter 1 

The alpha cut (denoted as (l - cut) of fuzzy set A is understood to be set 
An, which contains all elements whose grade of membership in fuzzy set A 
is greater than or equal to (l, with (l E [0, 1]. In other words, we can write 

'\Ix EX (1.100) 

In addition to the (l - cut, there is also a strong (l - cut, which is defmed 
as follows: 

'\Ix EX (1.101) 

Example 1.16. The claim that there are "relatively few aircraft" on the 
airport apron in late morning hours can be expressed by a corresponding 
fuzzy set A. Let us assume that the following elements belong to fuzzy set 
A: 

A= 0.95 0.9 0.85 0.8 0.75 0.7 0.65 
--+-+-+-+ -+ -+-+ 
1234567 
0.6 0.55 0.5 0.45 0.4 0.35 0.3 

+-+-+ -+--+-+-+-+ 
8 9 10 11 12 13 14 
025 0.2 0.15 0.1 0.05 0 

+ --+ -+-+-+-+-
15 16 1 7 18 19 20 

(1.102) 

Let us define the (l - set of fuzzy set A for (l = 0.85 and (l = 0.55. These 
IX - cuts contain the following elements: 

AO.85 = {I, 2, 3} A0.55 = {I, 2, 3, 4, 5, 6, 7, 8, 9} (1.103) 
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Figure 1.23 shows fuzzy set A and the a. - cuts AO.85 and A0.55. 

The previous sections defined the concept of a convex fuzzy set. A 
convex fuzzy set can be defined using the a. - cut in the following way: a 
fuzzy set is convex if and only if each of its a. - cuts is convex. Figure 1.24 
presents a convex and a nonconvex fuzzy set with corresponding a. - cuts. 

1.00 -k:-------------

0.85 -t-JI~ .... 

0.55 +J-+---~ ...... 

0.20 

0.00 +--t----;r--f---;---,--.,--"""..,--+ 
o 3 6 9 12 15 18 21 

Figure 1.23. Fuzzy set A and a. - cuts Ao.85 and Ao.55 

A 
1 

'" . 
a. / A,. 

I 

I 

0 x 

Figure 1.24. Convex and nonconvex fuzzy sets and corresponding a. - cuts 

1.17. THE CONCEPT OF A FUZZY NUMBER 

Subjective estimations that deal with vehicle time loss at a signal or the 
cost of making a flight can be expressed by corresponding fuzzy sets. Based 
on experience or intuition, an expert is able to state that vehicle time loss at a 
traffic signal is "around 30 seconds" or that the cost of making a flight is 
"approximately $3,000." These subjective estimations are characterized by 
certain numerical values. It is intuitively clear that a flight cost that is 
"approximately $3,000" is less than a flight cost of "approximately $4,000." 
In other words, the fuzzy sets "around 30," "approximately 3,000" or 
"approximately 4,000" can be treated as numbers. Numbers expressed in this 
manner are called fuzzy numbers. The literature often uses the expression 
uncertain number in addition to fuzzy number. A fuzzy number is a fuzzy set 
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that is convex and normalized. Figure 1.25 shows the membership function of 
the fuzzy number "approximately 10." 

1.0 i-----------.--------

0.5 

0.0 
o 2 4 6 8 10 12 14 16 x 

Figure 1.25. Membership function of the fuzzy number "approximately 10" 

Fuzzy sets B and C are presented in Figure 1.26. These fuzzy sets cannot 
be fuzzy numbers since set B is not convex and set C is not a normalized 
fuzzy set. 

1+----~~--~-------

o x 

Figure 1.26. Fuzzy sets B and C which cannot be fuzzy numbers 

In recent years, many authors have considered the problem of fuzzy 
numbers or fuzzy arithmetic. The extremely valuable monograph by 
Kaufmann and Gupta (1985) devoted to the problems of fuzzy arithmetic is 
of particular consequence. As they noted, fuzzy numbers can be treated as a 
"generalization of the concept of the confidence interval." We will briefly 
present the manner in which Kaufmann and Gupta generalized the concept 
of the confidence interval in an attempt to explain the concept of a fuzzy 
number. Our discussion involves traffic and transportation examples. 

Let us assume that the travel time between two points is uncertain. Let us 
also assume that we are able to estimate travel time to be not less than tl and 
not greater than t2. In other words, we are certain that travel time is within 
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the closed interval [tI. t2]. Such an interval is called a confidence interval 
and is denoted as T= [tI. t2]. 

A fuzzy number is also characterized by a level of presumption, which can 
be explained by the following example. Let us assume that we are certain that 
at 11 :00 a.m. there will be ten aircraft in parking positions at an airport. This 
situation is assigned a level of presumption of 1. In the same manner, we can 
also estimate that due to disturbances in the airline schedule, there will be 
between eight and fourteen aircraft in parking positions at the airport at 
11 :00 a.m. This situation is assigned a level of presumption of o. The 
estimation that there will be between nine and twelve aircraft in parking 
positions can be given a level of presumption of 0.6. As we have seen, the 
estimated number of aircraft in parking positions can be expressed by 
confidence intervals, with each interval characterized by a level of 
presumption. Let us denote this level of presumption by a. In the above 
example, estimates are expressed in the following confidence intervals and 
levels of presumption: [8, 14], a = 0; [9, 12], a = 0.6; [10, 10], a = 1. 

Figure 1.27 shows fuzzy number A. The confidence interval 
corresponding to level of presumption a is denoted as [aIU, a2U]. 

1~----------~~----------------

o x 

Figure 1.27. Fuzzy number A with its confidence interval and level of presumption 

1.lS. ADDING FUZZY NUMBERS 

Before going into the addition of fuzzy numbers, we will briefly discuss 
how to add confidence intervals. Let us note the following two confidence 
intervals: X = [Xl, X2] and Y = [Yl,YZ]. Ifm E [x., X2] and n E [YI.yz], then 

(1.104) 

The left and right boundaries of the sum of the confidence intervals are, 
respectively, equal to the sum of the left boundaries and the sum of the right 
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boundaries of the confidence intervals being added. The addition of 
confidence intervals can be symbolically expressed as follows: 

(1.105) 

Fuzzy numbers are added in the same manner as confidence intervals. 
Since every confidence interval of a fuzzy number has a specific level of 
presumption, when adding fuzzy numbers, the confidence intervals with the 
same levels of presumption are added. This addition is made for every level of 
presumption. 

Let us denote the fuzzy numbers to be added by X and Y. The 
confidence intervals of these numbers corresponding to the level of 
presumption ex are denoted by Xa. and Y u. Based in the above, we can write 

(1.106) 

Example 1.17. Direct flights are flown between cities A and C. While 
elaborating the airline schedule for the upcoming season, the possibility is 
considered of making stopovers in city B when flying from city A to city C 
(Figure 1.28). 

B 

Figure 1.28. Flight from city A to city C with stopover in city B 

Let us assume that we have subjectively estimated the daily number of 
passengers between the cities A and B as follows: Ql is approximately 200; 
Q2 is approximately 400; Q3 is approximately 300. Fuzzy sets Qt, Q2 and 
Q3 depict the fuzzy numbers shown in Figure 1.29. 

As can be seen from Figure 1.29, the level of presumption ex = 0 
corresponds to the following confidence intervals of fuzzy numbers: 
QlO = [150, 250]; Q20 = [350, 450]; Q30 = [250, 350]. Fuzzy numbers Q}, Q2, 
and Q3 represent triangular fuzzy numbers. In the general case, fuzzy numbers 
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do not have a triangular shape, although triangular fuzzy numbers are most 
often encountered in examples. 

3 Q2 
1.0 +-------j--+------!,--------

0.5 

o 100 200 300 400 500 600 700 x 

Figure 1.29. Fuzzy numbers Qt. Ql. and Q3 

Let us return to our problem and estimate the number of passengers who 
will appear in flights between city A and city B and between city B and city 
C. The numbers of passengers traveling between these cities are also fuzzy 
numbers. Let us denote them by X and Y, respectively. It is clear that 

(1.107) 

Considering the coordinates of the corner points of the triangular fuzzy 
numbers shown in Figure 1.29, after determining the equations of the 
corresponding lines it is very easy to establish the membership functions of 
fuzzy numbers Qt, Ql, and Q3. These membership functions are 

0, x:5:50 
x 

150:5:x:5:200 --3 
J.lQl (x) = 50 ' (1.108) 

x 
--+5 200:5:x:5:250 

50 ' 
0, x~250 

0, x:5:250 
x 

250:5:x:5:300 --5 
J.lQ3 (x) = 50 ' (1.109) 

x 
--+7 300:5:x:5:350 

50 ' 
0, x~350 
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0, x~3S0 

~-7 3S0~x~400 
SO ' 

x 
--+9, 400~x~4S0 

SO 
0, x~4S0 

Chapter 1 

(1.110) 

We can see that the membership function of fuzzy number Ql is described 
using the equations of the two lines. When we make an a. - cut (for any level 
of presumption a.), the left boundary of the corresponding confidence interval 
belongs to the first of these two lines. The right boundary of the confidence 
interval is found in the other line. In other words, the equations of the lines 
that define the membership function of fuzzy number Ql can be written as 
follows: 

( (a)J 
a. = - q~~ +S (1.111) 

The left and right boundaries of the confidence interval for the level of 
presumption a. equal: 

q~a) = SOa. + ISO q~a) = -SOa. + 2S0 
I 2 

(1.112) 

The confidence interval Qla of fuzzy number Ql with the level of 
presumption a. equals Qla = [SOa.+1S0, -SOa.+2S0]. 

The confidence intervals of fuzzy numbers en and Q3 are defmed in the 
same manner Q2a = [SOa.+3S0, -SOa.+4S0] and Q3a = [SOa.+2S0,
SOa.+3S0]. 

Since 

(1.113) 

then 

Xa = Qla (+) Q2a = [100a. + SOO, - 100a. + 700] (1.114) 

Thus, the left and right boundaries of fuzzy number X equal 

x~a) = 100a. + SOO x~a) = -100a. + 700 (1.11S) 
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The equations of the lines representing the left and right boundaries of 
fuzzy number X are 

(x<a») a= _1_ -5 
100 

(x<a») 
a = - 1~0 +7 (1.116) 

We can finally write the membership function of fuzzy number X: 

0, x:s::;500 
x 

500:S::;x:s::;600 --5 
~x(x) = 100 ' 

x 
--+7 600:S::;x:s::;700 

100 ' 

(1.117) 

0, x~700 

In the same fashion, for fuzzy number Y we have 

Ya = Q2a (+) Q 3a = [100a + 600, -100a + 800] (1.118) 

and 

yfa) =100a+600 y~a) =-100a+800 (1.119) 

The equations of the lines representing the left and right boundaries of 
fuzzy number Y are 

a =(~~a~)_6 ( a») 
a=- ~~O +8 (1.120) 

The membership function of fuzzy number Y is 

0, x:s::;600 
x 

600:s::;x:s::;700 --6 
~y(x) = 100 ' 

x 
--+8 700:S::; x:S::; 800 

100 ' 

(1.121) 

0, x~800 
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Fuzzy numbers X and Y represent the expressions "approximately 600" 
and "approximately 700" passengers. The membership functions of fuzzy 
numbers Qt, Q2, Q3, X, and Y are shown in Figure 1.30. 

Y 

0.5 

O~~~-L~~~~-L~ __ +-~ __ ~ __ ~~ 
o 100 200 300 400 500 600 700 800 900 x 

Figure 1.30. Membership functions of fuzzy numbers Qlo <n, (b, X, and Y 

1.19. SUBTRACTING FUZZY NUMBERS 

Let us first discuss the subtraction of confidence intervals. We note 
confidence intervals X= [Xt,X2] and Y= [Yl,Y2]. Let mE [Xt,X2] and 
n E [Yl,Y2]. Then 

(1.122) 

We can write that the difference between confidence interval X and 
confidence interval Y is 

(1.123) 

When subtracting confidence intervals, the largest subtrahend value is 
subtracted from the smallest minuend value. The smallest subtrahend value is 
also subtracted from the largest minuend value. 

Fuzzy numbers are subtracted just like confidence intervals. When 
subtracting fuzzy numbers, confidence intervals with the same level of 
presumption are subtracted. This is done for all the levels of presumption. 
Let us denote by X and Y the fuzzy numbers to be subtracted. The 
confidence intervals corresponding to the level of presumption a. are 
denoted by Xu and Ya . Based in the above, we can write 

(1.124) 
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Example 1.18. Many papers in literature are devoted to the vehicle routing 
problem. One of the most important algorithms in designing a vehicle route is 
the Clarke-Wright "savings" algorithm. There are many modification to this 
algorithm. Clarke and Wright (1964) based their algorithm in calculating the 
savings in cost or distance covered that was achieved when two nodes in a 
network are linked into one route instead of each node being served 
individually. Let us note Figure 1.31. 

D 

(a) 

i 

Figure 1.31. Depot D and nodes i and} 

D 

(b) 

} 

Figure 1.31(a) presents the case when each node is served by a vehicle 
individually. Figure 1.31(b) presents the case when the same vehicle serves 
both node i and node}. In this case, the vehicle departs from depot D, serves 
node i, goes to node}, and then returns to the depot. This clearly shortens 
the distance covered and decreases costs. Let us denote by s(i,}) the savings 
achieved by joining nodes i and} into one route. We assume that all 
distances are symmetrical, i.e. the distance from ito}, d(i,}), equals distance 
d(j, i) from} to i. Since the operating costs are a function of the distance 
covered, these costs equal c(i,}) = c(j, i). The savings in cost sCi,}) realized 
when nodes i and} are joined into one route equal: 

s (i,j) = [2c (D,i) + 2c (D,j)] -[c (D,i) +c (i,j) +c (D,})] (1.125) 

s (i,}) = c (D,i) + c (D,}) - c (i,}) (1.126) 

We assume that we are not able to precisely determine costs, thus we can 
attribute fuzzy numbers to all costs. We can write that 

S(i,}) = C(D,i) + C(D,}) - C(i,}) (1.127) 
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where SU,}), C(D, i), C(D,}), and CU,}) are fuzzy numbers. In order to 
simplify the expression, let us introduce the following substitutions: 

Sci,}) = S C(D,i) = A C(D,}) = B C(i,}) = C (1.128) 

We can write that 

S=A+B-C (1.129) 

The sum of fuzzy numbers A and B is denoted by E. Savings S equal 

S=E-C (1.130) 

Fuzzy numbers A, B, and C are shown in Figure 1.32. 

0.5 

1.0 t---------r----_--i-----:. · . · . · . · . · . · . C : ~ . . 
: ~ · . · . · . · . l . 

O~~,__r_,--+-~~~,_~~--+__r_,--~ 
o 1 2 3 4 5 6 7 8 9 10 11 12 x 

Figure 1.32. Fuzzy numbers A, B, and C 

As we can see from Figure 1.32, the level of presumption a = 0 
corresponds to the following confidence intervals of fuzzy numbers A, B, 
and C: Ao = [6, 10], BO = [8, 10], Co = [4, 6]. 

Considering the coordinates of the comer points of the triangular fuzzy 
numbers shown in Figure 1.32, after determining the corresponding line 
equations, the following membership functions of fuzzy numbers A, B, and C 
are established: 

0, x~6 

x 
6~x~8 --3 

/J.A(X) = 
2 ' (1.131) 
x 

--+5 8~x ~ 10 
2 ' 
0, x~ 10 
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{ 
0, x::;;S 

_ x-S, S::;;x::;;9 
J.LB(X)- -x+l0, 9::;;x::;;10 

0, x ~ 10 

{ 
0, x::;; 4 

x-4, 4::;;x::;;5 
J.Ldx) = -x+6, 5::;;x::;; 6 

0, x~6 
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(1.132) 

(1.133) 

The equations of the lines that determine the membership function of fuzzy 
set A can be written as follows: 

( a<a») a= _1_ -3 
2 

( a<a») 
a=- T +5 (1.134) 

where al(a) and a2(a) are, respectively, the left and right boundaries of the 
confidence interval for the level of presumption a. 

These boundaries equal 

a~a) =2a+6 a~a) = -2a + 10 (1.135) 

The confidence interval Aa. of fuzzy number A with the level of 
presumption a equals Aa. = [2a+6, -2a+ 1 0]. 

The confidence intervals Ba and Ca of fuzzy numbers B and C are 
obtained in the same way Ba = [a+S, -a+ 1 0] and Ca = [a+4, -a+6]. 

Since 

(1.136) 

then 

Ea = [3a + 14, - 3a + 20] (1.137) 

The left and right boundaries of fuzzy number E for the level of 
presumption a are 

e~a) = -3a + 20 (1.13S) 
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The equations of the lines representing the left and right boundaries of 
fuzzy number E are 

a=( e~)] _1; 

The membership function of fuzzy number E equals 

0, 
x 14 
3-3' 
x 20 

--+-
3 3' 

0, 

Since S = E - C, then 

which is 

Sa =[3a + 14, -3a +20](-)[a+4, -a+6] 
Sa = [(3a + 14) -(a +6),( -3a + 20) -(a +4)] 
Sa =[4a+8,-4a+16] 

(1.139) 

(1.140) 

(1.141) 

(1.142) 

The left and right boundaries of fuzzy number S with the level of 
presumption a equal 

(1.143) 

The equations of the lines representing the left and right boundaries of 
fuzzy number S are as follows: 

(id.)] 
a= _1_ -2 

4 
(ia)] 

a=- 7 +4 (1.144) 

The membership function of fuzzy number S is 
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0, x:s;;8 
x 

8:::;;;x:::;;;12 --2 
Ils (x) = 4 ' 

x 
--+4 12:::;;; x:::;;; 16 

4 ' 

(1.145) 

0, x~16 

The membership functions of fuzzy numbers A, B, C, E, and S are shown 
in Figure 1.33. 

o 2 4 6 8 10 12 14 16 18 20 22 24 x 

Figure 1.33. Membership functions of fuzzy numbers A, B, C, E, and S 

1.20. MULTIPLYING AND DIVIDING FUZZY 
NUMBERS 

Let us note fuzzy numbers X and Y in Set R+. For a level of presumption 
of a, the multiplication and division of the confidence intervals Xu and Ya are 
defmedas 

(1.146) 

[
(a) (a) 1 

X (-'-) Y = [x(a) x(a)] (-'-) [y(a) y(a)] = ~ ~ 
a' aI' 2 . l' 2 (a)' (a) 

Y2 Yl 
(1.147) 

Example 1.19. Let fuzzy number C be the product of fuzzy numbers A and 
B:C=AB. 

Let fuzzy numbers A and B correspond to the following membership 
functions: 
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(1.148) 

(1.149) 

Based in the membership function, we can ascertain that for fuzzy number 
A with the level of presumption a, the following relations are satisfied: 

a = _a~a) +3 (1.150) 

(1.151) 

In the same manner, confidence interval Ba with the level of presumption 
a is given as Ba = [0.+4, -0.+6]. The product of confidence intervals Aa. and 
Ba is 

Aa OBa =[0.+1,-0.+3]0[0.+4,-0.+6]= 
= [(a + 1)(0. + 4),( -a + 3)(-0. + 6)] = 
=[0.2 +50.+4,0.2 -90.+18] 

(1.152) 

Values x, which define the left boundary of fuzzy number AB, equal 
0.2 + 50. + 4, while corresponding values x, which define the right boundary, 
equal 0.2 - a + 18. After solving the equations 

(1.153) 

we get 

0.= (-5+~) 
2 

(1.154) 

The membership function of fuzzy number AB equals 
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0, 

-5+~ 
2 

9-~ 
2 

x::;4 

0, x 218 

Fuzzy numbers A, B, and C are shown in Figure 1.34. 

A B C 
1 .0 .' · , .' , .... · · . ' ... I .' \ .' ..•. 
. S I ....... " . '. I. '. 

\ '. 
\ Ii 

'. '. " 
.0 I i \ ...... 

'" 

o 

Q 
0 2 4 6 8 10 12 14 16 18 20 

Figure 1.34. Multiplying fuzzy numbers A and B 
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(1.1S5) 

.. 
x 

Example 1.20. An airline company has estimated that in the coming 
season it can expect costs of "approximately $4,000" per flight between city A 
and city B. It has also estimated that in average each flight can be expected to 
have "approximately 100 passengers." Let us determine expected costs per 
passenger. Let us denote by X and Y, respectively, fuzzy sets for the estimated 
costs per flight and the estimated number of passengers per flight. Fuzzy 
numbers X and Y are shown in Figure 1.35 and Figure 1.36. 

Q~r-~---+---+--~---r---r--~ 
3400 3600 3800 4000 4200 4400 4600 x 

Figure 1.35. Fuzzy number X (estimated costs per flight) 
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O~r-----+-----~--~~---'--~ 
60 80 100 120 140 x 

Figure 1.36. Fuzzy number Y (estimated number of passengers per flight) 

The membership functions of fuzzy numbers X and Yare 

0, x:S; 3S00 

Jlx(x) = 
~ - 19 3 SOO :s; x :s; 4000 
200 ' 

x 
--+21, 4000:S;x:s;4200 

200 

(1.156) 

0, x;?: 4200 

0 x:s;SO 
x 

SO:S;x:s;120 --4 
Jly(x) = 20 ' 

x 
--+6 100:S;x:s;120 

20 ' 

(1.157) 

0, x;?: 120 

Since 

(x<u)] 
a = 2~0 -19 (x<u)] 

a = - 2~0 +21 (1.15S) 

then 

Xu = [200a + 3S00,-200a + 4200] (1.159) 

It can be shown in the same manner that 

Yu = [20a + SO,-20a + 120] (1.160) 
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The division of the confidence intervals Xu and Ya is defmed as 

Xa (+)Ya ==(200a+3800, -200a + 4200) 
-20a+120 -20a+80 

(1.161) 

It is easily shown that the obtained membership function by dividing the 
fuzzy numbers X and Y equals 

95 
0, x~-

3 

JlX(+)Y(x) = 
6x - 190 , 95 ~ x ~ 40 
x+ 10 3 

-4x+120 +6, 40~x~ 105 
x+l0 2 

105 
0, x~-

2 

1.21. MULTIPLYING A FUZZY NUMBER BY A 
CONSTANT 

(1.162) 

Let us note fuzzy number X in set R and constant c e RO. For a level of 
presumption of a, the product of constant c and confidence interval Xu equals 

(1.163) 

The operation of multiplying fuzzy number X by a constant is often shown 
using membership functions: 

'\IxeR (1.164) 

Example 1.21. Let travel costs be a linear function of travel time. When 
travel time is subjectively estimated and expressed by a fuzzy number, travel 
costs also represent a fuzzy number. Let there be a dependence between travel 
time and travel costs in the form 

C=aT (1.165) 

where C is fuzzy number representing travel costs, T is fuzzy number 
representing subjectively estimated travel time, and a is a constant. Let us 
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assume that a = 2 and that fuzzy number T corresponds to the following 
membership functions: 

Since 

then 

~c(x) = 

0, x:=; 10 

~-2 10:=;x:=;15 
5 ' 
x - - + 4 15 :=; x :=; 20 
5 ' 
0, xz20 

0, x:=; 20 
x 20:=; x:=; 30 --2 
10 ' 

x 
--+4 30:=; x :=;40 

10 ' 
0, xz40 

Fuzzy numbers T and C are shown in Figure 1.37. 

(1.166) 

(1.167) 

(1.168) 

(1.169) 
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1.22. TRIANGULAR AND TRAPEZOIDAL FUZZY 
NUMBERS 

Triangular fuzzy numbers are a special class of fuzzy numbers; their name 
is derived from the shape of their membership functions. Figure 1.38 shows a 
typical triangular number, most often presented in the form: 

(1.170) 

where al is lower (left) boundary of the triangular fuzzy number, a2 is 
number corresponding to the highest level of presumption, and a3 is upper 
(right) boundary of the fuzzy number. 

The membership function of fuzzy number A is 

0, x~a) 

( x-a)) a) ~x~a2 
a2 -a) , 

J.LA(X) = (1.171) 
( a3 -x) , a2 ~x~a3 

a3 -a2 
0, x~a3 

Triangular fuzzy numbers are added, subtracted, multiplied and divided in 
the same way as other fuzzy numbers. Using the previously explained 
methodological procedure for adding fuzzy numbers, we can easily show that 
the sum of fuzzy number A = (aI, a2, a3) and fuzzy number B = (hI. h2, h3) is: 

1~--------~--------------

o a. a, x 

Figure J. 38. Triangular fuzzy number A 
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Fuzzy number A - = (-a3, -a2, -at) is the opposite of fuzzy number 
A = (at. a2, a3). Figure 1.39 presents fuzzy number A = (2, 3, 5) and its 
opposite number A- = (-5, -3, -2). 

1 

-5 -4 -3 -2 -1 o 1 2 3 4 5 x 

Figure 1.39. Fuzzy number A and its opposite number A-

Triangular fuzzy number B is subtracted from triangular fuzzy number A 
by adding fuzzy number A to fuzzy number B-. In other words: 

A(-)B = A(+)B- = (at, a2, a3)(+)(-~'- b2,- q) = 
= (at - b3 , a2 - ~ , a3 - q ) 

(1.173) 

It can easily be shown that the multiplication or division of two 
triangular fuzzy numbers does not produce a triangular fuzzy number. 

A triangular fuzzy number is multiplied by a constant in the same way 
that other fuzzy numbers are multiplied by a constant. Using the previously 
presented methodology for multiplying a fuzzy number by a constant, we 
get 

(1.174) 

where c is a positive constant, and A is a triangular fuzzy number. 
The result of multiplying a triangular fuzzy number by a negative 

constant produces 

(1.175) 

where b is a negative constant, and A is a triangular fuzzy number. 
Trapezoidal fuzzy numbers are characterized by membership functions in 

the form of a trapezoid. Figure 1.40 presents trapezoidal number 
A = (at. a2, a3, a4). It can easily be shown that the sum and difference of 
trapezoidal fuzzy numbers A and B are 
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A( +)B = (aJ , a2 , a3 , a4 )( + )(bJ , b2 , b3 , b4 ) = 
=(aJ +bJ ,a2 +b2 ,a3 +b3 ,a4 +b4 ) 

A( -)B = (aJ, a2 , a3 , a4 )( -)(q,b2 , b3 , b4 ) = 
=(aJ -b4 ,a2 -b3 ,a3 -b2 ,a4 -bJ ) 

1~--------~-------r--------

o x 

Figure 1.40. Trapezoidal fuzzy number A = (aJ, a2, a3, a4) 
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(1.176) 

(1.177) 

1.23. KAUFMANN AND GUPTA'S METHOD FOR 
COMPARING FUZZY NUMBERS 

The problem of comparing fuzzy numbers has been the subject of many 
papers. This problem was discussed by Yager (1981), Adamo (1981), Baas 
and Kwakernaak (1977), Dubois and Prade (1983), and Kaufmann and Gupta 
(1988). Important reviews by Zimmermann (1986) and Bortolan and Degani 
(1985) analyzed various methods of comparing fuzzy numbers. We will 
briefly discuss Kaufmann and Gupta's method, which was primarily chosen 
for its simplicity. This method is based in the concept of "removal" of a fuzzy 
number, which will be explained through the algorithmic steps of Kaufmann 
and Gupta's algorithm. 

Kaufmann and Gupta's (1988) method to compare fuzzy numbers is 
comprised of the following steps: 

Step 1: Compare the "removal" of the numbers. If a conclusion can be 
made based in this comparison, the algorithm is ended. If not, go 
to Step 2. 

Step 2: Compare the values that correspond to the highest grade of 
membership. If a number order can be determined after this 
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comparison, the algorithm is ended. If a conclusion cannot be 
made after comparing the highest grades of membership, go to 
Step 3. 

Step 3: Compare the length of the fuzzy numbers' bases. 

Let us note Figure 1.41. "Left removal" Rz(A,k) of fuzzy number A 
compared to real number k consists of the surface between real number k and 
the left side of fuzzy number A. The "right removal" R,.(A,k) of fuzzy number 
A is defined as the surface between real number k and the right side of fuzzy 
number A. The "removal" of fuzzy number A compared to real number k is 
defined as 

(1.178) 

Figure 1.41 shows the "left removal," "right removal," and "removal" of 
fuzzy number A compared to real number k. 

When fuzzy number A has a triangular shape and when k = 0, it can be 
easily shown that the "removal" of fuzzy number A equals 

(a1 + 2a2 + a3 ) 
R( A, k) = -'----'---4--=----=..L. 

Fuzzy number A is smaller than fuzzy number B if 

R(A,k) < R(B,k) 

(1.179) 

(1.180) 

When R(A,k) = R(B,k), the second algorithmic step must be used and the 
values of the highest grades of membership must be compared. Let x* A and 
X*B denote the highest grades of membership in fuzzy sets A and B. Fuzzy 
number A is smaller than fuzzy number B if 

(1.181) 

When R(A,k) = R(B,k) and x* A = X*B, the third step must be used, which 
compares the bases of the fuzzy numbers. Fuzzy number A is less than fuzzy 
number B if the base of fuzzy number A is less than the base of fuzzy number 
B. 
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o k x 

Figure 1.41. Fuzzy number A's "removal" compared to real number k 

Example 1.22. Let us compare triangular fuzzy number A = (6,9,11) with 
triangular fuzzy number B = (7,8,12) shown in Figure 1.42. 

Since these are triangular fuzzy numbers, their "removals" equal 

R(A k)= (aJ +2a2 +a3 ) = (6+18+11) =8.75 
, 4 4 

(1.182) 

R(A k)= (aJ +2a2 +a3 ) = (7+16+12) =8.75 
, 4 4 (1.183) 

Since the shift of fuzzy numbers A and B are equal, their highest grades of 
membership must be compared. Since 

x~ =9 >8=x~ (1.184) 

we conclude that fuzzy number A is greater than fuzzy number B. 

1.0 +------------1r--.------~ 

0.5 

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 x 

Figure 1.42. Membership function offuzzy numbers A and B 
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1.24. THE BASIC ELEMENTS OF FUZZY SYSTEMS 

When managing complex industrial and traffic systems, an experienced 
operator sometimes achieves better results then classical automatic control 
systems. The control strategies of the operator can often be formulated in 
terms of numerous descriptive rules, which are simple for a manual 
processing and execution but complicated when it comes to the use of 
classical algorithms. These difficulties arise from the fact that, when 
describing different decisions made at various stages of a process, human 
beings prefer to use qualitative expressions instead of quantitative ones. The 
qualitative or fuzzy nature of the human way of deciding has encouraged 
engineers to make an attempt at developing fuzzy systems that would 
control processes. 

Fuzzy logic systems (fuzzy systems, fuzzy control systems, fuzzy logic 
controllers, fuzzy controllers, fuzzy expert systems, fuzzy associative 
memories) arise from the desire to model human experience, intuition, and 
behavior in decision making (Zimmermann, 1991). The original idea of the 
possibility of a decision making based in imprecise, qualitative data by 
combining descriptive linguistic rules through fuzzy logic was first 
introduced by Zadeh. The combination of imprecise logic rules in a single 
control strategy is called by Zadeh (1973) approximate or fuzzy reasoning. 
The fuzzy logic was first presented by Zadeh (1965, 1973) as a means of 
processing vague, linguistic information. Zadeh concluded that the 
conventional quantitative techniques of the system analysis are essentially 
inappropriate for humanistic systems and expressed it in the form of the 
incompatibility principle: "As the complexity of a system increases, our 
ability to make precise and yet significant statements about it behavior 
diminishes until a threshold is reached beyond which precision and 
significance (or relevance) become almost mutually exclusive 
characteristics. " 

The following quotation (Zadeh, 1973) is also illustrative of the 
extensive application of fuzzy logic: "The closer one looks at a real-world 
problem, the fuzzier becomes its solution." 

Fuzzy logic was developed to provide soft algorithms for data processing 
that can both make inferences about imprecise data and use the data. It 
enables the variables to partially (up to a certain degree) belong to a 
particular set and at the same time makes use of the generalizations of 
conventional Bull logic operators in data processing. Fuzzy logic is widely 
used in intelligent control systems (Brown and Harris, 1994) to make 
inferences about vague rules describing the relation between imprecise, 
qualitative linguistic estimations of the inputs and outputs of a system. 
These control rules usually represent the knowledge of an expert and 
provide an easily comprehended pattern of knowledge representation. Many 
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conventional expert systems can be described by means of a set of binary 
rules (Quinlan, 1993), but the discontinuities occurring at the exit of a 
system, when various rules are activated, do not resemble human behavior, 
where usually a smooth relation exists between cause and consequence. 
Fuzzy rules include descriptive expressions such as small, medium, or large 
used to categorize the linguistic (fuzzy) input and output variables. A set of 
fuzzy rules, describing the control strategy of the operator, forms a fuzzy 
control algorithm, that is, approximate reasoning algorithm, whereas the 
linguistic expressions are represented and quantified by fuzzy sets. The 
main advantage of this approach is the possibility of introducing and using 
rules from experience, intuition, heuristics, and the fact that a model of the 
process is not required. 

The development of fuzzy logic and the application of fuzzy systems to 
managing processes have a long history. By introducing the concept of 
approximate reasoning Zadeh managed to show that vague logical 
statements allow for the formation of algorithms by which vague inferences 
can be derived from vague data. Zadeh noted that his method was 
particularly useful in studying complex humanistic systems. The basic fuzzy 
set theories were developed in the 1960s, and the first applications were 
investigated by Mamdani (1974). A number of papers in which the 
approximate reasoning was applied to industrial systems were written by a 
group of researchers at Queen Mary College, London, headed by Mamdani. 
For example, Mamdani and Assilian (1975) apply fuzzy logical controller to 
managing a steam engine, demonstrating that the controller of a physical 
system can be purely logical. The linguistic rules that qualitatively express a 
control strategy are commonly obtained from a skilled operator of a plant. 
Among pioneering works in the field of fuzzy controllers the papers by 
Mamdani (1974), Kickert and Van nauta Lemke (1976), 0stergaard (1976), 
Ruthersford and Carter (1976), and Tong (1976) must be mentioned. 
Mamdani and Assilian investigated the problem of controlling a small 
laboratory steam engine. Kickert and Van Nauta Lemke developed a fuzzy 
control algorithm for an experimental warm water plant. Ruthersford and 
Carter, with the help of their algorithm, controlled the raw mix permeability 
of a full-scale sinter strand, while 0stergaard developed a fuzzy algorithm 
to control a heat exchanger. Tong (1976) controlled a pressurized tank 
containing liquid. Tong (1977) also performed the control of engineering 
review of fuzzy systems. In the 1970s, Mamdani and his researchers 
proposed the first self-controlling fuzzy controller (Procyk and Mamdani, 
1979). 

In the 1980s, only a small number of researchers continued work in 
Great Britain and the United States, while at the same time numerous 
applications of control by fuzzy logic were developed in Japan. The 
application of fuzzy control to industrial and transportation processes is still 
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developing in Europe and Japan. To quote Ken Self (1990), "Japan has 
caught fuzzy logic fever." Realizing the potentials offered by fuzzy logic, 
large Japanese companies such as Toshiba, Sanyo, Canon, Matsushita, 
Mitsubishi, Sony, and Subaru have produced various products that have a 
fuzzy controller as a component part. The characteristics of these products 
exceed those of similar products which are made by other manufacturers 
and are not based in fuzzy logic. Fuzzy logic has been successfully used in 
managing elevator operations and rail traffic. Video camcorders, washing 
machines, televisions, water heaters, and vacuum cleaners are examples of 
successful products whose work is based in the principles of fuzzy logic. 
For the application of fuzzy logic in engineering a recently published 
monograph by Ross (1995) is of outstanding interest. 

Fuzzy reasoning is also used in solving certain traffic and transportation 
problems. Pappis and Mamdani (1977) were the first to use the principles of 
fuzzy logic to control the isolated signalized intersection of two one-way 
streets. Sasaki and Akiyama (1986, 1987, 1988) developed a model to 
control freeway traffic. Chen et al. (1990) developed a model to control 
traffic in a freeway on-ramp. The Teodorovic and Kikuchi model (1990) 
based in fuzzy logic deals with the problem of route choice. Teodorovic and 
Babic (1993) developed an approximate reasoning model to control air 
traffic flows. The problem of dispatching vessels in river traffic was 
modeled by Vukadinovic and Teodorovic (1994) using fuzzy logic. 

Throughout the literature, various aspects of fuzzy logic have been 
discussed in numerous papers. In the field of engineering, published papers 
by Mendel (1995) and Jang and Sun (1995) are of particular consequence. 

The question of defining a fuzzy logic system naturally arises. Mendel 
(1995) explains the concept of a fuzzy logic system (FLS) in the following 
way: "In general, a FLS is a non-linear mapping of an input data (feature) 
vector into a scalar output (the vector output case decomposes into a 
collection of independent multi-inputlsingle-output systems)." Let us note 
that a fuzzy logic system most often maps crisp inputs into crisp outputs. 

The basic elements of each fuzzy logic system are rules, fuzzifier, 
inference engine, and defuzzifier (Figure 1.43). 

Input 
----~~~lFuzzifier:~-------. 

, 
I Rules :~-------.t Inference 

rl Crisp output 
De~fier~------~ 

Figure 1.43. Basic elements of a fuzzy logic system 
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The input data are most commonly crisp values. The task of a fuzzifier is 
to map crisp numbers into fuzzy sets. Let us note that in certain cases the 
input consists of fuzzy, i.e., linguistic variables. Fuzzy or linguistic 
variables are those variables whose numerical values are fuzzy numbers or 
whose domain is composed of linguistic variables i.e., expressions rather 
than numerical variables. If x represents a fuzzy variable, T(x) denotes a set 
of linguistic values (categories) of variable x. For example, for the fuzzy 
variable x = Time of service, the set of different linguistic values can be T(x) 
= {very small, small, medium, large, very large}. The linguistic values are 
quantified by fuzzy sets. The numerical values of these variables can be 
hours (minutes) belonging to all fuzzy sets to a various degree. The 
numerical values can be continuous or discreet. Fuzzy variables are found 
by measuring, observing, and, what is very important and quite frequent, by 
subjective estimation based in experience and intuition. In the following 
discussions, the cases related to crisp input as well as those related to fuzzy 
input will be considered in greater detail. 

Fuzzy rules can conveniently represent the knowledge of experienced 
operators used in control. These rules are arrived at either by verbalizing the 
operator's expertise or by conducting a carefully composed survey. This 
involves a long and close cooperation with a number of experienced 
operators, which can be very difficult to achieve. When it can be positively 
claimed that the operator is consciously or unconsciously using the rules in 
managing, the rules can be recorded by observing the operator's behavior. 
In other words, the rules can be formulated by using the observed decisions 
(input/output numerical data) of the operator. 

Fuzzy rule (fuzzy implication) takes the following form: 

Ifx is A, theny is B 

where A and B represent linguistic values quantified by fuzzy sets defined 
over universes of discourse X and Y. The first part of the rule "x is A" is the 
premise or the condition preceding the second part of the rule "y is B" 
which constitutes the consequence or conclusion. Basically, this expression 
describes the relation between the variables x and y, i.e., a fuzzy rule is 
defined as a binary fuzzy relation R in the Cartesian space X x Y = {(x,y)}. 
Each element (x,y) of the fuzzy relation is associated with the corresponding 
membership grade JlR(X,y). The binary fuzzy relation R can be treated as the 
fuzzy set defined in space X x Y characterized by a two-dimensional 
membership function JlR(X,y). 

The fact after "If' is called the premise or hypothesis or antecedent. 
From this fact, another fact called conclusion or consequent (the fact after 
"then") can be inferred. 

Note the following simple rule: 
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If variable x is Big, then variable y is Small 

The membership functions of the fuzzy sets Big and Small are shown in 
Figure 1.44. 

1.0;..,-···--S-----------=---
...... mall .... 

0.8 .••.•. ........ 
0.6 ..... . 

0.4-+------~ 

0.2 
0.0 

o 4 8 

.... 
........ ...... 

12 

........ 
........ ....... 
16 20 x 

Figure J. 44. Membership functions of fuzzy sets Big and Small 

As can be seen, the output of variable y is conditioned by the input of 
fuzzy variable x. Let us assume that we have obtained data or that we have 
estimated that the value of input variable x = 8. From Figure 1.44, we can 
see that x = 8 corresponds to the grade of membership in fuzzy set Big of 
0.4. This grade of membership is actually the "value of the truth" contained 
in the claim that the value of input variable x = 8 can be treated as Big. 
Since output variable y is conditioned by input variable x, we conclude that 
the claim that variable y is Small is only as true as the truth in the claim that 
input variable x is Big. 

Fuzzy reasoning (approximate reasoning) involves the transformation of 
a group of fuzzy rules into fuzzy relations in order to achieve a result. Fuzzy 
reasoning is an inference procedure, i.e., the way of generating the 
conclusion from the premises when the linguistic expressions are quantified 
by fuzzy sets. The inference engine of the fuzzy logic system maps fuzzy 
sets into fuzzy sets. The inference engine "handles the way in which rules 
are combined" (Mendel, 1995). There are a number of various inferential 
procedures in literature. 

The basic inference rule in classical logic is modus ponens: 

Premise 1 (fact): xisA, 
Premise 2 (rule): Ifx is A, theny is B, 
Consequence (conclusion): yisB. 
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The expressions A and B are precisely defined. However, when the 
expressions A, B, A', and B' are described by fuzzy sets, the inference 
procedure becomes a general modus ponens or approximate reasoning: 

Premise 1 (fact): xis A', 
Premise 2 (rule): Ifx is A, theny is B, 
Consequence (conclusion): yis B'. 

If fuzzy implication A ~ B is expressed by fuzzy relation R in the 
Cartesian space X x Y = {(x,y)}, then fuzzy set B' can be expressed by the 
following formula: 

(1.185) 

J.!B (y) = W 1\ J.!B(Y) (1.186) 

In order to determine fuzzy set B' the degree of match of sets A and A' , 
W, is first determined as the maximal value of the intersection of the sets 
(Figure 1.45). Fuzzy set B' is determined by the intersection of fuzzy sets B 
and w, whereas W represents the firing strength of the rule or the degree to 
which the rule is fulfilled. 

Within one rule the following two claims must often be satisfied: 

If x is A and y is B, then z is C. 

min 

A A' l.l 
B l.l 

1~----~----~------ 1~------~--------

/\.\ .......... w ... . 

_r--_.a 
o x o 

Figure J. 45. Approximate reasoning for a single rule 

The inference procedure thus takes the following form: 

y 
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Premise I (fact): x is A' andy is B', 
Premise 2 (rule): If x is A and y is B, then z is C, 
Consequence (conclusion): zisC'. 

As in the previous case, the degree of match of sets A and A', WI, is first 
determined, then the degree of match of sets B and B', W2, and the resulting 
fuzzy set C' is obtained by the intersection of fuzzy set C and 
W = min (WI, W2), whereas W represents the firing strength of the rule or the 
degree to which the rule is fulfilled (Figure 1.46). In this inference 
procedure the operator min represents operation "and." 

min 

z 

C' 

z 

Figure 1.46. Approximate reasoning by max-min composition for two rules 

A set of rules is transformed by the union of fuzzy relations. When 
operator max represents operation "or," the composition of inference is 
called the "max-min composition." The first model of the fuzzy system 
where the approximate reasoning is performed by max-min composition 
was proposed by Mamdani (Mamdani and Assilian, 1975). Figure 1.46 
shows the approximate reasoning performed by max-min composition when 
the algorithm is composed of two rules, i.e., the calculation of the output 
numerical value z when the input numerical values are x and y. 

A number of papers in the field of fuzziness begin with the following 
assertion: "When the membership function of the fuzzy set is known let us 
assume that the min operator is the corresponding model of the intersection 
of fuzzy sets." However, to use the fuzzy sets theory in modelling real 
phenomena, i.e., if the developed models are to be applicable in real 
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situations, it is necessary to perform a kind of empirical verification or 
confirmation of such assumptions (Zimmermann, 1987). 

The following set of rules which is called the fuzzy rule base is a typical 
example of an approximate reasoning algorithm: 

If x is Big, then y is Small 
or 
If x is Medium, then y is Medium 
or 
If x is Small, then y is Big 

Our known input variable value (x = 8) must go through all the above
defined rules: we must determine how much truth is contained in the claim 
that x = 8 is Big, how much truth in x = 8 is Medium, and, finally, how 
much truth there is in the claim that x = 8 is Small. After going through all 
the rules in the approximate reasoning algorithm, all the possible values of 
output variable y are associated with a grade of membership. 

The last step in the approximate reasoning algorithm is defuzzification, 
i.e., choosing one value for the output variable. Using the algorithm offuzzy 
reasoning a fuzzy set is obtained as the output result in the Mamdani model 
with particular membership grades of possible numerical values of the 
output variable. By defuzzification the fuzzy information is compressed and 
given by a representative numerical information. In the original paper by 
Mamdani (Mamdani and Assilian, 1975) the center of gravity of the 
resulting fuzzy set represents the output numerical value. 

In most applications an analyst or decision maker looks at the grades of 
membership of individual output variable values, and chooses one of them 
according to the following criteria: "the smallest maximal value," ''the 
largest maximal value," "center of gravity," "mean of the range of maximal 
values," and so on. (Figure 1.47). 

Smallest Center of gravity 
Mean of max. 

Figure 1.47. Approximate reasoning using max-min composition for two rules 
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A great deal of fuzzy information may seem to have been lost when the 
resulting fuzzy set is represented by a numerical value. The only way of 
analyzing these methods thus far has been experimentation and estimation 
of the obtained resu!ts. 

Let us note that in classical expert systems rules are exclusively obtained 
from human experts. In the case of fuzzy rule-based systems, the formation 
of the rule base can be made by human experts, according to numerical data 
or by combining numerical data and human experts. The combination of 
numerical information obtained from measurement and linguistic 
information elicited from human experts is particularly interesting and 
important. This case will be considered more thoroughly in the discussions 
to follow. 

The development of models of fuzzy logic most often requires several 
iterations. The first step defines the set of rules and the corresponding 
membership functions of the input/output variables. After looking at the 
results, corrections are made to the rules and/or membership functions, if 
necessary. Then the model is tested once again with the modified rules 
and/or membership functions, and so on. 

A more detailed way of applying fuzzy logic will be given in the 
consideration of various traffic problems solved by fuzzy reasoning. The 
following chapter presents models based in fuzzy logic used to solve traffic 
and transportation problems, along with numerical examples. 

1.24.1. Graphical interpretation of fuzzy logic inference 

A graphical interpretation of a fuzzy logic inference can considerably 
help us to reach a deeper understanding of the nature of fuzzy logic 
inference. Graphical techniques associated with fuzzy logic inference may 
be particularly useful in the case of a small number of rules and a "manual" 
application of fuzzy logic (without the aid of a computer). 

Let us consider a set of fuzzy rules containing three input variables x}, X2 

and X3 and one output variable y. 

Rule 1: If Xl is Pll and X2 is P12 and X3 is P13, theny is QI, 
or 

Rule 2: If Xl is P21 and X2 is P22 and X3 is P23, then y is Q2, 
or 

Rule k: If Xl is Pkl and X2 is Pk2 and X3 is Pk3, then y is Qk. 

The given rules are interrelated by the conjunction or. Such a set of rules 
is called a disjunctive system of rules and assumes the satisfaction of at least 
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one rule. It is assumed that membership functions of fuzzy sets Pkl and Pk3 

(k = 1,2, ... , K) are of a triangular shape, whereas membership functions of 
fuzzy sets Pk2 and Qk (k = 1, 2, ... , K) are of a trapezoidal shape. Let us note 
Figure 1.48 in which our disjunctive system of rules is presented. 

Ru~el Pn 

! 

il XI 

Ir-._-._..,,_c-_-._-._-._-. _-. _-. _-._-._+_-. P-li.'-"" _-._-. _-. --.--1~~c--+fh, 
i, x,: y , 

Ru_le_2 __ ~::=:----~~~---------4~P-D-·--·--·--·-~·-!~"-·,I~y, 
Ii, x, Y 

Ru4ek ~ PkI p.. P • 

._._._._._._._._._ .. _ •. _. __ ._._._._._._. __ ._Iil ,'_' ._._._.~.~~.-.-.- _._ y. 

,i1 XI li2 X 2 i] Xl: Y 

Figure 1.48. Graphical interpretation of a disjunctive system of rules 

Let the values iI, i2, and i3, respectively, taken by input variables Xl, X2, 
and X3, be known. (Depending in the context of the problem considered, 
these values can be obtained in the basis of the collected data, through 
measurements, or by an expert evaluation). In the considered case, the 
values it. i2, and i3 are crisp. 

Figure 1.48 also represents the membership function of output Q. This 
membership function takes the following form: 

whereas fuzzy set Q representing the output is actually a fuzzy union of all 
the rule contributions YI, Y2, ... , Yk, Le.: 
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(1.188) 

It is clear that 

(1.189) 

Let us try to explain more thoroughly the manner in which, for the 
known values it, i2, and i3 of input variables x}, X2, and X3, the 
corresponding value y* of output variable y is calculated. 

Consider rule 1, which reads as follows: 

If XI is PI I and X2 is P12 and X3 is Pl3, then y is QI 

The value J..lPll(il) indicates how much truth is contained in the claim 
that il equals Pll. Similarly, values J..lPI2(i2) and J..lPl3(i3), respectively, 
indicate the truth value of the claim that h equals PI2 and i3 equals Pl3. 
Value WI. which is equal to 

(1.190) 

indicates the truth value of the claims that, simultaneously, il equals PI I. i2 

equals P12 and i3 equals Pl3. 
Since the conclusion contains as much truth as the premise, after 

calculating value WI, the membership function of fuzzy set QI should be 
transformed. In this way, fuzzy set QI is transformed into fuzzy set Y I 
(Figure 1.49). 

Values W2, W3, ... , Wk are calculated in the same manner leading to the 
transformation of fuzzy sets Q2, Q3, .... , Qk into fuzzy sets Y2,Y3, .... , Yk· 

As this is a disjunctive system of rules, assuming the satisfaction of at 
least one rule, the membership function J.1Q(y) of the output represents the 
outer envelope of the membership functions of fuzzy sets Y I, Y 2, .... , Y k. 

The final value y* of the output variable is arrived at upon defuzzification. 
In some cases, the values taken by input variables are not crisp. In other 

words, inputs sometimes appear as fuzzy sets described by appropriate 
membership functions. The appearance of fuzzy sets may result from 
insufficiently precise measurements, approximately known data and 
subjective evaluation of particular parameters (Figure 1.49). 
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Figure 1.49. Graphical interpretation of fuzzy inputs 
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y 

Figure 1.49 shows Rule I of a disjunctive system of rules. This rule 
reads as follows: 

Rule I: If Xl is Pll and X2 is P12, then y is Ql 

Let the inputs be fuzzy, as shown in Figure 1.49 by the appropriate 
membership functions of fuzzy sets 11 and 12. The intersections of these 
inputs and the appropriate membership functions for premises Pll and P12 
are marked by hatched triangles shown in Figure 1.49. The maximum 
values WI and W2 of these intersections represent, respectively, truth value 
that Xl equals Pll and that X2 equals P12. The value min {WI. W2} indicates 
truth value contained in the claim that Xl equals PI I and that, 
simultaneously, X2 equals P12. The further procedure for calculating the 
values of the output variable is the same as in the case of calculating the 
crisp values of the input variable. 
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Presentation of Fuzzy Models Developed in 
Transportation Applications 

2.1. VEHICLE ROUTING MODEL BASED ON THE 
RULES OF FUZZY ARITHMETIC 

2.1.1. Basic assumptions of the vehicle routing problem 

Vehicle routing problems appear in various transportation activities. 
Hundreds of papers have been published in world literature during the past 
three decades treating different aspects of the vehicle routing problem. 
Significant reviews were given by Larson and Odoni (1981), Bodin et al. 
(1983), Solomon and Desrosiers (1988), and Golden and Assad (1988). 

Let us note depot D and nodes n shown in Figure 2.1. Vehicles leave the 
depot, serve nodes in the network, and on completion of their routes, return 
to the depot. 

Every node is described by a certain demand (the amount to be delivered 
to the node or the amount to be picked up from the node). Other known 
values include the coordinates of the depot and nodes, the distance between 
all pairs of nodes, and the capacity of the vehicles providing service. The 
classical vehicle routing problem consists of finding the set of routes that 
minimizes transport costs. 

In most vehicle routing models it is assumed that travel time, transport 
costs, and distance between pairs of nodes in the network are constant 
values known in advance. On the other hand, the travel time between two 
nodes in a network involves an uncertainty due to traffic conditions, type of 
driving, weather conditions, choice of streets, and so on. Using fuzzy 
arithmetic, Teodorovic and Kikuchi (1991a) developed a vehicle routing 
model containing uncertainty in terms of the travel time between individual 
nodes. We will briefly discuss the results achieved by Teodorovic and 
Kikuchi (1991a). 

D. Teodorovič et al., Traffic Control and Transport Planning:

© Kluwer Academic Publishers 1998
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Figure 2.1. Depot D and nodes requiring service 

Our subjective feeling regarding travel time is often not very precise. For 
example, the estimate is made that it takes "approximately 20 minutes" to 
go from one node to another. No one will claim that it takes 17 minutes 
when subjectively estimating travel time. Estimating travel time in this way 
is not the result of objective measurements but is a subjective estimation 
that differs among dispatchers and drivers. Travel time has often been 
treated as a random variable, and this required travel time measurements 
and the establishment of a certain probability density function. However, 
dispatchers-decision makers most often make a subjective estimate of travel 
time based on their experience and intuition, expressing the estimated travel 
time as "short," "long," "about 20 minutes," and so on. 

Teodorovic and Kikuchi (199la) treated travel time and transportation 
costs between two nodes in a network as fuzzy numbers. The vehicle 
routing algorithm developed by Teodorovic and Kikuchi assumed the 
following operational constraints: 

1. The dispatcher knows the service requests in advance. Each request is 
characterized by a location and amount to be served. 

2. All vehicles providing service have the same capacity, which is 
sufficient to serve at least one request. 

3. All vehicles start their activity from the depot and return to it after 
completing their service. Vehicles may leave the depot several times 
during the day. 

4. Travel times between pairs of nodes in the network are only 
approximately known. 

5. Drivers must follow the route (sequence of nodes to be served) designed 
by the dispatcher or analyst. When stopping at successive nodes on the 
route, drivers are free to choose the streets they will take. 

When travel time and transport costs are constant values, vehicle routing 
problems are most often solved using one of the large number of heuristic 
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algorithms developed in the past three decades. Example 1.18 pointed out 
the classical Clarke-Wright "savings" algorithm (1964). Let us assume that 
initially we are using n vehicles and that we are dispatching one vehicle to 
each one of the nodes to be served. The transportation cost savings s(i,j) 
achieved when one vehicle serves nodes i and j instead of each node being 
served by a separate vehicles equals 

S(i,j)=C,D+CD ·-c·· I, ,j I,) 
(2.1) 

where D is depot, and Cjj are transportation costs between nodes i and). 
When the savings between all pairs of nodes have been made, the 

Clarke-Wright algorithm ranks the savings in descending order and then 
starts with the greatest savings and routes vehicles while bearing operating 
constraints in mind. 

2.1.2. Calculating and ranking "savings" using fuzzy 
arithmetic 

Let us denote by T the fuzzy set of subjectively estimated travel time 
between nodes i and j. In order to simplify the arithmetic operations, 
Teodorovic and Kikuchi (1991a) assumed that travel time T was a triangular 
fuzzy number (Figure 2.2). Triangular fuzzy number T is expressed as 

(2.2) 

where t}, t2, and t3 are the lower boundary, the value that corresponds to the 
highest grade of membership, and the upper boundary of fuzzy number T. 

We assume that travel costs between any two nodes in the network are a 
linear function oftime: 

C=aT (2.3) 

where C is fuzzy number representing travel costs between two nodes 
whose travel time is fuzzy number T, and a is travel costs per unit oftime. 

Fuzzy travel costs C can also be represented by a triangular fuzzy 
number: 

(2.4) 
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Figure 2.2 Fuzzy time and fuzzy travel costs 

Since travel costs are fuzzy numbers, the "savings" are also triangular 
fuzzy numbers: 

S .. =C· D +CD . -c.. IJ I, ,) IJ (2.5) 

The triangular fuzzy numbers representing savings can be calculated 
using fuzzy arithmetic (adding and subtracting fuzzy numbers). When the 
savings have been calculated (in the form of triangular fuzzy numbers), they 
must be ranked in descending order. Teodorovic and Kikuchi ranked the 
savings with Kaufmann and Gupta's method (1988). 

Before ranking the calculated savings, they must be shifted along the x 
axis so that all calculated savings are positive. All savings 8}, 82, ... , are 
shifted along the positive line of the x axis by value r (Figure 2.3): 

(2.6) 

where r=min (ali), ali is lower boundary of the ith saving, 8i = (ali, a2i, a3i). 

1 

" " " " " " " " " " 
t 

Figure 2.3. Shifting "savings" 



Presentation of Fuzzy Models Developed in Transportation 
Applications 

73 

2.1.3. Vehicle routing algorithm when travel times are 
fuzzy numbers 

The algorithm to route vehicles when travel time and transport costs are 
treated as fuzzy numbers consists of the following algorithmic steps: 

Step 1: 

Step 2: 

Step 3: 
Step 4: 

Step 5: 
Step 6: 

Estimate travel time between all pairs in the network, and present 
them in the form of triangular fuzzy numbers. 
Using the functional dependence between travel time and transport 
costs, calculate transport costs between all pairs of nodes, and 
present them in the form of fuzzy numbers. 
U sing fuzzy arithmetic, calculate the fuzzy savings. 
Shift the bases of all calculated fuzzy numbers along the positive 
line of the x axis. 
Rank the fuzzy savings using Kaufmann and Gupta's method. 
Route the vehicles using the classical Clarke-Wright algorithm. 

Teodorovic and Kikuchi (1991a) tested their developed algorithm on a 
large number of numerical examples. During testing, in estimating travel 
times in the network, the effect of the level of uncertainty on the form of the 
vehicle routing was examined. The travel times between all nodes in the 
network were assumed to be triangular fuzzy numbers. The level of 
uncertainty used to estimate travel time was represented by the length of the 
base of the triangular fuzzy number. In other words, the greater the 
uncertainty in estimating travel time between two nodes in the network, the 
longer the base of the triangular fuzzy number representing travel time. 
Teodorovic and Kikuchi (1991a) expressed the level of uncertainty through 
parameter 13, where 13 = 0 corresponds to the highest possible uncertainty, 
while 13 = 1 corresponds to the situation in which the exact travel time 
through the network is known with complete certainty. For a given 
parameter 13, the lower and upper boundaries of the triangular fuzzy number 
are randomly chosen so as to be between 13a2 and (2 - l3)a2, with being a2 
the travel time with the greatest grade of membership. After generating all 
travel times using the algorithm, a set of vehicle routes is obtained that 
corresponds to a certain parameter 13. Different sets of vehicle routes can be 
generated for different values of parameter 13. Figure 2.4 presents two 
generated sets of vehicle routes for different values of parameter 13 (13 = 0.1, 
13 = 0.7). Depending on the level of uncertainty used to estimate travel time 
in the network, a specific set of routes can be chosen to be used by the 
vehicles when serving the network. 



74 Chapter 2 

7 (13=0.1) 

15 

1~~~==~==~-----5 

19 

15 

1 

19 

7 

10 ..;::.--..-.--y 

2 

17 

Figure 2.4. Generated sets of vehicle routes for different values of parameter ~ 

2.2. SCHEDULING ALGORITHM FOR A STATIC 
DIAL-A-RIDE PROBLEM BASED ON FUZZY 
ARITHMETIC RULES 

The dial-a-ride system of transport organization is used in some 
countries in the areas with low population density, as well as in big towns to 
transport the elderly and people with disabilities. There are several 
modifications to the dial-a-ride transport system. They share the following 
common features: 
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1. The user dials the dispatcher service of a transport organizer requesting a 
trip. 

2. A trip request is characterized by the trip origin and destination as well 
as the time moment (or time interval) when the client is to be picked up. 

3. Serving is usually carried out by vehicles of the same capacity. 
4. When designing vehicle routes, the transport organizer tries to execute 

the scheduled rides by the smallest possible number of vehicles, to 
design a set of the shortest routes, to achieve the shortest possible 
waiting time, and so on. 

There are two versions of the dial-a-ride problem: static and dynamic. 
The static version involves the collection of trip requests on a "today for 
tomorrow" basis. In this case, the transport organizer designs vehicle routes 
in the time interval ranging between collection of requests and execution of 
the requested rides. The routes designed for the next day remain unaltered 
throughout the serving. 

In the dynamic version of the dial-a-ride problem the routes are designed 
in real time. In other words, once a new client has requested to be served, 
the dispatcher promptly redesigns the routes that is, tries to "insert" the new 
request into one of the existing routes. The "insertion" of a new client 
effects certain changes in the route. If it is impossible for a new client to be 
inserted into one of the existing routes, his request is rejected. 

The dial-a-ride problem has been studied by a number of authors, most 
notably by Psaraftis (1983), Alfa (1986), Jaw et al. (1986), Rhee (1987), 
Solomon and Desrosiers (1988), and Kikuchi and Rhee (1989). 

Kikuchi (1992) was the first to develop an algorithm based on the fuzzy 
sets theory to resolve the dial-a-ride problem. Let us briefly present the 
results achieved by Kikuchi (1992), who developed "a vehicle routing and 
scheduling method for time-window based, many-to-many, advanced 
reservation, multivehicle dial-a-ride problem." Kikuchi (1992) considered 
the dial-a-ride problem within the following operating environment: 

1. In the transport network there is a depot from which vehicles depart and 
to which they return. 

2. Each trip request is characterized by the trip origin, desired departure 
time, and time windows for the desired departure. (The desired time of 
pickup (and dropoff) of a passenger is assumed to be a fuzzy number 
(For example: "I would like to be picked up about 9 a.m."». 

3. Passengers with different origin-destination pairs may be transported 
together by the same vehicle. 

4. Travel time between two nodes is represented by a fuzzy number. (The 
dispatcher subjectively estimates travel times according to traffic 
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conditions and the driver's characteristics (the manner of driving, the 
driver's choice of streets and paths). The dispatcher's subjective 
estimation of travel times is based on his experience and intuition). 

5. Time windows within which the serving of passengers is to be started are 
of a "soft" type. This means that the vehicle is allowed to arrive before 
the time window but must depart within the time window. 

As can be seen, Kikuchi (1992) was the first to introduce fuzziness in the 
dial-a-ride problem treating the desired time of vehicle arrival and the travel 
time between two nodes as fuzzy numbers (Figure 2.5). 

o t o 
(a) (b) 

Figure 2.5. Membership functions of desired time of vehicle arrival (a) and travel time 
between two nodes (b) 

t 

Figure 2.5 represents the desired time of vehicle arrival at a certain node 
and the travel times between certain pair of nodes as triangular fuzzy 
numbers. Thus, for example, a2 is the most desired time, whereas al and a3 
represent the beginning and ending of the desired time range. The time 
window corresponds to the range between al and a3. The values of tl and t3 
correspond to the shortest and longest estimated travel times between the 
two observed nodes. 

The algorithm we proceed to present is related to the problem of 
minimizing the number of vehicles required to meet a given set of travel 
requests. 

As in the case of other routing problems, there again exist two possible 
approaches to the process of route designing: simultaneous and sequential. 
The simultaneous approach refers to the case of certain operations on routes 
(development of the initial routes, expansion of the routes, insertion of new 
requests into the route, and so on) being executed simultaneously for all the 
routes. The sequential approach involves the consideration of routes 
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(development of the initial route, insertion of new requests, and so on) in 
sequences that is, one at a time. 

In the case of certain dial-a-ride algorithms (Jaw et at., 1986; Alfa, 1986; 
Kikuchi and Rhee, 1989), the initial route is developed first and then the 
insertion of more trips is performed. Jaw et at. developed the initial routes 
for several vehicles simultaneously and then made the insertion of the 
remaining trips into any of the initial routes. Unlike them, Kikuchi (1992) 
first developed the initial route for one vehicle and then tried to insert into 
the initial route as many remaining trips as possible. Kikuchi (1992) began 
to develop the second initial route only when it was no longer possible for 
any new trip to be inserted into the first initial route. Kikuchi's work (1992) 
is characterized by sequential procedure (routes are designed one by one), a 
two-stage approach (the initial route is developed first and then an insertion 
is made), and fuzziness (desired times of departures and travel times are 
treated as fuzzy numbers). 

In order to explain the first step of the algorithm, consisting of the 
development of the initial route, let us assume that all the given quantities 
are deterministic. 

The initial route is developed by the greedy method. This method 
"develops the initial route by connecting trips such that the vehicle travels to 
the closest pickup point after dropping off the passenger of the previous 
trip." Let us assume that the serving of trip j has just been completed. By 
keeping to the original notation, we can write that the choice of the next trip, 
having completed trip i, is made according to the following relation: 

minW(j, x) = ET(x)- T(j,x)-LT(j) W(j, x) ~o (2.7) 
x 

where ET(x) is the earliest time of pickup for trip x, TV, x) is travel time 
between dropoff node of trip j and pickup node of trip x, and LTV) is the 
latest allowable dropoff time of trip j. 

Let us note that WV, x) represents the idle time of the vehicle when trips 
j and x are connected (Figure 2.6). 

TV, x) Wv,x) 
~,..---------, 

LTV) ET(x) Time 

Figure 2.6. Idle time W(j, x) of vehicle when trips} and x are connected 
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Clearly, after making trip i, trip x is made for which WV, x) is the least. 
In this manner, an initial route is developed. For the purpose of reducing the 
computation time when TV, x) is a triangular fuzzy number, it is possible 
(for a start) to treat TV, x) as deterministic. Alternatively, it is possible to 
use the longest travel time t3V, x) as estimation for travel time TV, x), or the 
shortest travel time IIV, x), and so on. In the case of using quantities t3V, x), 
for example, the initial route will contain a smaller number of trips, and the 
passengers included in the initial route will certainly arrive at the desired 
times. 

Once we have designed the first initial route for one vehicle, we should 
try "to insert as many additional trips as possible in it before developing an 
initial route for the next vehicle." 

In order to insert a previously uninserted trip into the initial route, three 
tests are to be conducted. The first is intended to test the insertability of its 
two stops (for pickup and dropoff) between the already existing stops 
(Figure 2.7). 

Stop i-I Stop i StopL Stop i+I Stop i+2 
............ - r----' &!IIlIZI!ImI 

Time 

Figure 2.7. Testing of insertability of stops of a new trip between two existing stops in the 
initial route 

In the following discussion we shall keep to the original notation 
suggested by Kikuchi (1992). It is assumed that trip L, which is not included 
in the initial route, is to be inserted into the initial route between stops i and 
i+ 1 (Figure 2.7). It should be determined whether the vehicle, after 
executing trip i, can execute trip L followed by trip i+ 1, beginning trips i, L 
and i+ 1 within the defined time windows. 

Let us denote as ATE(L) the earliest possible arrival time at L after 
leaving i, and as DTL(L) the latest possible time that the vehicle can depart 
L to reach stop i+ 1 within time window. It is clear that (Figure 2.8) 

A TE(L) = ET(i) + T(i, L) (2.8) 

DTL(L) = LT(i+ 1) - T(L, i+ 1) (2.9) 

The vehicle can travel from ito L to i+ 1 if ATE(L) ~ DTL(L). In other 
words, the vehicle can travel from i to L to i+ 1 if the earliest possible arrival 
time at L after leaving i is less than the latest possible time that the vehicle 
can depart L to reach stop i+ 1 within the time interval (Figure 2.8). As can 
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be seen from Figure 2.8, when inserting trip L between two existing stops, 
"a decrease" in the original time window of trip L can frequently occur 
(shaded section of the original time window). 

Stop i-I Stopi StopL Stop i+I Stop i+2 - - - .. -
T(JL) 

Time 

--- ~ --I ...... 
ET(z) ATE(L) DTL(L) LT(i+I) Time 

.. T(L, i+1) 'I 

Figure 2.8. Insertability of stop L between two existing stops 

Let us introduce in discussion the following binary variables: 

AT(L) ={1, t~ATE(L) 
I 0, t < ATE(L) (2.10) 

DT(L) = {1, t ~ DTL(L) 
I 0, t > DTL(L) 

(2.11) 

STP(L)( = min [AT(L)(, DT(L)(l (2.12) 

As can be seen, binary variables AT(L)t, DT(L)(, and STP(L)( are 
dependent on time. Fuzzy set AT(L) is called "after ATE(L)" or "larger than 
ATE(L)." The name of the fuzzy set DT(L) is "before DTL(L)" or "smaller 
than DTL(L)." It is clear that the membership functions of fuzzy sets AT(L) 
and DT(L) can also be defined in a somewhat different manner. 

Let us denote by STP(L) a fuzzy set representing the intersection of 
fuzzy sets AT(L) and DT(L) (Figure 2.9). The membership function 
J.1STP(L)(t) is equal to: 

J.1STP(L)(t) = min [J.1AT(L)(t), J.1DT(L)(t)] (2.13) 
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1 
DT(L) AT(L) 

STP(L) 

0 
(a) 

Time 

1 
DT(L) AT(L) 

STP(L) 

0 
(b) 

Time 

1 
DT(L) AT(L) 

o 
(c) 

Time 

Figure 2.9. Fuzzy set STP(L) representing the intersection of fuzzy sets AT(L) and DT(L) 

Clearly, the maximum value of the membership function represents the 
maximum possibility of stopping at L at time t, while still satisfying the 
requirement for stopping at i and i+ 1 within the appropriate time windows. 

The variable AT(L)t represents "the measure of whether the vehicle is 
able to arrive at L by time t," while DT(L)t represents "the measure of 
whether the vehicle can arrive at the next stop on time if it leaves L at time 
t." In the case when 

STP(L)t= min [AT(L)t, DT(L)t1 = 1 (2.14) 

it can be concluded that the vehicle is able to stop at L at time t. 
As already noted, the estimated travel times between any two nodes in 

the network are treated as fuzzy numbers. Travel times T(i, L) and T(L, i+l) 
represent triangular fuzzy numbers: T(i, L) = (TI(i, L), T2(i, L), T3(i, L» and 
T(L, i+ 1 )=(T I (L, i+ 1), T 2(L, i+ 1), T 3(L, i+ 1». 
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According to the rules of fuzzy arithmetic, it can be concluded that both 
ATE(L) and DTL(L) are triangular fuzzy numbers (Figure 2.10) . 

o . _. _ .. Time 

Figure 2.10. Membership functions of fuzzy sets ATE(L), AT(L), DTL(L), and DT(L) 

As shown in Figure 2.9, the possibility of stopping at L, Pos[Stop(L)] is 
in certain cases (case (a)) equal to 1, which means that the vehicle can 
certainly make a stop at L. The case shown in Figure 2.9(b) refers to the 
situation when O<Pos[Stop(L)]<1, which means that it is possible to make a 
stop at L, but it is not completely certain. The closer the value of 
Pos[Stop(L)] approaches 1, the more certain we are of the possibility to 
make a stop at L. Figure 2.9(c) illustrates the case when the vehicle cannot 
make a stop at L, since Pos[Stop(L)] = O. 

The stated procedure for computing the possibility of stopping at L, 
Pos[Stop(L)], refers to the case of examining the insertion of trip L between 
trips i and i+ 1, assuming that trips i and i+ 1 belong to the initial route from 
the beginning. Since trips i and i+ 1 are included in the initial route from the 
beginning, the corresponding possibilities of stopping are calculated as 
follows: 

Pos [Stop(i)] = Pos [Stop(i+l)] = 1 (2.15) 

Kikuchi (1992) also presented the case in which he tried to insert stop L 
between stop i and stop i+ 1, of which at least one stop has previously been 
inserted into the initial route. In that case, we obtain 

Pos [Stop(i)] ~ 1 (2.16) 

Pos [Stop(i+ 1)] ~ 1 (2.17) 
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Given that possibilities of stopping at i and i+ 1 are I, let us denote the 
possibility of stopping at L as 

Pos {Stop(L)lpos [Stop(i)] =Pos[Stop(i+l)] = I} (2.18) 

In the case when stop i and/or stop i+ I is a previously inserted stop, the 
possibility of stopping at L is equal to 

Pos[Stop(L)]=Pos{Stop(L) I Pos[Stop(i)]=Pos[Stop(i+ 1)]=1}/\ 
Pos[Stop(i)] /\ Pos[Stop(i+ 1)] (2.19) 

Figure 2.11 illustrates the case of trying to insert stop L between 
previously inserted stops i and i+ 1. 

DT(L) AT(L) 

0.7 T---~~---------il 

Pos[Stop(i)]=0.6 Pos[Stop(i+ 1 )]=0.8 

o 
STP(L) 

Time 

Figure 2.11. Insertion of stop L between previously inserted stops i and i+ 1 

Suppose that in the case when stop L is inserted into the initial route 
between previously inserted stops i and i+ 1 we obtain 

Pos [Stop(L)] = 0.7 (2.20) 

In the case of inserting stop L between i and i+ 1 that have previously 
been inserted and have the corresponding possibilities of stopping, the final 
possibility of stopping at L is equal to 

Pos [Stop(L)] = min [0.6, 0.7, 0.8] = 0.6 (2.21 ) 

The decision whether to insert stop L between stop i and stop i+ 1 should 
be made based on a previously defined value 0 ::;; CI ::;; 1. 
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If Pos[Stop(L)] < Cl, stop L between stop i and stop i+ 1 should not be 
made, as it is considered to be "risky." Obviously, as the values of quantity 
Cl increase, so does the analyst's optimism concerning the possibility of 
inserting stop L between stop i and stop i+ 1. 

After testing the insertability of stop L between the two existing stops (i 
and i+1), it is necessary to test the satisfaction of the desired time of 
stopping. In other words, it is necessary to determine if a possible range of 
the arrival time at stop L overlaps with the passenger's time window. 

Let us denote by UT(L) the fuzzy set of the desired time of a vehicle's 
visit at L (Figure 2.12). 

1~--------~----~--------------------

Time 

o t 

Figure 2.12. Membership function of fuzzy set UT(L) representing desired time of vehicle's 
visit atL 

Let us, also, denote by US(L) the fuzzy set of user's satisfaction of 
stopping at L. This fuzzy set represents the intersection of fuzzy set STP(L) 
and fuzzy set UT(L) (Figure 2.13). 

DT(L) AT(L) 
1 1 " " \r UT(L) 

US(L) I \ 
0.3 

0 STP(L) Time 0 Time 

(a) (b) 

Figure 2.13. Membership function offuzzy set US(L) representing user's satisfaction 

In Figure 2.13 are given two of several possible cases of the intersection 
of UT(L) and STP(L). As Kikuchi (1992) noted: "the maximum degree of 
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satisfaction of the passenger can be measured at the point where the 
membership function of US(L) takes the highest value." In the case shown 
in Figure 2.J3(a) this value is equal to 0.3, whereas in Figure 2.J3(b) it is 
equal to zero. In other words, the possibility of satisfaction of the passenger 
IS 

Pos [Sat (L)] = max IlUS(L)(t) (2.22) 

As in the case of the previous test, it is possible to introduce a minimum 
acceptable level of satisfaction C2. An insertion should be made only when 

Pos [Sat (L)] ~ C2 (2.23) 

The value of C2 is also defined in advance. By specifying greater values 
of C2, we take more account of the passenger's level of satisfaction. 

The completion of the second test results (in a large number of cases) in 
a decrease in the time window of stop L (Figure 2.14). 

o 

New time 
window 

Old time window 

Figure 2. J 4. Decrease in time window 

UT(L) 

Time 

ET'(L) and LT'(L) denote, respectively, the new beginning of the time 
window at stop L and the new ending of the time window at stop L. 

The new time window is as follows: 
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(2.24) 

After completing the second test, the time windows of all other stops 
belonging to the initial route must be adjusted. Since all travel times 
between all pairs of nodes are fuzzy numbers, new bounds ET'(k) and 
LT'(k) (k = 1, 2, ... ) of the time windows of all other stops are obtained 
according to the rules of addition and subtraction of fuzzy numbers (Figure 
2.15). It should be noted that the new bounds of time windows are also 
fuzzy sets. 

UT(i-I) LT'(z) UT(z) UT(i+1) ET'(i+1) 

lb-~~--__ ~·~~~--~--~~ __ ~t-
I 

o LT'(L) Time 

T(i-l, i) 

T(i+l, i+2) 

Figure 2.15. Adjustment of time windows of other stops 

Parameter C2 in the second test which reflects a minimum acceptable 
level of the passenger's satisfaction can also be used to determine the 
passenger's satisfaction in the case of other stops belonging to the initial 
route. In other words, to insert stop L into the initial route, for any stop k 
already belonging to the initial route the following requirement must be 
satisfied: 

max 11 ()(t)~c 
ET'(k)!>t!>LT'(k) us k 2 

(2.25) 

Kikuchi (1992) performed a large number of computing experiments, 
varying the values of parameters Cl and C2 and the range of time windows. 
In that way, relationships were established between time window and 
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number of vehicles required, possibilities of vehicle stopping, passengers' 
satisfaction, and different versions of the vehicle schedule. 

2.3. FUZZY MULTIPLE-ATTRIBUTE DECISION 
MAKING: THE CHOICE OF THE BEST 
ALTERNATIVE FOR ORGANIZING AIR 
SHUTTLE SERVICE 

In performing our professional duties as well as in our private life we are 
faced with making various decisions. Generally, we need to pick up one 
alternative from a particular set of possible alternatives or, in certain cases, 
all the alternatives considered have to be ranked. The ranking of the 
alternatives is usually done according to a number of criteria that, as a rule, 
are mutually conflicting. For this purpose, a number of different methods 
have been developed, belonging to the field called multiple-attribute 
decision making. Within this field, a remarkable number of papers have 
been published. The monograph by Hwang and Y oon (1981) is certainly 
among the most prominent. Choosing a signaling schedule for an isolated 
intersection, choosing a convenient urban public transportation network, 
choosing a flight schedule, or choosing the best location for a new railroad 
station represent some of the decisions that traffic experts are sometimes 
expected to make. 

In matrix D, values xij are given that certain alternatives Aj (i = 1, 2, ... , 
m) take by particular criteria Xj (j = 1,2, ... , n): 

Xl X2 ••• Xn 

Al Xll xl2 x ln 

D=A:2 X21 X22 x2n (2.26) 

Am XmI Xm2 Xmn 

By m we denote the total number of alternatives, and by n the total 
number of criteria according to which the considered alternatives are 
compared. 

As already noted, within the field of multiple-attribute decision making 
various methods for ranking the alternatives have been developed. A 
detailed classification and analysis of these methods have been made by 
Hwang and Y oon (1981). The most famous classical methods include the 
dominance method, the maximin method, the maximax method, the 
conjuctive method, the disjunctive method, the lexicographic method, the 
simple additive weighting method, ELECTRE, TOPS/S, AHP, the weighted 
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product method, and the distance from target method. In each of these 
classical methods it is assumed that values xi} that certain alternatives Aj (i = 
1,2, ... , m) take by particular criteria are crisp numbers. 

However, as Chen and Hwang (1992) point out: "most of the real world 
multiple-attribute decision-making problems contain mixture of fuzzy and 
crisp data." It is clear that, in some cases, the values xi} that certain 
alternatives take by particular criteria are not given quantitatively but rather 
in terms of appropriate linguistic expressions. Thus, for example, a car is 
often described as ''very comfortable." In other words, when ranking 
different types of car, certain criteria may be numerical variables (price of 
car, fuel consumption in litres per 100 km, monthly installment, and so on), 
while others are found to be linguistic variables (comfort, safety, aesthetic 
appeal). Since the values of linguistic variables are words or sentences, 
certain values of xi} are words, such as, a "very comfortable," "quite safe," 
or "extraordinarily beautiful" car. 

The fact that both crisp and fuzzy data occur in matrix D brought about 
the need to modify the classical multiple-attribute decision-making 
methods. In their monograph called "Fuzzy Multiple Attribute Decision 
Making," Chen and Hwang (1992) made a classification and analysis of the 
existing fuzzy multiple-attribute decision-making methods. In the following 
discussion, only a comparatively recent fuzzy multiple-attribute decision
making method proposed by Chen and Hwang is presented. The reader 
interested in this area can find more information on this issue in Chen and 
Hwang's book (1992). 

The reasons determining whether the criteria by which a ranking is made 
will be linguistic variables or fuzzy numbers are various. In some cases, 
certain criteria simply cannot be quantified ("very comfortable," 
"extraordinarily beautiful"). Some of xi} values represent fuzzy numbers. 
The appearance of fuzzy numbers in matrix D is conditioned by the 
impossibility of the appropriate values to be precisely established. Thus, for 
example, when choosing the type of plane for an airline company, it is very 
difficult to determine with absolute precision the annual number of 
passengers between certain pairs of cities or the operational costs of the 
carrier on one line for the five incoming years. Also, in certain cases it is not 
possible to provide precise numerical data, and we are forced to make 
appropriate approximations. 

The proposed Chen and Hwang's method (1992) for solving fuzzy 
multiple-attribute decision-making problems consists of two steps. In the 
first step, the linguistic terms or fuzzy numbers are transformed into crisp 
scores. When a particular linguistic term is transformed into a crisp score, it 
is first converted into a fuzzy number, and then the obtained fuzzy number 
is converted into a crisp score. On the transformation, all the data in matrix 
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D are crisp numbers. In the second step, any of the classical multiple
attribute decision-making methods for obtaining the final rank of the 
considered alternatives can be applied. 

Considering the results achieved by other authors (Baas and 
Kwakernaak, 1977; Efstathiou and Rajkovic, 1979; Efstathiou and Tong, 
1982), Chen and Hwang proposed eight conversion scales by which the 
converting of linguistic terms into fuzzy numbers can be made. Which of 
these scales will be used depends on the total number of linguistic terms that 
are to be converted into fuzzy numbers. Figure 2.16 represents two possible 
conversion scales. 

Low Medium High 
1 , 

/ , , 
/ , 

" ,~, 
/ 

, , 
0 0.1 0.2 0.3 0.4 O.S 0.6 0.7 0.8 0.9 1.0 x 

(a) 

Very low Low Medium High Very high 
1 

>( 
. /' . , 

/ 
, , , , . / \ . , , , / . . , \ , . , , / . / ., 

X ,.. , . 
/, . , \ 

/ 
. , 

0 0.1 0.2 0.3 0.4 O.S 0.6 0.7 0.8 0.9 1.0 x 

(b) 

Figure 2.16. Conversion scales in the case of three (a) and five (b) linguistic terms 

By means of conversion scales certain linguistic terms are easily 
converted into fuzzy numbers. Thus, for example, the linguistic term 
"medium" (when five linguistic terms are used) is corresponded by a 
triangular fuzzy number (0.3,0.5,0.7), as shown in Figure 2. 16(b). 

In the next step, fuzzy numbers are converted into crisp scores. Jain 
(1976), Chen (1985), and Chen and Hwang (1992) proposed that a crisp 
score of a fuzzy number A be obtained by means of the so-called 
maximizing and minimizing sets. The membership functions of these sets 
are defined as 
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J.lmax(x) = 0: otherwise 

{ I-x, O~x~ 1 
J.lmin (x) = 0, otherwise 
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(2.27) 

(2.28) 

The right score, J.lR(A), the left score, J.lL(A), and the total score, J.lT(A), 
of a fuzzy number A are defined as 

J.lR (A) = max [min (J.lA (x),J.lmax(x»] (2.29) 
x 

(2.30) 

(2.31 ) 

For each fuzzy number in matrix D the total score is calculated. On the 
calculation of all total scores, matrix D contains only crisp data, so to the 
ranked alternatives any of the classical multiple-attribute decision-making 
methods can be applied. 

2.3.1. The Choice of the Best Alternative for Organizing 
Air Shuttle Service 

For the purpose of providing the best possible transportation service and 
achieving the best economic effects for the air transport carrier a number of 
different organizations of air transportation have been developed. The so
called air shuttle service includes equal time intervals between aircraft 
departures and the impossibility of reserving a seat in advance. Teodorovic 
(1985, 1988) studied the basic characteristics of the air shuttle service 
between two cities. Since the passenger in the air shuttle service has lost the 
possibility of reserving a seat in advance, some sort of guarantee must be 
provided in terms of the waiting time. In order to determine the flight 
frequency for the air shuttle, calculations must be made for several different 
alternatives (several different time intervals between consecutive 
departures), concerning the required transportation capacities, total 



90 Chapter 2 

operating costs, average passenger waiting time, probability of finding a 
vacant seat on the first departing plane, and so on. 

Let us present a somewhat modified example of choice of the best 
alternatives examined by Teodorovic (1985). A total of six alternatives Ai 
(i = 1, 2, ... , 6) for establishing the air shuttle between two cities have been 
considered. The alternatives differ in terms of the interval between the 
departures of certain planes and the probability of guaranteeing the 
passenger a vacant seat on the first departing plane. The alternatives shown 
in Table 2.1 were considered. 

Table 2.1. Characteristics of air shuttle alternatives 

Alternative 
Interval between the departure 
of two consecutive planes 

lh 
l.Sh 
2h 
lh 
l.Sh 
2h 

Probability of guarantying the passengers a 
vacant seat on the first departing plane (q) 

q<l 
q<l 
q<l 
q=l 
q=l 
q=l 

For each given alternative Ai, i = 1, 2, ... , 6, the following calculations 
were made: Xl is number of engaged planes in time intervals 5 a.m. to 
11 a.m. and 7 p.m. to 9 p.m., X2 is number of engaged planes in time 
interval 11 a.m. to 7 p.m., X3 are transportation costs in [$], X4 is average 
waiting time of one passenger in [min], Xs is probability of finding a vacant 
seat on the first departing plane. 

The values that alternatives Ai, i = 1,2, ... , 6 take according to criteria ~" 
j = 1,2, ... , 5 are given in matrix D: 

Xl X 2 X3 X4 X5 
Al 4 4 about 80,000 21 0.98 
A2 4 2 about 60,000 35 0.92 

D=A 3 4 2 about 60,000 51 0.97 (2.32) 
A4 8 4 about 90,000 17 1 
A5 4 2 about 70,000 31 1 
A6 6 2 about 60,000 48 1 

In matrix D all the data are crisp except the data in column X3, which 
represent linguistic terms. Let us first convert these linguistic terms into the 
corresponding fuzzy numbers. The membership functions of fuzzy numbers 
"about 60,000," "about 70,000," "about 80,000," and "about 90,000" are 
given in Figure 2.17 (fuzzy numbers A, B, C, and D). 
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Figure 2. J 7. Membership functions of fuzzy numbers A, B, C, and D 
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[1000$] 

In order for all the data in matrix D to be crisp, fuzzy numbers must be 
converted into crisp scores. The membership functions of the maximizing 
set, the minimizing set, and the considered fuzzy numbers are given in 
Figure 2.18. 

The right score, the left score and the total score of fuzzy numbers A, B, 
e, and D are given in Table 2.2. 

Table 2.2. The right score, the left score, and the total score of fuzzy numbers A, B, C, and D 
The total score 

Fuzzy number I 

A 
B 
C 
D 

The left score I-lL(I) The right score I-lR(I) I-lT(I)=(I-lR(I)+ 1-
I-lL(I»/2 

5/11 
4/11 
3/11 
2111 

7/11 
8/11 
9/11 
10111 

13/22 
15/22 
17/22 
19/22 

The calculated values of total scores allow us to form matrix D in which 
all the data are crisp. A new, transformed matrix is as follows: 

X X 2 X3 X4 X 
AI 4 4 17/22 21 0.98 
A2 4 2 13/22 35 0.92 

D=A3 4 2 13/22 51 0.97 (2.33) 
A4 8 4 19/22 17 1 
As 4 2 15/22 31 1 
A6 6 2 13/22 48 1 

It is now possible to rank the alternatives using one of the classical 
multiple-attribute decision-making methods. In this example, the method 
used is TOPSIS (Hwang and Yoon, 1981). This method is based on 
simultaneous measurements of the distance of a particular alternative from 
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the so-called ideal and negative ideal solution that is, the measurement of 
the relative distance of an alternative from the ideal solution. 

---------·&.lx) 
.......... _-- ..................... ... 

IlL(A) 
fJR(A) 

o 10 20 30 40 50 60 70 80 90 100 x 

(a) 

~8(X) 

---------l~;,,(x) 
........................... _------

o 10 20 30 40 50 60 70 80 90 100 x 

(b) 

Ilc(X) 

~R(C) 
~------¥~;.:.-=--------=~--- . 

1lL(C) ----\--__ 
~~~r_~--~--~--~--~--~~_4--~~~~--~ 
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\ , \ 

~-~~~----------~~~--
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Figure 2.18. Membership functions of maximizing set, minimizing set, and fuzzy numbers A, 
B,C, andD 
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As in the case of many other methods, a normalized decision matrix is 
calculated first. 

Normalized values rij are calculated as 

x·· 
rij = ~y i = 1, 2, ... ,m, i = 1, 2, ... ,n 

LX~ 
i=1 

(2.34) 

In the next step, each column's elements in matrix R are multiplied by 
weight Wj (significance of a criterion) corresponding to a particular column. 
In this manner, matrix V is obtained such that the values of its elements 
express the weights (significance) of individual criteria as well. Matrix V is 
found to be 

Vll v lj Vln wlrll wjrlj wnrln 

V= Vii vij vin WI'i1 wj'ij wn'in (2.35) 

v ml ... v mj . .. 
vmn wlrml 

. .. wjrmj 
. .. wnrmn 

On calculating the elements of matrix V, the ideal solution A* and the 
negative ideal solution A- are determined. These solutions are defined as 

(2.36) 

A- : I(}~ vij I jEJ),(mF vij I j E1')1 H2, ... ,m) = 

- {VI ,V2 , •.• ,vj , ... ,vn } 

(2.37) 

where 

J = {i = 1,2, ... , n I i belongs to the benefit criteria} (2.38) 

i = {i = 1, 2, ... , n I i belongs to the cost criteria} (2.39) 
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Let us note that the benefit criteria are understood to be those by which 
an alternative is better if it takes greater values. As far as the cost criteria are 
concerned, an alternative is better if by these criteria it takes lower values. 
Distance st of each alternative from the ideal alternative is 

n 

S; = L(vij _V)2 i=I,2, ... ,m (2.40) 
j=! 

Distance Sr of each alternative from the negative ideal solution is 

n 

S;= L(vij-vj)2 i = 1,2, ... , m (2.41 ) 
j=! 

Relative closeness C/ of the alternative Ai to the ideal solution A * is 

C* = S; 
I S; + S; o ~ C; ~ 1 i = 1, 2, ... , m (2.42) 

Since ct = 1 if Ai = A * and C/ = 0 if Ai = A-, the alternative Ai is better 
if C/ is closer to 1. It is clear that from the set of alternatives A I A2, ... , Am 
the best alternative is Ai with the largest value of Ci *. ' 

In our case, Xl, X2, X3, and Xt are cost criteria, while X5 is a benefit 
criterion. To determine the weights of the criteria, Teodorovic (1985) used 
the method of entropy. The following criteria weights were obtained: 

WI = 0.1683; W2 = 0.333; W3 = 0.2257; W4 = 0.2724; W5 = 0.0006. 

The ideal and negative ideal solutions are 

A* = {0.052568, 0.0961288, 0.1153388, 0.0523963, 0.000250136} (2.43) 
A- = {0.1051361, 0.1922576, 0.078916, 0.1581084, 0.000230105} 

The values ofC/ are given in Table 2.3. 
The values of C/, i = 1, 2, ... , 6 indicate that the alternatives are ranked 

in the following manner: A2, A5, A6, A3, AI, A4. 
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Table 2.3. Relative closeness Ct of the alternative Ai to the ideal solution AO 
Alternative Ai 

C ·• 
I 

0.5119817 
0.8810983 
0.5235411 
0.4763717 
0.5579323 
0.5240586 

2.4. CONTROLLING AN ISOLATED SIGNALIZED 
INTERSECTION USING FUZZY LOGIC 
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The problem of controlling an isolated signalized intersection has been 
dealt with by many authors worldwide. The first paper that tried to solve 
this problem using fuzzy logic was written by Pappis and Mamdani (1977). 
They considered the isolated signalized intersection of two one-way streets 
and developed a model based on linguistic control instructions. A 
comparison of the results from the model based on fuzzy logic with results 
from the classical approach to controlling an isolated signalized intersection 
indicated that better results (from the viewpoint of average time loss per 
vehicle) were achieved by the model based on fuzzy logic. 

Pappis and Mamdani developed the idea of a model that would imitate 
the work of the decision maker. Let us assume for a moment that there is a 
policeman directing traffic at the intersection of two one-way streets. The 
policeman lets traffic pass in one direction for a while and then at one 
moment he decides to stop traffic from the direction it has been coming and 
to let traffic pass from the other direction. The following questions are 
logically raised: What criteria does the policeman use to make his decision? 
At what moment in time does the policeman conclude that he should change 
the one-way street that has priority in the intersection? The policeman is 
certainly affected by both the number of vehicles waiting to be allowed 
through the intersection and the time they have been waiting. At one point, 
the policeman might note that a "large" number of vehicles has 
accumulated, and he decides to let them through the intersection. The 
policeman might also be influenced by the fact that a "smaller" number of 
vehicles have been waiting to cross the intersection for a relatively "long" 
time. We can see that "smaller," "large," or "very large" number of vehicles 
waiting in line to pass through the intersection can be represented by fuzzy 
sets, as can "small," "medium," "long," or "very long" waiting time. 
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We will briefly present the Pappis and Mamdani model to control an 
isolated signalized intersection. Figure 2.19 presents the isolated signalized 
intersection of two one-way streets. 

Figure 2.19. Isolated signalized intersection of two one-way streets 

Pappis and Mamdani (1977) assumed a uniform distribution of vehicles 
arriving at the intersection. They also assumed that the cycle was divided 
into two periods ("actually red" and "actually green") and that vehicles 
leave the line at the same intensity at which they join it. Keeping to the 
same symbols as Pappis and Mamdani, we will introduce the following 
variables: T is a fuzzy variable that denotes the time that has lapsed since 
the last light change at the intersection, A is a fuzzy variable denoting the 
number of vehicles from the priority direction that have passed through the 
green light during the considered time period, Q is a fuzzy variable 
representing the number of vehicles waiting in line on the one-way street 
that does not have priority (the number of vehicles waiting for the light to 
tum green), and E is a fuzzy variable "extension" that has values identical to 
fuzzy variable T representing the extension given to the present state of the 
system. 

Fuzzy variables T, A, and Q are input variables whose values should 
determine the value of output variable E. Fuzzy variable A could be 
assigned the value "many" vehicles, "more than several" vehicles, "few" 
vehicles, and so on. Fuzzy variable Q could be assigned similar values. 
Variables T and E are assigned values "very short," "short," "medium" 
time, and so on. Pappis and Mamdani also used fuzzy sets "any" number of 
vehicles "more than" and "less than." We would note that the grade of 
membership of every element belonging to the fuzzy set "any" equals 1. Let 
us note fuzzy set M. The membership functions of fuzzy sets "greater than 
M" and "less than M" can be defined as follows: 

_ { 0, x ~x· 
I-lgreaterthanM(X)- 1- () >. 

I-lM X , X _ X 
(2.44) 
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(2.45) 

where element x* of set M has the largest grade of membership in set M. 
Figure 2.20 presents the membership functions of fuzzy sets M, "greater 
than M," and "less than M." 

Less than M Greater than M 

o x* x 

Figure 2.20. Membership functions offuzzy sets M, greater than M, and less than M 

The algorithm to control traffic at an isolated intersection proposed by 
Pappis and Mamdani (1977) consists ofthe rules of the following type: 

Rule 1: If T is very short and A is greater than none and Q is any, then E is 
very short, 
or 

Rule 2: If T is short and A is greater than few and Q is less than very small, 
then E is short, 
or 

Rule 3: If T is medium and A is greater than few and Q is less than very 
small, then E is medium, 
or 

Rule 4: If T is long and A is greater than medium and Q is less than very 
small, then E is long, 
or 

Rule 5: If T is very long and A is greater than many and Q is less than very 
small, then E is very long. 

The values of fuzzy variable E representing the extension given to the 
present state of the system were between 1 and 10 seconds. Every 10 
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seconds a different set of five rules was used to make the decision on the 
length of time to the next light change at the intersection. 

Note Rule 5: If T is very long and A is greater than many and Q is less 
than very small, then E is very long. This rule represents the fuzzy relation 
between the time that has lapsed since the last light change at the 
intersection (T), the number of vehicles that have gone through the green 
light during time period (A), the number of vehicles waiting in line for the 
light to tum green (Q), and the extension given to the present state of the 
system (E). The expression 

If T is very long and A is greater than many and Q is less than very small 
represents the fuzzy phrase defined over the T x A x Q. 

Let us denote this fuzzy phrase by N. The membership function of this 
fuzzy phrase equals 

~N (t, a, q) = min {~very long (t), ~greater than man/ a), ~Iess than very small (q)} (2.46) 

Rule 5 is a fuzzy implication that can be written as 

If N Then E is very long 

This fuzzy implication also represents the fuzzy phrase defined over the 
set T x A x Q x E. Let us denote this fuzzy phrase by M. The membership 
function of fuzzy phrase M equals 

(2.47) 

Let us denote by MI, M2, ... , Ms, respectively, the fuzzy phrases 
referring to the five earlier-defined rules. Two or more fuzzy phrases linked 
by "or" ("else") are called a fuzzy clause (Pappis and Mamdani, 1977). In 
our case fuzzy phrases MI, M2, ... , Ms comprise a fuzzy clause. Let us 
denote this fuzzy clause by R. The membership function of fuzzy clause R 
equals 

~R = max{~Ml (t,a,q,e), ~M2 (t,a,q,e), ... , ~M5 (t,a,q,e)} (2.48) 

For known values of input variables T, A and Q, using the approximate 
reasoning by max-min composition, each of the possible output values of 
variable E is associated with a grade of membership. 
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During defuzzification, when one numerical value is chosen for the 
output variable, one of the following criteria, "the smallest maximal value," 
''the largest maximal value," "center of gravity," "mean of the range of 
maximal values," is usually applied. In the model developed by Pappis and 
Mamdani (1977), the center of gravity of the resulting fuzzy set represents 
the output numerical value. 

2.S. A FUZZY TRAFFIC CONTROL SYSTEM ON AN 
URBAN EXPRESSWAY 

In the majority of cases traffic control on urban expressways is managed 
by experienced operators. In order for a smooth traffic flow to be achieved, 
the operators should certainly be highly skilled. The operators are often 
exposed to exceptionally hard-working conditions that is, stress-causing 
situations, as they are frequently expected to make managing decisions in a 
very short time. It has also been observed that the manner in which the 
operators make their decisions is not easy to describe. 

Realizing the importance of the development of "an automatic decision
making system in place of operators," Sasaki and Akiyama (1986, 1987, 
1988) successfully applied fuzzy logic to a traffic control process on urban 
expressways. Along with the pioneering work of Pappis and Mamdani 
(1977), the work of Sasaki and Akiyama (1986, 1987, 1988) indicated great 
possibilities offered by fuzzy logic in solving complex traffic engineering 
problems. Let us present the basic results achieved by Sasaki and Akiyama 
(1986, 1987, 1988). 

The reasons for the application of fuzzy logic in the traffic control on 
urban expressways come from the fact that both the particular data used to 
make a decision and the human decision are characterized by fuzziness. In 
most cases, the available data on the values of certain traffic parameters are 
not absolutely precise. Thus, for example, due to the fact that a detector is 
located at 500 meter intervals, the information that traffic congestion length 
ranges from 2 km to 2.5 km is obtained, although the real traffic congestion 
length is 2.1 km. According to Sasaki and Akiyama (1988), fuzziness is 
inherent in other traffic parameters as well, such as traffic volume, traffic 
demand, weather, and so on. Furthermore, in making decisions experienced 
operators primarily rely on their intuition and experience. Consequently, the 
existing "fuzziness in operators" suggests the application of fuzzy logic in 
order to make the appropriate control procedure. 

Sasaki and Akiyama (1988) examined a route having three on-ramps. If 
traffic congestion becomes large, it is necessary to reduce the number of 



100 Chapter 2 

booths or close the toll gate. Reducing the number of booths or closing the 
toll gate is interpreted as a traffic control procedure. The control decision 
involves the determination of the number of open booths of each on-ramp. 
In order to avoid all possible combinations of the open booths that is, all 
control patterns, after studying the diary of traffic control, the authors 
observed four kinds of the most common patterns. The observed control 
patterns are given in Table 2.4. 

Table 2.4. The observed control patterns 

Pattern 
I 
2 
3 
4 

On-ramp I 
5 
5 
4 
3 

Number of open booths 
On-ramp 2 On-ramp 3 
2 2 

1 

Expected control volume 
o 
70-S0 
125-140 
IS0-200 

The operator chooses an appropriate pattern when he concludes that it is 
necessary to make a traffic restriction. As Sasaki and Akiyama (1988) 
noted, "the necessity of control that the operators feel is shown as the 
operators' expected control volume." 

For the sake of simplification, the authors assumed that the operator 
makes the decisions about the control level (LEVEL) that is, his choice of 
patterns by considering the length of traffic congestion (CON) and the 
expected traffic demand (DEM). The data on the length of traffic congestion 
are obtained by traffic detectors every 5 minutes. It was observed that in 
estimating the expected traffic demand the operators made use both of the 
obtained data and of their experience and intuition. 

The approximate reasoning algorithm obtained after consulting the 
operator consisted of the following rules: 

If CON = low, then LEVEL = low, 
or 
If CON = medium and DEM = low, then LEVEL = low, 
or 
If CON = medium and DEM = medium, then LEVEL = medium, 
or 
If CON = medium and DEM = high, then LEVEL = high, 
or 
If CON = high, then LEVEL = high. 

Fuzzy variables CON and DEM are input variables whose values should 
determine the value of the output variable LEVEL. Variables CON, DEM 
and LEVEL could take the values "low," "medium," and "high." The shapes 
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of the chosen membership functions of fuzzy sets "low," "medium," and 
"high" are shown in Figure 2.21. 

The membership functions J.1(x) take the form 

---
J.1(x) = e 2 (2.49) 

lJ.(x) 
Low Medium High 

" ". 
\ / 

\ . 
\ I 
\ . 
~ .' \ 

I \ , 
/ , . ... 

0 x 

Figure 2.21. Membership functions of fuzzy sets "low," "medium," and "high" 

The values of parameters m and cr were obtained after repeating a 
number of field tests. The authors included into consideration the so-called 
adaptation index P defined as 

P = Nl 
N 

(2.50) 

where N 1 is number of cases in which the pattern from the model is the 
same as the actual pattern, and N is total number of cases. 

The values of parameters in the membership function were chosen 
leading to the largest value of the adaptation index P. 

The developed approximate reasoning algorithm was employed every 5 
minutes on the collection of new input data. The results obtained based on 
the model were found to be almost equal to actual operators' decisions. In 
other words, it was demonstrated that this model can satisfactorily substitute 
a human operator. 
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2.6. SOLVING THE ROUTE-CHOICE PROBLEMS IN 
URBAN NETWORKS USING FUZZY LOGIC 

The problem of assigning traffic in a network is one of the most 
important problems encountered by traffic specialists. When traffic flows 
between origins and destinations of movement are known, and when the 
patterns between the characteristics of certain links and the traffic volumes 
on them are also known, the problem is to estimate the expected traffic 
volumes on the links. Different variations of this problem appear in city, 
noncity, air, and rail traffic. Let us note Figure 2.22 representing a network 
with five nodes that are the origins and destinations of movement. The 
volumes between individual origins and destinations are given in matrix F. 

I 2 3 4 5 

I - 10 30 10 10 

2 10 20 10 70 

F = 3 10 20 10 50 

4 10 20 50 50 

5 30 10 50 20 

1 

(2.51) 

2 

5 

Figure 2.22. Transportation network whose expected volumes on its links must be 
determined 

Travel times along the links are noted in Figure 2.22. It is assumed that 
travel times are constant and independent of the volume assigned to a link. 
Assuming that the travelers, drivers (in general, the network users) will 
choose to travel along a path exclusively according to the criterion of travel 
time, all network users will choose the shortest paths between the origins 
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and destinations of travel. Assigning traffic in a network according to this 
type of path choice is shown in Figure 2.23. 

Traffic assignment based on the assumption that all network users are 
oriented exclusively to the shortest path between pairs of nodes is known as 
"all or nothing." When travel time along a link is a function of the volume 
assigned to that link (this is most often a parabolic dependence in city 
traffic), the assignment shown in Figure 2.23 would have a completely 
different look. When assigning traffic in city traffic, the operating 
assumption is that travel time is the dominant factor influencing users in 
their choice of path. 

2 

5 

Figure 2.23. Traffic assignment in a network based on the ''all or nothing" principle 

The deciding factors behind the choice of path on airline networks are 
travel time, price of transportation on the paths, flight frequency, and 
number of stopovers. 

In the past three decades, the problem of traffic assignment in a network 
has been considered by a large number of authors worldwide. In addition to 
the large number of prominent works devoted to the problem of traffic 
assignment, mention should also be made of the books by Florian (1976) 
and Sheffi (1985). The problem of traffic assignment in an air traffic 
network has been discussed by Kanafani and Chang (1979), Kanafani 
(1981), and Kanafani and Ghobrial (1985). 

When travel time along a link (or some other factor that influences the 
user) is a function of the volume assigned to the link, assuming that every 
network user tries to minimize his travel time, the network will be in stable 
conditions when no user is able to decrease his travel time through the 
network by changing his path. These conditions are known in the literature 
as user equilibrium conditions, and corresponding assignment models are 
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called user equilibrium models. The main components of user equilibrium 
models are traffic assignment based on the principle "all or nothing" (users 
always choose the shortest path between the origin and destination) and a 
specific functional dependence between travel time along a link and the 
traffic volume assigned to the link. 

In more recent user equilibrium models a very strict distinction is made 
between real and perceived travel time (or real and perceived travel costs, 
real and perceived flight frequency, and so on). Improved user equilibrium 
models are based on the assumption that the choice of path depends on 
perceived, and not on observed, travel time. Perceived travel time is treated 
in such models as a random variable, whereby every network user 
corresponds to a specific value of perceived travel time. Stable conditions in 
this case arise when no network user believes that any change in his path 
could decrease his travel time. Such conditions are known in the literature as 
stochastic user equilibrium, and corresponding models are called stochastic 
user equilibrium models. A stochastic model to "load" the network and a 
functional dependence between travel time on a link and the volume 
assigned to the link are the main components of stochastic user equilibrium 
models. 

The system approach to assigning traffic in a network endeavors to 
assign user flows so that the total travel time of all users through the 
network is minimized. 

2.6.1. A fuzzy logic route-choice model 

When choosing which path to take between the origin and destination of 
movement, the user usually does not have exact information concerning 
travel times along different paths. In the same vein, an air traveler usually 
does not have all information (particularly for large networks) regarding the 
number of departures, all departure times, all tariffs, the number of 
stopovers on certain paths, and so on. Using these assumptions as a point of 
departure, Teodorovic and Kikuchi (1990) developed a model to assign 
traffic in a network based on fuzzy logic. The following discussion will 
present the results oftheir work. 

Let us assume that every network user chooses the path he will take 
through the network based on perceived travel time along certain paths. 
Perceived travel time is very often "fuzzy." In other words, when 
subjectively estimating travel time between two points, expressions are used 
such as "it takes about 20 minutes from point A to point B." It is rarely if 
ever heard that travel time between points A and B is 19 minutes. The claim 
that travel time between two points is "about 20 minutes" is the result of a 
subjective feeling, an individual's subjective estimate. This is not the result 
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of any measuring or the realization of a random variable representing travel 
time. If we were to record travel time between points A and B over a longer 
period of time, we would receive a series of different values, each 
representing one realization of the random variable travel time. When we 
subjectively estimate travel time, we do not have information regarding the 
probability density function of travel time; rather, we base our estimate on 
experience and intuition. The estimated travel time (or travel costs, flight 
frequency, and so on) differs from passenger to passenger, from user to user. 

User perceived travel times can be treated as fuzzy sets. Thus, the fuzzy 
set "travel time is about 20 minutes" denotes the travel time estimated by 
the first user, while the fuzzy set ''travel time is about 25 minutes" can 
denote the travel time estimated by the second user. 

Let us assume that a user has a specific preference regarding the choice 
of each of the possible paths through the network. This preference can be 
"stronger" or ''weaker.'' Let us introduce into the discussion a preference 
index that can take values from the interval of 0 to 1. When the user has an 
absolute preference for a specific path, we consider the preference index to 
be equal to 1. This preference index decreases along with a decrease in the 
strength of the preference. Let us assume that the strength of the user's 
preference can be expressed by fuzzy sets such as "very strong," "strong," 
"medium," "weak," and "very weak." Let us consider the simplest case 
when the user is to choose one of two possible paths between the origin and 
destination of movement (Figure 2.24). 

B 

Figure 2.24. Choosing one of two possible paths between the origin and destination 

The origin is denoted by r, the destination by s. We assume that we 
know the traffic volume between r and s. This volume is denoted by qrs. 
Possible paths are marked by A and B. The number of possible paths 
between two nodes in a network is most often very large, but in practice 
network users usually consider only two or three alternative paths. 
Teodorovic and Kikuchi (1990) assumed that users choose their paths based 
on a comparison of the characteristics of alternative paths. Let us denote by 
TA and TB, respectively, fuzzy sets representing estimated travel time (by 
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one user) along path A and path B. When comparing travel times along 
paths A and B, the user might estimate, for example, that travel time along 
path A, TA is "much shorter than TB," "shorter than TB," "equal to TB," 
"longer than TB," and "much longer than TB." These fuzzy sets are denoted 
in the following manner: ML TB is much less than TB, L TB is less than TB, 
GTB is greater than TB, and MGTB is much greater than TB. 

Figure 2.25 presents perceived travel time along path B and fuzzy sets 
MLTB, LTB, GTB, and MGTB. 

MGTB 

GTB 

o t 

Figure 2.25. Perceived travel time along path B and fuzzy sets MLTB, LTB, GTB, and 
MGTB 

In the example in Figure 2.25, perceived travel time is presented as a 
triangular fuzzy number. The main reason for assuming that perceived travel 
time is a fuzzy triangular number is that arithmetic operations are the easiest 
when triangular fuzzy numbers are concerned. Future research should 
examine the fonn of the membership function of perceived travel time in 
greater detail. The membership functions corresponding to the fuzzy sets 
shown in Figure 2.25 are 

( ) _ {I, t ~ Ibl 
IlMLTB t - 0, t ~ tbl 

( ) _ {O, 1 ~ tb2 
IlGTB t - 1- II (I) 1 > tb r-TB , - 2 

(2.52) 

(2.53) 

(2.54) 
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(2.55) 

where tb .. tb2, and tb3 are the smallest expected, the largest expected, and 
the largest possible values of perceived travel time TB. 

Let us denote by PA and PB the preference indexes associated with paths A 
and B. The fuzzy sets "very strong," "strong," "average," ''weak,'' and ''very 
weak" preferences are shown in Figure 2.26. 

Medium Strong Very strong 
1.0 -k::-----,-,-------:-m:----_r-----,....,----

0.5 
I 

I .' .' I •••. . ' . 
I ....... ,.. ....... 

I ..... ;".. ...... . ~~"'-' 0.0 
0.00 0.25 0.50 0.75 

\ , 

1.00 

Figure 2.26. Fuzzy sets describing preference strength 

As already mentioned, Teodorovic and Kikuchi (1990) assumed that the 
user chooses his path based on a comparison with the characteristics of 
alternative paths. For example, it is logical to assume that the user's preference 
for path A will be "very strong" should the user estimate that travel time along 
path A is "much shorter" than travel time along path B. Teodorovic and 
Kikuchi proposed the following fuzzy rules to establish network user's 
preference strength: 

If TA = ML TB, then PA = Very strong, 
or 
IfTA = LTB, then PA = Strong, 
or 
IfTA = TB, then PA = Medium, 
or 
IfTA = GTB, then PA = Weak, 
or 
IfTA = MGTB, then PA = Very weak. 
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For network user's known perceived travel times TA and TB, approximate 
reasoning by max-min composition can be used to establish the preference 
strength for every network user. 

This approximate reasoning procedure is graphically shown in Figure 
2.27. For perceived travel times TA and TB, we must first establish the extent 
to which the perceived travel times satisfy the premises of the rules. In other 
words, we must first establish the extent to which perceived travel time T A is 
"much shorter than TB," "shorter than TB," "longer than TB," or "much 
longer than TB" (Figure 2.27(a) - (e)). Figure 2.27(/) presents the 
membership function of the preference index that is obtained after applying 
the approximate reasoning procedure. One numerical preference index value 
that is equal to the center of gravity of the obtained fuzzy set is chosen. 

1.0t-__ t-__ ~M~G;t.l;T~B 

0.5 0.5 (e) 

O.n-t0 ---'----'----... _ ...... _o.\\"'rr--""""7!"'r---'::::OI'ir" ... 
. 0 P., 

(I) 

Figure 2.27. Graphical interpretation of the approximate reasoning algorithm to determine 
preference strength 
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2.6.1.1. Network "loading" algorithm based on hybrid numbers 

Once the preference index has been determined for each network user, an 
algorithm must be developed that will determine the number of users along 
individual links. Such algorithms are known in the literature as network 
loading algorithms. Teodorovic and Kikuchi (1990) developed a network 
loading algorithm in which the basic input data are the preference indexes of 
individual network users. We will briefly present the Teodorovic and Kikuchi 
algorithm. 

Let us assume that qrs users want to travel from node r to node s. We also 
assume that each of the qrs users perceives travel time as a triangular fuzzy 
number, and that a user's perceived travel times are distributed around the 
"most probable" travel time arrived at by previous measurements. Let us 
denote by TA and TB, respectively, fuzzy numbers representing the "most 
probable" travel times along paths A and B. 

Kaufmann and Gupta (1985) introduced the concept of a hybrid number 
representing the "combination" of a fuzzy number and a random variable. 
Hybrid number (TA, L) "composed" of fuzzy number TA and random 
variable L is shown in Figure 2.28. 

Hybrid number (TA, L) is "composed" of a series of fuzzy numbers, each 
obtained by "shifting" fuzzy number TA in a random way along the abscissa. 
Depending on the normal distribution of random variable L, diverse 
"distributions" of fuzzy numbers are obtained along the abscissa. 

Teodorovic and Kikuchi assumed that user's perceived travel time could 
be a hybrid number. In other words, it was assumed that perceived travel time 
along path A could be represented as a hybrid number (TA, L) with L being a 
random variable having a normal distribution. Using fuzzy numbers TA and 
TB and random variable L, it is possible to generate qrs perceived times along 
path A, with each of the generated perceived travel times corresponding to one 
user. Applying the earlier-presented algorithm of approximate reasoning to 
determine the preference strength for each qrs user, it is possible to determine 
corresponding preference indexes. 

Let us denote by P Ai the preference index of the ith network user in terms 
of using path A. The total number of network users who will use path A can 
be expressed as . 

qr,1( 

qA = LPA, (2.56) 
;=1 

The number of users on path B is calculated as 
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(2.57) 
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Figure 2.28. Hybrid number (TA, L) 

As already mentioned, individual perceived travel time is calculated using 
the assumption of a normal distribution of random variable L. In other words, 
in order to calculate perceived travel times along paths A for qrs users, qrs 
random numbers with a normal distribution must be generated. It is clear that 
calculated values qA and qB considerably depend on the series of generated qrs 
random numbers. In the same vein, for different series of generated random 
numbers, various values of estimated volumes qA and qB are obtained. Using 
Daganzo and Sheffi's idea (1977), presented in a model where perceived travel 
time was treated as a random variable with a normal distribution, Teodorovic 
and Kikuchi (1990) proposed reaching the estimation of values qA and qB 
after repeating the entire calculation greater number of times for different 
generated sets of random numbers. We denote by qpj the estimated value of 
the volume along path A in the jth iteration. Volume qAK along path A is 
estimated after K iterations that is, after generating K sets of random numbers 
and making an estimation for each of these sets. It is calculated as 

(2.58) 

The corresponding standard deviation (j AK is 

(2.59) 
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(2.60) 

where Co is a previously given constant whose value determines the 
accuracy of the entire procedure. 

The network "loading" algorithm based on hybrid numbers consists of the 
following algorithmic steps: 

Step 1: Define the "highest expected" perceived travel times along paths 
A and B. Present these travel times in the form of triangular fuzzy 
numbers. Give a value to constant co, which determines the 
accuracy of the output results. 

Step 2: Generate (using a normal distribution) qrs random numbers, which 
are used to determine perceived travel times for each qrs network 
user along path A. Using new qrs random numbers determine 
perceived travel times along path B. 

Step 3: Using the approximate reasoning model to choose the path, 
calculate the volumes along paths A and B. 

Step 4: Repeat Steps 2 and 3 K times, and calculate corresponding 
volumes. 

Step 5: If a satisfactory accuracy has been achieved (defined by the 
constant co), end the algorithm. Otherwise, increase K by 1 
(K = K + 1), and continue with Steps 2, 3, and 4. 

The above approximate reasoning algorithm and the network "loading" 
algorithm are based on the assumption that perceived travel times are a 
dominant factor that influences the user to choose certain paths in the network. 
It is certain that numerous other factors influence the choice of path through 
the network. Involving other factors into analysis would require the 
development of more complex approximate reasoning algorithms. 

2.6.2. Route-choice behavior by multistage fuzzy reasoning 

Akiyama and Tsuboi (1996) used multistage fuzzy reasoning to describe 
the driver decision making process on road networks. Their paper considers 
the multiroute choice problem. Akiyama and Tsuboi (1996) first made a 
survey and collected data. Experiment participants were asked about the 
number of alternative routes they use going from their origin to their 
destination (the authors asked the respondents to cite at most three 
alternatives they may use). For each route considered they defined its 
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characterizing factors (travel time, degree of congestion, and risk of 
accidents). All the participants estimated the values of all the factors using 
their own perception and experience. Appropriate fuzzy numbers could then 
represent these values. The third survey question dealt with the values of the 
utilities of the nominated routes. The authors assumed the existence of two 
stages in the driver decision-making process. The first approximate 
reasoning algorithm they proposed determined the utilities of the alternative 
routes. A typical rule in this approximate reasoning algorithm reads: 

If T is large and CR is small and RA is medium, then V is small 

where T is perceived travel time, CR is congestion of a route, RA is risk of 
accident, and V is utility for the route. 

The first input variable DF in the second approximate reasoning 
algorithm is the difference between the utilities associated with the shortest 
path and the second-shortest path. The second input variable DS is the 
difference in the utilities between the second-shortest path and the third
shortest path. The third input variable N refers to the number of alternative 
routes. When N = 2, variable DS does not appear in the premises. A typical 
rule of the second approximate reasoning algorithm reads: 

If N = 3 and DF is medium and DS is medium, then FR( I} is large FR(2} 
is medium FR(3} is medium 

where DF is difference of utilities between the shortest path and the second
shortest path, DS is difference of utilities between the second-shortest path 
and the third-shortest path, and FR(i} is degree of frequency for route i. 

Akiyama and Tsuboi (1996) also developed a neural network model for 
the second stage of estimation. The neurons in the input layer represent the 
number of alternative routes and the values of the utilities of individual 
alternative routes. The network output is route frequency. Connecting 
weights are determined using the back propagation method. The two-stage 
model based on a combination of fuzzy logic (first stage) and neural 
network (second stage) produced somewhat better results than the two-stage 
model based on fuzzy logic in both stages. 
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Lotan and Koutsopoulos (1993a, 1993b) studied the route-choice 
behavior problem. They indicated the great importance of studying this 
problem, especially in the light of intensive research connected with the 
development of intelligent vehicle highway systems (IVHS). When 
developing their approximate reasoning algorithm Lotan and Koutsopoulos 
used rules dealing with perceived travel times (or other measures of 
attractiveness) and rules dealing with real-time traffic information. Real
time traffic information on current traffic conditions was primarily used to 
indicate how default behavior changes. The attractiveness of different 
alternatives was measured on a scale ranging from -1 to 1. A value of -1 
indicates a complete aversion toward taking the alternative, while a value of 
+ 1 corresponds to an assured choice of the alternative. Once the initial set of 
rules was established, in order to improve the model it was necessary to test, 
update, and expand the rules. 

Continuing the research of Lotan and Koutsopoulos (1993a, 1993b), 
Vythoulkas and Koutsopoulos (1994) studied the modeling of discrete 
choice behavior using techniques and concepts from fuzzy set theory and 
neural networks. The authors used the neuro-fuzzy approach in order to 
calibrate the proposed model. They assumed that the membership functions 
of the fuzzy sets that appear in different rules are bell-shaped (gaussian 
functions). The authors presented the problem of rule generation as an 
integer programming optimization problem. Vythoulkas and Koutsopoulos 
(1994) used the fuzzy neural network procedure proposed by Lin and Lee 
(1991) to optimize the parameters of the membership functions, as well as 
to adjust the rule weights. The developed neural network was trained using 
an adaptation of the generalized delta rule. Two sets of data were used in 
order to test the proposed approach. The first group represented stated 
preference data collected by Lotan and Koutsopoulos (1993b) referring to 
the choice of one out of three alternative routes in Boston in the presence of 
information. The second group consisted of revealed preference data of the 
choice between rail and car for intercity travel. Data were obtained by a 
population survey in the city of Nijmegen in the Netherlands. The authors 
made a number of experiments with different combinations of input 
variables and finally concluded that the most important variables for mode 
choice decision are travel time, travel cost, and rail access/egress time. Rule 
premises used differences between travel time by rail and travel time by car 
and differences between travel cost by rail and travel cost by car. The model 
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was calibrated using an error function that was the sum of the squares of the 
deviations between actual choice and calculated preference. 

In the past several years there has been an intense study of different 
aspects of advanced traveler information systems (A TIS) in the world. A TIS 
is certainly one of the very important elements of intelligent vehicle 
highway systems that are being intensively developed in a large number of 
research centers. The basic task of A TIS is to provide certain information to 
travelers so that they will be better informed when they make their travel 
decisions. A TIS studies to date have used field experiments, route choice 
surveys, and computer simulation games. The route-choice problem is one 
ofthe most important transportation planning problems, and further study of 
route choice with advanced traveler information is certainly of great 
interest. How do the characteristics of competitive routes influence route 
choice when there is ATIS? How do travelers' characteristics influence 
route choice? How much confidence does the driver have in information 
received from ATIS? How do travelers perceive the information they 
receive? What is the extent of previously gained traveler experience, and 
how does it affect route choice? 

Research to date has provided answers to some of these questions. 
Kanafani and AI-Deek (1991) studied the benefits of vehicle route guidance 
in urban networks. They concluded that "saving in total system travel time 
on the order of 3 to 4% can be achieved from route guidance." Caplice and 
Mahmassani (1992) considered commuters' preferred arrival times at the 
workplace, the use of traffic information and switching propensity. 
Koutsopoulos and Xu (1993) developed a routing strategy based on 
information discounting for travel time projection. They also considered 
different aspects of ATIS (frequency of information update, location of 
information nodes, approaches to estimate travel times). AI-Deek and 
Kanafani (1993) dealt with the problem of determining the benefits from 
A TIS in corridors under incident conditions. Their paper also develops a 
deterministic queuing model that is applied to an idealized corridor 
composed of two routes. The interactions between traffic information 
reliability and travelers' response (route-choice decisions) were studied by 
Mahmassani and Shen-Te Chen (1993). Hall's research (1993) concluded 
that ATIS cannot be a solution to peak-period congestion. Yang et al. (1993) 
investigated driver route choice with A TIS using neural network concepts, 
first conducting a large number of experiments using interactive computer 
simulation in order to collect necessary data. They determined that the 
greatest number of users choose a route primarily based on recent 
experience and developed a model based on neural network concepts. 
Further consideration of different aspects of A TIS and finding partial 
answers to some of the most important questions is most certainly an 
extremely important area for future research in the field of traffic planning. 
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Depending on the type of system, A TIS can provide drivers with 
information that can be qualitative, quantitative, predictive, and prescriptive. 
Teodorovic et al. (1998) that ATIS provides drivers with quantitative and 
predictive information. In other words, they assumed that A TIS provides 
drivers with certain quantitative information regarding estimated travel time 
along competitive routes. Travelers use this information to compare the 
competitive routes. When comparing travel time along iilternative routes, 
the user may estimate, for example, that travel time along a certain route is 
"equal to," or "much shorter," "shorter," "longer," or "much longer" than 
travel time along a competitive route. It is also logical to assume that 
previously gained experience in using A TIS has a great influence on the 
route choice. In this regard, drivers are able to make a daily comparison 
between actual travel time and travel time estimated by ATIS. Differences 
between real and estimated travel time (which can be, for example, "very 
small," "small," "large," and so on) along alternative routes have an 
extremely important impact on the degree of user preference for a certain 
route. The degree of preference can be linguistically stated as "very weak," 
"weak," "medium," "strong," or "very strong." 

Teodorovic et al. (1998) assumed that the differences in estimated travel 
time along alternative routes, differences between estimated and real travel 
times along different routes, and the degree of preference to take certain 
routes can be represented by corresponding fuzzy sets. Therefore, the basic 
goal of their paper was to attempt to develop a travelers' route-choice 
behavior model based on fuzzy set theory techniques. The travelers' route
choice behavior model developed is based on fuzzy logic. The rules 
contained in the approximate reasoning algorithm they developed were 
reached by learning from examples. Model development and testing used 
data obtained from computer simulation; twenty six travelers participated in 
the simulation experiment. 

2.7.1. Interactive computer simulation for data collecting 

The experiment conducted by Teodorovic et al. (1998) included twenty 
six drivers (students and professors at the Faculty of Transport and Traffic 
Engineering, University of Belgrade). We would note that the interactive 
computer simulation conducted by Teodorovic et al. (1998) was inspired by 
Yang et al. (1993). The drivers chose one of two alternative routes during 
every day for thirty days of the month. The experiment participants were 
told the "estimated travel time" along each alternative route, and it was up 
to them to choose one of the competitive routes. After they had made their 
choice, the drivers were told the "real travel time" along the chosen route, 
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and the difference between "estimated" and "real" travel time. This allowed 
the drivers to gain experience connected with the accuracy of A TIS 
predictions. Every driver made a route choice every day of the month. This 
enabled the user to accumulate experience in using A TIS. "Estimated" and 
"real" travel times for every day in the month were generated randomly 
using the Gaussian probability density function. In other words, the 
following probability density function was used to generate travel times: 

1 _ (x_~)2 
I(x) = --e 2a 2 

cr...{i; 
(2.61) 

For "estimated" travel times, the values of corresponding parameters 
were 

Route 1: 1..1. = 20min cr = 5min 
Route 2: 1..I.=22min cr=5min 

For "real" travel times, the parameter values were 

Route 1: 1..1. = 20 min cr = 7 min 
Route 2: 1..1. = 22 min cr = 7 min 

2.7.2. Analysis of the factors that influence route choice 
usingATIS 

Drivers make their route choice after comparing the characteristics of the 
alternative routes. When A TIS exists, travelers certainly bear in mind 
information received from A TIS when making their route choice. 
Teodorovic et al. (1998) assumed that users make their route-choice 
decisions based on immediately perceived travel time along different routes 
(based on travel time information received from A TIS) and based on 
experience gained from "using" ATIS. Generally speaking, regardless of 
whether A TIS exists or not, perceived travel time on different routes is 
characterized by fuzziness. Users' perceived travel times can be represented 
by corresponding fuzzy sets. We also assume that the user has a certain 
preference for the choice of a certain route. This preference can be 
"stronger" or "weaker." We will introduce into the discussion a preference 
index that can take a value between 0 and 1. When a user has an absolute 
preference to use a certain route we consider the preference index to be 1. 
Should all travelers have a preference index of 1 regarding a certain route, 
this would mean that 100% of the travelers would use that route. It is clear 
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that a decrease in the degree of user preference brings a decline in the 
percentage of travelers using that route. The percentage of users on a certain 
route the ith day P(i) can be expressed by fuzzy sets called "very great 
percentage," "great percentage," "small percentage," and so on. Let us 
consider the simplest situation when users must choose one of two 
alternative routes. 

Let us denote by AT(I) the difference in travel times estimated by ATIS 
between route I and route II on the ith day under observation. This 
difference is shown to all drivers. Each driver experiences this value in a 
different way. For some drivers it might be "big," while another group of 
drivers might consider it "very big." In this research it is assumed that when 
there is A TIS, the value of AT(i) is one of several fuzzy variables having an 
important influence on route choice. Once information is received about the 
value of difference AT(i), and taking other factors into consideration, drivers 
make their route choice. When real travel time along the chosen route is 
shorter than that estimated by A TIS, drivers feel that they have made a good 
route choice, and in a repeated situation the next day they will certainly 
make the same choice. On the other hand, when real travel time is longer 
than expected, the degree of preference for that route decreases, and the 
degree of preference for the alternative route increases the next day. We can 
therefore ascertain that each of the alternative routes is characterized by a 
certain convenience and a certain shortcoming. Let us try to find specific 
"measures" that will be used to measure the conveniences and shortcomings 
of alternative routes. Let us denote by CI(i) the convenience of using route I 
the ith day in question. Convenience CI(i) is greater the greater the number 
of users who were satisfied with the choice of route I the (i-l)th day, and the 
greater the number of users who were dissatisfied with the choice of route II 

the (i-l)th day. Let us denote by C~(i) the "share" of convenience CI(I) 
originating from users who were satisfied with their choice of route I the (i-

l)th day. Let us also denote by C~(i) the "share" of convenience CI(i) 
originating from users who were dissatisfied with their choice of route II the 

(i-l)th day. Values C~(i) and C~(i) are defined as follows: 

{
llU -l)-lU -1)1 

C~(i)= r e 'nI(i-l), l(i-l)~tI(i-l) n r e 

0, otherwise 

(2.62) 



118 Chapter 2 

where t: (i - 1) is real travel time along route I the (i-I )th day, t: (i -1) is 

estimated (by A TIS) travel time along route I the (i-1)th day, nI(i-l) is 
number of travelers who chose route I the (i-l)th day, and n is total number 
of travelers 

C~I(i) = {It~(i -I) - t~(i -1)1· nne: -1), t~ (i -I) > t~(i -1) 

0, otherwise 
(2.63) 

where t:1 (i -1) is real travel time along route II the (i-I )th day, t:1 (i - 1) is 

estimated (by A TIS) travel time along route II the (i-I )th, nn (i - 1) is 
number of travelers who choose route II the (i-I )th day, and n is total 
number of travelers. 

Let us denote by SI(i) the shortcoming of using route I the ith day in 
question. Shortcoming SI(i) is greater the greater the number of users who 
were dissatisfied with their choice of route I the (i-I )th day, and the greater 
the number of users who were satisfied with their choice of route II the 

(i-1)th day. Let us also denote by S~ (i) the "share" of shortcoming SI(i) 
originating from users who were dissatisfied with their choice of route I the 

(i-I )th day. Let us also denote by Sr (i) the "share" of shortcoming SI(i) 
originating from users who were satisfied with their choice of route II the 

(i-I)th day. Values S~(i) and S~I(i) are defined as follows: 

{
lt I(i-I)-t l (i-1)1 

S~ (i) = r n e . nI (i - 1), t: (i - 1) > t: (i - 1) 

0, otherwise 

(2.64) 

(2.65) 

Values C~I(i), C~(i), S1(i) and S~~(i) are defined in the same manner. 
The total convenience and the total shortcoming of route I and route II, 
respectively, are 

(2.66) 
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(2.67) 

(2.68) 

(2.69) 

As already noted, participants in the simulation experiment chose one of 
two alternative routes every day for thirty days of the month. Since the first 
simulated day (i= 1) the drivers had no information relating to the previous 
day, the corresponding values of the "convenience" and "shortcoming" were 
zero (CI(1) = CII(1) = SI(1) = SII(1) = 0). Values CI(i), CII(i), SI(i), SII(i), as 
already noted, are the "measures" of the convenience or shortcoming of 
each route. They indicate the influence of the previous day's route choice on 
the route choice of the day under observation. In this research it is 
considered that the feeling of having made a "good" or "bad" route choice 
the previous day is very present when making the route choice the following 
day. In this way, these values play the role of a special "short-term 
memory." Teodorovic et al. (1998) assumed that in addition to this "short
term memory" there is also a "long-term memory" that is also present in the 
route choice thought mechanism. This "long-term memory" should in a way 
indicate the "cumulative belief' that the travelers might have reached (based 
on A TIS suggestions) regarding which route is "better" that is, "shorter" or 
"faster." Let us denote by B(i) the "measure" of the cumulative belief 
regarding the ith day of the month. This "measure" is the mean value of the 
differences between the estimated travel times along competitive routes, 
until ith day that is, 

i-I 

L (t:(J) - t~(J» 
B(i) = ""-1=....:.1 ____ _ 

i-I 
(2.70) 

Depending on value B(i) and the individual's subjective feeling, a route 
might be treated as "bad," "average," "good," and so on. We can therefore 
state the input fuzzy variables: 8. T is difference in travel times estimated by 
A TIS, C is convenience of the route, S is shortcoming of the route, and B is 
cumulative belief regarding route quality. 

The output fuzzy variable P is percentage of travelers who choose to use 
the route in question on the ith day in question. 
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2.7.3. Fuzzy logic and the route-choice problem 

As we already mentioned, Teodorovic and Kikuchi (1990) were the first 
to use fuzzy logic in considering the route-choice problem. It should be 
underscored that Lotan and Koutsopoulos (1993b) were the first to link 
fuzzy logic and the route-choice problem within the context of A TIS, 
whereby a certain theoretical consideration is supported by limited 
empirical data. 

In the considered route choice using A TIS, one of the possible rules 
might be, for example, 

If ~T is TI and Cis C3 and S is S3 and B is B3, then Pis Pll 

This rule represents the fuzzy relation between the difference in travel 
times estimated by ATIS (~T), route convenience (C), route shortcoming 
(S), cumulative belief regarding route "quality" (B), and the percentage of 
travelers who choose the route in question (P). 

As mentioned earlier, the simulation experiment whose goal was to 
collect appropriate data included twenty six drivers. The drivers were able 
to gain experience regarding the accuracy of A TIS predictions. Each driver 
made a route choice for every day of the month, resulting in the driver's 
cumulated experience regarding A TIS. It was noted during conversations 
with the simulation experiment participants that they had difficulty in 
expressing how they made their route choice using linguistic rules. For this 
reason, Teodorovic et al. (1998) decided to generate fuzzy rules from 
available numerical data. The method they used to generate fuzzy rules from 
numerical data was that proposed by Wang and Mendel (1992c). 

During each of the thirty days in the simulation experiment, a certain 
number of drivers chose route I. Since on the first day the experiment 
participants did not have any information regarding the previous day, we 
received twenty nine input-output data pairs for the first route and twenty 
nine input-output data pairs for the second route. The authors therefore had 
at their disposal the following fifty eight input-output data pairs: (L\T(l), 
C(l), S(l), B(1), pel»~, (L\T(2), C(2), S(2), B(2), P(2», ... , (L\T(S8), C(S8), 
S(S8), B(S8), P(S8». 

In the Teodorovic et al.'s (1998) paper the fuzzy rules base was obtained 
exclusively based on available numerical information. The results of the 
simulation experiment conducted in order to collect necessary data are 
shown in Table 2.5, Table 2.6 and Table 2.7. The data shown in Table 2.6 
refer to route I, while those in Table 2.7 refer to route II. As can be seen, the 
tables show not only data obtained from the examinees' answers, but also 
the corresponding values of variables ~ T , C, S, B, and P. 
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Based on the data given in Table 2.6 and Table 2.7, using the method 

proposed by Wang and Mendel (1992c), the following thirty eight fuzzy 

rules were generated: 

Rule 1: If ilT = T1 and C = C1 and S = Sl and B = B1, then P=PI, 
or 

Rule 2: If ilT = T1 and C = C1 and S = S2 and B = B1, then P=Pt. 
or 

Rule 38: If ilT = TIl and C = C1 and S = S3 and B = B3, then P=PlO. 

Table 2.5. Route characteristics 
Difference between 

Estimated travel time "Real" travel time estimated and "real" travel 
{min} {min} time 

Route I Route II Route I Route II Route I Route II 
Da~ tEl tEll tRI tRII tRI-tJ;;! tRrr-tEll 

1. 25.61 18.65 22.45 21.78 -3.16 3.13 
2. 16.98 24.83 19.91 25.41 2.93 0.58 
3. 17.30 29.22 15.14 31.47 -2.16 2.25 
4. 18.14 31.51 20.32 13.32 2.18 -18.19 
5. 25.91 22.61 20.26 22.78 -5.65 0.17 
6. 24.25 19.60 22.21 19.76 -2.04 0.16 
7. 14.33 32.05 22.93 24.87 8.60 -7.18 
8. 19.38 15.89 24.81 19.82 5.43 3.93 
9. 28.72 30.87 20.69 21.04 -8.03 -9.83 

10. 13.51 17.68 19.01 43.51 5.50 25.83 
11. 28.95 32.36 24.81 20.22 -4.14 -12.14 
12. 13.45 23.30 24.12 14.38 10.67 -8.92 
13. 18.40 38.98 23.87 20.70 5.47 -18.28 
14. 20.98 21.57 23.60 22.16 2.62 0.59 
15. 17.51 28.67 16.31 26.90 -1.20 -1.77 
16. 14.24 27.16 28.32 19.62 14.08 -7.54 
17. 18.20 28.99 20.87 12.10 2.67 -16.89 
18. 18.64 21.60 20.92 34.79 2.28 13.19 
19. 20.29 14.55 22.27 26.86 1.98 12.31 
20. 19.65 31.17 15.16 24.44 -4.49 -6.73 
21. 18.54 24.57 14.41 31.90 -4.13 7.33 
22. 17.65 18.55 15.64 24.27 -2.01 5.72 
23. 15.19 19.92 23.40 29.47 8.21 9.55 
24. 23.81 21.62 19.01 28.65 -4.80 7.03 
25. 23.10 40.16 18.08 33.67 -5.02 -6.49 
26. 12.26 25.48 21.12 31.60 8.86 6.12 
27. 15.71 25.21 28.45 23.61 12.74 -1.60 
28. 23.93 20.46 21.65 27.87 -2.28 7.41 
29. 20.74 23.79 20.08 30.27 -0.66 6.48 
30. 15.94 22.16 27.90 35.05 11.96 12.89 
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The companson was made between the results obtained from the 
approximate reasoning algorithm and real results obtained from the 
simulation experiment. The real results and the results obtained from the 
approximate reasoning algorithm are shown in Table 2.8 and Figure 2.29. 

Table 2.6. Percentage of drivers choosing route I 
Number of drivers along 

route 
Route I Route II 

nI nil ~T C S B P 
9 17 6.96 35 

24 2 -7.85 3.1 0.0 0.44 92 
26 0 -11.91 0.0 2.7 4.27 100 
26 0 -13.37 2.2 0.5 6.54 100 
14 12 3.30 0.0 2.2 4.58 54 
10 16 4.65 3.1 0.0 3.04 38 
25 1 -17.71 1.0 0.0 5.13 96 
14 12 3.49 0.0 8.5 4.05 54 
16 10 -2.16 1.8 2.9 3.84 62 
22 4 -4.17 4.9 3.8 3.88 85 
21 5 -3.40 4.0 4.7 3.83 81 
25 1 -9.85 3.4 2.3 4.33 96 
23 3 -20.58 0.0 11.0 5.58 88 
13 13 -0.59 0.0 6.9 5.23 50 
25 1 -11.16 0.0 1.3 5.62 96 
26 0 -12.92 1.2 0.1 6.08 100 
20 6 -10.78 0.0 14.0 6.36 77 
18 8 -2.96 0.0 5.9 6.17 69 
7 19 5.74 4.1 1.6 5.54 27 

24 2 -11.53 9.0 0.5 5.84 92 
22 4 -6.03 4.1 0.5 5.85 85 
17 9 -0.90 4.6 0.0 5.62 65 
21 5 -4.73 3.3 0.0 5.58 81 
16 10 2.19 1.8 6.6 5.26 62 
24 2 -17.05 5.7 0.0 5.73 92 
26 0 -13.22 4.6 0.5 6.02 100 
23 3 -9.50 0.0 8.9 6.15 88 
10 16 3.47 0.0 12.0 5.80 38 
21 5 -3.05 5.4 0.0 5.71 81 
26 0 -6.22 1.8 0.0 5.73 100 

The results obtained based on the model showed extremely good 
agreement with results obtained from the computer simulation. Certainly, 
some other fuzzy input variables could have been used within the proposed 
approximate reasoning algorithm. Modifying the proposed variables or 
introducing new fuzzy input variables is one of the interesting and important 
directions for future research. It would also be interesting to test the 
proposed approach when there are a greater number of alternative routes. It 
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can be ascertained that the proposed approach is "model-free," which means 
it is not necessary to have a mathematical model for the problem 
considered. The proposed system also has the possibility to learn from 
examples, which means that it is adaptable. With new examples, from time 
to time, changes appear in the rules and/or new fuzzy rules are added. The 
input space is high-dimensional. On the other hand, available data pairs are 
limited. Therefore, it is often not possible to build a fuzzy model over the 
whole input space. In such situations the problem arises of estimating output 
using the existing fuzzy rule base. It should be noted that different 
approaches have been developed in the literature to resolve this problem 
(Wang and Mendel, 1992c; Sugeno and Yasukawa, 1993). 

Table 2.7. Percent!!8e of drivers choosinfl route II 
Number of drivers along 

route 
Route I Route II 

nI nIl dT C S B P 
9 17 -6.96 65 

24 2 7.85 0.0 3.1 -0.44 8 
26 0 11.91 2.7 0.0 -4.27 0 
26 0 13.37 0.5 2.2 -6.54 0 
14 12 -3.30 2.2 0.0 -4.58 46 
10 16 -4.65 0.0 3.1 -3.04 62 
25 1 17.71 0.0 1.0 -5.13 4 
14 12 -3.49 8.5 0.0 -4.05 46 
16 10 2.16 2.9 1.8 -3.84 38 
22 4 4.17 3.8 4.9 -3.88 15 
21 5 3.40 4.7 4.0 -3.83 19 
25 1 9.85 2.3 3.4 -4.33 4 
23 3 20.58 11.0 0.0 -5.58 12 
13 13 0.59 6.9 0.0 -5.23 50 
25 1 11.16 1.3 0.0 -5.62 4 
26 0 12.92 0.1 1.2 -6.08 0 
20 6 10.78 14.0 0.0 -6.36 23 
18 8 2.96 5.9 0.0 -6.17 31 
7 19 -5.74 1.6 4.1 -5.54 73 

24 2 11.53 0.5 9.0 -5.84 8 
22 4 6.03 0.5 4.1 -5.85 15 
17 9 0.90 0.0 4.6 -5.62 35 
21 5 4.73 0.0 3.3 -5.58 19 
16 10 -2.19 6.6 1.8 -5.26 38 
24 2 17.05 0.0 5.7 -5.73 8 
26 0 13.22 0.5 4.6 -6.02 0 
23 3 9.50 8.9 0.0 -6.15 12 
10 16 -3.47 12.0 0.0 -5.80 62 
21 5 3.05 0.0 5.4 -5.71 19 
26 0 6.22 0.0 1.8 -5.73 0 
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Table 2.B. Comparison between real results and the results obtained using the approximate 
reasoning algorithm 

% of Drivers % of Drivers 
Ordinal number Real Estimated Ordinal number Real Estimated 

1. 92 97 31. 0 3 
2. 100 92 32. 0 3 
3. 100 92 33. 46 57 
4. 54 47 34. 61 66 
5. 39 42 35. 4 3 
6. 96 92 36. 46 51 
7. 54 49 37. 38 38 
8. 60 60 38. 15 22 
9. 85 78 39. 19 27 

10. 81 73 40. 4 5 
11. 96 96 41. 11 10 
12. 89 90 42. 50 43 
13. 50 53 43. 4 4 
14. 96 91 44. 0 3 
15. 100 92 45. 23 16 
16. 77 83 46. 31 29 
17. 69 70 47. 70 70 
18. 27 37 48. 8 4 
19. 92 91 49. 19 10 
20. 85 90 50. 35 30 
21. 65 62 51. 19 15 
22. 81 85 52. 39 45 
23. 62 52 53. 8 4 
24. 92 91 54. 0 4 
25. 100 91 55. 11 12 
26. 89 88 56. 61 57 
27. 39 43 57. 19 28 
28. 81 72 58. 0 10 
29. 100 90 
30. 8 10 

As already underscored, the results obtained from the model showed 
extremely good agreement with the results obtained from the computer 
simulation. This indicates that approaches based on fuzzy logic can be 
developed in future research on different aspects of A TIS. 
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2.S. APPROXIMATE REASONING ROUTE-CHOICE 
MODEL ON AN AIRLINE NETWORK 

Countless trips are made on a daily basis in intercity transportation, and 
each trip is linked to a certain number of decisions· that must be made. 
Passengers decide whether or not to make a certain trip, the choice of 
destination and the modal split, the choice of carrier and route, the choice of 
tariff, and the class of transportation (first and tourist class in airplanes). 
During the past four decades, a large number of models have been developed 
that describe trip generation, trip distribution, modal split, and route choice. 
Some models are based on the socioeconomic characteristics of a city, region, 
or zone and/or the characteristics of the transport system. A second group of 
models starts with the passenger as the trip's decision maker. 

How do passengers choose? What are the most important factors that 
influence their decision making? Do passengers stick to strictly rational 
reasons when deciding about their trips? Do they change their minds (and how 
often) in the middle of a trip? Do they always act and choose in the same 
manner? Research into transportation demand in the past four decades has 
certainly answered some of these questions (Kanafani, 1983). On the other 
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hand, due to the extremely great impact that transportation demand has on 
transportation supply and the carrier's economic effects, further research is 
needed to try to explain the manner in which passengers decide. 

Depending on the choice problem being considered, basic input data 
needed to make decisions include travel time, travel costs, waiting time to be 
served, frequency, comfort, safety, and so on. In other words, some of the 
parameters that are essential when choosing among alternatives are 
characterized by uncertainty. When making certain decisions, passengers do 
not have absolutely precise data at their disposal regarding some parameters. 

On the other hand, some other figures are known with absolute precision. 
For example, passengers are given the information that there are five flights a 
day between two cities. Passengers appraise this information in different ways. 
For some passengers, this is a "relatively small number of flights"; for others 
it is a "satisfactory" or "medium" number, and so on. In other words, 
passengers use different SUbjective appraisals to characterize the values of 
certain parameters that are known with absolute precision. 

The problems of route choice and traffic assignment are certainly among 
the most important problems in transportation. When transportation flows are 
known between trip origins and destinations, and when the characteristics of 
the paths linking them are also known, then the expected passenger flows 
along these links need to be estimated. Different variations of this problem 
appear in city, intercity, air, and train transportation. In air transportation, 
these problems were considered by Kanafani and Chang (1979), Kanafani 
(1981), Ghobrial (1983), and Kanafani and Ghobrial (1985). The last three 
papers developed an iterative procedure to assign traffic on an airline network. 
The route-choice model is a component part of this procedure. The model 
developed herein belongs to the class of Logit models. 

Deciding factors when choosing among routes in an airline network 
include travel time, the cost of transport on different routes, flight frequency, 
and the number of stopovers. 

Passengers who are flying have very precise information available 
regarding travel time on specific routes. They also know the price of the trip 
and the number of stopovers. Passengers are most often aware of flight 
frequency, too. We can state that the factors influencing route choice in air 
transportation are not characterized by imprecision. In other words, passengers 
(most often) have very precise information regarding these factors. 
Teodorovic and Kalic assumed (1996) that perceived (appraised) travel time, 
perceived flight frequency, or perceived number of stopovers are most often 
"fuzzy" amounts. A passenger might appraise a certain travel time as being 
"very small," "small," "medium," and so on. Maintaining that travel time is 
"very small" is the result of a subjective feeling or the individual's subjective 
evaluation. This is neither the result of any measurement nor the realization of 
a random variable representing travel time. Evaluations of travel time, as well 
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as evaluations of the offered flight frequency or the price of transportation, 
differ from passenger to passenger, from user to user. As already pointed out, 
these evaluations are most often fuzzy. 

The basic goal of the paper by Teodorovic and Kalic (1996) was to try to 
develop a route-choice model on an airline network that suitably describes the 
"fuzziness" in the perceived values of factors that influence route choice. The 
model was based on the rules of approximate reasoning that is, on the 
principles of fuzzy logic. It evaluates passenger flows on individual links 
when information is available regarding passenger flows between origins and 
destinations, travel time, costs, flight frequency, and number of stopovers on 
the routes. 

The route-choice problem in air transportation is similar to the route
choice problem in city or intercity road transportation. The differences in these 
problems are primarily found in the parameters that influence route choice. 
Let us assume that an airplane trip between city r and city s can be made either 
by taking route A or path B (Figure 2.30). 

A 

q,.. 

B 

Figure 2.30. Choosing one of two possible routes between origin and destination 

The origin is denoted by r and the destination by s. Let us assume that the 
passenger flow between r and s is known. This flow is denoted by qrs. 
Possible routes are designated by A and B. Although the number of possible 
routes between any two airports is considerably larger, passengers most often 
take only two or three alternate routes into consideration. Teodorovic and 
Kikuchi (1990) assumed that the passenger makes his route choice based on a 
comparison of the characteristics of alternate routes; after making this 
comparison, the passenger chooses his route through the network with a 
certain probability. The probability that he will choose a specific route can be 
"greater" or "lesser." In addition, the total number of passengers on any route 
can be "larger" or "smaller." When a passengers has an absolute preference 
for a specific route, we will consider the choice probability as being equal to 
1. When the strength of a passenger's preference diminishes, the probability of 
that route being chosen drops along with it. Let us assume that the probability 
of a passenger choosing any specific route can be expressed by fuzzy sets such 
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as ''very great," "great," "medium," "small," ''very small," and so on. In other 
words, the percentage of passengers taking a certain route is ''very large," 
"large," "medium," and so on. 

Teodorovic and Kalic (1996) also assumed that when transport costs are 
relatively uniform, then travel time and flight frequency on alternate routes are 
the dominant factors that influence a passenger's route choice. The number of 
stopovers is also an extremely important factor, however, to a certain extent it 
is already included in travel time. Other factors such as the type of aircraft, 
changing planes during the trip, and so on. Teodorovic and Kalic (1996) did 
not include in this analysis, primarily in an attempt to make the proposed 
model as simple as possible. 

We will consider the simplest case when a passenger must choose between 
two possible routes going from his origin to his destination. We assume that 
passengers base their route choice on a comparison of travel time and flight 
frequency on the alternate routes. We will denote, respectively, by oT and of 
the differences in travel time and flight frequency between one route and the 
other. Passengers can perceive these differences as "lesser frequency," 
"approximately the same frequency," "greater frequency," "negligible 
difference in travel time," and so on. We will also denote by P the percentage 
of passengers who use route A. Let us introduce into the discussion the 
following fuzzy sets: 

VBN very big negative difference in travel time 
BN big negative difference in travel time 
MN medium negative difference in travel time 
SN small negative difference in travel time 
N negligible difference in travel time 
SP small positive difference in travel time 
MP medium positive difference in travel time 
BP big positive difference in travel time 
VBP very big positive difference in travel time 
SF smaller flight frequency than on the alternate route 
ASF approximately the same flight frequency as on the alternate route 
BF bigger frequency than on the alternate route 
VVS very very small percentage of passengers using route A 
VS very small percentage of passengers using route A 
S small percentage of passengers using route A 
MS medium-small percentage of passengers using route A 
M medium percentage of passengers using route A 
MB medium-big percentage of passengers using route A 
B big percentage of passengers using route A 
VB very big percentage of passengers using route A 
VVB very very big percentage of passengers using route A 
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The membership functions of these fuzzy sets (subjectively defmed by 
Teodorovic and Kalic, 1996) are shown in Figure 2.3 J. 

VBN BN MN SN SP MP BP VBP 

-180 -150 -120 -90 -60 -30 0 30 60 90 120 150 180 

-100 -50 0 50 100 

VVS VSSMS M MBBVB VVB 

o 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100 [%] 

Figure 2.31. Membership functions of the fuzzy sets 
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In order to determine route-choice probability, Teodorovic and Kalic 
(1996) developed an approximate reasoning algorithm composed of the 
following rules: 

Rule 1: If oT = VBN and of = ANY, then P = VVB, 
or 

Rule 2: If oT = BN and of = ANY, then P = VB, 
or 

Rule 15: If oT = VBP and of = ANY, then P = vvs. 

For known travel time and flight frequency along alternate routes, the 
approximate reasoning rules can be used to determine the route-choice 
probability for each of the routes under consideration. 

The approximate reasoning algorithm developed by Teodorovic and Kalic 
(1996) was tested using real data taken from the doctoral dissertation of 
Ghobrial (1983). 

Table 2.9 presents data on traffic in both directions between thirteen pairs 
of cities in the Atlanta, Georgia, region. These thirteen cities were chosen due 
to the fact that they were served by the same type of aircraft. The Table 2.9 
presents flight frequency, travel time, differences in flight frequency, 
differences in travel time, and percentage of the total number of passengers 
that chose the fITst route under consideration. Based on these figures, 
membership functions were subjectively defmed of the fuzzy sets used in the 
approximate reasoning algorithm. 

Table 2.9. Traffic characteristics of the network 
Travel time {min} Weekll:: fr!:9uencl:: Percentage of 

Pair of passengers 
cities Route 1 Route 2 oT Route 1 Route 2 of using Route 1 

1 180 40 140 52 28 24 19 
2 40 180 -140 28 52 -24 81 
3 170 40 130 48 7 41 19 
4 40 170 -130 7 48 -41 81 
5 180 60 120 56 13 43 25 
6 60 180 -120 13 56 -43 75 
7 150 67 83 14 14 0 31 
8 67 150 -83 14 14 0 69 
9 200 110 90 27 28 -1 40 

10 110 200 -90 28 27 1 60 
11 210 60 150 90 7 83 22 
12 60 210 -150 7 90 -83 78 
13 170 110 60 48 14 34 39 
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Travel time {min} Weekl~ freguenc~ Percentage of 
Pair of passengers 
cities Route 1 Route 2 liT Route 1 Route 2 liF using Route I 

14 110 170 -60 14 48 -34 61 
15 135 85 50 14 14 0 39 
16 85 135 -50 14 14 0 61 
17 90 45 45 14 36 -22 33 
18 45 90 -45 36 14 22 67 
19 120 90 30 31 21 10 43 
20 90 120 -30 21 31 -10 57 
21 200 105 95 84 14 70 34 
22 105 200 -95 14 84 -70 66 
23 180 100 80 84 7 77 36 
24 100 180 -80 7 84 -77 64 
25 250 160 90 28 14 14 39 
26 160 250 -90 14 28 -14 61 

The percentages of passengers on individual routes were calculated based 
on the approximate reasoning algorithm. Table 2.10 and Figure 2.32 present a 
comparison of the real values and the values obtained using the approximate 
reasoning algorithm. 

Table 2.10. Comparison of real values and values obtained using the approximate reasoning 
algorithm 

Percentage of passengers using route I 
Pair of cities Real value Value obtained using the approximate 

reasoning algorithm 
I 19 19.7 
2 81 80.3 
3 19 19.7 
4 81 80.3 
5 25 19.7 
6 75 80.3 
7 31 30.1 
8 69 69.9 
9 40 30 
10 60 70 
11 22 19.7 
12 78 80.3 
13 39 38.3 
14 61 61.7 
15 39 38.9 
16 61 61.1 
17 33 39.4 
18 67 60.6 
19 43 43 
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Table 2.10. Comparison of real values and values obtained using the approximate reasoning 
algorithm (continued) 

Pair of cities 
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Figure 2.32. Comparison of real values and values obtained using the approximate reasoning 
algorithm 

As can be seen from Table 2.10 and Figure 2.32, extremely good 
agreement was obtained between the values calculated using the approximate 
reasoning algorithm and real values. Such good agreement was achieved 
based on an iterative procedure composed of several steps. First, the 
membership functions of the fuzzy sets were subjectively defined after an 
analysis of the data on traffic characteristics. In the next step, using the 
approximate reasoning algorithm, the percentages of passengers on individual 
routes were calculated and compared with the real values. After the 
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comparison, some membership functions and/or rules were modified, and the 
values were calculated once again. Then another comparison was made 
followed by another modification of some membership functions and/or rules, 
and so on. Results were obtained practically momentarily (computer time is 
less than one second). This fact considerably accelerated the iterative 
procedure and enabled greater experimentation with different membership 
functions and/or rules in a relatively short time. 

2.9. A FUZZY LOGIC APPROACH TO THE 
VEHICLE ROUTING PROBLEM WHEN 
DEMAND AT NODES IS UNCERTAIN 

Hundreds of papers in world literature have been devoted to the vehicle 
routing problem. Most of them assume that the quantities to be picked up (or 
dropped off) at the nodes are deterministic. In recent years, papers have started 
to appear (Dror and Trudeau, 1986; Dror et ai., 1989; Teodorovic and 
Pavkovic, 1992) in which demand at the nodes is treated as a random variable. 
The problem of routing vehicles when stochastic demand at the nodes is 
known is referred to in the literature as the stochastic vehicle routing problem. 
The basic input data to solve such a problem are the probability density 
functions of the random variables representing demand at the nodes. 

In order to verify the probability density functions of demand at the nodes, 
demand must be "recorded" over a longer period of time, and a detailed 
statistical analysis must be made of the collected data. On the other hand, we 
often do not have precise data available regarding demand at some nodes 
(start-up operations of a distributing system are just starting up, the records of 
demand at some nodes that are not up-to-date, and so on). In other words, the 
information about vehicle demand at some nodes is often not precise enough. 
For example, based on experience, it can be concluded that demand at a node 
is "around 100 units," "between 80 and 120 units," "approximately 200 units," 
and so on. Thus, there is often uncertainty regarding the amount of demand at 
some nodes. Teodorovic and Pavkovic (1996) developed a model to design 
vehicle routing when there is uncertain demand at the nodes. The model is 
based on the heuristic "sweeping" algorithm, rules of fuzzy arithmetic, and 
fuzzy logic. 

2.9.1. Problem assumptions 

Let us assume that there are n nodes in the network to be served. Vehicles 
set out from depot D, serve a number of nodes, and on completion of their 
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service, return to the depot. We also assume that the demand at each node is 
only approximately known. Such demand can be represented by a triangular 
fuzzy number. Triangular fuzzy number D = (d}, d2, d3) is described by its left 
boundary dl and its right boundary d3. Thus, the dispatcher or analyst 
studying the problem can subjectively estimate, based on his experience and 
intuition and/or available data, that demand at the node will not be less than dl 
or greater than d3. The value of d2 corresponding to a grade of membership of 
1 can also be determined by a subjective estimate. 

The problem that Teodorovic and Pavkovic discussed in their paper can be 
defined as follows: For known locations of the depot and nodes to be served, 
known vehicle capacity, and demand at the nodes that is only approximate 
(represented by triangular fuzzy numbers), design a set of vehicle routes that 
minimizes costs. 

2.9.2. Proposed solution to the problem 

In the past three decades, a large number of different heuristic algorithms 
have been developed to route vehicles. One of the simplest is the sweeping 
algorithm proposed by Gillett and Miller (1974). This algorithm is applied to 
polar coordinates, and the depot is considered to be the origin of the 
coordinate system. Then the depot is joined with an arbitrarily chosen point 
that is called the seed point. All other points are joined to the depot and then 
aligned by increasing angles that are formed by the segments that connect the 
points to the depot and the segment that connects the depot to the seed point. 
The route starts with the seed point, and then the points aligned by increasing 
angles are included, respecting given constraints all the while. When a point 
cannot be included in the route since this would violate a certain constraint, 
this point becomes the seed point of a new route, and so on. The process is 
completed when all points are included in a route (Figure 2.33). 

1 

~ ____ 3 

Figure 2.33. Sweeping algorithm 
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Increasing the number of nodes served along a route decreases the 
available (remaining) capacity of the vehicle. When demand at the nodes is 
deterministic, 8.fter completing service at one node it is easy to calculate 
whether the vehicle is able to serve the next node. On the other hand, when 
demand at the nodes is characterized by triangular fuzzy numbers, it is not a 
simple task to decide whether the vehicle should serve the next node or return 
to the depot. It is clear that the greater the vehicle's remaining capacity and the 
lesser the demand at the next node, the greater the vehicle's "chances" of being 
able to serve the next node. In other words, the greater the difference between 
the remaining capacity and demand at the next node, the greater our 
preference to send the vehicle to serve that next node. 

We assume that service is provided by vehicles of the same size. We will 
denote vehicle capacity by C and the fuzzy number representing demand at 
the ith node by Di. After serving the ftrst k nodes, the available capacity of 
vehicle Bk will equal 

k 

Bk =C- LD; (2.71) 
;=/ 

Demand at the nodes Di (i = 1, 2, ... , k) is represented by triangular fuzzy 
numbers. The capacity of vehicle C can also be presented as a triangular fuzzy 
number C = (C, c, C). Using the rules of fuzzy arithmetic, we can easily show 
that Bk is also a triangular fuzzy number that is, 

(2.72) 

where dli is left boundary of fuzzy number Di, d2i is value of fuzzy number 
Di corresponding to a grade of membership of 1, and d3i is right boundary of 
fuzzy number Di . 

It is clear that the "strength" of our preference for the vehicle to serve the next 
node after it has served k nodes depends on available capacity Bk. Our 
Preference can be for example "low" "medium" or "high" We will denote , " , . 
by Pk the preference index that expresses the strength of our preference to send 
the vehicle to the next node after it has served k nodes. Let the preference 
index be between 0 and 1 that is, 

k = 1, 2, ... , n (2.73) 
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When Pk = 1, we are absolutely certain that we want the vehicle to serve 
the next node. When Pk = 0, we are completely sure that the vehicle should 
return to the depot. 

The linguistic expressions "low preference," "medium preference," and 
"high preference" can be represented by corresponding fuzzy sets. Figure 
2.34 presents the membership functions of fuzzy sets "low," "medium," and 
"high" preference. 

Low Medium High 
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Figure 2.34. Fuzzy sets describing preference strength 

Available capacity can also be subjectively estimated as "small," 
"medium," and "large." We denote respectively by S, M, and L the fuzzy sets 
denoting small, medium, and large available vehicle capacity. The 
membership functions of these fuzzy sets are shown in Figure 2.35. 
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Figure 2.35. Fuzzy sets describing available capacity 
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Two approximate reasoning algorithms were developed by Teodorovic and 
Pavkovic (1996) to determine preference strength regarding sending a vehicle 
to the next node. In the first, simpler approximate reasoning algorithm, it is 
assumed that the strength of our preference depends exclusively on available 
capacity. This approximate reasoning algorithm reads 

IfBk = S, then Pk = Low, 
or 
IfBk = M, then Pk = Medium, 
or 
If Bk = L, then Pk = High. 

For known available capacity Bk that remains after serving k nodes, it is 
possible to use the approximate reasoning rules to determine the strength of 
our preference to send the vehicle to the next node. We are now able to 
approximately answer the following question: Should we send the vehicle to 
the next node or return it to the depot after completing service to k nodes? In 
other words, we can now use known available capacity Bk to calculate the 
strength of our preference Pk * to send the vehicle to the next node. This 
approximate reasoning procedure is graphically shown in Figure 2.36. 

For known capacity Bk;, the first step is to establish how much this 
available data satisfies the premises of the rules. In other words, first we must 
determine whether available capacity is "small," "medium," or "large" 
(Figure 2.36). Figure 2.36 presents the membership function of the index 
preference obtained by applying the approximate reasoning rules. In the 
Teodorovic and Pavkovic's paper the preference index chosen was the center 
of gravity. 

Let the chosen preference index equal Pk *. Based on this value, a decision 
must be made whether to send the vehicle to the next node or return it to the 
depot. Teodorovic and Pavkovic (1996) made the decision as follows. The 
vehicle should be sent to the next node if the following relation is fulfilled: 

(2.74) 

where p** is a parameter subjectively given from the interval [0,1]. When 

(2.75) 

the vehicle should be returned to the depot. Lower values of parameter p** 
express our endeavor to use the vehicle capacity as much as possible. On the 
other hand, when parameter p** is low, there is a rise in the number of cases 
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in which the vehicle arrives at the next node and is not able to carry out 
planned service due to small available capacity. 

Figure 2.36. Determining preference strength Pk' for known available capacity Bk 

The algorithm developed by Teodorovic and Pavkovic (1996) to route 
vehicles when demand at t~le nodes is uncertain consists of the following 
algorithmic steps: 

Step 1: Express demand at the nodes in the form of triangular fuzzy 
numbers. Assign a value to parameter p**. 

Step 2: If all nodes have been assigned to routes, end the algorithm. 
Otherwise, go to Step 3. 

Step 3: Choose a seed point. Link this seed point to the depot. Link all 
nodes to the depot that are not included in a route. 

Step 4: First include the seed point in a route. Then include nodes in the 
route by increasing order of the angles that are made by the lines 
that link the nodes with the depot and the line that links the seed 
point to the depot. Before deciding to include a node into the 
route, fIrst use the approximate reasoning algorithm to calculate 
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the preference index. If the calculated preference index is greater 
than or equal to the previously assigned value of p**, include the 
node in the route. Otherwise, this node becomes a new seed point. 
Return to Step 2. 

2.9.2.1. Determining route length 

The developed algorithm was tested on a large number of different 
numerical examples. The location of the nodes requiring service and of the 
depot were generated in a random manner. Demand at the nodes was also 
arbitrarily determined. After concluding the computer experiments, the first 
question to be answered was the efficiency of the proposed algorithm. CPU 
times are shown in Table 2.11. 

Table 2.11. CPU times 
Number of nodes CPU time {sec) Number of nodes CPU time (sec) 

50 1 550 15 
100 2 600 16 
150 3 650 18 
200 5 700 19 
250 6 750 21 
300 7 800 23 
350 9 850 24 
400 10 900 26 
450 12 950 28 
500 13 1000 30 

All computer experiments were done on a PC computer (386 processor). 
Very small CPU times were achieved. Bearing in mind the fact that the 
problem did not have to be solved in "real time," the achieved CPU times 
were absolutely acceptable. 

The real value of demand at a node is only known when the vehicle 
reaches the node. On the other hand, the vehicle routes are designed in 
advance by applying the proposed algorithm. Due to the uncertainty of 
demand at the nodes, a vehicle might not be able to service a node once it 
arrives there due to insufficient capacity. Teodorovic and Pavkovic (1996) 
assumed in such situations that the vehicle returns to the depot, empties what 
it has picked up thus far, returns to the node where it had a "failure," and 
continues service along the rest of the planned route (Figure 2.37). 

When evaluating the planned route, the additional distance that the vehicle 
makes due to "failure" arising in some nodes along the route must be taken 
into consideration. Parameter p**, which is subjectively determined, has an 
extremely great impact on both the total length of the planned routes and on 
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the additional distance covered by vehicles due to "failures" at some nodes. 
As already mentioned, lower values of parameter p** express our desire to use 
vehicle capacity the best we can. These values correspond to routes with 
shorter total distances. On the other hand, lower values of parameter p** 
increase the number of cases in which vehicles arrive at a node and are unable 
to service it, thereby increasing the total distance they cover due to the 
"failure." Higher values of parameter p** are characterized by less utilization 
of vehicle capacity along the planned routes and less additional distance to 
cover due to failures. The problem logically arises of determining the value of 
parameter p**, which will result in the least total sum of planned route lengths 
and additional distance covered by vehicles due to failure . 

• 
• 
• • 

Figure 2.37. "Failure" at a node of the planned route 

Teodorovic and Pavkovic (1996) decided to use simulation to reach the 
value of parameter p** corresponding to the least total distance. As noted by 
Kaufmann and Gupta (1985), "In the theory of fuzzy subsets the law of 
possibility plays a role similar to that played by the law of probability in 
measurement theory for ordinary sets." 

If 

\Ix ER: h(x) E[O, 1] and v h(x) = 1 
XER 

(2.76) 

then hex) is called the possibility law on R. If A is a fuzzy subset of R, then 
the possibility of A for the law hex) is defined as 

(2.77) 
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where ~A(X) is membership function of fuzzy set A, v is maximum symbol, 
and /\ is minimum symbol. Figure 2.38 presents the possibility of A (left) 
and the possibility ofB (right) for the law hex). 

A 
11"-----...:--..t:-----,--

o x o B x 

(a) (b) 

Figure 2.38. The possibility of A and the possibility ofB for the law hex) 

The case shown in Figure 2.38(b) is particularly interesting for the 
problem considered. Let possibility hex) refer to demand at a specific node. 
The heavy line in Figure 2.38(b) denotes the possibility that demand in the 
node is equal to B. It was noted earlier that node demand is considered to be a 
triangular number. In other words, all possibility laws that refer to node 
demand have a triangular form. The node demand was simulated as follows. 
First, random number B (Figure 2.38(b)) was generated in the interval 
between the left and right boundaries of the triangular fuzzy number 
representing demand at the node. After generating random number B, possHB 
was calculated which is the possibility that demand at the node equals B. Then 
random number r was generated from the interval [0,1]. When 

(2.78) 

demand at the node is adopted as being equal to B. 
In the opposite case, when r > possHB, it is not accepted that demand at the 

node equals B. In this case, random numbers Band r are generated again and 
again until random numbers Band r are found that satisfY relation (2.78). 

Demand for every node in the network is generated in the above manner. 
In other words, demand at each node is a deterministic amount that is obtained 
by simulation. Moving along the route designed by the approximate reasoning 
algorithm and accumulating the amounts picked up at each node, it was easy 
to determine the nodes where failures occurred and to calculate the additional 
distance that the vehicles had to make. Five hundred simulation experiments 
were made for the considered set of routes, resulting in 500 additional 
distances that the vehicles made due to failures. In other words, the total 
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additional distance covered by the vehicles due to failures was treated as a 
random variable with a corresponding empirical frequency distribution. 

The values of parameter p** varied within the interval of 0 to 1 with a step 
of 0.05. As parameter p** rose, a general rising tendency was noted in the total 
length of planned routes with a decrease in the unplanned distances that 
vehicles had to make due to failures at the nodes. Table 2.12 and Figure 2.39 
show the lengths of the planned routes, additional distances covered due to 
failures at the nodes, and the total expected distance that the vehicles were to 
cover (the total distance is the sum of the total lengths of the planned routes 
and the additional distances that are covered due to failures at the nodes). 
Table 2.12 and Figure 2.39 refer to a hypothetical example with 100 nodes. 

Table 2.12. Total length of planned routes, additional distance covered due to failures, and total 
eXEected distance to be covered b~ vehicles 

Total planned length of Additional distance Total expected length of 

** all routes covered due to failures all routes p 

0.00 1762.63 546.41 2309.04 
0.05 1785.10 589.08 2374.18 
0.10 1785.10 571.23 2356.33 
0.15 1785.10 571.23 2356.33 
0.20 1785.10 589.08 2374.18 
0.25 1785.10 571.23 2356.33 
0.30 1785.10 571.23 2356.33 
0.35 1785.10 571.23 2356.33 
0.40 1785.10 571.23 2356.33 
0.45 2084.30 0.00 2084.30 
0.50 2381.88 0.00 2381.88 
0.55 2828.11 0.00 2828.11 
0.60 3793.04 0.00 3793.04 
0.65 4823.94 0.00 4823.94 
0.70 7878.01 0.00 7878.01 
0.75 7878.01 0.00 7878.01 
0.80 7878.01 0.00 7878.01 
0.85 7878.01 0.00 7878.01 
0.90 7878.01 0.00 7878.01 
0.95 7878.01 0.00 7878.01 
1.00 7878.01 0.00 7878.01 
0.42 1948.54 487.14 2435.68 
0.44 2292.62 137.56 2430.17 
0.45 2084.30 0.00 2084.30 
0.46 2389.46 0.00 2389.46 
0.48 2363.08 0.00 2363.46 
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Figure 2.39. Lengths of planned routes, additional distances covered due to failures, and total 
expected distances to be covered by vehicles 

Whenp** = 0, only one big route is planned. Whenp** = 1, the number of 
routes equals the number of nodes that is, each route consists of only one 
node. We note from Table 2.12 and Figure 2.39 that the least total expected 
distance to be covered by the vehicles is realized when 0.40 <p** < 0.50. A 
more "refined" search in this interval (lower part of Table 2.12) indicates that 
the value p** = 0.45 corresponds to the least total distance covered by the 
vehicles. 

The algorithms enabled a quick determination of the set of vehicle routes, 
even for larger problems. The value of parameter p** had to be determined 
before using the algorithms. The choice of this parameter greatly influences 
the length of the planned routes and the additional distances covered by 
vehicles due to failures at the nodes. The "best" value of parameter p** was 
found by simulation. The "best" value of parameter p** was conditioned by 
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the spatial distribution of the nodes, the shape of the triangular fuzzy numbers 
representing demand at the nodes, and vehicle capacity. 

2.10. AIR TRAFFIC FLOW MANAGEMENT MODEL 
BASED ON FUZZY LOGIC 

In recent years there has been considerable congestion in some elements of 
the air traffic control system. Congestion has appeared in some airports, air 
routes, and air traffic control sectors. Congestion is due to the fact that in 
certain time periods "demand" at an airport or on an air route is greater than 
capacity. This situation results in delayed flights, greater airline and airport 
operating costs, and a decrease in the quality of air traffic service. The 
problem of air traffic flow management in congested air traffic control 
conditions (thejlow management problem) was considered by Odoni (1987), 
Andreatta and Romanin-Jacur (1987), Terrab (1990) and Teodorovic and 
Babic (1993). 

The most frequent congestion occurs at airports. Meteorological conditions 
(such as visibility and wind velocity) have a direct influence on airport 
capacity. Since meteorological conditions cannot be precisely forecast over a 
longer period of time, the capacity of an airport can be only approximately 
determined over the long run. In the same vein, some airports frequently have 
time periods in which "demand" is greater than the airport's capacity. In such 
conditions, the air traffic control service might not allow a certain number of 
aircraft to take off at their planned departure times. In this way, aircraft delay 
(caused by congestion) takes place on the ground instead of in the air. Airport 
congestion can appear during one time period (one hour) or over a greater 
number of time intervals. Air traffic flow management consists of undertaking 
actions to minimize the negative consequences of congestion. In other words, 
there is a need to determine which aircraft will not be served during a 
considered time period and to set their new departure times. 

Odoni (1987) considered different aspects of the problem of air traffic flow 
management; he gave a mathematical formulation of the problem and 
indicated further research orientation. Studying this problem over one time 
period, Andreatta and Romanin-Jacur (1987) developed a model based on 
dynamic programming. Terrab (1990) considered the problem of managing air 
traffic flows in his doctoral dissertation. He treated airport capacity as a 
deterministic value where the problem of air traffic flow management was 
reduced to the problem of determining the assignment of flows through a 
network with a restricted capacity corresponding to the least costs. Terrab also 
treated airport capacity as a random variable and developed a model based on 
dynamic programming for this case. The problem of managing air traffic 
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flows was considered for several time periods in which there was airport 
congestion. Hormann (1987) developed a simulation model that was able to 
assess different solutions to the problem of managing air traffic flows. 
Teodorovic and Babic (1993) also developed a model to manage air traffic 
flows based on fuzzy logic. 

2.10.1. Approximate reasoning model to manage air traffic 
flows when there is airport congestion 

In the Teodorovic and Babic (1993) air traffic flow management model 
based on fuzzy logic the authors considered a starlike network with several 
departure airports and one landing airport. This starlike network is shown in 
Figure 2.40. 

Let us assume that the capacity of the landing airport and landing 
"demand" vary during the considered time period (O,T). A time period is 
usually several hours long or one day. Landing "demand" and landing airport 
capacity during the considered time period are shown in Figure 2.41. 

Figure 2.40. Starlike network with several departure airports and one landing airport 

Let us divide the considered time period into P smaller time intervals. We 
will denote these smaller time periods by Tl, T2, ... , Tp, respectively. Let us 
assume that landing airport capacity is a deterministic variable whose values 
in individual time intervals are K 1. K2, ... , Kp. We also assume that these 
values are known in advance. Let there be a total of N aircraft requesting to 
land at the landing airport during the considered time period (O,T). Each of the 
aircraft Ai, i = 1,2, ... , N requests to land at a certain time interval. We denote 
by Pi (i = 1, 2, ... , P) the requested landing interval of aircraft Ai. We note 
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from Figure 2.41 that during some time intervals landing "demand" is greater 
than the capacity. We therefore conclude that during these time intervals it is 
not possible to serve all aircraft that is, some of these aircraft will have to be 
served in one of the subsequent time intervals. Let us assume that aircraft Ai 
will most certainly be served in time interval TP+l (whose capacity Kp+l = 00) 
if it could not be served in any of the time intervals Tt, T2, ... , Tp. When 
deciding which aircraft will be served outside of the requested time interval, 
care must be taken that the total negative effects arising from aircraft delay are 
as small as possible. Let us assume that the decision maker considers aircraft 
"size" and aircraft "delay" when deciding which aircraft to serve within a 
requested time interval. Aircraft size is denoted by the number of passengers 
in the aircraft, while delay consists of the time difference between the allotted 
and the requested aircraft landing. 

9 
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Figure 2.41. Landing "demand" and landing airport capacity during time period (O,T) 

The air traffic flow management problem for insufficient capacity at the 
landing airport is similar to the problem of disturbances in carrying out a 
planned airline schedule which is periodically encountered by airline carriers. 
When one or more aircraft are canceled for technical reasons, air carriers must 
carry out the planned airline schedule with a smaller number of aircraft. Such 
situations bring about cancellations and/or delays of some flights. The 
dispatcher in charge of traffic decides which flights will be canceled and 
which flights will have landing delays. When determining new landing times, 
the dispatcher might try to "distribute" the total costs caused by the delay 
approximately evenly over certain flights. This tactic in removing the 
disturbance treats all aircraft equally but causes a large number of delays. 
Another possibility is the tactic of the dispatcher "sacrificing" a smaller 
number of aircraft and giving them the greatest share of the cost of delay. This 
results in the cancellation and/or great delay of a small number of flights with 
the simultaneous departure of a large number of aircraft on time. Decisions 
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can be similarly made regarding aircraft to be served outside of their requested 
time intervals when airport capacity is smaller than demand. 

Let us note aircraft Ai which requests landing in time interval Pi' This 
aircraft will heretofore be called "original" and will be denoted by AiD. This 
aircraft ("original") AiD can be served during one of the time intervals 
Pi, P i+l, ... , Pi+m. Let us introduce ki = P - Pi, "copies" of aircraft AiD. These 
copies are denoted respectively as Ail, AI2, ... , Aim, ... , Aikj. Copy Aim denotes 
the situation in which aircraft Aim is served with m time intervals of delay (the 
aircraft is served at time interval Pi+m)' Let us make a "copy" of all 
"originals." Thus, in each of the time intervals, in addition to the "originals" 
requesting service in the considered time interval, there appear "copies" of all 
aircraft that requested service in previous time intervals. These copies 
"compete" among themselves and with the "originals" for "survival" in the 
considered time interval. Let us assume that the decision maker has certain 
preferences toward servicing certain "originals" or "copies". These 
preferences must be dependent on aircraft size and delay (either of the 
originals or of the copies). The "copies" have the same aircraft size as the 
"original" aircraft. The copies differ from their originals by a certain amount 
of delay. For example, while the delay of original AjQ is zero, the delay of 
copy Aim is m time intervals. The decision maker has a subjecting feeling 
regarding aircraft size and delay times. The decision maker feels that some 
aircraft are "big," "medium," or "little." The decision maker might also 
estimate delay time to be "big," "medium," or "little." In other words, aircraft 
size and delay can be treated as fuzzy variables. The categories "big aircraft," 
"medium aircraft," or "little aircraft," and the categories "big delay," "little 
delay," or "medium delay" can be represented as fuzzy sets. The decision 
maker assigns aircraft to certain time intervals, bearing in mind the landing 
airport capacity at certain time intervals, and he subjectively estimates the 
aircraft size and time of delay. When distributing aircraft by intervals, the 
decision maker operates with certain rules. For example, the decision maker 
can have a "very strong" preference to serve an aircraft in the requested time 
interval that is "big" and has "little" delay. Decision maker preference can be 
"very weak" in the case of a "little" aircraft with "big" delay (the "sacrifice" 
tactic is used). 

Let us denote by S and T, respectively, aircraft size and delay. The 
categories of "big," "medium," and "little" aircraft can be represented by 
corresponding fuzzy sets. The membership functions of these sets are shown 
in Figure 2.42. 

The categories of "big," "medium," and "little" aircraft are shown by fuzzy 
sets AI. A2, and A3. "Big," "medium," and "little" delays are shown in the 
same manner by fuzzy sets Dl, D2, and D3. The membership functions of 
these sets are shown in Figure 2.43. 
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Figure 2.42. Membership functions of fuzzy sets: Al is "big" aircraft, A2 is "medium" 
aircraft, and A3 is "little" aircraft 
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Figure 2.43. Membership functions of fuzzy sets: DI is "big" delay, D2 is "medium" delay, 
and D3 is "little" delay 

The strength of the decision maker's preference can be expressed by 
preference index PI, which is between 0 and I. When preference equals I, the 
decision maker has no dilemma in wanting to serve the considered aircraft at 
the requested time interval. As the preference index decreases, so does the 
"strength" of the decision maker's desire to serve the considered aircraft. We 
assume that the decision maker's preference can be ''very strong," "strong," 
"medium," "weak," and "very weak." These categories are represented by 
fuzzy sets PI, P2, P3, P4, and Ps, whose membership functions are shown in 
Figure 2.44. 

The approximate reasoning algorithm to establish preference strength 
regarding aircraft to be served, developed by Teodorovic and Babic (1993), 
consists of nine rules, some of which read as follows: 
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Rule 1: If the aircraft is Little and the delay is Little, then preference is 
Medium, 
or 

Rule 2: If the aircraft is Small and the delay is Medium, then preference is 
Weak, 
or 

Rule 9: If the aircraft is Big and the delay is Small, then preference is Very 
strong. 

Ps P3 P2 PI 
1.0 ...... .•..•. I, I . 

I .. I , .. 
0.5 -.1. • ·1 .. 

I'. . 
.•....•.... I 

, 
0.0 

0 10 20 30 40 60 70 80 90 100 [%] 

Figure 2.44. Membership functions of fuzzy sets Ph P2, P3, P4, and Ps 

The presented approximate reasoning by max-min composition enables the 
establishment of the preference index value, or the strength of the decision 
maker's preference regarding service to a specific aircraft in the considered 
time interval. 

Let us denote by PiDp the decision maker's preference index regarding 
service to original AiD in time interval p = Pi. We denote by Pimp the decision 
maker's preference index regarding service to aircraft AiD m time intervals 
later. In other words, Pimp represents the preference index of copy Aim that is 
served in time interval P = Pi + m. 

Teodorovic and Babic (1993) developed an algorithm that determines the 
aircraft that should be served in time intervals T p' P = 1, 2, ... , P. The 
algorithm also determines the new time intervals in which to serve the aircraft 
that could not be served in their requested time intervals. The algorithm is 
composed of the following steps: 

Step 1: 
Step 2: 

Make ki "copies" of every "original AiD. 

U sing approximate reasoning algorithm calculate the preference 
index for each "original" AiD and "copy" Aim (i = 1,2, ... , N; m = 
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1, 2, ... , ki). Sort the preference indexes by descending order and 
put them in list form. Denote by Lp the number of aircraft allotted 
interval Tp (p = 1,2, ... , P). Put Lp equal to zero (Lp = 0). 

Step 3: Note the highest preference index on the list. If this value 
corresponds to "original" AiD, put p equal to Pi (p = Pi). Should the 
highest value correspond to a "copy," put p equal to Pi + m (p = 
Pi + m). Increase value Lp by 1. Check whether Lp < Kp. If this 
inequality is not satisfied, put Lp equal to Kp (Lp = Kp). If the 
inequality is satisfied, allot interval Tp to "original" AiD or "copy" 
Aim· The delay of aircraft Ai equals zero if the highest preference 
index corresponds to the "original." Aircraft Ai will be delayed m 
time intervals if the highest preference index corresponds to 
"copy" Aim. Remove the preference index of aircraft Ai (the 
"original" and all its "copies") from the list. Go to Step 4. 

Step 4: Check whether this inequality is satisfied: 

p p 

l:Lp=l:Kp (2.79) 
p=\ p=\ 

If the inequality is not satisfied, go to Step 3. Otherwise, go to 
Step 5. 

Step 5: Allot the last interval P + 1 to the remaining "originals" on the list. 
These aircraft are delayed P + 1 time intervals. Since all aircraft 
are distributed by time intervals, the algorithm is ended. 

2.11. CONTROLLING A FLEET IN RIVER TRAFFIC 
USING FUZZY LOGIC 

The problem of transporting bulk freight in river traffic will be presented 
using the example of loading, transporting, and unloading gravel. Let the 
suction dredger be located downstream from the ports where the gravel is to 
be transported. A pusher tug pushes tows that is, compositions of two, three or 
at most four barges. After loading gravel at the loading point, the tug pushes 
the barges upstream toward the ports where the gravel is to be delivered. 

When the barges and gravel reach the unloading ports, the dispatcher in 
charge of traffic control decides on the number of barges that should be left at 
each port. The barges that the dispatcher has decided will stay at a particular 
port are pushed by the tug to be anchored in the reloading machinery zone. 
After leaving a certain number of barges in the port, the tug continues to 
navigate upstream until the entire tow (all the barges it has pushed) has been 
left in ports. Then the tug changes direction, heading downstream to pick up 
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the empty barges along the way. The dispatcher in charge of traffic control 
decides on the number of empty barges that the tug should pick up at each 
port. After forming a tow of empty barges, the tug continues downstream to 
the suction dredging machine. The process of loading, transporting, and 
unloading gravel is shown in Figure 2.45. 

New Belgrade 
(Sava) 

(Danube) 
Pancevo 

Empty downstream tows 

PT+4 

Figure 2.45. Loading, transporting, and unloading gravel on a river network 

All processes of loading, transporting, and unloading take place 
simultaneously. In other words, as we observe the river network, some tugs 
are navigating upstream pushing barges filled with gravel, unloading and 
picking up of empty barges is taking place in the ports, while the remaining 
tugs are navigating downstream towards the dredging machine. A dispatcher 
manages the entire process of loading, transporting, and unloading in 
conditions of uncertainty, since the goals, constraints, and consequences of 
actions undertaken cannot be perceived with precision. SUbjectively 
evaluating the situation, the dispatcher makes certain decisions with very little 
time at his disposition. The entire process of loading, transporting, and 
unloading becomes even more complex with an increase in the number of 
tugs, barges, and ports that need gravel. 

2.11.1. Approximate reasoning model to control the process 
of loading, transporting, and unloading gravel 

Studying the process of transporting bulk freight in river traffic, 
Vukadinovic and Teodorovic (1994) developed an approximate reasoning 
model to control the process of loading, transporting, and unloading gravel. 
We will briefly present their results. 

When a tug enters a port, the dispatcher makes a decision about the 
number of full barges to be left or the number of empty barges to be picked 
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up. When deciding on the number of full barges to leave, the dispatcher 
endeavors to minimize the tug's waiting time, bearing in mind the fuzzy 
variable "Waiting time to unload." Let us assume that the dispatcher 
sUbjectively notes three categories as "small," "average," and "large" waiting 
time to unload. These categories can be represented by fuzzy sets. The fuzzy 
variable "Number of barges left" can also be in the categories "large," 
"average," and "small" number of barges to be left. Bearing in mind the fuzzy 
variables "Waiting time to unload" and ''Number of barges left," the 
dispatcher applies certain rules to make a final decision on the number of 
barges left in a specific port. For example, one of the rules might be: If 
waiting time to unload is "large," then the number of barges left is "small." 

Endeavoring to form an empty tow for the tug navigating downstream, the 
dispatcher takes into consideration the fuzzy variable "Number of empty 
barges in the port," differentiating the categories "small," "average," and 
"large" number of empty barges. The fuzzy variable "Number of empty 
barges taken by a tug" also has the categories "large," "average," and "small" 
number. As in the case of the upstream tug, the dispatcher applies certain rules 
to arrive at a final decision regarding the number of empty barges to be taken 
by the tug. 

The approximate reasoning algorithm developed by Vukadinovic and 
Teodorovic (1994) was applied in the case of two unloading ports - Pancevo 
and Belgrade (Yugoslavia). The dredging machine is located at Veliko 
Gradiste (Figure 2.45). When navigating upstream from Veliko Gradiste, the 
tow first comes to Pancevo where 0, 1, 2, 3, or 4 barges may be left. The 
dispatcher is the one to decide how many barges will be left in Pancevo. All 
freight barges not left in Pancevo are pushed to Belgrade. Thus, the following 
question must be answered: How many barges from the tow should be left in 
Pancevo? When making this decision, the dispatcher bears in mind the fuzzy 
variables "Waiting time to unload in Pancevo" and "Waiting time to unload in 
Belgrade." For example, if "Waiting time to unload in Pancevo" is "large" and 
"Waiting time to unload in Belgrade" is "small," then the ''Number of barges 
left in Pancevo" is "small." 

The membership functions of fuzzy sets "small," "average," and "large" 
waiting time to unload are shown in Figure 2.46. 

Vukadinovic and Teodorovic (1994) defined the fuzzy sets "small," 
"average," and "large" number of barges left as positive integers of real 
variable y within the interval [0,4], The fuzzy sets "small," "average," and 
"large" number of barges left are denoted respectively by A, B, and C. These 
sets are expressed as 
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Figure 2.46. Membership functions of the fuzzy sets "small," "average," and "large" amount 
of waiting time to unload 

When navigating downstream, the tug can take 0, 1, 2, 3, or 4 empty 
barges in Belgrade. After taking a certain number of empty barges in 
Belgrade, the tug completes its tow in Pancevo and then continues navigating 
downstream toward the dredging machine. The dispatcher endeavors to make 
decisions that will enable the tug going downstream to form a complete barge 
tow as quickly as possible. The following question must therefore be 
answered: How many empty barges should the tug take in Belgrade? When 
answering this question, the dispatcher must bear in mind the number of 
empty barges waiting in Pancevo. The fuzzy variables that the dispatcher uses 
to make his decisions are ''Number of empty barges in Belgrade" and 
''Number of empty barges in Pancevo." The number of empty barges in 
Belgrade or Pancevo can be "small," "average," or "large." Let us denote by 
AI. BI. and CI. respectively, the fuzzy sets representing "small," "average," 
and "large" number of empty barges. These sets are expressed as 
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(2.81) 

Let us introduce into the discussion the fuzzy set called "any." For 
example, we can say that there is "any" number of barges left or "any" amount 
of waiting time to unload. The membership function of every element 
belonging to the fuzzy set "any" equals 1. Figure 2.47 presents the 
membership functions of fuzzy sets "any" number of barges left and "any" 
waiting time to unload. 

ANY 

o 

Figure 2.47. Membership function of fuzzy sets "any" number of barges left and "any" 
waiting time to unload 

Vukadinovic and Teodorovic (1994) developed two approximate reasoning 
algorithms. The fIrst calculates the number of barges that the tug should leave 
in Pancevo, and the second the number of empty barges it should take in 
Belgrade. 

The algorithm that calculates the number of barges to be left in Pancevo 
consists of the following rules: 

Rule 1: If waiting time to unload in Pancevo is Large, and waiting time to 
unload in Belgrade is Large or Average, then the number of 
barges left in Pancevo is Average, 
or 

Rule 5: If waiting time to unload in Pancevo is Small, and waiting time to 
unload in Belgrade is Average or Small, then the number of 
barges left in Pancevo is Average. 
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Figure 2.48 graphically presents the approximate reasoning by max-min 
composition to calculate the number of barges left in Pancevo. 
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Figure 2.48. Graphical presentation of the approximate reasoning algorithm to calculate the 
number of barges left in Pancevo 

The approximate reasoning algorithm to calculate the number of empty 
barges that are picked up in Belgrade consists of the following rules: 

Rule 1: If the number of empty barges in Belgrade is Large, and the number 
of empty barges in Pancevo is ANY, then the number picked up in 
Belgrade is Large, 
or 
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Rule 4: If the number of empty barges in Belgrade is Small, and the number 
of empty barges in Pancevo is Small, then the number of barges 
picked up in Belgrade is Average. 

Rule 4 means that the tug should wait in Belgrade until the number of 
empty barges becomes an "average" number of barges. 

Vukadinovic and Teodorovic tested these approximate reasoning 
algorithms on a large number of numerical examples. Waiting times to unload 
varied from zero to 12 hours. The number of empty barges was from zero to 4. 
In addition to calculating the number of barges that were left or picked up for 
different input values, dispatchers were surveyed as well. Dispatchers were 
asked the number of barges they would leave or the number of empty barges 
they would pick up within the framework of an offered scenario. In other 
words, the dispatchers were asked such questions as: "If you estimate that the 
waiting time to unload is 3 hours in Pancevo and 8 hours in Belgrade, how 
many barges would you leave in Pancevo?" Table 2.13 and Table 2.14, 
respectively, present the number of barges left based on the approximate 
reasoning algorithm and the number left based on the dispatcher survey. 

Table 2.13. Number of barges left based on the model, for different waiting times in Pancevo 
and Belgrade 

0 1 2 3 4 5 6 7 8 9 10 11 12 
0 2 2 2 2 2 2 2 2 1 1 
1 2 2 2 2 2 2 2 2 1 1 1 
2 2 2 2 2 2 2 2 2 2 1 1 
3 2 2 2 2 2 2 2 2 2 2 1 1 1 
4 2 2 2 2 2 2 2 2 2 2 2 1 1 
5 2 2 2 2 2 2 2 2 2 2 2 2 2 
6 2 2 2 2 2 2 2 2 2 2 2 2 2 
7 2 2 2 2 2 2 2 2 2 2 2 2 2 
8 3 3 2 2 2 2 2 2 2 2 2 2 2 
9 3 3 3 2 2 2 2 2 2 2 2 2 2 
10 3 3 3 3 2 2 2 2 2 2 2 2 2 
11 3 3 3 3 3 2 2 2 2 2 2 2 2 
12 3 3 3 3 3 2 2 2 2 2 2 2 2 

A comparison of Table 2.13 with Table 2.14 indicates the very good 
agreement between the dispatcher decisions and the results of the approximate 
reasoning algorithms. Computer testing has shown that the developed models 
are applicable in real time. 
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Table 2. J 4. Number of barges left determined by dispatchers, for different waiting times in 
Pancevo and Bel8!ade 

0 
0 2 
1 2 
2 2 
3 2 
4 2 
5 2 
6 3 
7 3 
8 3 
9 3 
10 3 
11 4 
12 4 

2.12. 

1 2 3 4 5 6 7 8 9 10 
2 2 2 2 2 2 1 1 
2 2 2 2 2 2 2 1 
2 2 2 2 2 2 2 2 1 
2 2 2 2 2 2 2 2 2 
2 2 2 2 2 2 2 2 2 2 
2 2 2 2 2 2 2 2 2 2 
2 2 2 2 2 2 2 2 2 2 
3 2 2 2 2 2 2 2 2 2 
3 3 2 2 2 2 2 2 2 2 
3 3 3 2 2 2 2 2 2 2 
3 3 3 3 2 2 2 2 2 2 
3 3 3 3 3 2 2 2 2 2 
4 3 3 3 3 3 2 2 2 2 

A FUZZY LOGIC APPROACH TO THE 
AIRCREW ROSTERING PROBLEM 

11 12 

1 1 
2 1 
2 2 
2 2 
2 2 
2 2 
2 2 
2 2 
2 2 

Once the airline schedule has been designed, scheduling crews and 
assigning them to planned flights are among the most important problems 
facing air carriers. The aircrew scheduling problem can be formulated as 
follows: for a given airline schedule, schedule the crew "in the best way 
possible" while simultaneously respecting all provisions that regulate crew 
operations so as not to endanger the security of the flight. The expression 
''the best way possible" means that a suitable objective function must be 
defined that will be used to schedule the crew. Solving the crew scheduling 
problem results in a set of rotations from a given set of flight segments. A 
rotation is a sequence of flight segments on consecutive days that are made 
by a crew that begin and end their trip in the same air carrier base. 

Once the crew scheduling problem is solved that is, a set of rotations has 
been defmed to be carried out by the crew members, air carriers are faced 
with the problem of crew rostering. The crew rostering problem entails the 
assignment of different crew members to planned rotations. In other words, 
the crew rostering problem includes the construction of personalized 
monthly schedules (rosters). When the crew rostering problem has been 
solved, each crew member will be assigned rotations to be made during the 
following month. When assigning crew members, consideration must be 
taken of planned vacations, sick leave, days planned for schooling and 
training, requested free days, days when medical examinations are held, and 
so on. The problem of assigning crew members to planned work duties is 
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combinatorial by nature. Because the problem is complex and has large 
dimensions, various heuristic algorithms are most often used to solve it. 

Numerous models have been developed in the past three decades. Some 
of the most important works dealing with the aircrew rostering problem are 
Agard (1970), Nicolleti (1975), Antosik (1978), Buhr (1978), Moore et al. 
(1978), Tingley (1979), Marchettini (1980), Giafferri et al. (1982), Glaneert 
(1984), Sarra (1988), and Ryan (1992). Aircrew members are usually 
assigned to work duties to be carried out the following month. 

Large crew rostering problems are usually decomposed into numerous 
smaller problems. This decomposition usually takes the form of the "day
by-day" method (Nicoletti, 1975; Buhr, 1978; Antosik, 1978; Marchettini, 
1980; Glaneert, 1984) or the "pilot-by-pilot" method (Moore et aI., 1978). 
Ryan (1992) and Gamache and Soumis (1993) modeled the crew rostering 
problem as a generalized set partitioning problem. 

When solving the crew rostering problem, consideration must be taken 
of both the air carrier's interests and the crew members' interests. 
Experience from different airline companies indicates that crew members 
are particularly interested in approximately equal workloads. Bearing this in 
mind and the days in the month when each crew member cannot be assigned 
to a work duty (schooling and training, medical examinations, free days, and 
so on), when solving the crew rostering problem effort must be made so that 
all crew members have approximately the same number of monthly flying 
time, approximately the same number of free days and work days, 
approximately the same number of preferred and undesirable rotations, 
approximately the same number of weekend work days, and so on. 

Instead of finding the optimal solution, Teodorovic and Lucie (1998) 
tried to find a "satisfactory solution" to the aircrew rostering problem. A 
"satisfactory solution" is defined as a solution that enables all crew 
members to have "approximately equal workloads." Let us briefly show 
Teodorovic and Lucie's (1998) model. 

2.12.1. Mathematical formulation of the problem of 
assigning crew members to planned rotations 

The maximum amount of crew workload (maximum amount of flight 
time, maximum number of takeoffs, and so on) is defined by law in every 
country. Every air carrier can define its own internal constraints that are 
stricter than those defined by law. Some crew workload constraints refer to 
a single day, while other constraints refer to a longer time period (usually 
one month). Constraints that refer to a single day (maximum allowed daily 
flight time, maximum allowed daily number of takeoffs, and so on) are 
taken into consideration when constructing crew rotations that is, when 



Presentation of Fuzzy Models Developed in Transportation 
Applications 

159 

solving the crew scheduling problem. Therefore, these constraints will not 
be considered any further. The one-month constraints in the airline company 
(cumulative pilot flight time during the month, the number of takeoffs 
during the month, and so on) are called hard constraints since they must not 
be breached when constructing the crew rosters. Let us bring to attention 
that those hard constraints cannot be violated as they are prescribed by law 
and thus bring about legal responsibility of the violator on account of his 
compromising the safety of air transport. In further considerations we will 
use the same notation as Teodorovic and Lucic (1998). 

Let us denote by m the total number of pilots to be assigned to work 
duties during the following month. The total number of rotations to be made 
the following month is denoted by k. 

Let us introduce the following binary variables: 

. = {I, if the ith pilot can spend the Ith day at work 
P,t 0, otherwise (2.82) 

_ {I, if the jth rotation starts on the lth day of the month (2.83) 
q jt - 0 otherwise , 

where i = 1,2, ... , m,j = 1,2, ... , k, and 1= 1,2, ... ,30. 
When Pit = 0, then it has been planned in advance for the ith pilot to be 

absent from work on the Ith day (vacation, medical examination, schooling 
and training, and so on). 

The total number of possible working days P of all m pilots during the 
following month equals 

m 30 

p= 2: 2: Pit (2.84) 
;=1 t=1 

We denote by c/.j the "length" of the jth rotation expressed as flight time. 
Total "length" D of all k rotations to be made the following month is 

(2.85) 

Let us denote by a the ideal average daily flight time of each of the m 
pilots. This number equals 
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(2.86) 

It is clear that the best situation upon solving the crew rostering problem 
would be for each of the m pilots to have an average daily flight time equal 
to a. Let us denote by a/ the ideal monthly flight time of the ith pilot. This 
is 

30 

a j• =aLPi/, 
1=1 

i = 1,2, ... ,m (2.87) 

As we can see, when calculating the ideal monthly flight time for each 
pilot, the total number of days in the month that the pilot can be assigned to 
a work duty must be taken into consideration. Value ai * clearly differs from 
pilot to pilot. 

Let us introduce into the discussion binary variable xij that is defined as 
follows: 

X
,U 

= {Ol" if the ith pilot is assigned to the Jth rotation 
" otherwise 

(2.88) 

Let us denote by ai the real monthly flight time to be flown by the ith 
pilot. Value ai equals 

k 

aj = Ldjxij, 
j=1 

i = 1, 2, ... ,m (2.89) 

We denote by FI the average relative deviation (per pilot) of real 
monthly flight time from the ideal. Then 

(2.90) 
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It is clear that the smaller the value of F;. the closer the real monthly 
flight time of most pilots is to the ideal possible monthly flight time. Value 
F;. can serve as one of the objective functions when solving the crew 
rostering problem. Of course, instead of minimizing the average monthly 
deviation (per pilot), it would be possible to minimize the maximum 
deviation per pilot, and so on. 

As noted previously, the relatively equal workload per pilot can also be 
understood as an equal number of weekend days spent outside the home, an 
equal number of departures before 8:00 a.m., or an equal number of foreign 
per diem allowances during the month (in some companies pilots are much 
better paid when they fly foreign routes). It was shown that in the company 
used as an illustrative example, equaling the number of foreign per diem 
allowances per pilot was extremely important. The foreign per diem 
included a special monetary compensation received by the pilot for every 
workday spent in the cockpit on an international route. The second objective 
function was the average absolute deviation (per pilot) between the real and 
ideally possible number of foreign per diem allowances during the month. 

Let us denote by b the "ideal" share of foreign per diem allowances that 
each pilot should receive during the month. Then b equals 

k 

~>j 
b= j=1 

m 30 

LLPii 
;=1/=1 

(2.91) 

where Cj is total number of foreign per diem allowances included in the jth 
rotation. 

Let us denote by bi * the ideal monthly number of foreign per diem 
allowances of the ith pilot. Then b/ equals: 

i = 1,2, ... ,m (2.92) 

where r y 1 is real number y rounded to the nearest integer. 
Let us denote by F2 the average absolute deviation (per pilot) between 

the real and ideal number of foreign per diem allowances during the month. 
Then we have 
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(2.93) 

When solving the crew rostering problem, the emphasis is certainly 
placed on minimizing F2 that is, equaling the number of foreign per diem 
allowances each pilot earns during the month. 

It should be noted that the methodology proposed by Teodorovic and 
Lucic (1998) to solve the crew rostering problem loses none of its generality 
if some other criteria are chosen for the objective functions instead of FI 
andF2· 

Various constraints that must be satisfied are a component part of the 
crew rostering problem. The Teodorovic and Lucic' s paper (1998) has taken 
into consideration the following constraints: 

Flight time limitations: When solving the crew rostering problem, 
consideration must be taken of the amount of flight time accumulated since 
the beginning of the month. In the case under consideration, the following 
relation must be satisfied: 

k 

Ldjxij ~85, 
j=i 

i=1,2, ... ,m (2.94) 

In other words, the amount of flight time accumulated during the entire 
month must not exceed 85 hours. 

Total number of takeoffs during the month: The total number of takeoffs per 
pilot per month must not exceed 90. In other words, the following relation 
must be satisfied: 

k 

Lfjxij ~90, 
j=i 

i = 1,2, ... , m 

where./j is the number of takeoffs contained in the jth rotation. 

(2.95) 

In addition to these constraints, the following constraints were also taken 
into consideration when solving the crew rostering problem: 

• The total monthly number of working hours must not exceed 160 hours 
per pilot. 
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• Every pilot must have a free day no later than the fifth consecutive 
working day. 

• While carrying out his rotation, a pilot may not be given a free day. 
• One rotation may be given to only one pilot. 
• The rotations assigned to a pilot must not overlap in time. 

When solving the crew rostering problem, emphasis was put on 
achieving the smallest possible values for F} and F2, while at the same time 
satisfying all existing constraints. 

2.12.1.1. Modified "day-by-day" method for solving the aircrew 
rostering problem 

The algorithm to solve the aircrew rostering problem developed by 
Teodorovic and Lucic (1998) is a modification of the "day-by-day" heuristic 
method. The algorithm consists of the following algorithmic steps: 

Step 1: 

Step 2: 

Step 3: 
Step 4: 

Note and set aside all rotations that start on the first day of the 
month. 
Assign crew members to the above rotations. In doing so, 
constantly endeavor to achieve the smallest possible values for F} 
and F 2 and make sure that no constraints are breached concerning 
both the day in question and all previous days for which 
assignments have already been make. 
Note and set aside all rotations that start on the following day. 
Check whether assignments have been made for all the days in the 
month. If they have, the algorithm is finished. Otherwise, return to 
Step 2. 

The only difference between the proposed method and the standard 
"day-by-day" method is Step 2. When assigning pilots to rotations within 
Step 2, attention must be given to achieving the "smallest possible values" 
for F} and F2. This reflects our desire to achieve the "most equal" workload 
possible among the pilots. Statements along the line "approximately equal 
monthly flight time" or "approximately equal monthly number of foreign 
per diem allowances" contain a certain fuzziness within them. Each 
individual crew rostering plan contains a greater or lesser amount of 
equality regarding monthly flight time and/or monthly number of foreign 
per diem allowance. Our satisfaction with the assignment of a specific 
rotation to a specific pilot is larger or smaller depending on whether it 
results in larger or smaller equality in the pilots' workload. 
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2.12.1.2. Approximate reasoning algorithm for assigning a specific pilot 
to one of the rotations starting on the day in question 

Let us note the sth day of the month (1 ::;; s ::;; 30). We assume that the ith 
pilot should be assigned one of the rotations that starts on the sth day of the 
month. Since we are keeping to the "day-by-day" procedure, the ith pilot has 
already been assigned rotations that start on the first, second, or (s-l )th day. 
The ith pilot's total accumulative flight time including day s-l equals 

k s-J 

a;(s-l) = LLqj/xijdj (2.96) 
j=J 1=1 

Let the zth rotation be a candidate for assignment to the ith pilot. Should 
the zth rotation be assigned to the ith pilot, the amount of accumulated flight 
time by the ith pilot including the sth day would be: 

(2.97) 

The ideal amount of flight time of the ith pilot including the sth day is: 

s 

a; (s) = a LPil (2.98) 
1=1 

Let us denote by qiz(s) the relative deviation of the assigned flight time 
from the ith pilot's ideal flight time ending with the sth day, should the zth 
rotation be assigned to the ith pilot. It is clear that 

(2.99) 

The amount of qiz(s) is extremely important for the analyst-crew 
planner's decision as to whether or not to assign the zth rotation to the ith 
pilot. The smaller the relative deviation qiz(S) , the greater the analyst's 
preference to assign the ith pilot to the zth rotation starting on the sth day. 
This relative deviation can be positive or negative. It is assumed that every 
analyst-crew planner has a subjective idea about what is highly, moderately, 
or slightly positive or negative regarding relative deviation. 

In a similar manner, we can define Wiz(s) representing the relative 
deviation of the assigned number of foreign per diem allowances from the 
ith pilot's ideal number of foreign per diem allowances ending with the sth 
day should the ith pilot be assigned the zth rotation. Deviation Wiz(s) equals 
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(2.100) 

where bjz(s} is number of the ith pilot's foreign per diem allowances ending 
with the sth day should he be assigned the zth rotation, and b/(s) is ideal 
number of foreign per diem allowances for the ith pilot ending with the sth 
day. 

Amounts bjz(s} and b/(s) are calculated in a similar way as amounts 
ajz(s} and aj * (s). 

Let us introduce into the discussion the following fuzzy sets with which 
we will try to describe the relative deviation of the. assigned flight time from 
the ideal flight time, or the assigned number of foreign per diem allowances 
from the ideal number: lIN is highly negative relative deviation of the 
assigned from the ideal, MN is moderately negative relative deviation of the 
assigned from the ideal, S is small relative deviation of the assigned from 
the ideal, MP is moderately positive relative deviation of the assigned from 
the ideal, lIP is highly positive relative deviation of the assigned from the 
ideal, and ANY is any deviation whatsoever of the assigned from the ideal. 

The membership functions of the sets lIN, MN, S, MP, and lIP are 
shown in Figure 2.49. As we can see, particular membership functions are 
asymmetric. Their shapes that is, the limit values of the triangular 
membership functions have been reached after the examination of many 
different shapes of the membership functions. It was shown that those 
shapes led to the best results. 

-100 -50 -25 0 25 50 

HP 

Deviation 
percentage 

Fjgure 2.49. The membership functions of the fuzzy sets lIN, MN, S, MP, and HP 
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Let us introduce into the discussion the preference index Piz(s) that 
expresses the analyst's preference to assign the ith pilot to the zth rotation 
that starts on the sth day. Let 

O::;;Piz(s)::;;I, i=I,2 ... ,m z=I,2 ... ,k s=I,2 ... ,30 (2.101) 

It is clear that the analyst's readiness to assign the zth rotation starting on 
the sth day to the ith pilot is greater, the greater the value of preference 
index Piz(s)' 

Let us also introduce into the discussion the following fuzzy sets that 
refer to the strength of the decision maker's preference: VW is very weak 
preference, W is weak preference, M is medium preference, S is strong 
preference, and VS is very strong preference. 

The membership functions of fuzzy sets VW, W, M, S, and VS are 
shown in Figure 2.50. 

vw w M s vs 

o 0.25 0.50 0.75 1.00 P 

Figure 2.50. The membership functions offuzzy sets VW, W, M, S, and VS 

The approximate reasoning algorithm that determines the strength of the 
decision maker's preference regarding the assignment of the zth rotation 
starting on the sth day to the ith pilot consists of the following algorithmic 
steps: 

Rule 1: If qiz(s) is BN and Wiz(s) is HN, thenpiz(s) is M, 
or 

Rule 2: If qiz(s) is HN and Wiz(s) is MN or S, then Piz(s) is W, 
or 

Rule 13: If qiz(s) is HP and Wiz(s) is ANY, then Piz(s) is VW. 
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In this manner, the preferences of assigning different rotations starting 
on the day in question are calculated for each pilot. Let us denote by Ps the 
matrix whose elements Pij(s) are the preference indexes of assigning the ith 
pilot (i = 1, ... , m) to the jth rotation (j = 1, ... , k) starting on the sth day of 
the month (preference indexes Pij(s) are only calculated for the rotations for 
which qjs = 1 that is, only for rotations starting on the sth day of the month). 
In the next step, it is necessary to solve the assignment problem that is, it is 
essential to make the final choice of rotation assigned to a particular pilot on 
the day in question. 

The input data for the approximate reasoning algorithm are the values of 
qjz(s) and wjz(s). We recall that qiz(s} is the relative deviation of the ith 
pilot's assigned flight time from the ideal flight time ending with the sth 
day, should the zth rotation be assigned to the ith pilot. We would also 
repeat that Wjz(s} is the relative deviation of the ith pilot's assigned number 
of foreign per diem allowances from the ideal number, ending with the sth 
day, should the ith pilot be assigned the zth rotation. A question naturally 
arises regarding how to use the approximate reasoning algorithm at the very 
beginning. In other words, how to use the approximate reasoning algorithm 
on the first day when none of the pilots has been assigned any rotation. 
Assigning rotations that begin on the first day of the month to the pilots was 
done in the manner described below. First, the pilots are sorted in increasing 
order by the number of days they can work during the month in question. 
Also, the rotations are sorted in decreasing order by their length of time. 
Then, the longest rotation from the list is assigned to the pilot with the 
smallest number of available working days, the second longest to the second 
pilot on the list and so on. 

In a described manner, pilots have been assigned rotations that start the 
first day. Thus, qjz(s} and Wjz(s} have received their initial values and the 
approximate reasoning algorithm can be used to assign pilots to rotations 
that begin on the second, third, ... , thirtieth day of the month. 

The algorithms developed were tested by Teodorovic and Lucic (1998) 
on the example of assigning fifty three flight captains to 422 rotations to be 
flown during the subsequent thirty days. The data are real and have been 
obtained from one airline company. The rotation characteristics are shown 
in Table 2.15. 
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Table 2. J 5. Characteristics of the rotations to be assigned 
Rotation The earliest day of the The earliest time of 

the following rotation 
start (min) 

Rotation 
number 

1 
2 
3 
4 
5 

422 

Rotation 
number 

1 
2 
3 
4 
5 

422 

Rotation 
starting day 

30 

Number of 
legs in 

rotation 
5 
4 
6 
5 
4 

2 

starting time following rotation 
(min) start 

355 
365 
380 
390 
400 

1325 

Rotation 
flying time 

{min~ 
240 
355 
590 
225 
210 

365 

Rotation 
working time 

{min~ 

485 
585 

1090 
445 
300 

535 

2 
2 
3 
2 

31 

Rotation foreign 
per diem 

allowance 
0 
1 
2 
0 
0 

2 

270 
1175 
340 

1105 
1210 

930 

Rotation 
working 
da~s 

1 
2 
2 
2 
1 

2 

The values of binary variables Pi! are given in Table 2.16 (when Pi! = 1, 
the ith pilot can work on the lth day of the month). 

Table 2. J 6. Pilot availability by days during the month 
Pilot Days 

Number 2 3 30 
1 1 
2 0 
3 1 

53 

The average deviation of real flight time from ideal flight time per 
captain is 7.17%. Average deviation of foreign per diem allowances per 
captain is 9.31 %. The relative deviations of the flight time and number of 
foreign per diem allowances are shown in Figure 2.51 and Figure 2.52. 
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Figure 2.51. Distribution of the deviation of real flight time from ideal flight time 
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Figure 2.52. Distribution of the deviation of real number offoreign per diem allowances from 
the ideal number 

Based on the average deviation values regarding flight time (7.17%) and 
number of foreign per diem allowances (9.31 %), and based on the shape of 
the distributions shown in Figure 2.51 and Figure 2.52, we can conclude 
that we have achieved satisfactory results in resolving the numerical 
example. 

The considered multicriteria decision-making problem has been solved 
using fuzzy control methods. The reasons for such approach can be found in 
the fact that, using fuzzy control methods, it is possible to accommodate 
possible criteria of the qualitative character such are defining of the "less 
desirable airport for landing," equalizing the monthly number of landings at 
the "less desirable airports," and so on. Using fuzzy control methods in 
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order to determine the strength of the decision maker's preference to assign 
rotation to a particular pilot in a satisfactory way mimics the job of an 
analyst doing the crew rostering. In the conversation with crew planners it is 
noted that they think and base their decision in a manner similar to the laid 
out algorithm of the approximate reasoning. 

2.13. A FUZZY LOGIC APPROACH TO THE 
VEHICLE ASSIGNMENT PROBLEM 

Assigning vehicles to planned transportation tasks is a daily problem in 
every transportation company. In most cases, dispatchers responsible for 
assigning the vehicles rely primarily on their experience and intuition in the 
course of decision making. Experienced dispatchers usually have built-in 
criteria ("rules") which they use to assign a given amount of freight to be 
sent a given distance to a given vehicle with given structural and technical
operational characteristics (capacity, ability to carry freight certain 
distances, and so on). 

Transportation companies receive a great number of requests every day 
from clients wanting to send goods to different destinations. Each 
transportation request is characterized by a large number of attributes, 
including the most important: type of freight, amount of freight (weight and 
volume), loading and unloading sites, preferred time of loading and/or 
unloading, and distance the freight is to be transported. Transportation 
companies usually have fleets of vehicles consisting of several different 
types of vehicle. In addition to the characteristics of the transportation 
request, when assigning a specific type of vehicle to a specific 
transportation request, the dispatcher must also bear in mind the total 
number of available vehicles, the available number of vehicles by vehicle 
type, the number of vehicles temporarily out of working order, and vehicles 
undergoing technical examinations or preventive maintenance work. When 
meeting transportation requests, one or more of the same type of vehicle 
might be used. In other cases, several different types of vehicle might be 
used. Depending on the characteristics of the transportation request and how 
the transportation company operates, vehicle assignments to transportation 
requests can be made several times a day, once a day, once a week, and so 
on. Without loss of generality, we considered the case when dispatching is 
carried out every day based on the principle "today for tomorrow." In other 
words, dispatchers have a set amount of time (one day) to match available 
vehicles to transportation tasks that are to begin the following day. 

In some transportation companies, drivers are "married" to their vehicles 
(a driver always drives the same vehicle). On the other hand, in some 
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companies a driver might drive a different vehicle every day. Depending on 
their driver's license, some drivers can drive one or several different types of 
vehicle. Legal and/or company constraints regarding the length of the 
driver's working day, rest time required between two trips, the length of 
regulated monthly or annual vacations, and so on, also have an important 
influence on the way that drivers will be assigned to different tasks. We will 
not consider the problem of assigning drivers to specific tasks. The basic 
problem studied here is the assignment of vehicles to specific trips. The 
results reached after matching vehicles to transportation requests comprise 
the input data to solve crew scheduling and crew rostering problems. 

Recently Milosavljevic et al. (1996) considered the vehicle assignment 
problem. The basic goal of their research is to develop a model that will be 
able to imitate the work of an experienced dispatcher. A good dispatcher 
must have suitable abilities and skills, and his training usually requires a 
long period. The problem considered in the mentioned paper was not one 
requiring "real-time" dispatching (which is needed to dispatch ambulances, 
fire department vehicles, police patrol units, taxis, dial-a-ride systems, and 
so on). However, in spite of this, the large number of different input data 
and the relatively limited time in which to solve the problem of assigning 
vehicles to requests can certainly create stressful situations for the 
dispatcher. All of this supports the need to develop a system that will help 
the dispatcher make decisions. 

Milosavljevic et al. (1996) attempted to formalize the dispatcher's 
knowledge that is, to approximately determine the rules used by the 
dispatcher to make decisions. Let us present the results achieved by 
Milosavljevic et al. (1996). 

2.13.1. Statement of the problem 

Let us consider the vehicle assignment problem within the scope of the 
following scenario. We assume that a transportation company has several 
different types of vehicle at its disposal. The number of different vehicle 
types is denoted by n. Individual types of vehicle differ from each other in 
terms of structural and technical-operational characteristics. We also assume 
that the transportation company has a depot from which the vehicles depart 
and to which they return after completing their trip (Figure 2.53): 

Let us consider a delivery system in which different types of freight are 
delivered to different nodes. We also assume that after serving a node, the 
vehicle returns to the depot. The reasons for such a delivery tactic are often 
due to the fact that different types of freight cannot be legally delivered in 
the same vehicle, and that different types of freight belong to different 
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clients of the transportation company. Since the vehicle returns to the depot 
after serving a node, we note that the routes the vehicle is to take are known 
(Figure 2.53). As shown in Figure 2.53, we are dealing with a set of routes 
in the form of a star, with each route containing a node to be served. Let us 
denote by m the total number of transportation requests to be undertaken the 
following day. Let us also denote by Ti the ith transportation request, (i = 1, 
2, ... , m). Every transportation request Ti is characterized by four parameters 
(Vi, Qi, Di, nj), where Vi is the node where freight is to be delivered when 
executing transportation request Ti, Qi is the amount of freight to be 
transported by request Ti, Di is the distance freight is to be transported in 
request Ti (the distance between depot D and node vj), and ni is the number 
of trips along route {D, Vi, D} that can be made by one vehicle during the 
time period under consideration (one day) 

Figure 2.53. Depot D and nodes to be served 

In order to simplify the problem, we will assume that the number of 
possible trips ni that can be made along route {D, Vi, D} is independent of 
the vehicle type. 

We shall denote by 0 the capacity of vehicle type j taking part in the 
service (j = 1, 2, ... , n). The number of available type j vehicles is denoted 
by~. We also assume that 

i = 1,2, ... , m (2.102) 

Based on relation (2.102), we conclude that the vehicle can serve any 
node within the geographical region under consideration at least once a day 
and return to the depot. 

Depending on the values of Di and Qi and the capacity Cj of the vehicle 
serving node Vi, one or more trips will be made along route {D, Vi, D} 
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during the day being considered. One type or a variety of vehicle types can 
take part in the delivery to node Vj. Let us first consider the case when only 
one type of vehicle takes part in serving any node. The more complicated 
case when several different types of vehicle serve a node is considered later. 
We would also note that in some cases there is the possibility of the 
transportation company not being able to serve all nodes with its available 
transportation capacities. 

The standard routing problem (Bodin and Golden, 1981) consists of 
designing a route to be taken by the vehicles when serving the nodes. In 
most papers devoted to the classical routing problem, it is assumed that the 
capacity of the serving vehicle is greater than or equal to demand in any 
node. In our case, the routes to be taken by the vehicles are known (Figure 
2.53). We shall denote by fij the number of trips (frequency) to be made by a 
type j vehicle when executing transport request Tj. It is clear that fij ~ 0 
(i = 1,2, ... , m,j = 1,2, ... , n). 

The problem considered by Milosavljevic et al. (1996) is to determine 
the value of fij (i = 1, 2, ... , m, j = 1, 2, ... , n) so that the available vehicles 
are assigned to planned transportation tasks "in the best possible way." The 
expression "the best possible way" naturally requires more detailed 
discussion. The next section will consider the criteria to be used when 
assigning vehicles to planned transportation tasks. 

2.13.2. Proposed solution to the problem 

The total number of vehicles N available to the dispatcher at the moment 
he assigns vehicles is 

(2.103) 

As already mentioned, the problem considered is the assignment of N 
available vehicles to m transportation requests. This belongs to the category 
of operations research problems known as assignment problems. The 
"classical" approach to solving the vehicle assignment problem is to define 
a corresponding objective function and set of constraints. In other words, the 
vehicle assignment problem can be treated as a mathematical programming 
problem. Let us assume for the moment that in meeting every transport 
request only one type of vehicle is involved. Let us denote by cij the cost of 
assigning vehicle type j to the ith transportation request, and introduce into 
the discussion binary variable xij defined as follows: 
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Xij =11' 
0, 

if vehicle type j is assigned to meet 
transportation request ~ 

if vehicle type j is not assigned to meet 
transportation request ~ 

Chapter 2 

(2.104) 

Let us denote by F the total cost of assigning the available vehicles to the 
transportation requests. 

Minimizing F, along with defining the set of constraints that refer to the 
utilization of individual vehicles and to "coverage" of the planned 
transportation tasks, leads to the formulation of the vehicle assignment 
problem as an integer programming problem. 

On the other hand, there are numerous factors that cannot be built into 
the formulation of the vehicle assignment problem as an integer 
programming problem. It is often impossible to precisely determine 
assignment cost cij. Some transportation requests are "more important" than 
others. In other words, some clients have signed long-term transportation 
contracts, and others randomly request transportation that will engage 
transportation capacities for longer or shorter periods of time. In some cases 
there is no absolutely precise information about the number of individual 
types of vehicle that will be ready for operation the following day. Bearing 
in mind the number of operating vehicles and the number of vehicles 
expected to be operational the following day, the dispatcher subjectively 
estimates the total number of available vehicles by type. Some vehicle types 
are more "suitable" for certain types of transportation tasks than other. 
Naturally, vehicles with a 5t capacity are more suitable to deliver good 
within a city area than those with a 25t capacity. On the other hand, 25t 
vehicles are considerably more suitable than 5t or 7t vehicles for long
distance freighting. 

As we can see, the vehicle assignment problem is often characterized by 
uncertainty regarding input data necessary to make certain decisions 
(assignment cost cij cannot always be estimated precisely, while the future 
number of available vehicles is liable to the dispatcher's subjective 
estimation). It should be emphasized that the subjective estimation of 
individual parameters differs from dispatcher to dispatcher, or from decision 
maker to decision maker. The number of available vehicles of a specific 
type might be "sufficient" for one dispatcher, while another dispatcher 
might think this number "insufficient" or "approximately sufficient." Also, 
one dispatcher might consider a certain type of vehicle "highly suitable" 
regarding a certain distance, while other dispatchers consider this type of 
vehicle "suitable" or "relatively suitable." Clearly, a number of parameters 
that appear in the vehicle assignment problem are characterized by 
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uncertainty, subjectivity, imprecision and ambiguity. This raises the need in 
the mathematically modeling phase of the problem to use methods that can 
satisfactorily treat uncertainty, ambiguity, imprecision and sUbjectivity. The 
approximate reasoning model presented in the following section is an 
attempt to formalize the dispatcher's knowledge that is, to determine the 
rules used by dispatchers in assigning vehicles to transportation requests. 

2.13.3. Approximate reasoning model for calculating the 
dispatcher's preference when only one type of vehicle 
is used to meet every transportation request 

It can be stated that every dispatcher has a pronounced subjective feeling 
about which type of vehicle corresponds to which transportation request. 
This subjective feeling concerns both the suitability of the vehicle in terms 
of the distance to be traveled and vehicle capacity in terms of the amount of 
freight to be transported. 

Dispatchers consider the suitability of different types of vehicles as 
being "low" (LS), "medium" (MS), and "high" (BS) in terms of the given 
distance the freight is to be transported. Also, capacity utilization (the 
relationship between the amount of freight and the vehicle's declared 
capacity, expressed as a percentage) is often estimated by the decision 
maker as "low" (LeU), "medium" (MCU), or "high" (BCU). 

The suitability of a certain type of vehicle to transport freight different 
distances, and its capacity utilization can be treated or represented as fuzzy 
sets (Figure 2.54 and Figure 2.55). 
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Figure 2.54. Membership functions of fuzzy sets: LS is low, MS is medium, and HS is high 
suitability in terms of distance 
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Figure 2.55. Membership functions of fuzzy sets: LCU is low, MCU is medium, HCU is 
high vehicle capacity utilization 

Vehicle capacity utilization is the ratio of the amount of freight 
transported by a vehicle to the vehicle's capacity. 

The membership functions of the fuzzy sets shown in Figure 2.54 and 
Figure 2.55 must be defined individually for every type of vehicle. 

The decision maker assigns transportation requests to individual types of 
vehicle bearing in mind above all the distance to be traveled and the 
capacity utilization of the specific type of vehicle. When dispatching, the 
decision maker - dispatcher operates with certain rules. Based on 
conversations with dispatchers who deal with the vehicle assignment 
problem every day, Milosavljevic et al. (1996) noted that the decision maker 
has certain preferences: 

• "Very strong" preference is given to a decision that will meet the 
request with a vehicle type having "high" suitability in terms of distance 
and "high" capacity utilization, 

or 
• "Very weak" preference is given to a decision that will meet the request 

with a vehicle that has "low" suitability regarding distance and "low" 
capacity utilization. 

The strength of the dispatcher's preference can be "very strong," 
"strong," "medium," "weak," and "very weak." The problem of converting 
linguist terms into corresponding fuzzy sets has been treated by many 
authors (Baas and Kwaakemak, 1977; Bonissone, 1982; Efstathiou and 
Rajkovic, 1979; Efstathiou and Tong, 1982; Kerre, 1982; Wenstop, 1976; 
and particularly Chen and Hwang, 1992). Milosavljevic et al. (1996) noted 
that dispatchers most often use five terms to express the strength of their 
preference regarding the meeting of a specific transportation request with a 
specific type of vehicle. These five preference categories can be presented 



Presentation of Fuzzy Models Developed in Transportation 
Applications 

177 

as corresponding fuzzy sets PI, Pl, P3, P4, and P5. The membership 
functions of the fuzzy sets used to describe preference strength are shown in 
Figure 2.56. Preference strength will be indicated by a preference index, PI, 
which lies between 0 and 1, where a decrease in the preference index means 
a decrease in the "strength" of the dispatcher's decision to assign a certain 
transportation request to a certain type of vehicle. 
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Figure 2.56. Membership functions of fuzzy sets: PI is very strong, P2 is strong, P3 is 
medium, P4 is weak, P5 is very weak preference 

For every type of vehicle, a corresponding approximate reasoning 
algorithm is developed to determine the dispatcher's preference strength in 
terms of meeting a specific transportation request with the type of vehicle in 
question. The approximate reasoning algorithms for each type of vehicle 
differ from each other in terms of the number of rules they contain and the 
shapes of the membership functions of individual fuzzy sets. For example, 
for a vehicle with a capacity of 14t, the approximate reasoning algorithm 
reads as shown in Table 2.17. 

Table 2. J 7. Approximate reasoning algorithm for a vehicle with a capacity of 14t 

Suitability 
LS 
MS 
HS 

Capacity utilization 
LCU MCU HCU 
P5 
P3 
P2 

P4 
P2 
PI 

P3 
P2 
PI 

Using the approximate reasoning by max-min composition, every 
preference index value is assigned a corresponding grade of membership. 
Let us denote this value by P ij. This value expresses the "strength" of the 
dispatcher's preference that the ith transportation request be met by vehicle 
typej. 
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Similar approximate reasoning algorithms were developed for the other 
types of vehicle. 

2.13.4. Calculating the dispatcher's preference when several 
types of vehicle are involved in meeting requests 

Up until now, we have only considered the vehicle assignment problem 
when one type of vehicle is used to meet every transportation request. Some 
transportation companies often use several different types of vehicle to meet 
a specific transportation request. When meeting requests with several 
different types of vehicle, every request can be met in one or several 
different ways. For example, if the amount of freight in the ith request 
equals Qi = 18t and if we have two types of vehicle whose capacities are 5t 
and 7t, respectively, there are four possible alternatives to meeting the ith 
request shown in Table 2.18. 

Table 2. J 8. Alternatives to meeting the ith request 

Alternative number 
1 
2 
3 
4 

Number of vehicles in services 
7t 5t 
3 0 
2 
1 
o 

1 
3 
4 

The first of the possible alternatives to meet any transportation request is 
the one in which only one type of vehicle is used, the vehicle with the 
greatest capacity. Every other alternative differs from the previous to the 
effect that there is a smaller share of vehicles with a higher capacity and a 
greater share of vehicles with a smaller capacity. The last possible 
alternative uses vehicles with the smallest capacity. 

Let us denote the following: 

Qijk is the amount of freight from the ith request transported by vehicle type 
j when request Tj is met using alternative k 
Nijk is the number of type j vehicles that participate in meeting request Ti 
when request T i uses alternative k. 

It is clear that the total freight Qi from transportation request T i that is 
met using transportation alternative k equals the sum of the amount of 
freight of request T i transported by individual types of vehicles that is, 
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(2.105) 

The capacity utilization (expressed as a percentage) Aijk of vehicle type j 
that takes part in meeting transportation request Tj using alternative k can be 
defined as 

(2.106) 

Let us denote by Pk the dispatcher's preference to use service alternative 
k to meet transportation request Tj. It is clear that 

n 

LNijk Cjn; Pij 
D _-"..j_=I ____ _ 
Ik -- n 

LNijk Cjn; 
j=1 

(2.107) 

Corresponding dispatcher preference P ij must be calculated for every 
type of vehicle j taking part in meeting transportation request Tj. Preference 
values P ij are calculated based on approximate reasoning algorithms. 

Based on relation (2.107), dispatcher preference to meet transportation 
request T j with any of the possible service alternatives k can be calculated. 

2.13.5. Heuristic algorithm to assign vehicles to 
transportation requests 

The basic characteristics of every transportation request are the amount 
of freight that is to be transported and the distance to be traveled. Therefore, 
requests differ in terms of the volume of transportation work (expressed in 
ton-kilometers) to be executed, and in terms of the revenues and profits that 
every transportation request brings to the transportation company. It was 
also emphasized in our previous remarks that a company might have long
term cooperation with some clients, while other clients request the 
transportation company's services from time to time. Therefore, some 
transportation requests can be treated as being "more important," or 
"specially important requests," having "absolute priority in being carried 
out," and so on. All of this indicates that before assigning vehicles to 
transportation requests, the requests must first be sorted. The requests can 
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be sorted in descending order by number of ton-kilometers that would be 
realized if the request were carried out, in descending order of the amount of 
freight in each request, in descending order of the requests' "importance" or 
in some other way. The manner in which the requests are sorted depends on 
the company's overall transportation policy. Milosavljevic et al. (1996) 
assumed that sorting of the transportation requests is made before vehicles 
are assigned to transportation requests. 

The heuristic algorithm of assigning vehicles to transportation requests 
developed by Milosavljevic et al. (1996) consists of the following steps: 

Step 1: 
Step 2: 
Step 3: 

Step 4: 

Step 5: 

Step 6: 

Step 7: 

Step 8: 

Step 9: 

Step 10: 

Denote by i the index of transportation requests. Let i = 1. 
Generate all possible alternatives to meet transportation request Tj. 
Denote by k( i) the index of possible alternatives to meet 
transportation request T i . Let k(i) = 1. 
Analyze alternative k(i). If available resources (number of 
available vehicles of a specific type) allow for alternative k(i), go 
to Step 5. Otherwise go to Step 7. 
Determine the preference for every type of vehicle that takes part 
in implementing alternative k(i) using an approximate reasoning 
by max-min composition. 
Calculate the dispatcher's preference to use alternative k(i) to meet 
transportation request Tj. Use relation (2.1 07) to calculate this 
preference. 
Should there be any uninvestigated alternatives, increase the index 
alternative value by I (k(i) = k(i)+ 1) and go to Step 4. Otherwise, 
go to Step 8. 
Should none of the potential alternatives be possible owing to a 
lack of resources, transportation request Tj cannot be met. The 
final value of the dispatcher's preference (when there is at least 
one alternative possible) equals the maximum value of the 
calculated preferences of the considered alternatives. In this case, 
transportation request Ti is met by the alternative that corresponds 
to the maximum preference value. 
Decrease the number of available vehicles for the types of vehicle 
that took part in meeting transportation request Ti by the number 
of vehicles engaged in meeting the request. 
If any transportation requests have not been considered, increase 
the index by i (i = i+ 1) and return to Step 2. 
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The developed algorithm was tested on a fleet of vehicles containing 
three different types of vehicle. Capacity per type of vehicle and their 
respective number in the fleet are: Ql = 4.4t (Nl = 48 vehicles), Q2 =7.0t 
(N2 = 49 vehicles), Q3 = 14t (N3 = 42 vehicles). 

Table 2.19 presents the characteristics of the set of seventy eight 
transport requests to be met. 

As can be seen from Table 2.19, each of the seventy eight transportation 
requests is characterized by amount of freight Qj and distance D j• The 
transportation work undertaken by the transportation company could be 
expressed in ton-kilometers (tkm). Based on the characteristics of the 
transportation requests, it is easy to calculate that the total number of the 
ton-kilometers to be carried out by the transportation company equals 

78 

LQ; D; = 177,570.3 tkm (2.108) 
;=1 

The quality of the solution obtained can be measured as the percentage 
of realized transportation requests and the percentage of realized ton
kilometers. Since the transportation company's profit directly depends on 
the number of effected ton-kilometers, it was decided that the quality of the 
solution obtained should be judged on the basis of the total number of 
realized ton-kilometers. The solutions obtained from the developed model 
were compared with those reached by an experienced dispatcher. Let us 
consider the following four ways of assigning vehicles to transportation 
requests: 

1. An experienced dispatcher assigned vehicles to the transportation 
requests. The dispatcher was not given any instructions regarding the 
manner in which the assignments should be made. 

2. An experienced dispatcher assigned vehicles to the transportation 
requests. The dispatcher was asked to assign only one type of vehicle to 
each transportation request. 

3. Vehicles were assigned to transportation requests based on the developed 
algorithm, with only one type of vehicle being assigned to each 
transportation request. 

4. Before assigning vehicles, the transportation requests were sorted by 
descending order of ton-kilometers. Vehicles were assigned to 
transportation requests using the developed algorithm, to the effect that 
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one or several different types of vehicle took part in meeting each 
request. 

Table 2.19. Characteristics of 78 transEort reguests to be met 
Request Daily Request Daily 
amountof The number of amount of The number of 

Request freight distance trips by Request freight distance trips by one 
number {tons} {km} one vehicle number {tons} {km} vehicle 

1. 22.0 42.0 2 40. 11.0 180.0 1 
2. 3.0 25.0 4 41. 13.0 12.0 5 
3. 7.0 138.0 1 42. 28.0 198.0 
4. 39.0 280.0 1 43. 34.0 265.0 
5. 6.0 75.0 2 44. 52.0 140.0 
6. 17.0 189.0 1 45. 2.0 180.0 1 
7. 5.0 45.0 2 46. 1.5 17.0 5 
8. 21.0 110.0 1 47. 3.0 29.0 3 
9. 8.0 180.0 48. 67.0 270.0 

10. 27.0 42.0 2 49. 1.0 87.0 2 
11. 43.0 197.0 50. 1.7 195.0 1 
12. 2.0 317.0 51. 5.0 49.0 2 
13. 6.0 180.0 1 52. 8.0 165.0 1 
14. 16.0 78.0 2 53. 12.0 87.0 2 
15. 25.0 78.0 2 54. 28.0 65.0 2 
16. 34.0 57.0 2 55. 24.0 29.0 3 
17. 23.0 57.0 2 56. 21.0 12.0 5 
18. 12.0 129.0 1 57. 17.0 369.0 1 
19. 9.0 32.0 3 58. 19.0 100.0 2 
20. 21.0 21.0 4 59. 17.0 120.0 
21. 7.0 180.0 1 60. 18.0 140.0 
22. 7.0 87.0 3 61. 31.0 190.0 
23. 4.0 49.0 2 62. 3.0 120.0 
24. 26.0 127.0 63. 8.0 108.0 2 
25. 22.0 240.0 64. 4.0 140.0 1 
26. 19.0 220.0 1 65. 3.0 17.0 5 
27. 14.0 100.0 2 66. 9.0 98.0 2 
28. 15.0 121.0 67. 4.4 78.0 2 
29. 38.0 27.0 4 68. 4.4 78.0 2 
30. 41.0 129.0 69. 4.2 112.0 1 
31. 8.0 160.0 70. 3.5 5.0 6 
32. 9.0 180.0 1 71. 27.0 15.0 5 
33. 16.0 70.0 2 72. 12.0 5.0 6 
34. 21.0 161.0 1 73. 7.5 98.0 2 
35. 32.0 180.0 74. 18.7 210.0 1 
36. 42.0 120.0 1 75. 6.5 180.0 
37. 16.0 132.0 1 76. 21.0 600.0 
38. 12.0 12.0 5 77. 13.5 120.0 
39. 9.0 27.0 4 78. 4.9 120.0 
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Table 2.20. Comparison of the total number of ton-kilometers realized for the four different 
ways of assigning vehicles to transportation requests 
Possible ways of 
assigning 
vehicles to 
transportation 
requests 

I 
II 

III 
IV 

The amount of time 
needed to assign vehicles The total number of 
to planned transportation realized ton-
requests 

2 hr. 30 min. 
2 hr. 15 min. 

40 sec. 
40 sec. 

kilometers 
163,821 
154,866 
152,727 
170,157 

The percentage of 
realized ton
kilometers 

92.26% 
87.15 % 
86.01 % 
95.83 % 

The developed model shows indisputable advantages compared to the 
dispatcher, particularly concerning the amount of time needed to assign 
vehicles to planned transportation requests. It might also be noted that the 
model sufficiently imitates the work of an experienced dispatcher. Using the 
model, it is possible to achieve results that are equal to or greater than the 
results achieved by an experienced dispatcher. Testing a large number of 
dispatchers and testing the model on a large number of different examples 
would confirm whether the model gives better results than the dispatcher in 
every situation. 



Chapter 3. 

A Fuzzy Mathematical Programming Approach to 
Transportation 

3.1. THE BASIC PREMISES OF FUZZY 
MATHEMATICAL PROGRAMMING 

In the past three decades, linear, nonlinear, dynamic, integer and 
multicriteria programming have been used very successfully to solve 
various traffic and transportation problems. Typical problems include 
assigning traffic in a network, distributing personnel to jobs, distributing 
transport facilities to carry out planned schedules, and planning fleet 
development and transportation-location tasks. Their solutions can be found 
using one of the mathematical programming methods. 

In most of the real-world decision-making problems the input data are 
not always known precisely or the information is not available regarding 
certain input parameters that are part of a mathematical model. There is 
often uncertainty surrounding specific costs, the number of vehicles that can 
be employed to carry out a transport task, the number of passengers that 
want to travel between certain pairs of nodes in a network, and so on. The 
formulation of a linear programming lacks flexibility in dealing with 
imprecise input data. Therefore, in recent years this type of problem has 
been approached with fuzzy optimization techniques. 

Thus, the possibilities must be considered of resolving certain linear or 
dynamic programming problems when some of the parameters in the model 
are fuzzy numbers. Hamacher et al. (1978) claim that in contrast to the 
traditional model of linear programming fuzzy linear programming is not 
characterized by a unique model. Depending on the nature of fuziness, fuzzy 
numbers can represent coefficients in an objective function and/or set of 
constraints. Fuzziness might also appear in the very formulation of the 
constraints (for example, the requirement that quantity x is "approximately 
less than" quantity y is not "precise" enough). 

During the decision-making process in a fuzzy environment fuzzy 
objectives, fuzzy constraints and fuzzy decisions, represented through fuzzy 
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sets with corresponding membership functions, are considered. The decision 
is simply defined as a selection of sets of feasible solutions or merely one 
solution, which simultaneously satisfies the fuzzy objectives and fuzzy 
constraints. The logical "and" by which the fuzzy sets are connected 
corresponds to the operation of their intersection (Bellman and Zadeh, 
1970). When the concept of a decision is defined in this way, objectives and 
constraints are of equal importance. That is the basis for the statement 
claiming the identity of the roles of objectives and constraints in the 
formulation of a decision making process in a fuzzy environment. 

Let us assume that in the maximization problem there is one or more 
objective functions. We denote by G the set that represents the fuzzy 
domain of the set of objective functions. We denote by C the fuzzy set that 
represents the fuzzy domain of the set of constraints. Let fuzzy sets G and C 
be defined over set X. According to Bellman and Zadeh, the fuzzy domain 
of the solution is characterized by fuzzy set D whose membership function 
reads 

JlD(X) = min {JlG(x), Jldx)} (3.1) 

We note that fuzzy set D is the intersection of fuzzy sets G and C. In 
other words, fuzzy set D is the set of solutions to the problem that satisfy 
both the set of objective functions and the set of constraints. 

The objective function that is, the goal we have set is expressed by the 
fuzzy set G. Let this goal be expressed by the desire that "x is considerably 
greater than h." We also assume that the model has a constraint of the type 
"x is considerably less than a." This constraint is quantified by fuzzy set C 
(Figure 3.1). When choosing the final solution to this problem, the set of 
solutions that has the highest grade of membership in set D is most often 
chosen. In other words, the set of final solutions Af is defined as 

Af= {Xf I JlD(xf) > JlD(X)} (3.2) 

In the example shown in Figure 3.1, the set of final solutions has only 
one solution, Xf. 

The membership function of fuzzy set D is noted in Figure 3.1 by a solid 
line. As already mentioned, fuzzy set D is the set of all solutions to the 
problem that satisfy both the objective function and constraint that have 
been set. The optimal solution is that with the maximum degree of the 
membership function. 

When solving a linear programming transportation problem precise 
information on transportation costs, travel time, amount of load, demand, 
and supply often do not exist (Teodorovic, 1994). The input data are most 
commonly obtained by prediction or estimation. A satisficing . solution need 
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not necessarily imply minimum transportation costs. In fact, in the majority 
of cases it is sufficient if costs remain within a reasonable range that is, if 
they are "reasonable." This type of problem is solved by fuzzy optimization 
techniques. 

Jlc(x) 
1 ..................•• 

'. '. 

o 

'. '. ' . ..•. '" 

J.lG(x) 
-------, 

*' 

a 

Figure 3.1. Membership functions of fuzzy sets G, C, and D 
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Most commonly, in dealing with such type of problems the following 
procedure is employed: first, the conventional transportation problem is 
solved; then, by introducing maximum levels of tolerated violations 
fuzziness is described along with the importance of the objectives and 
constraints. 

Perincherry and Kikuchi (1990), when solving a transshipment problem, 
describe demand and supply through fuzzy numbers. To satisfy the fuzzy 
demand of "approximately D tons of load," they define a fuzzy set as "more 
than D tons of load," which is equivalent to the expression "satisfied 
demand." They consider the supply "adequate" and the obtained costs 
"reasonable." They claim that the traditional programming formulation 
lacks flexibility in dealing with imprecise input information. 

Kikuchi et al. (1991) formulated and solved fuzzy linear programming 
transportation problems with vagueness and ambiguity. In the former case 
they considered fuzziness in the objective, fuzziness in the quantity of 
supply, and fuzziness in demand. The authors have done a thorough 
sensitivity analysis. They concluded that the fuzzy approach allows a very 
useful sensitivity analysis of different levels of "minimum" cost objective 
and suitable levels of supply and demand. In the latter case they considered 
fuzziness in the unit transportation cost mainly due to the uncertainty of 
travel time. They used the algorithm proposed by Tanaka and Asai (1984) to 
solve the problem. An example for minimizing the cost of transporting soil 
during highway construction is presented as a numerical example. 

Tzeng and Teng (1990) claimed that in an increasingly complicated 
society investment planning for transportation infrastructure is conducted in 
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a fuzzy environment. They applied a fuzzy multiobjective nonlinear method 
in a multistage hierarchy structure. 

Bit et al. (1992) presented an application of fuzzy linear programming to 
a multiobjective transportation problem. Using the fuzzy programming 
method to solve the multiobjective transportation problem with K objective 
functions they obtained K nondominated solutions and an optimal 
compromise solution. Since the existing interactive algorithms give more 
than K nondominated solutions and the decision maker has to determine a 
compromise solution from the set of nondominated solutions, they 
concluded that the fuzzy linear programming method is a more suitable 
method for the multiobjective transportation problem. 

Bhattacharya et al. (1992) used a fuzzy goal programming to locate a 
single facility on a plane bounded by convex region. They simultaneously 
considered three objectives: maximization of the minimum distances from 
the facility to the demand points, minimization of the maximum distances 
from the facility to the demand points, and minimization of the sum of all 
transportation costs. They supposed that the aspiration levels for objectives 
are not precisely given that is, they are fuzzy in nature. 

Czyzak and Zak (1995) formulated a model of an urban transportation 
system using fuzzy multiobjective mathematical programming technique. 
The imprecision of data about riding time, the number of trams or buses 
available in the system and their capacities, the number of passengers to 
carry in 1 hour on a certain route, the cost for vehicle-kilometer for a certain 
mode, is modeled by L-R type fuzzy numbers. The model generates various 
assignments of available vehicles to the particular routes of transportation 
network. It allows changes in vehicle allocation that result in cost savings, 
better utilization of the fleet, and a higher standard for passengers' trips. 

3.2. FUZZY LINEAR PROGRAMMING 

In linear programming formulation, both the objective functions and the 
constraints are linear functions of decision variables. The general linear 
programming problem is most often formulated in the following way: 

max F = C}Xl +C2x2 + ... + CnXn (3.3) 

subject to 

(3.4) 
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(3.5) 

(3.6) 

Our task is to find the optimal solution (Xl *, X2*, ... , xn *) that satisfies all 
the constraints and whose objective function F reaches a maximum value. 
Depending of the present fuzziness, various types of fuzzy linear 
programming problems can be formulated and solved. For example, the 
precise enough information is often not available regarding the coefficients 
appearing in the objective functions and/or constraints. For example, 
coefficient CI could be "approximately 5," coefficient b2 "approximately 7," 
a31 "approximately 10," and so on. Likewise, the constraints are not 
necessarily "hard" or crisp. 

The application of fuzzy optimization techniques to linear programming 
problems with one or more objective functions is first demonstrated by 
Zimmermann (1976, 1978). As a basic advantage of the fuzzy optimization 
technique Zimmermann emphasizes the fact that the decision maker does 
not have to precisely formulate the problem. This type of fuzzy 
programming, that is, the introduction of "fuzzy constraints" and "fuzzy 
objectives" into the conventional mathematical programming, is called 
"mathematical programming with vagueness" or "flexible programming" 
(Iniuguchi et al. 1990). Fuzzy objectives and fuzzy constraints represent the 
decision maker's satisficing set and their membership grades correspond to 
hislher degree of satisfaction. Inuiguchi et al. call a mathematical 
programming with fuzzy coefficients a "mathematical programming with 
ambiguity" or "possibilistic programming." The fuzzy coefficients represent 
the fuzzy regions where the coefficients possibly take place, and these 
regions are regarded as the possibility distributions. Tanaka and Asai (1984) 
solved a fuzzy linear programming problem under consideration of the 
ambiguity of parameters. They showed that the solution can be obtained 
through iterative use of a linear programming technique. Tanaka et al. 
(1986) noticed that the solution of a fuzzy linear programming problem 
depends strongly on the fuzziness of coefficients: the smaller the fuzziness 
of coefficient becomes, the more satisfactory solution is expected to be 
obtained. They discussed the tradeoff between a cost for investigating a 
fuzzy coefficient and the increase of satisfaction for the decision maker. 

Kabbara (1982) offers various possible modeling of a linear 
programming problem without a solution by fuzzy sets. He claims: "The 
fuzzy optimization model provides a method, with the aid of fuzzy set 
theory, to formulate optimization problems without a solution. This can be 
done by accepting tolerances in the realization of the objective function 
and/or one or all of the constraints." When a multiobjective problem is 
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being solved, it is usually assumed that all the objectives are equally 
important, which is rather unrealistic. To express the relative importance 
attached to the objectives each objective can be assigned a weight 
coefficient. The importance of an objective in fuzzy multiobjective decision 
making problems is determined by maximum tolerances in violations. 
According to Kabbara (1982) maximum levels of tolerances describe 
relative importance of the objectives. 

The following sections will explain possible approaches to solving the 
fuzzy linear programming problems. Detailed analysis can be found in 
Zimmermann (1987). 

3.3. SOLVING A FUZZY LINEAR PROGRAMMING 
PROBLEM WHEN CONSTRAINT 
COEFFICIENTS ARE FUZZY 

We will use the following example to show the solution to a fuzzy linear 
programming problem when the constraint coefficients are fuzzy. Let us 
consider the following linear programming problem: 

(3.7) 

subject to 

(3.8) 

(3.9) 

Let the values of coefficients aI, a2 and b be only approximately known, 
that is, they are uncertain. In classical linear programming formulation, 
coefficients at, a2, and b are real numbers. In our case, the nature of the 
problem makes these coefficients fuzzy numbers. Our constraint reads: 

(3.10) 

Let us also assume that At, A2 and B are triangular fuzzy numbers that 
is, Al = (all, a21, a31), A2 = (aI2, a22, a32), and B = (bl' b2, b3). ~ese 
fuzzy numbers are shown in Figure 3.2. 

Multiplying fuzzy number Al by constant Xl gives triangular fuzzy 
number AIXI = (allxl, a2lxt, a31xI). In the same vein, multiplying 
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triangular fuzzy number A2 by constant X2 gives triangular fuzzy number 
AIX2 = (aI2x2, a22x2, a32x2). 

1+-----~------~----------~----------
:\ 

o 

.. . .. B .. . . . : .. . . : ... . . . .:' -.. .. . . . : .•.. 
l ... 

Figure 3.2. Fuzzy numbers At. A2, and B 

We denote by D = (dI, d2, d3) the triangular fuzzy number obtained as 
the result of adding triangular fuzzy numbers A IXI and A2X2. The left 
boundary, average value, and right boundary of fuzzy number D equal 
dl = aIIxI + aI2x2, d2 = a2IxI + a22x2, and d3 = a3IxI + a32x2· 

Figure 3.3 shows the membership functions of fuzzy number D and 
fuzzy number < B ("less than B"). Since b2 is the average value of fuzzy 
number B, the expression "less than B" means "less than approximately b2." 

<B 
1 

1-h .. .. .. .. 
h 

.. .. .. .. 
0 d l bl d2 d3 b3 

d* 
b* 

Figure 3.3. Membership functions of fuzzy numbers D and < B 

The other shapes of the membership function of the fuzzy number < B that 
are commonly used are shown in Figure 3.4. 

The Figure 3.3 also shows on the ordinate axis the level of satisfaction h 
that we wish to achieve. This level of satisfying the constraint can be 
achieved when the highest possible value of fuzzy number D for this level 
of satisfaction is less than or equal to the highest value of fuzzy number < B 
for this level of satisfaction. We denote by ~ and b*, respectively, the 



192 Chapter 3 

highest possible values of fuzzy numbers D and B for level of satisfaction h. 
Based on the similarities of corresponding triangles, it is easy to show that 
d"=d2+(1-h)(d3-d2) and b*=bt+(1-h)(b3-bt). 

o 

J.La(x) 

x 0 

~(x) 

~ 

Figure 3.4. The other shapes of membership function of the fuzzy number < B 

x 

In order to satisfy the constraint with at least a level of satisfaction h, the 
following relation must be fulfilled: 

(3.11) 

Let us assume in our example that F = C}Xt + C2X2 represents the profit 
we wish to maximize. Let us also assume that we can estimate a 
"satisfactory profit." This estimate is approximate that is, let "satisfactory 
profit" be expressed by the triangular fuzzy number F = (/i,j2,/3). 

Triangular fuzzy number F and triangular fuzzy number> F are shown 
in Figure 3.5. 

It is clear from Figure 3.5 that a "profit greater than satisfactory" will be 
achieved with a level of satisfaction at least equal to h, if 

(3.12) 

In other words, our objective function has become a constraint, which 
agrees completely with Bellman and Zadeh (1970) whereby both objective 
functions and constraints in a fuzzy environment are treated in the same 
way. Since we have transformed the objective function into a constraint, the 
question arises of defining a new objective function. 

We will naturally try to find a solution that maximizes the level of 
satisfying the objective function and constraint, h. In another words, in order 
to elicit the optimal decision that is, to determine the optimal solution 
(Xt*, X2"') that satisfies both the objective and constraints by the maximum 
possible degree h, a fuzzy optimization principle is applied by which h is 
maximized (Zimmermann, 1976): 
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maxh (3.13) 

subject to 

(3.14) 

(3.15) 

(3.16) 

>F 
1~----------------~----~-------

hl-----~..r 

o J; 
J;+h(h-J;) 

Figure 3.5. Triangular fuzzy number F representing "satisfactory profit" and triangular fuzzy 
number> F denoting the expression "profit greater than satisfactory" 

Example 3.1. Consider the following fuzzy linear programming problem: 

max F = 2x1 +3X2 (3.17) 

subject to 

Xl + 2x2 ~ 8 (3.18) 

(3.19) 

(3.20) 

X2 ~ 3, Xl ;;:: 0, x2 ;;:: 0 (3.21) 
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We can see that some of the coefficients in the second constraint are 
fuzzy numbers. Let 2 and 10 be triangular fuzzy numbers that are 
subjectively expressed as 2 = (1.5,2,2.5),10 = (8, 10, 12). 

Applying the rules of fuzzy arithmetic, we can state that 2x} + X2 is also 
a triangular fuzzy number. This fuzzy number equals 

(3.22) 

The membership function of fuzzy numbers 2x} + X2, 10 and::;; 10 are 
shown in Figure 3.6. 

..;10 
1.0 

0.5 

h 
0 

0 4 6 8 12 
(2x.+x2)+0.5x.(1-h) 

8+4(1-h) 

Figure 3.6. Membership functions of fuzzy numbers 2.X1 + X2, 10, and;5; 10 

Bearing the previous discussion in mind, it is easily shown that the 
highest allowed value of fuzzy number 2x} + X2 for level of satisfaction h 
equals (2x} + X2) + 0.5 X}(1 - h). At the same time, the highest allowed value 
of fuzzy number 10 for level of satisfaction h equals 8 + 4(1 - h). The 
second constraint reads 

(2x} +x2)+0.5xI(1-h)::;;8+4(1-h) (3.23) 

Let our objective function represent profit that we wish to maximize. For 
randomly chosen values XI = 3.5 and X2 = 2 that satisfy the given 
constraints, profit equals 13. We arbitrarily present "satisfactory profit" as 
triangular fuzzy number 13 = (12, 13, 14). 

Figure 3. 7 presents the membership functions of fuzzy number 13 and 
fuzzy number ~ 13 referring to profit that is "greater than satisfactory 
profit." 

Our original objective function is transformed into the following 
constraint: 
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2x1 + 3X2 ~ 12 + 2h (3.24) 

The nonlinear programming problem to be solved reads 

maxh 

subject to 

2x1 + 3X2 ~ 12 + 2h 

(2x1 + X2) + 0.5 xI(1 - h) ~ 8 + 4(1 - h) 

;;.13 1.0 +--------------i--~~~ 

o 1 6 7 8 9 10 11 12 13 14 
J;+hifrf,) = 12+2h 

Figure 3.7. Membership functions of fuzzy numbers 13 and ~ 13 

(3.25) 

(3.26) 

(3.27) 

(3.28) 

(3.29) 

(3.30) 

To solve this problem we used the iterative algorithm proposed by 
Tanaka and Asai (1984). The main idea is to determine a set of feasible 
solutions for an assumed initial value of h and then increase the value of h 
until feasible solutions exist. In order to chose the optimal solution (Xl·, X2·) 
among the small feasible set (where h takes the maximal value) we 
maximized the original objective function subject to other constraints. The 
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following solution was found Xl*= 3.08, X2*= 2.46, which achieved a level 
of satisfaction h = 0.75. We increased an initial value h by 0.05. 

3.4. SOLVING A FUZZY LINEAR PROGRAMMING 
PROBLEM WHEN OBJECTIVE FUNCTION 
COEFFICIENTS ARE FUZZY 

In some linear programming problems, "fuzziness" appears in the 
objective function coefficients. As in the previous cases, this is most often 
due to insufficiently precise information regarding the values of some 
parameters. Let us note the following objective function: 

Let coefficients Ct, C2, ... , Cn be triangular fuzzy numbers. Expression 
CtXl + C2X2 + ... + CnXn also represents a triangular fuzzy number. We will 
denote this number by F = ([1,12,/3). Values/t,Jz,/3 are determined based 
on the known left boundaries, Cli, average values, C2i, and right boundaries, 
C3i, of fuzzy numbers Ct, C2, ... , Cn using the rules of fuzzy arithmetic. 
These values equal 

n n n 

h = I CliXj /2 = I C2jX j /3 = I C3jXj 

j=1 ;=1 ;=1 

Figure 3.8 presents the membership function offuzzy number F. 

1+-------------------~~--------------

h~------~~--------4---~ 

o 1; 

Figure 3.B. Membership function of fuzzy number F representing the objective function 
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Based on the similarities of corresponding triangles, it is easy to show 
that the highest value of the objective function for level of satisfaction h 
equals h - (f3 - f2)h. It would be logical to try to "shift" this value as much 
to the right as possible. In other words, the initial objective function is 
transformed into the following objective function: 

maxh - (13 - f2)h 

In this case, the solution is obtained by previously defming the value of 
level of satisfaction h. 

Example 3.2. Solve the following fuzzy linear programming problem: 

maxF=5x} +6X2 (3.31) 

subject to 

(3.32) 

(3.33) 

(3.34) 

Note that fuzzy numbers 5 and 6 are coefficients of the objective 
function. Let these triangular fuzzy numbers equal 5 = (4,5,6) and 
6 = (5, 6, 7). 

Fuzzy number F equals 

(3.35) 

The new nonlinear objective function reads 

(3.36) 

Let us assume that we want to achieve level of satisfaction h = 0.9. The 
linear programming problem to be solved reads 

max G = 5.1x} + 6.1x2 (3.37) 

subject to 
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(3.38) 

(3.39) 

(3.40) 

The solution was obtained: Xl = 5.895, X2 = 0.946, G = 34.895. 

3.S. SOLVING A FUZZY LINEAR PROGRAMMING 
PROBLEM WHEN THE CONSTRAINTS ARE 
FUZZY 

Constraints appear in linear programming problems due to the context of 
the problem being considered and require that one value be "greater than," 
"greater than or equal to," "equal to," "less than or equal to," or "less than" 
some other value. On the other hand, when an analyst is analyzing a 
problem and building a model, conversations with the user-decision maker 
often indicate that a certain value should be "approximately greater than," 
"about equal to," or "approximately less than" some other value. Such 
"relaxed" constraints result from the subjectivity that is present in the 
modeling process and from uncertainty regarding the values of some 
parameters. 

Example 3.3. Let some fuzzy linear programming problem include a 
constraint of the form: 

(3.41) 

This constraint results from the desire for the expression on the left side 
to be "approximately less than 8". An essential distinction should be made 
between the expression "approximately less than 8" and the expression less 
than "approximately 8." In the expression "approximately less than 8", the 
fuzziness appears in the constraint itself, while in the expression less than 
"approximately 8" the fuzziness is present in the constraint coefficient. 

Example 3.4. Let us assume we have a constraint of the type 

(3.42) 
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The linguistic interpretation of this constraint reads that 3XI is 
"approximately less than 18". The expression "approximately less than 18" 
denotes the fact that 3XI is essentially less than 18, which does not exclude 
the possibility that 3XI, in certain cases, could be a little bit greater than 18. 
Our expression "approximately less than" contains the readiness to accept a 
slight excess of the constraint, within a certain threshold of tolerance. The 
expression "3XI is approximately less than 18" can be represented by a 
fuzzy set. We will denote this set by A. When Xl = 2, the grade of 
membership of number 2 in fuzzy set A is 1, for 3 x 2 = 6 < 18. Number 5's 
grade of membership in fuzzy set A is also 1, for 3 x 5 = 15 < 18. It is clear 
that with a rise in the value of variable Xl (over number 6) there is a drop in 
the grade of membership in set A. Figure 3.9 presents the membership 
function of set A, which is subjectively defined. 

1.0 +-------------

0.5 

o 1 2 3 4 5 6 7 8 9 10 

Figure 3.9. Membership function of fuzzy set A 

It is clear from the picture that we are ready to accept for Xl all values 
from the interval (6,8). This means that there is a certain tolerance interval 
that expresses our readiness to breach the given constraint. The membership 
function of fuzzy set A equals 

(3.43) 

Let us assume that we have a constraint of the form: 

Ax<B (3.44) 

where A = (at. a2, a3) is a triangular fuzzy number. 
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The constraint represents the requirement for fuzzy number Ax to be 
approximately less than number B. The expression "approximately less 
than" means that there is a tolerance interval (B, B + C) within which the set 
constraint can be breached. The value of constant C is defined subjectively. 
Figure 3.10 presents this tolerance interval and fuzzy number Ax. Based on 
the similarity of corresponding triangles, it can easily be shown that 

a2x + (1 - h)(a3 - a2) ~ B + (1 - h)C (3.45) 

1~------~~------~ .. ~~---------------
••••• •••• Ax 

.' ... / 
..••.•..• 
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o aye B+C x 

Figure 3.10. Constraint of the type Ax < B 

This inequality replaces considered constraint when solving the fuzzy 
linear programming problem. 

3.6. AIRLINE NETWORK DESIGN BY FUZZY 
LINEAR PROGRAMMING 

Designing an airline network is an extremely complex planning task. The 
chosen network shape and the flight frequency on individual links directly 
effect the business results of the air carrier and the quality of service 
provided to passengers. Thus, when choosing the network shape, both the 
interests of the airline carrier and those of the service users must be taken 
into consideration. The airline carrier is interested in carrying out the 
planned volume of traffic with the least possible number of aircraft. The 
carrier also wishes to generate the lowest possible operating costs and the 
highest annual aircraft flight time and load factor. On the other hand, 
passengers are interested in high flight frequencies, a large number of 
nonstop flights, small waiting time between flights at transfer points, and so 
on. 
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The uncertainty surrounding some input parameters complicates the 
choice of the airline network's shape. For example, often only approximate 
passenger demand is known between pairs of cities in a future period or 
only approximate operating costs are known on certain routes. Teodorovic 
et al. (1994) developed a model to design a network of airline routes and 
determine flight frequencies. The first part of their model uses the 
generalized Floyd algorithm and fuzzy logic to determine route candidates. 
The second part of the model, based on fuzzy linear programming, 
determines flight frequencies on the route candidates. 

3.6.1. Statement of the problem 

Many authors have considered the problem of designing a network of air 
routes and determining flight frequencies on an airline network. Different 
aspects of this problem were treated in the papers of Gordon and de 
Neufville (1973), Carter and Morlok (1975), Kirby (1980), Kanafani (1981), 
Kanafani and Ghobrial (1982, 1985), Pollack (1982), Ghobrial (1983), 
Schwieterman and Spencer (1986), Ghafouri and Lam (1986), Flynn and 
Ratick (1988), Teodorovic and Krcmar-Nozic (1989), and Chou (1990). 

The basic input data when choosing an airline network's shape are the 
estimated passenger flows between individual pairs of cities. As mentioned 
earlier, it is assumed that we only know the approximate passenger flows 
between individual pairs of cities. In other words, all that we have available 
is an estimate that the annual number of passengers between city A and city 
B is; for example, "approximately 100,000 passengers," "between 100,000 
and 120,000 passengers," and so on. The uncertainty regarding the number 
of passengers is clearly more pronounced when the estimated number refers 
to several years in advance. 

Figure 3.11 presents n cities that are to be connected by air 
transportation. 

0 2 0 0 s • 
0 1 

r • 0 
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0 0 

Figure 3.11. Cities that are to be connected by air transportation 
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The cities to be connected by air transportation are denoted by numbers 
1, 2, 3, ... , n. Air transportation between cities i and j can be made by 
nonstop flights and/or by flights with one or more intermediate stops. Let 
the estimated annual passenger flows between individual pairs of cities be as 
follows: 

1 2 3 n 

[ 0 

F12 F\3 
Fl. I 2 F21 0 F23 F2n (3.46) 

F = ~ .. ~~~ F32 0 F3n 

n Fnl Fn2 Fn3 0 

where F ij is the estimated annual number of passengers from city i to city j 
(i= 1,2, ... ,n;j= 1,2, ... ,n). 

The estimated numbers of passengers are denoted in bold letters. If, for 
example, the estimated number of passengers from city i to city j is 100,000, 
this means that we estimate that the number of passengers from city i to city 
j is "approximately 100,000 passengers." 

The problem discussed by Teodorovic et al. (1994) paper can be defined 
as follows: For known estimated annual numbers of passengers between 
individual pairs of cities, determine the shape of a network of nonstop 
flights and flights with intermediate stops and their corresponding flight 
frequencies. 

3.6.2. Proposed solution to the problem 

The problem of determining the shape of air transportation routes and 
corresponding flight frequencies is combinatorial by nature. It should also 
be underlined that when air transportation is to be established among a large 
number of cities, the dimensions of the problem can become very large. In 
order to decrease these dimensions, Teodorovic et al. (1994) decided to first 
choose from among the very large number of possible routes, a group of 
routes to be the route candidates for air traffic. In the second step, flight 
frequencies are determined exclusively for the set of route candidates. 

Trips between two cities may be made by direct nonstop flights or by 
flights with one or more intermediate stops. When there are intermediate 
stops, a distinction must be made between through service and connecting 
service. Connecting service is when the passenger makes a physical change 
of plane. Direct nonstop flights are naturally preferable from the passengers' 
point of view. On the other hand, in order to achieve the best economic 
results, the carrier is forced to combine passengers from several markets, 
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and to include flights with intermediate cities in the network. All direct 
nonstop flights should of course belong to the set of route candidates. A 
question naturally arises regarding how to determine the route candidates 
that contain one or more intermediate stops. Every potential route is 
characterized by total distance, total travel time, and total number of 
intermediate stops. It was decided to evaluate or compare route candidates 
primarily according to the total distance of the routes. Both carriers and 
passengers are interested in the shortest possible routes. The carrier's 
interest is to decrease direct operating costs, while the passengers' interest is 
based on the desire for the highest level of service. From the passengers' 
viewpoint, total travel time might be an even better criterion on which to 
compare different routes. However, in the airline network design phase, the 
future routing plan and airline schedule are not known. In other words, in 
the global airline network design phase when we do not know the future 
airline schedule, it is not possible to know whether passengers who have an 
intermediate stop will physically change planes or not. Thus, in this phase of 
work, the total travel time of individual routes· is not known with enough 
precision. This fact influenced the choice of total distance as the prevailing 
criterion with which to compare different routes. The number of 
intermediate stops on a route is certainly an extremely important criterion 
when evaluating individual routes. The following types of question logically 
arise: From the carrier's and/or passengers' viewpoint, is it "better" to have a 
route that is 1,000 miles with one intermediate stop or 800 miles with two 
intermediate stops? In considering route length and the number of 
intermediate stops, Swan (1979) notes that "both stops and extra miles have 
significant costs, so practical options for a path neither stop too often nor go 
too far around." The fuzziness present in such a statement indicates that the 
fuzzy logic might be applied to further evaluate routes based on route length 
and the number of intermediate stops. 

Teodorovic et al. (1994) chose the route candidates in two steps. In the 
first step, the "shortest" routes are chosen from the set of all possible routes. 
Choosing the set of "shortest" routes means that for every pair of cities with 
transport demand between them, k shortest routes are first determined. The k 
shortest routes are determined using the generalized Floyd algorithm. In the 
second step, the set of route candidates is narrowed even further. The route 
candidates obtained using the generalized Floyd algorithm are ranked based 
on their length and number of intermediate stops. This ranking is done using 
a model based on the principles of approximate reasoning. 
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3.6.3. Choosing air traffic route candidates 

The "classical" Floyd algorithm enables the shortest distance to be 
determined between all pairs of nodes in the network. The generalized Floyd 
algorithm is a generalization of the "classical" algorithm; for a previously 
specified k, it enables the k shortest paths to be found between all pairs of 
nodes. By applying the generalized Floyd algorithm to every pair of cities 
which have transport demand between them, the k shortest route candidates 
are determined. Clearly, the first shortest path between any two cities will 
always be a direct nonstop flight between the two cities. The second, third, 
fourth, ... shortest paths are route candidates with one or more intermediate 
points. As already pointed out, the route candidates obtained from the 
generalized Floyd algorithm are ranked in the next step based on total length 
and total number of intermediate points. It is intuitively clear to us that it 
would be "much better" to choose "shorter" routes with a "smaller" number 
of intermediate points. In other words, we have a "higher" preference to 
choose a "shorter" route with a "smaller" number of intermediate points. A 
question logically arises about determining the parameters that influence the 
strength of our preference. Before answering this question, let us introduce 
into the discussion the route length index Prs which is defined as follows: 

(3.47) 

where drs is route length from city r to city s for a direct nonstop flight, and 
Drs is actual length of the route considered from city r to city s. 

It is clear that "shorter" routes correspond to "larger" route length index 
values and vice versa. The route length index (13) and total number of 
intermediate points along some route (n) could be the basic parameters that 
influence the strength of our preference regarding the choice of individual 
routes. The strength of our preference is indicated by the preference index 
that is found within interval [0,1], to the effect that a rise in our preference 
is accompanied by a rise in the preference index number. 

Let us denote by RB, RM, and RS, respectively, fuzzy sets "big route 
length coefficient," "medium route length coefficient," and "small route 
length coefficient," and by NB, NM, and NS fuzzy sets "big number of 
intermediate points," "medium number of intermediate points," and "small 
number of intermediate points." 

An approximate reasoning algorithm was developed to determine the 
strength of the preference linked to the choice of route candidates. The 
approximate reasoning algorithm that determines the preference index of 
individual route candidates is comprised of the following rules: 
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Rule 1: If route length coefficient J3 is RB and number of intermediate 
points n is NB, then preference index p is Medium, 
or 

Rule 2: If route length coefficient J3 is RB and number of intermediate 
points n is NM or NS, then preference index p is High, 
or 

Rule 3: If route length coefficient J3 is RM and number of intermediate 
points n is NB, then preference indexp is Low, 
or 

Rule 4: If route length coefficient J3 is RM and number of intermediate 
points n is NM, then preference index p is Medium, 
or 

Rule 5: If route length coefficient J3 is RM and number of intermediate 
points n is NS, then preference index p is High, 
or 

Rule 6: If route length coefficient J3 is RS and number of intermediate points 
n is ANY, then preference indexp is Low. 

The membership functions of fuzzy sets RB, RM, RS, NB, NM, and NS 
are shown in Figure 3.12. 
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Figure 3.12. (a) Membership functions of fuzzy sets RD, RM, and RS, (b) Membership 
functions of fuzzy sets RS, NB, NM, and NS 
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The membership functions of the fuzzy sets "Low preference," "Medium 
preference," and "High preference" are shown in Figure 3.13. 

Low Medium High 
1.0 ....... • ••••••• 

.............. .... . ... ...... ... . ... 
.................... ..... . .... 

. :,.:........ . -. ...... ............... . ..... , ~ .. .. .. .. 
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~ ~ 

o 0.5 1.0 Preference 

Figure 3.13. Membership functions of fuzzy sets "low," "medium," and "high" preference 

In this manner, using approximate reasoning by max-min composition, 
all considered routes were characterized by a corresponding preference 
index value. 

3.6.4. Determining flight frequencies on route candidates 

The higher the preference index value, the better the route's chance of 
becoming a final route candidate. Our further discussion will only consider 
those route candidates that satisfy the inequality 

(3.48) 

where Pi is the calculated preference index value along the ith route, and p* 
is an arbitrarily preassigned boundary preference index value. 

The set of chosen route candidates comprises the airline network. This 
airline network G(N, A) could be represented by a direct graph. This graph 
includes a set of consecutively numbered nodes N, as well as a set of 
consecutively numbered links A. 

Let us denote by R the set of origin cities (R ~ N). Let us also denote by 
S the set of destination cities (S ~ N). These two sets are not mutually 
exclusive (R (') S *- 0). 

Each origin-destination city pair r - s is connected by a set of paths 
(route - candidates) through the network. Let us denote this set by Prs 
(r E R, S E S). The set of all paths in the network is denoted by P. Let us 
also introduce the following notation: 
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Irs total annual number of passengers from city r to city s 
Irsp annual number of passengers traveling from city r to city s along 

pathp (p E Prs) 

fa total annual number of passengers on link a 
da length of link a in miles 
mrsp number of intermediate points along path p from city r to city s 
N rsp annual flight frequency from city r to city s along path p 
Na annual flight frequency on link a 
trsp average tariff to transport one passenger from city r to city s along 

pathp. 

Let us also introduce into the discussion binary variable oJ;P defmed as 
follows: 

or,s = {I, if link a is a part of path p from city r to city s 
a,p 0, otherwise (3.49) 

It is clear that 

(3.50) 
r s p 

In other words, the flow on each link is the sum of the flows on all paths 
going through that link. 

In order to be able to define the objective function that represents the air 
carrier's profit on the network, we must first take a look at the air carrier's 
costs. We will consider air carrier costs by using the methodology proposed 
by Kanafani and Ghobrial. Kanafani and Ghobrial divided air carrier costs 
into direct operating costs (DOC) and indirect operation costs (lOC). Direct 
operating costs for a flight over a link with length da is given by 

DOC~ = a + J3da (3.51) 

where is DOCa' is the total direct operating cost in dollars, da is the stage 
length in miles, a, and 13 are constant parameters specific to an aircraft type. 

Total annual direct operating costs on link a equal 

(3.52) 
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Kanafani and Ghobrial assumed "that a unit of indirect operating cost 
per passenger can be used as a constant in the cost model." In other words, 
total annual indirect operating costs equal 

(3.53) 

where IOCa are total annual indirect operating costs on link a, and h is the 
unit "handling" cost per passengers in dollars. 

Kanafani and Ghobrial also divided the cost of passenger travel time into 
two components. The ftrst is the line haul travel time component. The line 
haul travel time component L equals 

L=Vd(y+pR+A) (3.54) 

where VI is a unit of time-cost transformation reflecting the perceived 
money cost of line haul travel time, f is the number of passengers 'carried 
during a given time period, R is the stage length in miles, y, and p are travel 
time function parameters, and A is a component of travel time referring to 
airport time. 

For a nonstop flight consisting of only one link a, the component of travel 
time referring to airport time is represented by ground time, which we will 
denote by AI. For a flight consisting of several links, the component of travel 
time referring to airport time is represented by stopover time or transfer time. 
It has already been mentioned that during the global design of the airline 
network, the future routing plan and airline schedule are not known. Thus, in 
this phase it is not known whether passengers will stay in the aircraft at some 
intermediate stop or will physically change planes to continue their trip. 
Although there are differences in average stopover and transfer times, it was 
decided for A2 to represent the component of travel time referring to airport 
time in the multi-link case. In other words, for a link that represents part of 
some route (and is not the first link on the route), the component of travel time 
referring to airport time equals A2, regardless of whether the passengers stayed 
in the same plane or physically changed aircraft before flying that link. 

The second component of passenger travel time is the schedule delay 
component. In order to simplify the model to determine flight frequencies on 
route candidates, Teodorovic et al. (1994) decided for the cost of passenger 
travel time to consist of only line haul travel time. 

Total annual costs of the air carrier flying airline network G(N,A) equal 

(3.55) 
a a 
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Let us now introduce into the discussion binary variable Yrsp' which is 
defmed as follows: 

= {I, if mrsp = 0 Yrsp 0, otherwise (3.56) 

When a route has no intermediate points (a direct nonstop flight), binary 
variable Yrsp equals 1. When a route has one or more intermediate points, the 
corresponding binary variable Yrsp equals zero. 

Let us also introduce into the discussion binary variable p!,yJ defmed as 
follows: 

pr,s = 
a,p 

{
I, 

0, 

if the link is the fIrst link on path 
p leading from node r to node s 

otherwise 

(3.57) 

Total annual passenger travel time costs on airline network G(N,A) equal 

(3.58) 
a 

where 

La = LLLO~:~((Yrsp +(1- Yrsp )p~'.~ )d l + (1- Yrsp )(l-P~:~ )d2) (3.59) 
r s p 

Total annual costs on airline network G(N,A) equal 

(3.60) 

It was assumed that the average tariff to transport one passenger between 
city r and city s the on path p is constant and independent of path p. In other 
words, it is assumed that 

p ePrs (r eR, s eS) (3.61) 

where trs is the average tariff to transport one passenger from city rto city s. 
We will also introduce the assumption that enough transport capacities are 

available to satisfy passenger travel demand and the assumption that travel 
demand is inelastic as long as there are transport capacities to satisfy it. Thus, 
since demand is inelastic, and since the average transport tariff between any 
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two cities is independent of the path taken, it can be concluded that the total 
revenues that the carrier earns on the airline network are constant. In this case, 
the problem of determining flight frequencies that maximize air carrier profit 
becomes the problem of determining flight frequencies that minimize costs. 

Let us denote by lla the load factor on link a. This load factor equals 

(3.62) 

where n is the number of seats on the aircraft making the flight. 
Flight frequencies on the route candidates that minimize the total costs are 

obtained by solving the following problem (PI): 

a a 

nlla Na - 2: 2: 2: 8:',~irsp ~ 0, 
r s p 

2: irsp = irs' 
p 

r s p 

V (r,s), 

Va 

a 

Va 

2:YrspNrsp ~ Lrs ' V (r,s), p EPrs 
p 

2:Nr,p~L;s' V (r,s), PEPrs 
p 

(3.64) 

(3.65) 

(3.66) 

(3.67) 

(3.68) 

(3.69) 
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where Lrs' is least number of direct flights that must be made from city r to 
city s during the year, and Lrs" is least number of flights that must be made 
from city r to city s during the year. 

Let us explain in more detail the constraints defmed by relations (3.64) to 
(3.69). Based on relation (3.64), we conclude that the offered number of seats 
on each link must be at least equal to the annual number of passengers on all 
paths that contain that link. Relation (3.65) defmes the condition that the sum 
of the passengers on individual flights from some city r to some city s equals 
the total number of passengers traveling between these two cities. This 
condition must be met for all pairs of cities in the network where air traffic is 
planned to be established. Relation (3.66) indicates that flight frequency on 
any link equals the sum of the flight frequencies on the paths that the link is 
part of. Relation (3.67) determines the least allowed flight frequencies for 
direct nonstop flights between any two cities in the network. From the 
passengers' viewpoint, the "highest-quality" routes are those without 
intermediate stops (direct nonstop flights). Relation (3.67) defines the least 
number of flights that must be made on a "highest-quality" route. Relation 
(368) determines the least allowed flight frequencies between any two cities in 
the network. For example, relation (3.68) might require that at least 500 flights 
a year must be flown between some two cities, while at the same time relation 
(3.67) might require that at least 100 of these 500 be direct nonstop flights. 
Relations (3.67) and (3.68) build the quality of air traffic service offered to 
passengers into the model. Relation (3.69) requires all variables to be 
nonnegative. Since relations (3.63) to (3.69) attempt to determine annual flight 
frequencies, the model does not have any constraints built into it indicating 
that flight frequencies must be integer variables. 

The problem defmed in relations (3.63) to (3.69) is a linear programming 
problem and can be successfully solved using a program package designed to 
solve linear programming problems. On the other hand, we are most often 
unable to precisely determine the basic input data - the number of passengers 
between individual pairs of cities. In other words, there is uncertainty when 
determining of the number of passengers between individual pairs of cities. 
Uncertainty is also present when determining air carrier costs for one or two 
years in advance. Teodorovic et al. (1994) treated the estimated numbers of 
passengers between individual pairs of cities, as well as the carrier's operating 
costs as fuzzy numbers. The minimum annual flight frequencies Lrs' and Lrs" 
between pairs of cities are also fuzzy numbers. We would note that the 
fuzziness present in the number of passengers and carrier costs primarily arise 
from the fact that it is impossible to determine with absolute precision the 
number of passengers and carrier costs for one or two years in advance. The 
minimum annual flight frequencies Lrs' and Lrs" can also be treated as 
deterministic values. When the constraints defined by relations (3.64) and 
(3.69) are built into the model, the analyst-decision maker often wants the 
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minimum annual flight frequency to be "at least somewhere around 200 
flights," for example, or "approximately 200 flights," rather than exactly "200 
flights." In other words, there is often no extremely firm position regarding 
certain constraints in the model. It would be better to say that we have a 
certain feeling about the value of the minimum annual flight frequencies. It 
can be noted that in the problem defined by relations (3.64) to (3.69), 
fuzziness appears due to either the infeasibility of exactly predicting certain 
values, or by the lack of a firm position regarding some other values. 

Let us consider the following constraint: 

(3.70) 

The estimated number of passengers frs from city r to city s is the 
triangular fuzzy number shown in Figure 3.14. 

h 

1~~~~~~~~~~~~~~~r-~~~~~~~ 

o 

Figure 3.14. Estimated number of passengers frs from city r to city s 

It is clear from the figure (based on the similarity of the triangles) that 

L frsp will be equal to frs with a level of satisfaction at least equal to h if the 
p 

following is satisfied: 

(Jrstv -(I-h)Oj 5, Lfrsp 5,(Jrstv +(l-h)Oj (3.71) 
p 

Let us also consider the following constraint: 
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LNrsp ~L~ (3.72) 
p 

Fuzzy numbers Lrs" and ~ Lrs" are shown in Figure 3.15. 

h 
>L" .. 

lr-----------------a-------r---------------

L" ,.. 

hr-------------+_~ 

o (L "rs).. +(2h-1 )OL" 

Figure 3. J 5. Fuzzy numbers Lrs" and ~ Lrs' 

It is easily shown (similarity of the triangles) that L Nrsp will be greater 
p 

or equal to Lrs" if the following is satisfied: 

LNrsp ~(L~sL +(2h-l)OL" (3.73) 
p 

In the same manner, LYrspNrsp will be greater than or equal to Lrs' if 
p 

the following is satisfied: 

LYrspNrsp ~(LrsL +(2h-l)OL' (3.74) 
p 

Let us introduce "acceptable costs" into the discussion. In other words, 
instead of minimizing costs, we will try to generate acceptable costs with a 
level of satisfaction at least equal to h. We define acceptable costs as the 
triangular fuzzy number T (Figure 3.16). 

"Acceptable costs" are arbitrarily defined. The value corresponding to a 
grade of membership equal to one, T av, denotes the costs obtained by solving 
problem Pl. The value of OT is also arbitrarily defmed. Since objective 
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functions and constraints are treated in the same manner in a fuzzy 
environment, the objective function (minimizing costs) is transformed into the 
following constraint: 

L[ a + Pda + hnlla + fJnlla(Y + pda + La)] S; T - (2h -1)oT 
a 

h 
<T 

\\ T 

\~ 

hr--------------r�~/~------~'\\, 
o T-8r 

T-(2h-l)8r 

(3.75) 

Figure 3.16. "Acceptable costs" T and costs equal to or less than "acceptable costs" ($; T) 

The new objective function reflects our desire to maximize the level of 
satisfaction h. The problem (PI) can be transformed into the following 
problem (P2): 

maxh (3.76) 

subject to 

(3.77) 
a 

nllaNa - LLLo~',~irsp ~ 0, Va (3.78) 
r s p 

Lirsp S; (irs L + (1- h)o f' V (r,s), PEPrs (3.79) 
p 
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Lfrsp~(irsL -(1-h)Of' V (r,s), peP,s (3.80) 
p 

No = LLLo~',~Nrsp, V (r, s) (3.81) 
r s p 

LNrsp ~(L~sL +(2h-l)o~, V(r,s), p ePrs (3.82) 
p 

LYrspNrsp ~(L,sL +(2h-l)O~, V (r,s), p ePrs (3.83) 
p 

(3.84) 

The developed model was tested on several different numerical examples. 
After applying the first part of the model (based on fuzzy logic), the route 
candidate network was obtained. The second part of the model (based on 
fuzzy linear programming) enabled the calculation of corresponding flight 
frequencies. 

As already mentioned, the model was tested on several different numerical 
examples. We will illustrate the results on a hypothetical numerical example. 
The cities to be linked by air traffic are shown in Figure 3.17: 

We assume that the hypothetical aircraft to be used has a capacity n = 200 
seats and we wish to achieve an average load factor IIp = 0.7. The effective 
capacity of the aircraft is ~p = 140. Table 3.1 gives the list of nonstop flights, 
costs per nonstop flight, estimated number of passengers (in thousands), 
minimum annual flight frequencies and minimum number of nonstop flights. 
The estimated number of passengers, minimum annual flight frequencies, and 
minimum number of nonstop flights are given in the form of triangular fuzzy 
numbers. 

By applying the model of approximate reasoning, Teodorovic et al. (1994) 
got the route candidates shown in Table 3.2. These route candidates 
correspond to preference index values that are greater than 0.5. All route 
candidates whose preference index value was less than 0.5 were rejected. The 
preference index value of 0.5 used to choose the route candidates was chosen 
arbitrarily. 
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Table 3.1. Pairs of cities, costs, estimated number of passengers, minimum annual 
flight freguencies! and minimum number of nonstoE flights 

Estimated 
number of 

Costs per flight City passengers (x Minimum annual Minimum number 
Link a {x 100 $2 Eair 10002 flight freguencies of nonstoE flights 
1-2 (70,77,84) 1-2 (90,100,110) (630,700,770) (315,350,385) 
1-3 (88,97,106) 1-3 (144,160,176) (900,1000,1100) (630,700,770) 
1-4 (128,138,148) 1-4 (342,380,418) ( 1800,2000,2200) (1350,1500,1650) 
1-5 (119,129,139) 1-5 (63,70,77) (315,350,385) (315,350,385) 
1-6 (158,178,198) 1-6 (450,500,550) (2250,2500,2750) (1620,1800,1980) 
1-7 (195,215,235) 1-7 (180,200,220) (900,1000,1100) (630,700,770) 
2-1 (73,83,93) 2-1 (90,100,110) (630,700,770) (315,350,385) 
2-3 (60,68,76) 2-3 (81,90,99) (630,700,770) (315,350,385) 
2-4 (70,78,86) 2-4 (405,450,495) (2250,2500,2750) (1350,1500,1650) 
2-5 (64,71,78) 2-5 (360,400,440) (2250,2500,2750) (1350,1500,1650) 
2-6 (108,118,128) 2-6 (540,600,660) (2970,3300,3630) (1620,1800,1980) 
2-7 (153,163,173) 2-7 (423,470,517) (2250,2500,2750) (1620,1800,1980) 
3-1 (92,102,112) 3-1 (144,160,176) (900,1000,1100) (630,700,770) 
3-2 (60,68,76) 3-2 (81,90,99) (630,700,770) (315,350,385) 
3-4 (95,105,115) 3-4 (67,75,83) (630,700,770) (315,350,385) 
3-5 (58,64,70) 3-5 (85,95,105) (630,700,770) (315,350,385) 
3-6 (118,128,138) 3-6 (90,100,110) (630,700,770) (315,350,385) 
3-7 (159,169,179) 3-7 (468,520,572) (2700,3000,3300) (1620,1800,1980) 
4-1 (133,143,153) 4-1 (342,380,418) ( 1800,2000,2200) (1350,1500,1650) 
4-2 (69,79,89) 4-2 (405,450,495) (2250,2500,2750) (1350,1500,1650) 
4-3 (100,110,120) 4-3 (67,75,83) (630,700,770) (315,350,385) 
4-5 (62,69,76) 4-5 (351,390,429) ( 1800,2000,2200) (1350,1500,1650) 
4-6 (55,61,67) 4-6 (225,250,275) (1350,1500,1650) (630,700,770) 
4-7 (94,104,114) 4-7 (252,280,308) (1350,1500,1650) (900,1000,1100) 
5-1 (126,136,146) 5-1 (63,70,77) (315,350,385) (315,350,385) 
5-2 (63,73,83) 5-2 (360,400,440) (2250,2500,2750) (1350,1500,1650) 
5-3 (61,71,81) 5-3 (85,95,105) (630;700,770) (315,350,385) 
5-4 (62,70,78) 5-4 (351,390,429) ( 1800,2000,2200) (1350,1500,1650) 
5-6 (72,82,92) 5-6 (261,290,319) (1350,1500,1650) (900,1000,1100) 
5-7 (118,128,138) 5-7 (180,200,220) (900,1000,1100) (630,700,770) 
6-1 (166,186,206) 6-1 (450,500,550) (2250,2500,2750) (1620,1800,1980) 
6-2 (108,118,128) 6-2 (540,600,660) (2970,3300,3630) (1620,1800,1980) 
6-3 (125,135,145) 6-3 (90,100,110) (630,700,770) (315,350,365) 
6-4 (54,60,66) 6-4 (225,250,275) (1350,1500,1650) (630,700,770) 
6-5 (72,82,92) 2-5 (261,290,319) (13 50,1500,1650) (900,1000,1100) 
6-7 (54,60,66) 6-7 (270,300,330) (1620,1800,1980) (900,1000,1100) 
7-1 (190,210,230) 7-1 ( 180,200,220) (900,1000,1100) (630,700,770) 
7-2 (147,157,167) 7-2 (423,470,517) (2250,2500,2750) (1620,1800,1980) 
7-3 (158,168,178) 7-3 (468,520,572) (2700,3000,3300) (1620,1800,1980) 
7-4 (88,98,108) 7-4 (342,380,418) (1350,1500,1650) (900,1000,1100) 
7-5 (11 0, 120, 130) 7-5 (180,200,220) (900, I 000, II 00) (630,700,770) 
7-6 {50,56,622 7-6 {270,300,3302 {1620, 1800, 19802 {900, 1000,11 002 
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After solving problem (PI), total annual costs (in million dollars) equal 
T av = 986. Value OT = 100 was arbitrarily determined. "Acceptable" annual 
costs T (in million dollars) are T = (886,986, 1086). 

Solving the fuzzy linear programming problem, annual flight frequencies 
were obtained (Table 3.2). 
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Figure 3. J 7. Cities to be linked by air routes 

These annual frequencies correspond to a level of satisfaction of h = 0.65. 
By shifting the "acceptable costs" to the left, the level of satisfaction is 
decreased. Figure 3. J 8 shows the dependence of the level of satisfaction h on 
the value of T avo 

1.0 -.-------__ ....... ___ ....... 

0.8 

0.6 

~ 0.4 

0.2 

0.0 +---4~-_+_----+-----! 

700 900 1100 1300 

Figure 3. J 8. Dependence of the level of satisfaction h on T av 
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It can be concluded that values Tav found within interval [789, 1092] 
correspond to the level of satisfaction values from interval [0.5, 1]. If we are 
prepared to accept the fact that all constraints are not completely satisfied, we 
can considerably decrease carrier costs. 

Table 3.2. Annual flight freguencies 
Annual flight Annual flight Annual flight 

Route freguencies Route freguencies Route freguencies 
1-2 690 5-2-1 0 3-7 3150 
1-3-2 32 5-3-1 0 3-5-7 0 
1-3 1072 5-2 2433 3-6-7 0 
1-2-3 0 5-3-2 0 3-5-6-7 0 
1-5-3 0 5-4-2 145 4-1 2621 
1-4 2475 5-3 722 4-2-1 0 
1-2-4 0 5-4 2062 4-5-1 0 
1-5-4 0 5-6-4 0 4-2 2577 
1-5 483 5-6 2000 4-5-2 0 
1-2-5 0 5-4-6 0 4-3 518 
1-3-5 0 5-7 1343 4-5-3 0 
1-6 3235 5-6-7 0 6-3 690 
1-2-6 0 5-4-7 0 6-5-3 32 
1-4-6 146 6-1 3448 6-4-3 0 
1-2-4-6 0 6-2-1 0 6-4 1547 
1-7 1380 6-4-1 0 6-5 1755 
1-2-7 0 6-4-2-1 0 6-4-5 0 
1-6-7 214 6-2 4138 6-7 1856 
1-2-6-7 0 6-4-2 178 7-1 1380 
2-1 690 6-5-2 0 7-2-1 0 
2-3-1 32 2-4-6 0 7-6-1 0 
2-3 385 2-5-6 0 7-6-2-1 0 
2-5-3 338 2-7 3241 7-2 3241 
2-4 2577 2-6-7 0 7-6-2 0 
2-5-4 0 2-4-7 178 7-4-2 0 
2-5 2421 3-1 1072 7-3 3150 
2-3-5 0 3-2-1 0 7-5-3 0 
2-4-5 156 3-5-1 0 7-6-3 0 
2-6 4138 3-2 397 7-6-5-3 0 
4-2-3 205 3-5-2 326 7-4 1931 
4-6-3 0 3-4 486 7-6-4 0 
4-5 2062 3-5-4 44 7-5-4 441 
4-6-5 0 3-2-4 193 7-5 1375 
4-6 1547 3-6-4 0 7-6-5 214 
4-7 1753 3-5 722 7-4-5 0 
4-6-7 0 3-6 690 7-6 1856 
4-5-7 473 3-5-6 0 
5-1 483 3-4-6 32 

Every pair (h, Tav) corresponds to a certain frequency plan. In this manner, 
a large number of different frequency plans are generated for the decision 
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maker. The choice of a specific frequency plan is conditioned by the decision 
maker's willingness to accept the fact that some constraints are not completely 
satisfied, with a view to decreasing total costs. 

3.7. AIRLINE NETWORK SEAT INVENTORY 
CONTROL: A FUZZY MATHEMATICAL 
PROGRAMMING APPROACH 

Demand for airline services stems from different activities: business trips 
(planned in advance or sudden departures to important business meetings), 
vacations, visits to friends, and numerous other private reasons result in 
passengers making certain demands of the airline carrier. Passengers choose a 
flight and tariff and inform the air carrier (either by telephone or by going to a 
travel agent). Requests are usually made several days or weeks before the 
departure of the flight chosen by the passenger. In a smaller number of cases, 
passengers appear at the airport right before departure and make a last-minute 
request ("go-show" passengers). 

When a request is accepted, a seat for the passenger is reserved on the 
desired flight. In most cases, making a reservation does not mean purchasing 
the ticket as well. A certain number of passengers cancel their reservations. 
Also, a certain number of passengers with valid reservations and purchased 
tickets do not appear for departure. These are "no-show" passengers. The 
reasons for no-show passengers might be subjective (a last-minute change of 
plans) or objective (the flights that passengers used prior to the flight in 
question were canceled or delayed). In most cases, passengers with valid 
reservations and a purchased ticket appear for departure. In certain instances, 
it happens that some of these passengers cannot get a seat on their planned 
flight. This is the problem of overbooking, which creates considerable 
problems for the air carrier. The air carrier gives some sort of compensation to 
overbooked passengers, We would note, nonetheless, that most passengers 
with a purchased ticket make their trips as planned. 

Since air traffic in the United States was deregulated in 1978, launching a 
wave of deregulation throughout the world, air carriers have offered 
passengers on the same flight a large number of different tariffs. This is due to 
the air carriers' desire to achieve the greatest possible load factor and total 
revenue. It is clear that an air carrier's total revenue depends both on the tariffs 
that are offered and on the manner in which available seats are allocated to 
passenger itinerary-fare class combinations. Efforts to develop and implement 
seat inventory control models have their economic justification. As noted by 
Rothstein (1985), a 1% increase in load factor has the result of increasing the 
air carrier's annual revenue by millions of dollars. In the past three decades, a 
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large number of models have been developed that treat different aspects of the 
seat inventory control problem. 

The assumption that total demand for some future flight has a normal 
distribution was used by many authors. On the other hand, Mak (1992) 
stresses, ''there is no guarantee, however, on the accuracy of using historical 
data as a forecasting tool." Belobaba (1987a, 1987b) underscores the need for 
"human intervention" when solving airline seat inventory problems. 

Teodorovic (1998) decided to estimate future demand using statistical data 
from the past, the experience and intuition of the analyst, and the number of 
already accepted reservations in different passenger itinerary-fare class 
combinations. Future demand in different passenger itinerary-fare class 
combinations was treated in his paper as a fuzzy number. 

The seat inventory control problem can be solved for multiple-fare classes 
on a single leg, multiple- fare classes for flights with several legs, for a single
fare class on multiple itineraries, or for multiple-fare classes and multiple 
itineraries. 

3.7.1. Statement of the problem 

Let us briefly show Teodorovic's model (1998) to solve the airline 
network seat inventory control problem. The airline carrier's network can be 
represented by graph G(N,A), whereby N is the set of airports in the network, 
and A is the set of flight legs (a leg is a nonstop flight between two cities or a 
link flown by an aircraft at a specific time). Let us introduce sets R and S, 
which are defined as follows: 

R ~ N is set of origins 
S ~ N is set of destinations 

It is clear that R n S ::1= 0. The air carrier designs an airline schedule that is 
characterized by flight frequencies and departure times. Passengers adjust 
their travel plans to the proposed airline schedule. This results in the creation 
of passenger itineraries through the network. 

Let us denote by PI the set of passenger itineraries. Passengers can pay 
various fares for traveling on their itinerary. The most expensive tariff is 
usually paid by business class passengers, who as a rule make their travel 
plans much later than passengers making private trips. 

Let us denote by I the set of passenger itinerary-fare class combinations. 
Every passenger itinerary-fare class combination i E I is characterized by 
departure airport ri E R, landing airport Si E S, path taken by trip Pi E PI, 
departure time tdi' arrival time tai, and fare paid 1;. In other words, the group of 
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six parameters (ri, Si, Pi, tdi' tai, Ji) completely describes passenger itinerary
fare class combination i E 1. 

Every flight leg is also characterized by a departure airport, landing 
airport, departure time, landing time, and remaining number of available seats 
on the leg. Let Ca denote the available seats on leg a E A. 

Let us introduce binary variable Oia, which is defined as follows: 

{
I, if leg a E A is part of passenger itinerery 

o. = fare - class combination i E I 
lQ 

0, otherwise 

(3.85) 

One flight leg can be part of a large number of different passenger 
itinerary-fare class combinations (Figure 3.19). 

Figure 3.19. Flight leg which is part of a large number of different passenger itinerary-fare class 
combinations 

As previously mentioned, every flight and every passenger itinerary has a 
variety of fare classes. The seats available in different fare classes can be 
allocated in a variety of ways. The simplest and most researched case is when 
there are distinct and separate inventories for each fare class. For example, if 
we have 100 seats available on a leg and four different fare classes, we can 
decide to allocate fourty seats to the first fare class, twenty five to the second, 
twenty five to the third, and ten to the fourth fare class. The nested reservation 
system is a more complex case; its basic characteristic is that passenger 
requests that bring in higher revenue are not refused as long as there are seats 
available in fare classes that bring in lower revenue. Nested reservation 
systems were studied in detail by Belobaba (I987a, 1987b), who indicated 
their advantages compared to the reservation system with separate inventories 
for each fare class. We would note that Belobaba's paper considered primarily 
the problem of seat allocation in the case of multiple-fare classes on a single 
leg. Nested reservation system were also studied by Curry (1990) and Smith et 
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aI. (1992). As opposed to classical leg based nested seat inventory control 
system, Curry (1990) defmes nest as "a collection of fare-classes, all for the 
same O-D, which are ordered in a strict hierarchy. A higher ranked fare may 
take a seat from the inventory of any lower ranked fares in the same nest, but 
not from the inventory of the fares outside the nest." It surely is possible to 
have single, several, or all fare classes for any O-D within the certain nest. The 
development and implementation of certain nested seat inventory control 
system depends on the computer reservation system of the carrier as well as 
on the whole array of real-life constraints. In specific cases upper and/or lower 
bounds on available seats are established due to the existence of international 
agreements between the carriers and/or governments of some countries. 

Wong et aI. (1993) developed the "flexible assignment approach," which 
"assigns some seats exclusively to each single or multi-leg itinerary as in fixed 
assignment and assigns the remaining seats to groups of itineraries as in 
bucket control." When considering control strategy used by the airline 
following questions come to mind: Which control strategy the airline should 
use when solving seat allocation problem in case of multiple-fare classes and 
multiple itineraries? Is it possible to figure out an analytic basis that indicates 
the superiority of one control strategy over the others? How to defme the nest? 
Is it always possible to apply nested hierarchical structure, which is often used 
for the multiple-fare class, single itinerary problem? What is the impact of the 
specific control strategy on passenger demand (original passenger demands 
are usually changed depending on applied strategy), number of denied 
passengers, number of no-show passengers, number of cancellations, behavior 
of competitors, and so on? 

There are no straigthforward answers to these questions. Current practice, 
current computer reservation systems, existence of international agreements 
between carriers and/or countries, as well as existence of other factors, 
condition that different carriers still use different control strategies (separate 
inventories or different forms of nested reservation systems). It is obvious that 
the quality of a specific control strategy need be measured considering several 
factors that are not yet thoroughly explored. Wong et al. (1993) recently 
pointed out that "the rules for bucket control are heuristic in nature and 
although they are generally believed to make an important contribution to 
revenue, there is no analytic basis for establishing their optimality among all 
seat allocation rules." The mathematical modeling of different control 
strategies is necessary in order to better understand and solve the complex 
problem of seat allocation in case of multiple-fare class and multiple 
itineraries. 

Teodorovic's research (1998) considers the problem of seat allocation in 
the case of multiple-fare classes and multiple itineraries. We call this the 
airline network seat inventory control (ANSIC) problem. 
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Let us denote by Si the seats allocated to passenger itinerary-fare class 
combination i E 1. Based in Figure 3.19, we conclude that the following 
relation must be satisfied: 

LOia Si:::;; Ca, 'Va EA 
ieI 

(3.86) 

In other words, the sum of the seats assigned to different itinerary-fare 
class combinations that include the considered leg must be less than or equal 
to the available number of seats on the leg. Relation (3.86) must be fulfilled 
for all legs in the network. 

Itinerary-fare class combinations are comprised of one (a nonstop flight) or 
more flight legs. Let us note Figure 3.20. 

Figure 3.20. A passenger itinerary-fare class combination containing three flight legs 

Figure 3.20 shows the number of seats available (C}, C2, C3) on the legs 
that are part of the considered passenger itinerary-fare class combination. Let 
us denote this passenger itinerary-fare class combination by h. It is clear that 
the number of seats Sb assigned to combination b must satisfy the following 
relation: 

(3.87) 

In other words, the maximum number of seats assigned to any passenger 
itinerary-fare class combination may not be greater than the smallest number 
of seats available on the legs that are part of the considered combination. Let 
us defme set Ni = {a I 0ia = I}. In the general case, relation (3.87) reads 

(3.88) 
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Let us denote by D; future demand on passenger itinerary-fare class 
combination i. As previously noted, it was assumed that future demand on a 
passenger itinerary-fare class combination could be treated as a fuzzy number 
(Figure 3.21). 

1~--------~~-------------------

o x 

Figure 3.21. Membership function IlD,{X) offuzzy number D; 

The probability density function of future demand is obtained as the result 
of "measuring" demand. In other words, based on statistical data and the 
verification of statistical hypotheses, the conclusion is made that future 
demand has a certain probability density function. Models developed to date 
have been based on the assumption of a specific probability density function 
(most often Gaussian). In certain situations, local demand on some itineraries 
is unexpectedly high or unexpectedly low, through demand is unexpectedly 
extremely high, and so on. As we can see, the very expressions "high," "low," 
and "extremely high" contain fuzziness. In such cases, "human intervention" 
that is, a correction of the existing probability density function is needed. 
Future demand can be SUbjectively estimated based on the experience and 
intuition of the decision maker by considering historical data and present 
demand. In other words, all objective information must be used when 
estimating future demand, but certain subjective estimates must be built into it 
as well. Future demand on all passenger itinerary-fare class combinations 
could be represented by triangular fuzzy numbers. Using the triangular form 
of the membership function is conditioned by the fact that fuzzy arithmetic 
operations are the simplest for triangular fuzzy numbers. (We would note that 
the form of the membership function can in some cases be determined 
exclusively on the basis of objective information. For the case of some other 
passenger itinerary-fare class combination, objective information can be 
corrected by the analyst's subjective evaluation). The Teodorovic's model 
(1998) does not exclude the possibility of using fuzzy numbers that are not 
triangular. It is clear that seat allocation Si to passenger itinerary-fare class 
combination i must satisfy the following inequality: 



A Fuzzy Mathematical Programming Approach to Transportation 225 

S; ~ D j ,'di EI (3.89) 

In other words, the number of seats allocated to any passenger itinerary
fare class combination must be less than or equal to demand for that 
combination. 

The ANSIC problem can be defined as follows: For known passenger 
itinerary fare-class combinations, known number of available seats on 
individual flight legs, known fares for individual passenger itinerary fare-class 
combinations, and approximately known future demand in different 
combinations (expressed by fuzzy numbers), allocate available seats to 
individual combinations in order to maximize the air carrier's total revenue. 
The formally denoted problem (PI) can be expressed as 

maxF= L/; S; 
;eI 

LO;a S; ~Ca 'da EA 
;eI 

S; is an integer, 'd i E I 

(3.90) 

(3.91) 

(3.92) 

(3.93) 

(3.94) 

(3.95) 

Problem PI as defined by relations (3.90) to (3.95) is a mathematical 
programming problem. Subjectively estimated future demand D; is denoted in 
bold letters in order to stress that D; is a fuzzy number. 

Glover et al. (1982) developed a network-based seat allocation model to 
solve the seat allocation problem for an airline network with a large number 
of passenger itinerary-fare class combinations. The model they developed 
considered demand to be a deterministic variable: the model did not have a 
variability of demand or uncertainty linked to future demand. 
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3.7.2. Heuristic algorithm to solve the ANSIC problem 

Consider the constraint 

(3.96) 

As noted above, future demand of the ith passenger itinerary-fare class 
combination, D;, is a fuzzy number. This fuzzy number is an attempt to 
express the uncertainty regarding future demand and the estimate of the 
overbooking percentage. The overbooking percentage is dependent on both 
the rate of reservation cancellations and the no-show probability at departure. 
Let us call a fuzzy number:::;; D; "demand equal to or less then D;." The 
membership function of the fuzzy number :::;; D; is defmed in a manner 
proposed by Kikuchi and Perrinchery (1990) (Figure 3.22). The membership 
function ~ D,{X) gives us the information about the truth of the statement that 
the number x is less then or equal to the fuzzy number D;. 

1~--~-=---k----------------

o x 

Figure 3.22. The membersip function of the fuzzy number ~ D; 

The choice of a specific shape of the membership function of the fuzzy 
number has no crucial impact on generality of the model developed by 
Teodorovic (1998). 

It is clear from Figure 3.22 (based on the similarity of the triangles) that Si 
will be less than or equal to D; with a level of satisfaction at least equal to h 
that is, 

(3.97) 

if the following is satisfied: 

(3.98) 
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Let us introduce acceptable revenue into the discussion. In other words, 
instead of maximizing revenue, we will try to generate revenue greater than or 
equal to the acceptable revenue with a level of satisfaction at least equal to h. 
Acceptable revenue is defmed as the triangular fuzzy number R (Figure 3.23). 

~R(X) 

1~------~~------~~~-------

o x 

Figure 3.23. Triangular fuzzy number R representing acceptable revenue and revenue equal to 
or greater than acceptable revenue 

Acceptable revenue is arbitrarily defined. In reality, acceptable revenue 
would be defmed by the airline company's analyst-decision maker. Since 
objective functions and constraints are treated in the same manner in a fuzzy 
environment, the objective function (maximizing revenue) is transformed into 
the following constraint (Figure 3.23): 

'Lh Si ~ r, +hh -r,) (3.99) 
ieI 

In other words, if relation (3.99) is satisfied, we can maintain that greater 
than satisfactory revenue will be achieved with a satisfaction level at least 
equal to h. 

The new objective function reflects our desire to maximize level of 
satisfaction h. In this manner, problem (PI) can be transformed into the 
following problem (P2): 

maxh (3.100) 

'Lh Si ~ 'i +hh -r1) (3.101) 
ieI 
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I~\a Si::;; Ca Va EA (3.102) 
iEI 

(3.103) 

(3.104) 

ViEI (3.105) 

Si is an integer, ViE I (3.106) 

The solution technique used for the problem (P2) depends on the size of 
the problem instance at hand. Problem (P2) can be classified as an integer 
programming problem. Existing methods developed in the field of integer 
programming cannot be successfully applied in solving the (P2) problem. 
Large world air carriers serve, for example, 1,000, 2,000, or 2,500 origin
destination markets. Carriers have five, six, seven or eight different fare 
classes on some flights. Thus, the number of possible passenger itinerary-fare 
class combinations on the air carrier's entire network is enormous. Some 
companies also have an extremely large total number of flight legs. 

The dimensions of problem (P2) and the desire to enable interactive work 
when solving it (that is, to enable "human expertise") have led to solving 
problem (P2) using a heuristic algorithm. Teodorovic (1998) developed a 
heuristic algorithm to solve problem (P2)' The algorithm, which belongs to the 
category of heuristic "greedy" algorithms, is comprised of the following 
algorithmic steps: 

Step 1: Sort the passenger itinerary fare-class combinations in decreasing 
order of fares ii. This creates the "fares list" and also establishes 
the priority when serving individual passenger itinerary fare-class 
combinations. Sort the legs in increasing order of capacity Ca. The 
"capacities list" indicates the order in which to examine 
constraints regarding the capacity of different legs. 

Step 2: Arbitrarily choose level of satisfaction h. Also, arbitrarily 
determine "acceptable revenue" (define fuzzy number R). 

Step 3: The control of fulfillment of capacity constraints along all 
passenger itinerary-fare class combinations. Determine the 
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maximum number of seats Si (\liE I) that can be allocated to 
individual passenger itinerary-fare class combinations. Denote this 
number of seats as Si *. It is clear that 

(3.107) 

Step 4: The control of fulfillment of capacity constraints along all legs. 
Process the "capacities list" beginning with the smallest capacity. 
Process the "fares list" beginning with the largest fare. For 
passenger itinerary-fare class combination i under consideration, 
check whether the allocation of Si * seats to combination i violates 
the capacity constraints of leg a through which the considered 
combination passes. If it does not violate the capacity constraints 
of leg a, allocate Si * seats to combination i. Go to the next 
combination. If the fares list has been exhausted, begin examining 
the next leg. When all legs have been examined, go to Step 5. 
Should the allocation of Sj * seats to combination i violate the 
capacity constraints of leg a, decrease the value of S/. The new, 
decreased value of Si * equals 

(3.108) 

All passenger itinerary-fare class combinations for which 8ka = 1, 
where k> i should not be allocated a single seat (Sk * = 0). Go to 
the next leg. When all legs have been examined, go to Step 5. 

Step 5: The control of constraint pertaining to achieving the defined level 
of satisfaction h and also previously defined "acceptable 
revenue. " Check whether the following relation is satisfied: 

Lh Si ~ Ii +hh -Ii) (3.109) 
iEI 

If the relation is not satisfied, then the greedy algorithm failed to 
find a feasible solution for the defined "acceptable revenue" Rand 
level of satisfaction h. In order to find a feasible solution, we must 
return to Step 2 and change either the "acceptable revenue" R or 
the level of satisfaction h, or both. 

The lowering ofthe "acceptable revenue" value (moving the fuzzy number 
R to the left) also means that the analyst wants to comply with the assigned 
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constraints which have a level of satisfaction at least equal to h, even at the 
cost of the somewhat lowered total revenue. The lowering of the level of 
satisfaction h points to the desire of the analyst to accomplish the assigned 
"acceptable revenue" with the lowered value of h that is, with the higher risk 
that some of the constraints will not be fulfilled. Simultaneous lowering of 
both "acceptable revenue" R and the level of satisfaction h describes the 
situation when both lowered total revenue and higher risk of some unfulfilled 
constraints are acceptable. 

Should the above relation be satisfied, the solution has been reached and 
available seats have been allocated to individual passenger itinerary-fare class 
combinations. This allocation provides the air carrier with revenue greater 
than or equal to "acceptable revenue" R for a level of satisfaction at least 
equal to h. Should the analyst-decision maker be dissatisfied with the solution 
for any reason whatsoever, he should return to Step 2 and change "acceptable 
revenue" R and/or level of satisfaction h. 

Step 3 of the algorithm checks up (examines) the fulfillment of the 
constraints defined by the relations (3.103) and (3.104). In other words, this 
step inspects the capacity constraints along all passenger itinerary-fare class 
combinations. The control is done along all itineraries for all flight legs 
through which all the itineraries pass. 

Step 4 of the algorithm relates to the examination of the fulfillment 
(achievement) of the capacity constraints along all legs. In other words, Step 4 
checks up the constraint defmed in the relation (3.102). For every leg in the 
network it is checked up whether the total sum of the seats assigned to the 
itineraries which pass through the leg is smaller then the leg capacity. 

Step 5 of the algorithm pertains to the examination of the fulfillment of the 
constraint relating to the defmed level of satisfaction and defined acceptable 
revenue. 

3.7.3. Numerical example 

The above heuristic algorithm was tested by Teodorovic (1998) on a large 
number of different hypothetical examples. All computer experiments were 
made on a personal computer (486 processor, 50 MHz). In cases when future 
demand on a passenger itinerary-fare class combination is treated as a 
deterministic variable, the fuzziness present in constraint (3.93) of the 
problem (PI) disappears. Then the problem (PI) becomes a classical integer 
programming problem that can be solved using commercial linear/integer 
programming software. It is surely very important to establish a relationship 
between the heuristic results and linear programming (LP) and integer 
programming (IP) results. The comparison of the results obtained by the 
proposed heuristic algorithm and the results obtained by the BLP 
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programming package (bounded linear programming) is done in a following 
way. Twenty-four hypothetical numerical examples are generated. Numerical 
examples differed from each other in a number of passenger itinerary-fare 
class combinations, number of flight legs, and values of demand of different 
passenger itinerary-fare class combinations. Each of the considered numerical 
examples was first solved using the BLP programming package. Then the 
same example was solved again using the proposed greedy heuristic 
algorithm. Since the demand of each of the passenger itinerary-fare class 
combinations is a deterministic variable, then all the fuzzy numbers DF(dli, 
d2i, d3i), (\liE I) that represented the demands in the problem (P2) got 
transformed into the crisp numbers d2i (\liE I). In other words, considered 
numerical examples were solved using both LP and heuristic algorithm with 
the assumption that the demand of the ith passenger itinerary-fare class 
combination equals d2i. The optimal allocation plan and the maximum value 
of the total revenue R* which is realized by the carrier were obtained by using 
the linear programming. In order to apply the proposed heuristic algorithm, it 
was necessary to defme the "acceptable revenue" R. As the "acceptable 
revenue" R the number R = (R*, R*, R*) was taken. In other words, the 
"acceptable revenue" R was treated as a crisp number which equals R*. 
Considering that the future demand and "acceptable revenue" were treated as 
deterministic variables, thus the value of the level of satisfaction h that is 
assigned in the second step of the heuristic algorithm had no impact on the 
solution obtained (This is easily noticed by analyzing relations (3.101) and 
(3.104)). Table 3.3 shows the results obtained by using linear programming 
and the results obtained by applying the greedy heuristic algorithm. 

As it can be seen from Table 3.3, the heuristic results and the LP results 
are very close to each other in all the tested numerical examples. In all twenty 
four tested numerical examples, the relative error considerably lower than 1 % 
was accomplished, which points to the quality of the proposed greedy 
heuristic algorithm. This algorithm provides quality solutions, very easily 
solves the problems of larger dimensions, and provides the decision maker 
with the interactive work. 

It is certainly of great importance to determine the impact of uncertainty of 
future demand of passenger itinerary-fare class combinations on the total 
revenue of a carrier. It is also very significant to determine the impact of the 
subjectively determined "acceptable revenue" R and the level of satisfaction h 
on the quality of the obtained results. Let us do this analysis at one of the 
tested numerical examples. Besides other numerical examples, the smaller 
numerical example comprising 250 different passenger itinerary-fare class 
combinations and sixty flight legs was analyzed in more detail by Teodorovic 
(example 1 from Table 3.3). While treating this example, it was assumed that 
all demands of passenger itinerary-fare class combinations were deterministic 
variables. For known values of all the variables Ii, Ca, and Di 
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(Vi E I, Va E A) the values of all the variables Si (ViEI) and the total 
revenue of a carrier were calculated using the BLP programming package. 
The total revenue in this case was 1,134,391. 

Table 3.3. Results obtained by using linear programming and by applying greedy heuristic 
algorithm 

Results obtained 
Number. of by applying Relative error 

Problem combinations x by using linear heuristic (LP-H)* 100ILP 
number number of legs 2rogramming {LP} algorithm {H} [%] 

I. 250x60 1134391 1134391 0.00 
2. 250x60 1142631 1140468 0.19 
3. 250x60 997753 997315 0.04 
4. 250x60 993909 986330 0.76 
5. 800x200 3539441 3527957 0.32 
6. 800x200 3260472 3238017 0.69 
7. 800x200 3388177 3383330 0.14 
8. 800x200 3156390 3132997 0.74 
9. 1500x350 6095960 6079288 0.27 

10. 150Ox350 6301445 6273103 0.45 
II. 1500x350 6362435 6339143 0.37 
12. 1500x350 6106820 6077484 0.48 
13. 2000x400 7713805 7681961 0.41 
14. 2000x400 8440372 8412475 0.33 
15. 2000x400 8144743 8118101 0.33 
16. 2000x400 8216806 8187581 0.36 
17. 2500x500 9691895 9626035 0.68 
18. 2500x500 9940985 9858168 0.83 
19. 2500x500 10512164 10459719 0.50 
20. 2500x500 10119047 10080102 0.38 
21. 3000x600 12476995 12419341 0.46 
22. 3000x600 12128785 12077841 0.42 
23. 3000x600 12542591 12444988 0.78 
24. 3000x600 12529924 12455588 0.59 

In the next step of the analysis of this numerical example, all the demands 
were treated as fuzzy numbers D; = (dli, d2i, d3i), (Vi E I). Values d2i were 
equal to the values of deterministic demand and values dli and d3i were 
calculated as 

(3.110) 

In other words, the uncertainty in regard to the future demand was 
considered. 

Table 3.4 presents the results which show the link between desired 
"acceptable revenue" R and desired "level of satisfaction" h for a smaller 
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numerical example comprising 250 different passenger itinerary-fare class 
combinations and sixty flight legs. 

Table 3.4. Total revenue for different combinations oflevel of satisfaction and acceptable 
revenue {network with 250 combinations and 60 flight le~s} 

AcceEtable Revenue 
Level of 
satisfac 
tion {h} R] RZ R3 R]3 Ra 
0.00 1231711 1231711 1231711 1231711 ... 
0.05 1212656 1212656 1212656 '" ... 

0.10 1202000 1202000 1202000 '" '" 
0.15 1193646 1193646 1193646 ... ... 
0.20 1181271 1181271 1181271 ... ... 

0.25 1176302 1176302 1176302 '" ... 

0.30 1163179 1163179 1163179 ... ... 

0.35 1155130 1155130 1155130 ... '" 
0040 1142230 1142230 1142230 ... ... 
0.45 1135453 1135453 1135453 '" ... 

0.50 1129301 1129301 1129301 01< 01< 

0.55 1114060 1114060 1114060 ... ... 

0.60 1102921 1102921 1102921 01< ... 

0.65 1094960 1094960 1094960 '" 
... 

0.70 1086271 1086271 1086271 01< 01< 

0.75 1077499 1077499 1077499 ... '" 
0.80 1063494 1063494 1063494 ... ... 

0.85 1054544 1054544 ... ... ... 

0.90 1046326 1046326 ... ... ... 

0.95 1035231 ... ... ... ... 

1.00 1034611 ... '" ... ... 

... The greedy algorithm failed to find a feasible solution 
Rl = (925,975, 1025) R13 = (1225,1275, 

1325) 
R2 = (950, 1000, 1050) R14 = (1250, 1300, 

1350) 
R3 = {975, 1025, 1075} 

The analyst-decision maker arbitrarily assigns "acceptable revenue" R and 
"level of satisfaction" h. The basic idea of the model developed by Teodorovic 
(1998) is to find the allocation of seats to combinations that earns revenues 
that are greater than or equal to satisfactory, and has a satisfaction level of at 
least h. 

As can be seen from Table 3.4, a higher level of satisfaction can be 
achieved by simultaneously decreasing the amount of acceptable revenue that 
is, the revenue we want to realize. The opposite also holds true. Greater 
passenger revenues can be achieved by decreasing the level of satisfaction. By 
alternately assigning acceptable revenue and/or level of satisfaction, a large 
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number of different seat allocations are generated. The choice of a specific 
seat allocation depends on the analyst's readiness to accept a certain risk 
(somewhat lower level of satisfaction h) in order to achieve larger total 
revenue. 

The basic assumption behind the analyst's interactive work, generation of a 
larger number of different seat allocations, and fmal choice of seat allocation 
to individual passenger itinerary-fare class combinations is short computer 
time. In order to establish the length of computer time, a large number of 
computer experiments were made (pC computer, 486 processor, 50 MHz). 
Table 3.5 presents the computer times achieved. We would note that computer 
time does not include the time needed to sort fares in decreasing order and to 
sort capacities in increasing order. 

The solution times shown in Table 3.5 are given for one value of R and 
one value of h. 

As can be seen from Table 3.5, satisfactory computer times were reached. 
This allows the analyst to work interactively, generate a large number of seat 
allocation plans and choose the fmal seat allocation. 

Table 3.5. Computer time for different dimensions of the airline network seat inventory problem 
Number of different passenger 
itinerary fare-class combinations 

1,000 
2,000 
3,000 

10,000 
20,000 

2,000 
3,000 
4,000 

10,000 
20,000 

Total number of flight legs 
500 
500 
500 
500 
500 

1,000 
1,000 
1,000 
1,000 
1,000 

CPU times 
21 sec 
41 sec 
61 sec 

3 min 19 sec 
6 min 30 sec 
1 min 22 sec 
2min3 sec 

2 min 43 sec 
6 min 43 sec 

13 min 15 sec 



Chapter 4. 

Applications of Artificial Neural Networks in 
Transportation 

In the 1990s over fifty papers were published applying neural network 
models to transportation problems (Dougherty, 1995). Most of these papers 
were concerned with road transportation. Yang et al. (1992) and Dougherty 
and Joint (1992) modeled the driver's behavior when making strategic and 
instinctive decisions. These authors use neural networks to analyze data 
gathered in the following way: volunteer drivers who took part in the 
experiments chose the routes by comparing the values of different criteria. 
The collected data were used to train neural networks. The trained networks 
successfully reproduced the drivers' decisions. When the developed 
networks were applied to new data, they produced good results more 
quickly and accurately than alternative techniques like logit models. Many 
authors have studied the simulation of the driver's behavior while driving a 
vehicle. For example, Hunt and Lyons (1994) use neural networks to model 
the driver's behavior while changing the speed and lane on a highway. A 
developed neural network is regarded as a "neuro driver" who maneuvers 
the chosen vehicle following input signals (relative position of the vehicle 
surrounded by other vehicles in particular time intervals) from the near 
vicinity. The basic disadvantage of this procedure is the problem of 
collecting real data necessary to train the network. If the data are recorded 
from one driver only, the neural network displays driving characteristics 
similar to that driver. A survey should be conducted to determine the set of 
representative drivers and their driving should be recorded. 

Ritchie and Cheu (1993) use neural networks to detect long-lasting 
traffic jams (traffic accidents, broken vehicles, dropped cargo, maintenance, 
constructions). The output of a neural network is the classification of 
transportation on a particular section: (1) "no congestion" and (2) "long 
congestion." By changing the condition from (1) to (2) an "alarm" is 
activated. Discovering such problems at the moment they occur is of 
significant importance. In training the network 200 congestions were 
simulated, the duration of one simulation being 25 minutes within which 
fifty input vectors were generated. Thus, the training set contained 10,000 

D. Teodorovič et al., Traffic Control and Transport Planning:

© Kluwer Academic Publishers 1998
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data. In comparison with the currently used algorithms, the authors 
demonstrated that neural networks have a potential to achieve a significant 
improvement in discovering long term congestions on a travel network. 

Neural networks are used to analyze congestions of urban travel 
networks and seasonal fluctuations in the vehicle flow (Hua and Faghri, 
1993), to estimate origin-destination matrices (Kikuchi et aI., 1993), and to 
evaluate travel network improvement (Wei and Schonfeld, 1993). In 
predicting the vehicle flow (over a long period or immediately after the 
observed moment) a number of authors present very good results (Chin et 
aI., 1992; Doughety et aI., 1994). 

The applications of neural networks in transportation have reached the 
stage in which all these important investigations should be applied to real 
transportation systems. 

4.1. BASIC CONCEPTS OF ARTIFICIAL NEURAL 
NETWORKS 

People relatively easily perform a variety of complex tasks that are 
highly difficult to solve by computational techniques of traditional 
algorithms. The brain architecture largely differs from common serial 
computers and the researchers of artificial neural networks seek to endow 
these machines with the abilities of data processing similar to those of a 
human. Artificial neural networks are inspired by biology that is, they are 
composed of the elements that function similarly to a biological neuron. 
These elements are organized in a way that is reminiscent of the anatomy of 
a brain. In addition to this superficial similarity, artificial neural networks 
display a striking number of the brain's properties. For example, they are 
able to learn from experience, to apply to new cases generalizations derived 
from previous instances, and to abstract essential characteristics of input 
data that often contain irrelevant information. 

Despite these functional similarities, even the most optimistic advocates 
could not claim that artificial neural networks will soon completely mimic 
the functions of a human brain. Real "intelligence" displayed by the most 
sophisticated artificial neural networks does not exceed the intelligence 
level of a worm (Wassermann, 1989); the enthusiasm should therefore be 
balanced to accommodate to the real situation. However, it is equally wrong 
to neglect the performance of certain artificial neural networks, which 
staggeringly resembles that of a brain. These abilities, however limited they 
may be, indicate that a deeper understanding of human intelligence may be 
at hand accompanied by a number of revolutionary changes. 
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Conceptually, feedforward neural networks approximate unknown 
functions that is, they can be considered as universal approximators. The 
theorem proved by Hornik et al. (1989) and Cybenko (1989) states that a 
multilayered feedforward neural network with one hidden layer can 
approximate any continuous function up to a desired degree of accuracy 
provided it contains a sufficient number of nodes in the hidden layer. 

4.1.1. Neurons 

4.1.1.1. Biological neuron 

The human brain contains roughly 1011 neurons that apart from the 
characteristics that they share with other cells have unique capabilities to 
receive, process and transmit electrochemical signals to other neurons. 
Neurons communicate between themselves and are organized in the form of 
a neural network that is regarded as the brain's system of communication. 
Figure 4.1 illustrates the structure of a biological neuron. Neurons consist of 
the cell body (soma) and several branches. The branches conducting 
information to the cell (stimulus) are called dendrites, and the branches 
conducting information out of the cell (response) are called axons. The 
emitted signals differ in frequencies, duration and amplitudes. The 
interaction between the neurons occurs at specific connection points called 
synapses. 

Figure 4.1. Structure of a biological neuron 
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Since the connections between neurons are of different strength, a 
stimulus is considered to be a weighted sum of the received inputs. If a 
stimulus exceeds a threshold, the neuron transmits the signals down the 
axon to other neurons. The brain contains over fifty different kinds of 
neurons relative to their shape and specialized functions. The brain is a 
complex communication system. The overall length of a network's branches 
approximates 1014 m. The presence of such a large number of connections 
establishes a high level of "massive parallelism." While a single neuron 
relatively slowly responds to outside stimuli, the brain as a whole solves 
complex problems in a remarkably short time - in a fraction of a second or 
in a couple of seconds. The brain can analyze complex problems and 
adequately cope with unforeseen situations due to the knowledge stored in 
synapses and the ability to adapt to new situations. The human brain can 
learn and generalize the acquired knowledge. The generalization of 
knowledge refers to similar stimuli inducing similar responses. 

4.1.1.2. An artificial neuron 

The first model of an artificial neuron that was proposed by McCulloch 
and Pitts (1943) was a binary device with a binary input, binary output, and 
fixed activation threshold. 

The later model of an artificial neuron (Figure 4.2) copied the properties 
of a biological neuron. The input signals XI, x2, ... , Xn, representing the 
output signals of other neurons, are multiplied by associated connection 
strengths, WI, W2, •.. , W n. Each connection strength (weight) corresponds to 
the strength of a biological synaptic connection. The output signal (NE1) is 
equal to the weighted sum of input signals. 

Xl-----+I 

x. 

Figure 4.2. Structure of an artificial neuron 

Figure 4.3 represents an artificial neuron with an associated activation 
function that is, a typical processing element. The presented activation 
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function is most commonly used: nonlinear, continuous, monotonously 
increasing, bounded, differentiable logistic function. The range of the 
weighted sum of input signals, NET, is compressed by an "S" curve such 
that the value of the output signal, OUT, never exceeds a relatively low level 
regardless of the value of NET. The most commonly used activation 
functions are step function, sigmoid function, hypertangent function, and 
identity function (Figure 4.4). 

x. ----:=----..-..! 

X. 

NET 
~-~...r OUT=f(NET) 

Figure 4.3. Processing element: artificial neuron with activation function 

The transformation of input signals by a logistic curve enables the 
receiving and processing of very weak and very strong signals. When input 
signals are very strong (positive or negative), the curve slope is very small. 
When input signals are weak, the curve slope is large, which means that a 
usable output signal can be produced. 

o 
(a) 

(c) 

(b) 

(d) 

Figure 4.4. The most commonly used activation functions: (a) step function, (b) sigmoid 
function, (c) hypertangent function, and (d) identity function 
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4.1.2. Characteristics of neural networks 

The present neural network architecture is based on a simplified model 
of the brain, the processing task being distributed over numerous neurons 
(nodes, units, or processing elements). Although a single neuron is able to 
perform simple data processing, the strength of a neural network is obtained 
as the result of the connectivity and collective behavior of these simple 
nodes. Neural computation differs from conventional algorithmic 
computation, although it can also be presented by an algorithm and 
incorporated into a serial machine. These apparently contradictory 
statements can be reconciled if we agree that this is an approach that 
distinguishes two techniques rather than an ultimate implementation. As far 
as computers are concerned, there is no difference between data stored in a 
long-term memory and active data in the working memory. Unlike 
computers, where information is stored for a later use, neural networks store 
the strength of synaptic connections (weights of the network's branches) by 
which the required data are reproduced. If a neural network is used in 
control and if the required knowledge is stored in weights, learning refers to 
estimating the appropriate weights in order to reproduce certain decisions 
under particular conditions. In other words, neural networks can be trained 
by adjusting the connection strengths in order to abstract the relations 
between the presented input/output data. 

In describing the characteristics of neural networks the works of the 
following authors were used: Rumelhart and McClelland (1986), 
Wassermann (1989), Brown and Harris (1994), Jang and Sun (1995), Lin 
and Lee (1995), and Kasabov (1996). A neural network is characterized by 

1. A set of processing elements 
2. Connectivity of those elements 
3. The rule of signal propagation through the network 
4. Activation or transfer functions 
5. Training algorithms (learning rules or learning algorithms) 
6. Environment in which the network functions 

A neural network configuration begins by defining a set of processing 
elements. Processing elements (nodes, neurons, units) are simple elements 
performing relatively simple signal processing in order to determine the 
output signal. In other words, each node receives input values from its 
nearest neighbors according to which it computes and transmits a single 
output value. Thus, each node has a local parameter set. A neural network is 
inherently parallel in the sense that a large number of processing elements 
make simultaneous computations. It can be said that a neural network 
performs parallel distributed data processing. 
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A neural network contains three types of nodes: input, output, and 
hidden. Input nodes receive input signals from outside sources that is, 
sources outside the network. Output nodes transmit signals that is, output 
values outside the network. Input and output signals of hidden nodes reside 
within the network and are not "visible" from the outside. Each node 
transmits signals of different strengths to its neighbors (the nodes to which it 
is connected). In certain neural network models each node is at each instant 
associated with activation state and the output function f by which the 
current activation state is mapped into the output signal. Function f can be a 
presupposed threshold that has to be exceeded for the node's output signal 
to be transmitted. It means that the observed node cannot affect other nodes 
as long as its activation does not exceed a particular threshold. 

Many of the currently used neural models have a fixed network 
structure. A network structure that is, the number of nodes and their 
connection types can also be very flexible. An artificial neural network is 
completely determined (capabilities of modeling, representation, and 
generalization) once we have established the network's structure, activation 
function of each node, and learning rule. 

How a network's nodes are connected is of vital importance. The 
synaptic connectivity of a network can be total or partial (for example, only 
connections between different layers are allowed). Also, if for example a 
neural network is intended to support control of a traffic dispatcher, its 
structure can mimic the dispatcher's decision process (special connectivity). 
Each branch of the network is associated with a weight (positive or negative 
value) modifying the strength of a signal. The absolute value of a branch's 
weight represents the connection strength. In order to calculate the output 
signal of a node, the weighted sum of input signals is modified by an 
activation function. 

4.1.3. Classification of neural networks 

Classification according to the network's structure. Depending on the 
number of input and output sets of nodes, neural networks can be classified 
in the following way: 

• Autoassocciative, that is, input nodes are simultaneously output nodes; 
Hopfield network (1982) represents an example of an autoassocciative 
network. 

• Heteroassociative, when there are different sets of input and output 
nodes; for example, Perceptron (Rosenblatt, 1958), multilayered 
perceptron (Rumelhart et aI., 1986), Kohonen's network (1982). 
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Classification according to the presence (or absence) of feedback. 
Depending on the signal transmission through the network, the two basic 
types are 

• Neural networks with feedforward signal propagation, where there are 
no connections between output and input nodes, for example, 
perceptrons. 

• Neural networks with a feedback, called reccurent neural networks, 
where there are connections between output and input nodes. Output 
signals are determined by current input signals and previous output 
signals (Hopfield network). 

Classification according to the network training. Three basic ways of 
training a neural network are 

• Supervised training: Training is performed while the network "learns" 
to associate each input vector x to its corresponding targeted or desired 
output vector y. For example, a neural network can be trained to 
approximate function y = fix) represented by a set of training pairs 
(x,y). 

• Unsupervised training: The training algorithm was developed by 
Kohonen (1982) while trying to describe the learning model of a 
biological system. During the process of learning a neural network 
"learns" only from a sample of input vectors. During the training, 
statistical properties of the samples are estimated, and similar input 
vectors are grouped into classes. The training algorithm modifies the 
weights of the network's branches in order to determine the consistent 
output vectors. 

• Reinforcement learning: Training by criticizing (rewarding or 
punishing) as a combination of the two previous training algorithms is 
performed in the following way. For an input vector an output value is 
estimated by the network. If the value is viewed as "good," the neural 
network is "rewarded" by increasing the existing weights of the 
branches; otherwise, the network is "punished" by regarding the 
connection weights inadequate and they are, accordingly, decreased. 

4.1.4. A multilayered feedforward neural network 

A multilayered feedforward neural network is a network in which the 
input signal extends forward through several layers, while it is being 
processed to estimate the network's output signal. Each layer contains a 
certain number of nodes. Each node is a processing element associated with 
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the corresponding activation function by which the weighted sum of input 
values is transformed to determine the output value. To each node's input 
only the outputs of nodes from a previous layer are supplied and the output 
signal is transmitted to the nodes of the next layer Figure 4.5. Each node is 
associated with a weight vector by which the input vector is linearly 
transformed. The node connectivity is generally total except in some 
transformations when it is partial. Nodes representing additional "noise" can 
also be included in neural network models. For example, Wei and Schonfeld 
(1993) added such a node in advance to the input layer of a two-layered 
feedforward neural network and connected it with all other nodes in the 
hidden and output layer. Although the output value of the additional node is 
equal to one, the authors showed by experiments that such additional 
"noise" can accelerate a network's training. 

Input 
vector 

Hidden 
layer 

Figure 4.5. Two-layered feedforward neural network 

4.1.5. Training of a neural network 

Output 
vector 

Artificial neural networks are capable of modifying their behavior in 
response to the environment. This factor is, more that any other, responsible 
for the interest these networks have aroused. When presented with a set of 
input data (most frequently with the desired output data) they self-adapt to 
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incite appropriate responses. A wide range of training algorithms has been 
developed, each having its own advantages and disadvantages. Most of the 
training algorithms can be classified according to their modeling, learning, 
and validation properties. The modeling abilities of an algorithm determine 
the range of nonlinear functions that it is able to precisely reproduce. The 
chosen structure of a neural network model can influence the convergence 
rate of a training algorithm and even determine the type of learning to be 
used. Finally, any practical application of a training algorithm requires 
examination of convergence, stability and accuracy that would verify the 
knowledge acquired. If an algorithm is able to learn, it is also able to forget, 
and it must be verified that the stored knowledge is sufficient. 

Training algorithms are very simple mechanisms for adapting the 
weights of a network's branches, requiring for each branch only locally 
available data. Their implementation generally does not involve complex 
computations and consequently no powerful computation configurations are 
needed. Training algorithms function in ill-defined time-varying 
environments, with a minimal amount of human intervention. 

The multilayered neural networks have come into use after the 
development of an error backpropagation algorithm, which was used for 
training a network. Various researches have independently developed a 
suitable and currently most popular algorithm for training a multilayered 
feedforward neural network (Le Cun, 1985; Parker, 1985; Rumelhart and 
McLelland, 1986). The proposed backpropagation algorithm is a gradient 
procedure. The activation functions of nodes are bounded, continuous, 
monotonously increasing, nonlinear, differentiable functions. The output 
function of the network is a continuous, differentiable weight function 
enabling the search of the extremum by the "gradient descent" algorithm. 

The optimal weights, wi}, are determined by the rule of gradient descent 
(delta rule, generalized delta rule) minimizing the criterion function or 
error. Each iteration of the algorithm (cycle or epoch defined as the process 
of transmission of one or a few training pairs through the network whereby 
the error is calculated) contains two passes (Figure 4.6): 

• Propagation of one or a set of input signals forward to the output layer 
(in the original algorithm input signals were brought to the network 
individually) 

• Backward pass where the computed error extends backward in order to 
calculate the changes of parameters (weight of the network's branches). 

The procedure is performed in numerous iterations using the same 
training pairs until the error becomes "sufficiently" small. 
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One of the important problems concerning the training algorithm of a 
gradient type is that of the local minimum that is, the local minimum can 
prevent the algorithm from reaching the global minimum. 

The second issue in practical applications concerns the problem of a 
reasonable training time, as the application of this algorithm often appears 
to be long-term. Furthermore, using this algorithm in training a network can 
result in the "overestimation" of output results. Some researchers have 
experienced the effect of an "excessive" network training (Croall and 
Mason, 1992). A prolonged period of training did not yield better values of 
the criterion function; the network seemed to have lost some of its 
knowledge. 

Input signal 
X .. 

[y. - 0·1 
.. J J 

Error 

Input layer Hidden layer Output layer 

y. 
.. J 

Targeted output 
signal 

Figure 4.6. Taxonomy of training a multilayered perceptron: the input signal extends forward 
and the computed error backward 

4.1.5.1. Generalization (of the acquired knowledge) 

Central to the problem of learning is the ability of an algorithm to 
generalize correctly from a limited number of samples, which means that 
the algorithm has to interpolate and locally extrapolate rather precisely. The 
adaptively designed linear models and controllers imply a global, linear 
relation. If a miminum amount of a priori data on the structure of the 
desired function is assumed, the algorithm must draw the relevant 
knowledge from a set of data, which usually requires a large number of 
examples. 

Once a neural network has been designed, its reaction can, to a certain 
extent, be insensitive to minor variations in the input set of data. This ability 
to differentiate in the presence of noise and distortion of shapes is of key 
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importance. It is worthwhile to note that the artificial neural network 
automatically makes generalizations due to its structure, without the use of a 
human intelligence that would be embedded in it in the form of ad hoc 
computer programs. 

A neural network's modeling abilities should be sufficiently flexible to 
achieve the sought goals, but if a model is too flexible, it can exceed 
(overestimate) the data and the generalization will be poor. Learning from a 
set of data can be a task of function approximation, as it is not enough to 
simply learn the reproduction of data; the structure underlying the function 
must also be learned from samples or else the network cannot correctly 
generalize to the neighboring input data. The adaptive neural network must 
be well configured since the possibility of generalization requires not only a 
good model structure but the convergence of parameters as well. 

If a network is poorly configured, the designer may be inclined to think 
that the network is functioning properly even though the prediction or 
forecasting errors are small. However, the convergence of parameters in a 
badly configured network is slow, and a premature termination of a learning 
process means that the network is incapable of making proper 
generalizations (Brown and Harris, 1994). 

4.1.5.2. Consideration of a network's reliability and stability 

Prior to applying artificial neural networks in situations that may 
jeopardize human lives or material values, the issue of their reliability is of 
primary importance. Like humans, whose brain structure they mimic, 
artificial neural networks retain a certain degree of unpredictability. Unless 
all possible input values are tried out, there is not a reliable way of 
predicting the exact output values. In a large network such thorough testing 
is impractical, and we must be satisfied with a statistical assessment of the 
performance. In some circumstances such a procedure is unacceptable. The 
problem lies in the fact that a computer is expected to be free from any 
mistakes. According to a number of experts, the fact that artificial neural 
networks are sometimes prone to mistakes even when functioning correctly 
is considered unacceptable as far as machines are concerned. 

A network is stable if the learned weights minimally change as the range 
of the training set of data increases. This is an extremely important property 
of adaptive models that are trained and applied in real time (for example, in 
system control). If the data from a training set belong to certain regions of 
the input space, over a long period only relevant data should be collected. 
When the learned weights are not in the vicinity of globally optimal 
weights, the training should be frequently repeated. Thereafter, it is 
necessary to examine the convergence of parameters. When the training set 
of data is a sufficiently large sample, there is a strong belief that the trained 
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network will produce useful solutions and that the frequency of the repeated 
training will be small. 

In assessing a trained neural network it is desirable to understand the 
influence of each branch's weight on output results of the network. Since 
the values of these adaptive parameters directly affect the output results of a 
network, determining individual influences would allow us to search the 
region in which the network is insufficiently trained and help us assess the 
network. 

4.1.5.3. Validation of a neural model 

The most important part of any model design procedure is validation of 
the given model. The tests are performed to estimate the extent to which the 
network has learnt the training data and how able it is to generalize 
(interpolate and extrapolate) to unforeseen cases. Most training algorithms 
are able to successfully learn a set of training data given a sufficiently 
flexible model structure, although the question of whether they have the 
ability to generalize correctly (or sufficiently accurately) remains 
unresolved. For safety reasons, the performance of the trained network must 
be fully understood; a network cannot simply be regarded as a black box 
about which nothing can be proved. 

There are a number of ways in which the performance of a trained 
network can be assessed, the simplest one is the assessment of the network's 
performance in reproducing the training data. A better approach is to divide 
the available data into a training set and a test set and to use the testing data 
to evaluate the final model. In other words, any set of data presented to a 
learning algorithm must be split into a part that is used to train the network 
and another part used for estimating the network's performance by testing 
its ability to generalize correctly. However, if there is lack of the available 
data, it is generally difficult to determine how much should be used for 
training and how much should be used for testing. One heuristic that works 
well in practice is to use two-thirds for training and one-third for testing. 
This approach is reasonable since a learning algorithm cannot perform well 
if there are insufficient training data, but the output results cannot be 
assessed accurately if the test set is too small. 

4.1.5.4. Network transparency 

A certain degree of doubt about neural network models expressed by 
some researchers is probably due to the traditional artificial neural 
networks' inability to "explain" the way in which they cope with problems. 
Many neural networks are vague; the stored knowledge is distributed over a 
number of parameters in a complicated way that is not easy to understand. 
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The internal representation resulting from training is often so complex that 
it resists any analysis in all except the most trivial cases. This is closely 
connected with our inability to explain how we recognize a person despite 
the difference in distance, viewpoint, illumination, and passage of time. 

4.2. TRANSPORTATION DEMAND FORECASTING 
WITH NEURAL NETWORK MODELS 

As already known, the transportation demand between two regions 
depends on socioeconomic characteristics of the given regions, as well as 
the characteristics of the connecting transportation system. The output data 
of transportation demand models usually consist of an estimated number of 
the daily vehicle miles of travel (in individual road traffic), number of miles 
of travel (in air, railway and international coach travel), used telephone 
impulses (in communication traffic), and so on. 

The input data for planning transportation networks and transportation 
facilities and for building new and reconstructing the existing traffic and 
transportation facilities include the data characterizing transportation 
demand. The transportation demand forecasting is of outstanding 
importance for the functioning of different traffic and transportation 
systems, as well as their further development. 

Over the last few decades, in a number of transportation studies different 
regression travel demand forecasting models have been used. In recent 
years, neural networks have come to be used in the travel demand 
forecasting. The basic reason lies in the fact that neural networks are able to 
capture complex relationships and learn from examples and also able to 
adapt when new data become available. 

Among other' authors, neural networks have been used in the 
transportation demand forecasting by Chin et al. (1992) and Kalic et al. 
(1992). Chin et al. (1992) used a multilayered, feedforward neural network. 
Their model is based on socioeconomic and highway operation data for 339 
urban areas in the United States from 1982 to 1988. One of the neural 
networks proposed by Chin et al. (1992) is presented in Figure 4.7. 

As seen from Figure 4.7, the authors used a three-layered neural 
network. Between input and hidden layers there is a full connectivity. The 
authors used the proposed network to estimate the daily vehicle miles of 
travel (DVMT). The data supplied to the input layer are traffic-generation
related, traffic-attraction-related, and network-supply-related. As Chin et al. 
(1992) noted, "to account for the three above-mentioned explicit 
relationships as well as two unknown potential relationships, a total of five 
nodes are used in the hidden layer." As already pointed out, the author 
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experimented with several different neural networks. These neural networks 
differed in the number of hidden layers, as well as the number of nodes in 
the hidden layers. The authors demonstrated that the average absolute 
relative errors between the neural network results and real data are within 
4.77% and 7.09%, which can certainly be considered satisfactory. 
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Figure 4.7. Neural network daily vehicle miles of travel (DVMT) forecasting model 

Katic et al. (1992) used a neural network model to estimate the number 
of used telephone impulses in Yugoslav towns. The number of telephone 
impulses was calculated according to the number of inhabitants, number of 
telephones, and national income. 

The neural network used by Kalic et al. (1992) is shown in Figure 4.8. 

Hidden layer 

Figure 4.8. Neural network for estimating the number of telephone impulses 
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In training the network, Kalic et al. (1992) used the simulated annealing 
technique, which in the context of artificial neural networks belongs to the 
group of statistical training methods. The main procedures of the simulated 
annealing technique were presented in one of the previous sections of this 
book. The data used in training the network referred to forty eight towns in 
Yugoslavia. The average relative error in the set of training towns equaled 
10%. In the control set of nine towns the average relative error equaled 
8.5%. 

4.3. BACKPROPAGATION NEURAL NETWORK 
FOR ESTIMATION OF AN ORIGIN
DESTINATION MATRIX 

The estimation of the origin-destination matrix from traffic counts is one 
of the most significant problems encountered by traffic planners. This 
problem is found in determining the number of car trips between urban 
and/or suburban zones, in examining the functioning of transit lines in urban 
public transportation, in studying the suburban or international railway 
traffic, and so on. Observe Figure 4.9. 

Figure 4.9. Urban area divided into zones 

Figure 4.9 represents an urban area divided into zones. Each zone is 
associated one point (centroid) representing the center of the zone. 
According to the usual traffic-planning procedure, after the total number of 
trips that can be generated by a particular zone has been determined (trip 
generation models), trips are distributed to particular zones. The trip 
distribution involves determining the number of trips between particular 
zones. Let us denote by n the total number of zones: 
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Destinations 
1 2 3 ... j ... n 

1 0 112 113 ··./lj ... lin PI 
2 121 0 123 ... 12j ···/2n P2 
3 131 132 0 ... 13j ... 13n P3 

Origins : (4.1) 

i Iii 1i2 1i3 lij lin 1'; 

n Inl In2 In3 Inj 0 Pn 

Al A2 A3 ... Aj . .. An T 

We denote by lij (i = 1, 2, ... , n, j = 1, 2, ... , n) the number of car trips 
from trip origin i to trip destinationj. We also denote by Pi the number of 
trips produced in zone (node) i. It is clear that 

n 

P; = Llij' i = 1,2, ... ,n (4.2) 
j=1 

The number of trips attracted by node j is denoted by Aj- The following 
relation is also fulfilled: 

n 

Aj=Llij' j = 1,2, ... ,n (4.3) 
;=1 

The total number of trips T made from all origins to all destinations is 
equal to 

n n 

T= LP; = LAj (4.4) 
;=1 j=1 

The estimation of origin-destination patterns involves the estimations of 
the number oftrips/y (i = 1,2, ... , n,j = 1,2, ... , n) between particular zones 
when the values of trip productions Pi (i = 1,2, ... , n) and trip attractions Aj 
(j = 1,2, ... , n) are known. 

A similar problem concerning the estimation of origin-destination 
patterns occurs in examining the operations on one transit line (Figure 
4.10). 

In Figure 4.10 are shown a number of travel patterns within one transit 
line. Let us denote by lij the number of passengers boarding at station i and 
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alighting at station}. Let us, also, denote by Bi (i = 1, 2, ... , n) the total 
boarding at station i and by Aj (j = 1,2, ... , n) the total alighting at station}. 

Figure 4. J O. Travel patterns within one transit line having a total of n stations 

We are again faced with the problem of trip distribution involving the 
determination of the number of trips between particular stations: 

Destination stations 
1 2 3 ... } n 

1 0 in i13 ... il) ... iln BI 
2 i21 0 i23 ... i2) ... i2n B2 

Origin 
3 i31 i32 0 ... i3) ... i3n B3 (4.5) 

stations: 
-iii ii2 ii3 iij iin i B j 

n inl in2 in3 in) 0 Bn 
Al A2 A3 ... A) An 

We denote by wi} the ratio of the number of passengers boarding at 
station i and alighting at station} to the total number of boar dings at station i 
that is, 

iij 
w··=-

y B. 
I 

It is clear that 

L wij = 1, Vi = 1 to n-l 
) 

(4.6) 

(4.7) 
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In other words, the passenger boarding at the ith station will have 
alighting at one of the subsequent stations. The following relation is also 
fulfilled: 

(4.8) 

that is, 

(4.9) 

Kikuchi et al. (1993) investigated the problem of fmding the values of 
wy's when B and A are given. (B and A represent vectors (Bb B2, .... , Bn) 
and (AI, A2, ... , An), respectively). Kikuchi et al. (1993) tried to determine 
the travel pattern (that is, the values of wy's) in the case of a large number 
of sets for B and A. These authors departed from the basic idea that 
"although the values of A and B may vary for each data set, the pattern 
which characterizes the relationship between B and A can be captured if 
many sets of values for A and B exist." 

Assuming that there is a consistent origin-destination travel pattern, 
Kikuchi et al. (1993) searched for the origin-destination matrix "which 
satisfies the data as much as possible." In the first part of their paper 
Kikuchi et al. (1993) studied the problem of the existence of a pattern, 
whereas the second part was devoted to the identification of the pattern. 

Let us present the results achieved by Kikuchi et al. (1993) in solving the 
problem of pattern identification by a simple backpropagation neural 
network. Kikuchi et al. (1993) illustrated the application of the network by a 
simple example. 

Note a two-way transit line with six stations (Figure 4.11). The values of 
wi} are assumed to be known. These values are given in Table 4.1. 

Figure 4.11. 'Two-way transit line with six stations 
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Table 4.1. The values ofwj" 
Origin Destination stations 
station 2 3 4 S 6 

1 0 0.2 0.3 0.1 0.3 0.1 
2 0.4 0 0.1 0.1 0.2 0.2 
3 0.1 0.3 0 0.2 0.3 0.1 
4 0.2 0.2 0.1 0 0.2 0.3 
S 0.1 0.2 0.1 0.3 0 0.3 
6 0.2 0.4 0.1 0.2 0.1 0 

According to the values given in Table 4.1, we can write 

AI = 0.4 B2 + 0.1 B3 + 0.2 B4 + 0.1 Bs + 0.2 B6 
A2 = 0.2 BI + OJ B3 + 0.2 B4 + O.2Bs + 0.4 B6 
A3 = OJ BI + 0.1 B2 + 0.1 B4 + 0.1 Bs + 0.1 B6 
~=ru~+ru~+~~+m~+~~ 
As = OJ BI + 0.2 B2 + OJ B3 + 02 B4 + 0.1 B6 
~ = 0.1 BI + 0.2 B2 + 0.1 B3 + OJ B4 + OJ Bs 

Chapter 4 

(4.10) 

For the purpose of generating a large number of various data, it is 
assumed that quantities Bj (i = 1, 2, ... , 6) are random variables having a 
normal distribution with the following parameters: 

B1- N (3000, 50); B2 - N (450,50); B3 - N (1800,50); 
B4 - N (400,50); B5 - N (1800,50); B6 - N (1500,50) 

There have been generated m sets of the input data for B (B = (B1, B2, ... , 
B6». For the generated values of Bj (i = 1, 2, ... , 6), according to relation 
(4.10) the values of Aj (i = 1,2, ... , 6) are easily calculated. Hence, each data 
set describing the boarding is corresponded by a set of data describing the 
alighting. 

Let us note a simple backpropagation network presented in Figure 4.12. 
Using the backpropagation neural network from Figure 4.12, it is 

possible to determine the values of W2h W31, W4h WS1, and W61. These 
values provide the data on the travel patterns whose destination is station 
No.1. 

The network presented in Figure 4.12 is trained by m different sets of 
values B2, B3, B4, Bs, B6, and A 1. 

Figure 4.13 represents the backpropagation neural network used to 
determine the values of the travel patterns whose destination is station 
No.2. 

In the same manner, the values of the travel patterns whose destinations 
are stations No.3, No.4, No.5, and No.6 are determined. 
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NETI = W2~2+W'IB'+W'IB'+W'IB,+w.~. 

Adjustment of 
weights using 
DELTA RULE 

Errorl = !AI-Netll 
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Figure 4.12. Backpropagation neural network used to determine the values wij 

NET2 = WI,BI+W"B,+w~.+w"B,+w"B. 

Adjustment of 
weights using 
DELTA RULE 

Error2 = !A2-Net,1 

Figure 4.13. Backpropagation neural network used to determine the values of travel patterns 
with destination station No.2 

To obtain these values, six neural networks have to be trained (on the 
considered two-way transit line there are six stations). In this way, the 
values ofwij's were obtained satisfying the following relation: 

(4.11) 

The following relations must also be satisfied: 
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L wij = 1, i = 1 to n 
j 

Chapter 4 

(4.12) 

Note the backpropagation neural network shown in Figure 4.14. 

Adjustment of 
weights using 
DELTA RULE 

Error.' = ,I - Net." 

Figure 4.14. Backpropagation neural network used to determine the values of travel patterns 
whose origin station is No. I 

Figure 4.14 represents the backpropagation neural network used to 
determine the values of the travel patterns whose origin station is No.1. The 
input values to this neural network equal 1. The target value is also 1, since 
the following relation must be satisfied: 

1· w 12 + 1· w13 + 1· W14 + 1· W15 + 1· W16 = 1 (4.13) 

The initial values of weights W12, W13, W14, W15, and WI6 were obtained 
during the training of the six neural networks, by which the values of the 
travel patterns with particular destination stations were determined. Using 
the backpropagation neural networks similar to that in Figure 4.14, the 
values of the travel patterns whose origins are station No.2, station No.3, 
station No.4, station No.5 and station No.6 are determined. 

Kikuchi et al. (1993) repeatedly trained the two sets of neural networks 
until the pre specified convergence criterion was satisfied. The performed 
numerical experiments indicate that, generally, as the number of data sets 
increases, so does the agreement of wy's obtained by the neural networks 
with the originally assumed wy's. 

It can be concluded that substantial agreements were achieved between 
the originally assumed data and those obtained by the backpropagation 
neural networks. 
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4.4. BACKPROPAGATION NEURAL NETWORK 
FOR ESTIMATING A REAL-TIME ORIGIN
DESTINATION MATRIX FROM TRAFFIC 
COUNTS 
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It has been shown in the previous discussions that a backpropagation 
neural network can successfully be used to estimate the origin-destination 
patterns in the case of one transit line. The origin-destination matrix has to 
be estimated in other traffic problems as well. The problem of estimating 
Real time origin-destination flows from traffic counts is of particular 
interest. A good estimation of real-time origin-destination flows in a road 
network or through intersections can largely influence the efficient on line 
traffic management and control. Yang et al. (1992) used a back-propagation 
neural network for the identification of real-time origin-destination flows 
from traffic counts. These authors made estimations of real-time origin
destination flows in the case of a typical four-way intersection, as well as in 
the case of a freeway section. 

Let us present the basic results of Yang et al. (1992) on the example of a 
four-way intersection, keeping to the original notation of the authors. 

A typical four-way intersection is shown in Figure 4.15. 

0 I 

1 I .. .. .. 0 

0 ~ ~ .. 
1 I 

0 Traffic count device at 
the entrance of the 
intersection 

I 0 .. Traffic count device at 
the exit of the intersection 

Figure 4.15. A four-way intersection 
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Figure 4.15 also shows the traffic count devices placed at each entrance 
and exit of the intersection. The time interval within which the intersection 
is observed is divided into k smaller time intervals (Yang et al. suggest a 
small time interval of 5 minutes). The traffic count devices provide the 
count over each small interval. 

Let us assume that the transport facility has M entrances and N exits (In 
the case of the four-way intersection shown in Figure 4.15 we have 
M=N=4). 

Let us denote by qm(k) the count at entrance m during interval k. Let us 
also denote by Yn(k) the count at exit n during interval k and by fmn(k) the 
number of vehicles from entrance m to exit n during interval k. Figure 4.16 
presents the counts at particular entrances and exits as well as the number of 
vehicles between certain entrances and exits during interval k. 

Let us denote by bmn(k) the percental participation of vehicles that 
during interval k pass through entrance M going to exit N in the total 
number of vehicles passing through entrance m during interval k. It is clear 
that 

bmn(k) = fmn(k), m = 1,2, ... , M, n = 1, 2, ... , N 
qm(k) 

We also have 

N 

Lbmn(k) = 1, m = 1,2, ... , M 
n=l 

(4.14) 

(4.15) 

In other words, each vehicle entering the intersection at one of the 
entrances must leave the intersection at one of the exits. 

The percentage of bmn(k) has to be nonnegative that is, 

bmn(k) ~ O,m= 1,2, ... , Mn = 1,2, ... , N (4.16) 

In some transport facilities a traffic flow between certain O-D pairs 
cannot occur. Let us denote by n the set of O-D pairs between which a 
traffic flow cannot occur. Clearly, we have 

(4.17) 



Applications of Artificial Neural Networks in Transportation 

o 
I 
I q,(k) 
I 
I 

I 
I 
I 
I 
I , 
I y.(k) 
t 

/J.. 

y,(k) : 
I 

I 

, 
I 
I 
I 
I 
I 
I 

q,(k) : 
I o 

259 

Figure 4.16. Counts at particular entrances and exits and number of vehicles between 
particular entrances and exits. 

In a typical four-way intersection U turns are usually prohibited. It 
means that in our case set n consists of the following elements: 

n = {(1,3), (2,4), (3,1), (4,2)} (4.18) 

The following relation is also satisfied: 

M 

Yn(k) = Lqm(k).bmn(k), n=I,2,oo.,N (4.19) 
m=l 

In other words, the count at exit n during interval k is equal to the 
summation of the number of vehicles coming from all entrances to exit n 
during interval k. 

As Yang et al. (1992) note, the above relation is met in the following 
form: 
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M 

Yn(k) = Lqm(k).bmn(k) +sn(k), n = 1,2, ... , N (4.20) 
m=! 

where Sn(k) denotes a random term resulting mainly from the count errors. 
Yang et al. (1992) proposed that the estimation of split parameters bmn 

be made by a simple two-layered neural network. This neural network, 
consisting only of the input and output layer, is shown in Figure 4.17. (The 
two-layered neural network refers to the intersection shown in Figure 4.16). 

yik) 

y.(k) 

Figure 4.17. Neural network used to determine split parameters for a four-way intersection 

The neural network shown in Figure 4.17 consists only of the input and 
output layer. The input to the mth unit in the input layer is qm(k). In other 
words, the input to the mth unit in the input layer is equal to the count at 
entrance m during interval k. The connection weights from the mth unit in 
the input layer to the nth unit in the output layer are equal to the split 
parameters bmn(k) that we wish to estimate. Thus, upon completing the 
training of the neural network that is, on determining the connection 
weights, the values of the split parameters of the four-way intersection will 
be obtained. 

We denote by un(k) the input signal to the nth unit in the output layer 
that is, 

M 

un(k) = Lbmn(k)·qm(k), n = 1,2, ... ,N (4.21 ) 
m=! 

Yang et al. (1992) assumed that the distribution of traffic counts over 
time intervals is an approximately normal distribution that is, 
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(4.22) 

where hn is the mean of traffic counts over time intervals at exit n, and Wn is 
the standard deviation of traffic counts over time intervals at exit n. 

The standard normal distribution of traffic counts over time intervals 
xn(k) is calculated as 

(4.23) 

We denote by On(k) the output from the nth unit in the output layer. The 
authors calculated the values of On(k) by a logistic function that is, 

o (k) _ 1 
n - 1+ e-xn(k) 

(4.24) 

In a similar way, the traffic count Yn(k) at exit n was normalized and the 
appropriate standard normal distribution sn(k) was performed: 

(4.25) 

The target value Zn(k) of the nth unit in the output layer was also 
calculated by the logistic function: 

Z (k) _ 1 
n - 1 + e-sn(k) 

(4.26) 

The error function E to be minimized is given by 

1 K N 

E ="2 LL[On(k)-Zn(k)t 
k~ln~l 

(4.27) 

To determine the split parameters bmn(k) the fundamental learning 
algorithm (the error backpropagation method) was used. According to the 
steepest descent method, parameters bmn(k) should be modified 
proportionally to 

8E. 8E 
---, that IS, I1bmn (k) = -I> ---
8bmn (k) 8bmn (k) 

(4.28) 
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where E is a learning rate coefficient between 0 and 1. 
After finding the appropriate partial derivations, we obtain 

l!bmn(k) = -E On(k)(1- On (k)][ 0n(k) - Zn(k)]qm(k) (4.29) 
Wn 

The process of modifying the values of parameters bmn(k) can be 
described by the following recursive formula: 

- -
bmn (k + 1) = bmn(k) + l!bmn(k) (4.30) 

The following recursive formula is also used 

- -
bmn (k + 1) = bmn(k) + l!bmn(k) + a.bmn(k -1) (4.31) 

where a. is a stabilizing coefficient between 0 and 1. 
It has already been pointed out that split parameters bmn(k) must satisfy 

the following constraint: 

N 

~)mn(k) = 1, m = 1, 2, ... , M (4.32) 
n=! 

To that purpose, it has been suggested that the split parameters be 
normalized after each updating in the following way: 

1\ -

bmn(k) = :mn(k) (4.33) 

Lbmn(k) 
n=! 

Yang et al. (1992) have tested the proposed model when turning 
movement ratios are fixed and when the split parameters are time-varying. 
Considering the configuration of the given intersection, it was assumed that 
the initial values of the split parameters were equal to 

1 
bmn ="3' (4.34) 

The authors generated the inflows qm(k) through each intersection 
entrance (m=4) over the 100 time intervals (k = 1,2, ... , 100). The inflows 
qm(k) are generated as random integers of the defined normal distribution. 
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The authors demonstrated "that the estimates of the split parameters 
converge to the neighborhood of their true values after about 20 iterations." 

The proposed model was also tested by estimating the origin-destination 
flows on a freeway section using real collected data. The results were 
exceptionally good, so practical applications of the proposed model are to 
be expected. 

4.5. NEURAL NETWORK APPROACH TO 
TRANSPORTATION NETWORK 
~PROVEMENTPROBLEM 

The transportation network improvement problem is undoubtedly one of 
the most important problems encountered by traffic planners. In order to 
satisfy a growing traffic demand, new links must be added to transportation 
networks or the capacity of the existing links must be expanded. The 
expansion is usually done in the circumstances of a limited budget. A 
transportation budget is related to a particular time period within which the 
improvements on the network are to be made. 

Note the simple transportation network shown in Figure 4.18. Let us 
denote by v and c, respectively, the volume and capacity associated with 
particular links. 

Figure 4.18. Transportation network on which particular improvements are to be made 

Let us assume that the values of the volume-to-capacity ratio (vIc) on 
each link are high, so improvements within the network have to be made. 
The purpose of the improvements is, basically, to increase the capacity of 
particular links. Certainly, the improvements can also be made by building 
new links. Thus, whether a new lane has been added to an existing link, or a 
new link has been built, an improvement within the transportation network 
is assumed to have been made. Let us also assume that the transportation 
network improvement is to be made within the incoming three years. The 
branch (1,2), for instance, can be added one lane during the first year or 
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during the second year or not before the third year. Similarly, a link (3,1) 
can be built during the first, second, or third year. It should be pointed out 
that the realization of an improvement project significantly affects the 
driver's behavior, route choice, traffic assignment, and total transportation 
costs. Are we to add lanes to branches (1,2) (2,4) and (3,2) in the second 
year or build a link (1,3) in the first year, and add a lane to branch (1,2) in 
the second year and to branch (3,4) in the third year? A multiperiod 
transportation network design problem is combinatorial by nature. When 
solving this type of problem, it is necessary to determine the combination of 
the improvement projects and schedule of the improvement projects that 
will minimize the total transportation costs in the given time period. 

Various aspects of the network design problem have been considered by 
numerous authors (Le Blanc, 1975; Johnson et aI., 1978; Poorzahedy and 
Turnquist, 1982; Magnanti and Wong, 1984). The approaches to solving the 
network design problem suggested by these authors are generally based on 
mathematical programming methods. It should be noted that Johnson et ai. 
(1978) demonstrated that the incapacitated problem isa NP-hard problem. 

Wei and Schonfeld (1993) developed a neural network model to solve 
the multiperiod network design problem. Wei and Schonfeld (1993) showed 
the neural network approach to be particularly good for solving the 
multiperiod network design problem. Let us briefly present the results 
achieved by Wei and Schonfeld (1993). 

Each combination of the improvement projects and schedule of the 
improvement projects is corresponded by a particular value of the total 
travel time in the network. The computation of the total travel time for 
different combinations of projects and schedules is very time-consuming. 
Namely, to compute the total travel time for a particular combination, a 
traffic assignment procedure has to be performed. When considering a 
transportation network of a considerable size during an extended time 
period a number of traffic assignment procedures have to be performed. 

Every feasible solution representing a particular improvement is 
characterized by the ordinal number of the link on which the improvement 
is being made and the year in which it is being made. After performing a 
particular traffic assignment procedure, for each of the feasible solutions the 
total travel time is calculated. The basic idea of Wei and Schonfeld (1993) 
consisted in choosing the subset of the solutions for which the values of the 
total travel time have been calculated. Wei and Schonfeld (1993) trained the 
proposed neural network using the subset of feasible solutions as input data 
and the corresponding values of the total travel time as target values. In this 
way, a tool was obtained by which the total travel time for any combination 
of projects and schedules is easily calculated. 

Let us assume that traffic demand is given in terms of the peak-hour 
origin-destination matrix for each year. Let us also assume that traffic 
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demand is independent of network improvements. We denote by M the total 
number of projects, and by T the considered time period. By keeping to the 
original notation of Wei and Schonfeld (1993), let us introduce in the 
consideration decision variable Vm for each project m (m = 1, 2, ... , M) 
defined in the following manner: 

Vector V = (v}, V2, ... , VM) is the decision vector representing various 
solutions to the considered problem. Note the transportation network shown 
in Figure 4.19. 

-- Link 

- Links on which 
improvement 
is to be made 

Figure 4. J 9. Transportation network with links on which improvement is to be made 

Let us assume that improvements have to be made on links 1,2,3, and 4 
marked in Figure 4.19 by a heavy line. The improvements have to be made 
within time period of T = 5 years. Decision vector V provides full data on 
when the improvements on particular links are made. Thus, for example, the 
four (3, 1, 4, 2) means that on link No.1 the improvement is made in the 
third year, on link No.2 in the first year, on link No.3 in the fourth year and 
on link No.4 in the second year. The four (1, 1, 1, 1) denotes the situation 
when the improvements on all four links are made in the first year. The four 
(6,6,6,6) denotes the case when during the five years no improvement has 
been made on any link. 

Wei and Schonfeld (1993) proposed the following type of neural 
network to calculate the total travel time in the transportation network. 

As seen from Figure 4.20, the number of neurons in the input layer is 
equal to the number of links in the transportation network on which the 
improvements are to be made. 

It is clear that vector (1, 1, 1, 1) is corresponded by the smallest value of 
the total travel time. This vector corresponds to the so-called strategy of 
implement-all. All other vectors are corresponded by different values of the 
total travel time. Wei and Schonfeld (1993) proposed as the output value the 
difference between total travel time corresponding to the input vector and 
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total travel time corresponding to vector (1, 1, 1, 1). In this manner, a better 
accuracy is achieved than in the case of the output value being corresponded 
by the value of the total travel time. 

v, 

v, 

Input layer Hidden layer 

Adjusting 
weights 

Output value 

Figure 4.20. Neural network used to calculate total travel time 

Let us denote by N a total number of solution used to train the neural 
network. Most of the solutions were generated randomly. Let us also denote 
by Oi, T j , the output and target values when the input vector is Vi. The 
squared error is 

N 

SQE= I(q-7;)2 (4.35) 
;=1 

The average percent error (APE) is 

(4.36) 1 .f 10. - TI APE =-L- I '·100% 
N ;=1 7; 

When training a neural network, we tend to minimize the values of SQE 
that is, the values of APE. 

Wei and Schonfeld (1993) demonstrated that a very simple artificial 
neural network can be a powerful tool for predicting the total travel time in 
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the transportation network. In this way, the solving of a complex 
multiperiod network design problem is facilitated to a considerable extent. 

4.6. ROUTING AND SCHEDULING ALGORITHM 
FOR THE DYNAMIC DIAL-A-RIDE PROBLEM 
BASED ON NEURAL NETWORKS 

We have considered the dial-a-ride problem in the context of fuzzy 
relations as well as in the context of fuzzy arithmetic rules. We have 
presented in detail the scheduling algorithm for the static dial-a-ride 
problem based on fuzzy arithmetic rules, which was developed by Kikuchi 
(1992). Different versions of the dial-a-ride problem share the following 
characteristics: 

• Each ride request is characterized by the ongm and destination of 
movement and the time moment or time interval within which the client 
is to be picked up. 

• The service is usually done by vehicles ofthe same capacity. 
• In vehicle route designing the organizer seeks to carry out the planned 

rides by the smallest possible number of vehicles, to design the set of 
routes having the shortest length, to achieve the smallest possible 
delays, and so on. 

As already pointed out, in the dynamic version of the dial-a-ride problem 
the routes are designed in real time. Having received the call of a new client 
demanding the service, the dispatcher immediately redesigns the routes that 
is, attempts to "insert" the new request into one of the existing routes. The 
dynamic version of the dial-a-ride problem is called by some authors the 
vehicle dispatching problem. In considering the transportation of the elderly 
and handicapped persons, police, ambulance, and fire department services, 
different delivery services, parcel pickup service, and courier service we are 
faced with different vehicle dispatching tasks. 

Vehicle dispatching is performed by dispatchers who supervise the 
operations and who primarily rely on their experience and intuition. The 
dispatchers usually have little time to make their decisions and often work 
under a lot of pressure. 

Shen et al. (1993) used neural networks to solve the vehicle dispatching 
problem in the case of a courier service company. 

Let us present the results achieved by Shen et al. (1993). A specialized 
courier service company receives calls from clients who demand that a 
priority mail be picked-up and then distributed at a particular location. The 
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clients also specify the time moments at which the pickup and delivery are 
to be done. Let us note that these times are not considered to be the so
called hard constraints but rather preferences. 

When a new customer calls the dispatch office, the decision whether the 
new demand is to be accepted or not has to be made. The dispatcher has to 
make his decision in real time. He is given the information concerning the 
location of particular vehicles, the customers who have already been served 
and the planned serving of certain customers by particular vehicles. (Figure 
4.21). 
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Figure 4.2 J. Executed and planned rides at the moment of ith client making a service request 

As shown in Figure 4.21, vehicle VI has taken over the priority mail 
from user No.1, delivered the priority mail from user No. 1 and, at the 
moment of the new request, is about to make for user No.2, then user No.3, 
and so on. At the moment of the new request, vehicle V2, having taken over 
the priority mail from user No.5, is on the way to deliver this mail and take 
over the mail from user No.4. At the moment of the new request, vehicle V3 

is taking over the priority mail from user No.6. It should be pointed out that 
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at the moment of the new request (request i designated by triangular 
symbols), the routes that is, the working assignments for all the three 
vehicles shown in Figure 4.21 have already been planned. The dispatcher 
has to assign the new request to one of the existing vehicles. In other words, 
request i has to be inserted into one of the existing routes. When solving this 
problem, minimizing of transportation cost as well as maximizing of 
customers' satisfaction have to be considered. 

To solve the presented problem, Shen et al. (1993) developed a neural 
network model capable of simulating the decision process of the dispatcher. 

Shen et al. (1993) started by developing modules for request localization, 
estimation of travel distances, and estimation of travel times. When 
estimating the travel times, meteorological conditions as well as the traffic 
congestion and the drivers' productivity were considered. 

Let, among others, nodes i, k, I, and m be planned within a route (Figure 
4.22). 

k 

Figure 4.22. Nodes i, Ie, /, and m, planned within a route 

It is assumed that we wish to insert pickup point +j of request j between 
nodes i and k and delivery point -j of request j between nodes I and m. 

k 

Figure 4.23. Insertion of new requestj into the existing route (i, k, /, m) 

The detour in timeDEP for the new pickup point +j equals 

DEP = t(i, +j) + t(+j, k) - t(i, k) 
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Analogously, the detour in time DED for the new delivery point -j equals 

DED = t(/, -j) + t(-j, m) - t(/, m) 

The detour in time DE to serve the new request j is DE = DEP + DED 
that is, 

DE = [t(i, +j) + t(+j, k) - t(i, k)] + [t(/, -j) + t(-j, m) - t(/, m)] 

Shen et al. (1993) obtained the latest pickup time of request j by adding 
30 minutes to the time of call of customer j. The latest delivery time of 
request j was obtained by adding 90 minutes to the time of call (Figure 
4.24). 
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Figure 4.24. The time of call, the latest pickup time, and the latest delivery time 

The lateness at pickup node +j is calculated as 

lateness+J = max{O, service time+J - (time of the call + 30)} 

The lateness at pickup node +j is shown in Figure 4.25. 
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Figure 4.25. Lateness at pickup node 
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In the case shown in Figure 4.25(a) the lateness at pickup node +j equals 
zero, as the service is carried out within the defined time interval. The case 
shown in Figure 4.25(b) is characterized by lateness, the service being 
carried out outside the defined time interval. 

The lateness at delivery node -j is calculated as 

lateness_j = max{O, service time_ j - (time of the call + 90)} (4.38) 

The formula proposed by Shen et al. (1993) to compute the insertion cost 
when pickup node +j of request j is inserted between nodes i and k and when 
delivery node -j ofrequestj is inserted between nodes I and m is given by 

c( + j, - j, i, k, I, m) = DE + ~)atenessu (4.39) 
u 

The second term in the above relation sums up the additional lateness 
over +j, -j and all the service nodes located in the route after node +j. 

The assignment of new request to a particular route (that is, to a 
particular driver) produces a smaller or larger detour in time (that is, a 
smaller or larger lateness). The description of a dispatching situation for a 
single driver can be made by a vector consisting of a number of attributes. 
Thus, the input vector of driver j for new request i is 

where Vijp is pth attribute value of driver j for request i, and m is number of 
attributes. 

In their paper Shen et al. (1993) opted for the following nine attributes 
(m=9): DE is detour in time to serve the new request, PT is pickup time at 
the new request, DT is delivery time at the new request, APL is average 
additional lateness at pickup points due to the insertion of the new request, 
ADL is average additional lateness at delivery points due to the insertion of 
the new request, NPL is number of additional late services at pickup points 
due to the insertion of the new request, NDL is number of additional late 
services at delivery points due to the insertion of the new request, NR is 
number of requests in the route, and ET is ratio of empty travel time on total 
travel time. 

The values of all attributes VijI. Vij2, ... , Vijm associated with a particular 
driver have to be transformed so as to be compared with the values 
associated with other drivers. (Indeed, a detour in time of 20 minutes cannot 
be estimated unless we know the detour in time of other drivers.) 
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Shen et al. (1993) proposed that in the first step the so-called translation 
be made that is, 

V~p = Vijp - min V;kp' j = 1,2, ... , n, p = 1,2, ... , m 
k=i,2, ... ,n 

(4.40) 

where n is the number of drivers, and m is the number of attributes. 
In the next step, the obtained values are normalized between 0 and 1: 

" V~p . Vijp= , , ]=1,2, ... ,n,p=I,2, ... ,m 
max V;kp 

k=1,2, ... ,n 

(4.41) 

Shen et al. (1993) developed a learning module, the purpose of which 
was to suggest the best driver to serve the new request. The learning module 
was, in fact, a backpropagation neural network. 

The neural network consisted of input layer, hidden layer, and output 
layer. Each layer was fully connected to the next layer via weighted 
connections. The input values were propagated through the weighted 
connections to the hidden layer where they were processed. They were then 
further propagated from the hidden layer to the output layer (Figure 4.26). 
The configuration proposed by Shen et al. (1993) was not typical of the 
standard backpropagation networks (Figure 4.26). 

In the standard backpropagation neural network the input and output 
units are usually not directly connected. The network shown in Figure 4.26 
was trained with a classical backpropagation algorithm. The authors used 
ninety requests to train the network and fifty requests to test it. 

The work of twelve drivers was observed. Hence, there were 
90· 12 = 1080 input vectors and 50· 12 = 600 vectors for testing. Each 
vector consisted of nine elements. The dispatcher's decisions were collected 
coming from a variety of dispatching situations. 

The output from neural network Oij takes a value between 0 and 1. The 
larger the value, the greater the suitability of ith request to be assigned to jth 
driver. The characteristics of the new request were twelve times (there were 
twelve drivers) passed through the trained neural network. On sorting the 
twelve output values in a declining order, the appropriate rank of the drivers 
was obtained. The driver with the largest output value represented the 
proposition of the neural network. The decisions of the neural network were 
compared with the dispatcher's decisions. It was observed that 80% of the 
drivers chosen by the dispatcher were simultaneously ranked first by the 
neural network. It was, also, observed that the trained neural network never 
made an "irrational" choice of driver. 
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It is particularly interesting to compare the results obtained by the neural 
network with those obtained from the dispatcher. Shen et al. (1993) 
compared the productivity, the ratio of empty travel time on total travel 
time, the sum of lateness at the pickup points, and the sum of lateness at the 
delivery points. Except in the case of total lateness at the delivery points, the 
neural network outperformed the dispatcher. 

V" ii' 

V" ij6 

V " ill 

Figure 4.26. Neural network model by which suitability of driverj for serving ith request is 
established 
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4.7. A NEURAL NETWORK APPROACH TO 
MITIGATION OF VEHICLE SCHEDULE 
DISTURBANCES 

Disturbances of planned schedules that the carrier is not able to 
anticipate appear in all transportation systems. Reasons for disturbances are 
various. Vehicle schedules can change daily due to delays or peaks of 
demands, failures of one or more vehicles, breakdowns of some 
transportation facilities, meteorological reasons, crew delays or absences, or 
traffic accidents at terminals or along the way. The carrier's policy for 
responding to a disturbance depends on a mode of transportation (highway, 
air, rail, water), distance traveled (urban transportation, suburban 
transportation, continental flights, intercontinental flights), and regularity of 
operations (regular, charter). 

Whenever a disturbance in a vehicle schedule appears, the dispatcher in 
charge of traffic control urgently tries to minimize negative effects (trip 
cancellations, delays) resulting from the disturbance. Most often it is not 
possible to completely eliminate schedule disturbances. In other words, the 
dispatcher attempts to mitigate schedule disturbances. The dispatcher most 
often wishes to minimize the number of canceled trips if some trips must be 
canceled, total delay of passengers on transportation network, total vehicles 
delay or engagement in terminal area, and so on. 

The basic objective of the research done by Vukadinovic et al. (1996) 
was to study the potential of using neural network approach to mitigation of 
vehicle schedule disturbances using a suburban railway system as an 
example. For example, the following situation is very common in train 
stations: When a planned schedule of a suburban railway system is disturbed 
due to a train failure, and there are no other trains available, passengers have 
to be moved by a reduced motive power availabilities. Based on personal 
experience and judgement, the dispatcher in charge of traffic control can 
reassign arrival and departure times of trains at stations and specify new 
train itineraries. During interviews with experienced dispatchers it was 
observed that they usually make decisions intuitively and can hardly 
describe motives. The dispatcher needs to be very skilled and trained 
properly to adequately perform the task that is, to make decisions that 
should considerably reduce users' losses. A need to formalize the 
dispatcher's judgement process arises due to a lack of experienced 
dispatchers and their long training process. Also, traffic control can hardly 
be improved without described heuristic procedure. Knowing that the 
consequences of wrong decisions are increased costs due to longer waiting 
times of users, developing a reliable automatic decision support system is 
essential. The dispatcher may accept or reject the guidance of the system. 
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The main objective of research done by Vukadinovic et at. (1996) is to 
examine the possibility of developing a decision support system that could 
decrease the workload for the dispatcher and improve the quality of 
decisions. Formalization of dispatcher's knowledge in terms of structured 
heuristic rules can be very difficult. A neural network that has the ability to 
adapt or learn without any knowledge of the transportation system and any 
logic such as if-then operations is developed. As a result of this study, it was 
shown that the proposed feedforward adaptive neural network with 
supervised learning capability can be used to simulate a dispatcher's 
decision-making process. 

4.7.1. Statement of the problem 

All transportation industries characterize vehicle schedule disturbances. 
Dispatchers in charge of traffic control usually are allowed a very short time 
to make decisions that should mitigate negative effects resulting from the 
disturbance. The combinatorial nature of the problem, its complexity, as 
well as the short available time for making decisions cause an excessive 
amount of stress for the dispatcher. The dispatcher is very often forced to 
answer the following questions: 

• Can all planned trips be made with the available number of vehicles? 
• Which trips should be canceled if some trips must be canceled? 
• Can total passenger delay be minimized and how? 
• Does the new modified schedule satisfy all operational constraints 

(limited working times of labor and terminals, technical maintenance 
requirements)? 

One possible approach to developing models to mitigate vehicle 
schedule disturbances is through mathematical programming that implies 
formulation of one or more adequate objective functions and a set of 
constraints. Possible objective functions that have to be minimized are total 
number of canceled trips, total number of passengers whose trips are 
canceled, total passengers delay, and total carrier's costs. The main 
disadvantage of this approach based on mathematical programming is that it 
is hard to enumerate and formulate all relevant parameters, variables, as 
well as "hard" constraints. Also, these traditional approaches cannot reflect 
the comprehensive knowledge and the intelligence of a dispatcher, 
particularly his or her ability to deal with uncertainty and imprecision. 
Teodorovic and Guberinic (1984) and Teodorovic and Stojkovic (1990, 
1995) considered the problem of airline schedule disturbances. The 
combinatorial nature of the problem, its large dimensions, and its 
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complexity required the use of various heuristic algorithms to obtain 
satisfying solutions for a relatively short time. Sforza (1989) considered the 
determination of trains' departure times when some disruption modifies a 
planned schedule. He described a multicriteria optimization module for 
insertion in a prototype version of decision support for railway traffic 
control. The problem is formulated as a mixed integer program that is 
solved with a branch and bound algorithm. The objective functions 
considered were the minimization of total delay expressed by the weighted 
sum of train delays, the minimization of the weighted sum of the squares of 
train delays, and the minimization of the total trains' engagement in the 
station area. 

Another approach to mitigating vehicle schedule disturbances is 
extraction of explicit dispatcher's heuristic decision rules. It implies long 
and elaborate communication with a number of experienced dispatchers, 
which could be very difficult. It is important to mention the approximate 
reasoning procedures used to solve some real-time vehicle dispatching 
problems. Jia and Zhang (1994) considered the problem of modification of 
operational schedules that is, reassignment of arrival and departure times of 
trains at stations, which is done by a dispatcher. They developed an 
intelligent traffic control algorithm where the imprecise knowledge of 
dispatcher's decision-making behavior is realized through fuzzy decision 
making. Vukadinovic and Teodorovic (1994) considered the process of 
loading, transport, and unloading of gravel by inland water transportation. 
They developed a decision support system for providing assistance to a 
dispatcher in decisions regarding the number of picked-up and dropped-off 
barges at river ports. Fuzzy logic was used as a tool to transform the 
dispatcher's heuristic rules into an automatic strategy. 

Another approach to reducing vehicle schedule disturbances is based on 
learning how to emulate the dispatcher's behavior. Shen et al. (1993) 
considered real-time dispatching of important letters in a courier service 
company. The task of the dispatcher is to assign each new request to one of 
the available drivers. Customers' preferences are stated in terms of 
approximate pickup and delivery times. In solving this problem, the 
dispatcher must find a compromise between two conflicting objectives: 
minimizing the operations cost and maximizing customer's satisfaction. 
Shen et al. developed an adaptive neural network capable of simulating the 
decision process of an expert dispatcher, after a training phase with this 
expert. 

The paper written by Vukadinovic et al. (1996) deals with the Belgrade 
suburban railway system whose network configuration involves rays 
emanating from a Central Business District (CBD). Thus, all incoming 
trains have a CBD station (Belgrade) as destination. Following operational 
schedule or predetermined time diagram, inbound trains arrive and remain 
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at CBn station for stop-times. After that, following each other, they leave 
CBD and depart to serve three lines of stations. Each line is served by only 
one electric multiple unit train (EMU), which has to travel to the end of the 
line before returning. Last stops or end stations are Batajnica, Pancevo and 
Resnik (Figure 4.27). When a planned schedule is disturbed due to a train 
failure, and there are no other trains available, only two trains can be 
dispatched from the CBD station. Based on personal experience and 
judgement, the dispatcher in charge of traffic control chooses two lines that 
have to be served. 

Batajnica 

Batajnica Batajnica 

Resnik Resnik 

Pancevo Pancevo 
Pancevo 

Figure 4.27. The Belgrade suburban railway system 

The dispatcher's basic objective is to minimize users' losses, for 
example, to minimize the number of delayed passengers and total 
passengers' delay. Besides, the dispatcher considers the importance of 
serving end stations because in some specific situations one end station or a 
whole line may have priority over the other line or end station. For example, 
the schedule of trains destined to and from Pancevo is compatible with the 
complete railway network's schedule. Lack of trains serving that line would 
provide a great deal of inconvenience for passengers other than suburban, 
too. Therefore, the dispatcher ranks all lines that have to be served as 
alternatives. The worst performing line is selected as dispensable. The 
decision-making strategy of the dispatcher may be expressed in the rule 
form: as the number of passengers on one line increases compared to other 
two lines, as the waiting time to the next train departure on that line is 
longer, and the importance of serving an end station on that line is greater, 
the preference of a dispatcher to serve the considered line is stronger. 
Approaches to reproducing the dispatcher's decision strategy would be 
extraction of his or her explicit heuristic rules, or learning how to simulate 
his or her behavior in various situations. Evidently, it is easier to collect 
examples of the dispatcher's decisions than to formalize his or her 
knowledge in the form of rules. 
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4.7.2. Proposed solution to the problem 

A need to develop a practical decision support system able to capture a 
dispatcher's decision-making behavior and to be implemented whenever a 
real-time request comes in arises due to a desire to improve the quality of 
decisions. A neural network is chosen due to its ability to learn from 
examples of collected decisions and generalize acquired knowledge. The 
character of adaptive neural networks that is, network structures with 
modifiable parameters provides the interpretation of behavior that has been 
attributed to the application of specific rules of thought. According to 
Masson and Wang (1990), "The neural network approach to solving 
combinatorial problems is appealing, because there is no need for an explicit 
formulation of the search strategy in the solution space." The greatest 
potential of neural networks remains in the high-speed processing, the 
learning capabilities and their ability to generalize from examples. The goal 
of supervised learning is acquisition of connection strengths that is, 
modifiable parameters which allows a network to behave as though it knew 
the dispatcher's exact rules. 

The description of a proposed neural network will be proceeded after a 
simple question that is asked about all types of function approximations. 
How well does a feedforward neural network approximate an unknown 
function? Cybenko (1989) demonstrated that a feedforward neural network 
is a universal approximator. He proved that using a backpropagation least 
mean square error learning algorithm, layered neural networks with only 
one hidden layer and using sigmoid function units can closely approximate 
any continuous function. 

4.7.2.1. Network configuration 

Specifying the set of processing units connected through directed links 
and what they represent is typically the first stage of specifying a neural 
network. Wang (1994) pointed out: "To date in the literature there is no 
established procedure to determine the necessary and sufficient number of 
units for a specific application. The common practice is trial and error in 
nature." That is, as Wang and Archer (1994) claim, "In principle there is no 
need for more than one hidden layer in order to generate an arbitrary 
function. " 

Proposed neural network with a restricted connectivity structure (Figure 
4.28) is referred to as a two-layered network because only two layers 
perform calculations. It is configured based on the authors' knowledge and 
understanding ofthe problem. 
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Figure 4,28. A two layered feedforward adaptive network 
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The adaptive network shown in Figure 4.28 is a feedforward layered 
network because the output of each unit propagates from the input side (left) 
to the output side (right). 

4.7.2.2. Pattern of connectivity 

Neural networks are able to establish and compute a function from input 
space to output space. Thus, the examples of a dispatcher's dispatching 
policy are expressed as input-output vectors and considered as a training set. 
The dispatcher's problem may be considered as a multicriteria decision
making problem: 

(4.42) 

where 

(4.43) 

(4.44) 
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where A = {a, b, c} is the set of alternatives (that is, three lines that have to 

be served), ft*(x) is the number of passengers along a line that travel 

toward the end station x, ft**(x) is the number of passengers along a line 

that travel from the station x, ft (x) is the total number of passengers along 

a line (x is last stop) that travel in both directions, 12* (x) is the time until 

departure of next train that travels toward the end station x, 12** (x) is the 

time until departure of next train that travels from the station x, and 13 (x) is 
the importance of serving an end station x. 

The dispatcher ranks all lines that have to be served. The worst
performing line will not be served by the trains dispatched from the CBD 
station. Thus, a neural network able to simulate the dispatcher's ranking 
process is configured. 

Input layer consists of the nine units that simply transfer the values of 
three criteria for each alternative: II '(a), /2'(a), 13 '(a), It'(b), /2'(b), 13 '(b), 
11' (c), /2'( c), 13'( c). The three units in the hidden layer represent the 
aggregate measures of alternatives. Consider the first unit in the hidden 
layer. The input values I/(a), j = 1,2,3, are multiplied by weights that is, 
strengths of connections between this unit and the first three units in the 
input layer. Those products are summed. Simultaneously, weighted sums of 
inputs to the hidden layer are calculated for each unit in the hidden layer. In 
order to obtain outputs from units in the hidden layer, weighted sums are 
modified by sigmoid function, which is called an activation junction. Output 
layer is fully connected with the hidden layer. The network's output values 
Yi, i = 1,2,3, calculated as weighted sums of inputs to the second layer, 
represent ranks of alternatives. 

Research on potential of neural networks for solving multiple-criteria 
decision-making problems appears often in a recent literature. For example, 
under assumption that decision maker's preference structure is unknown, 
Wang and Malakooti (1992) claim that neural network is capable of 
representing it. Wang (1994) proposed a neural network able to capture 
decision maker's fuzzy preference structure. 

4.7.2.3. Learning (Least mean sum of absolute errors learning 
algorithm) 

The goal of supervised learning is acquisition of connection strengths 
that is, modifiable parameters which allows a network to behave as though it 
knew the dispatcher's explicit heuristic rules. When known inputs are 
applied, a trained neural network with modified connection strengths would 
give outputs similar to targeted. An adaptive network's performance is 
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measured as the deviation between the targeted output and the network's 
output. This deviation or the error measure is considered as the objective 
function and heuristic simulated annealing is used to minimize it. 

The simulated annealing algorithm consists of the following steps: 

Step 1: Develop a proper annealing schedule {th t2, ... , tM} defined as a 
sequence of temperatures, tl > t2 > ... > tM, and the amount of time 
at each to reach equilibrium for that temperature. Set i = 1. 

Step 2: Generate a random set of initial connection strengths. They are 
uniformly distributed on an interval. For all input vectors in a 
training set obtain the network outputs and calculate the objective 
function value (OFold). Objective function minimizes the mean 
sum of absolute errors between the targeted outputs and the 
network's outputs. 

Step 3: Generate a new set of strengths by small perturbation. Obtain the 
network's outputs with the same input vectors (for the complete 
training set) and calculate the new objective function value 
(OFnew). Evaluate the change in the objective function (0 = 
OFnew - OFold). If 0 <0, go to Step 5. Otherwise go to Step 4. 

Step 4: (0;;:: 0) Compare a random variable, r, drawn from an uniform 
distribution on the [0,1] interval, with the probability of accepting 
the new set of weights P(O) = exp(- ofti). Ifr < P(o), go to Step 5. 
Otherwise keep the old set of weights, and go to Step 3. 

Step 5: (0 < 0 or r < P(O» Memorize the new set of weights and the new 
objective function value. 

Step 6: If the thermal equilibrium has been reached at the temperature tj, 
set i = i + 1. Steady state or equilibrium is reached when we 
observe that an improvement of the objective function is highly 
unlikely. An epoch is an interval between checking if the 
equilibrium is reached. The epoch implies A. exchanges of all 
connection strengths, where A. is a predefined number. The best 
solution that is, the least mean sum of absolute errors between the 
network's outputs and the targeted outputs, obtained through A. 
exchanges of strengths represents the epoch. Consider the case 
where k epochs have already been generated. After the next epoch, 
the equilibrium is reached if 

k = 1,2, ... ,N-l (4.45) 

where OFV k+ 1 is the objective function value that represents the 
k+1-st epoch, OFVp is the least objective function value of all 
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previous epochs' solutions, E is the predefined constant, and N is 
the maximum number of generated epochs at one temperature. If 
i > M, the algorithm is completed. 

The convergence of obtained values for connection strengths is inherited 
from simulated annealing technique's properties. 

4.7.3. Numerical example 

Neural network is trained on sixty different examples of the dispatcher's 
decisions and tested on twenty examples. The example of one decision is 
shown in Table 4.2. 

Table 4.2. The example of an arbitrary dispatcher's multicriteria decision 
f) (x) f2(X) f3(X) The rank of the alternative 

Batajnica 100 65' 0.5 3 
Pancevo 90 75' 0.8 1 
Resnik 70 100' 0.4 2 

For each given example, the number of passengers along a whole line 
and time until the next train departure was known for each line. A poll was 
conducted among experienced dispatchers in order to get the importance of 
serving end stations. Assigned importance belonged to the [0,1] interval. A 
higher value implied a greater importance of serving an end station. 

For neural network training purposes, the inputs are normalized through 
linear transformation: 

(4.46) 

where /imax(x) and /imin(X) are the maximum and the minimum of the 
possible values of the criterionh{x) across all examples. 

The activation function applied to the weighted sums of the inputs to the 
hidden layer is in the following form: 

1 v x,x = a, b, c; Vk,k= 1,2,3 (4.47) 

I + exp(- 0.1· t /;( x) . W jk) , 

J=! 

The application of simulated annealing requires a large number of 
experiments. The initial temperature and the number of temperatures are 
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varied during numerous experiments. The best result is obtained when an 
array of 150 temperatures (ti+l = 0.95tj) and an initial temperature tl = 30 
are used. 

Initial connection strengths are arbitrarily chosen from the [0, 0.05] 
interval. The maximum number of generated epochs at one temperature was 
seventy. In other words, seventy epochs are generated if thermal 
equilibrium is not reached in the meantime. The epoch implied twenty seven 
exchanges of all connection strengths. The value of E used to check if the 
equilibrium is reached was 0.02. 

Regarding training pairs, the trained network completely predicts the 
dispatcher's preference structure in 67% of the cases. However, the lines 
were ranked in order to determine a dispensable line. In 85% of the cases 
the trained network forecasts a line that will not be served by trains 
dispatched from the CBn station. The network is tested on twenty 
examples, and the following results are obtained: in 55% of the cases the 
network predicts the dispatcher's preference structure, and in 75% of the 
cases the network indicates the worst performing line. Based on obtained 
results it may be concluded that proposed neural network can be used to 
rank given alternatives on the dispatcher's behalf. However, it cannot be 
used to replace human decision making. 

In the considered problem, the values of three criteria for each 
alternative were crisp numbers. In some situations, it is too costly to 
precisely determine the values of criteria for each alternative, particularly 
the number of passengers along a whole line of stations, and the importance 
of serving end stations. The number of passenger along a line is usually an 
approximate number, so it can be represented by a fuzzy number. Besides, 
importances of serving end stations are subjectively determined by 
dispatchers. Also, dispatchers more easily handle linguistic categories such 
as "it is very important to serve an end station" and "it is of a little 
importance to serve a particular line" than crisp numbers representing 
importances of service. Thus, dispatchers should be allowed to express 
some parameters linguistically. Future research regarding mitigation of 
vehicle schedule disturbances should include fuzzy neural network models. 
A need to represent some input values to a neural network by fuzzy numbers 
arises due to either approximity or subjectivity of information. 

The results obtained in the research done by Vukadinovic et al. (1996) 
may be considered encouraging. They offer possibilities for modeling 
complex dispatching problems in all modes of transportation. The potential 
of valuable returns from even small percentage of savings motivates a 
thoughtful interest in such models. 
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4.8. A NEURAL NETWORK APPROACH TO VESSEL 
DISPATCHING PROBLEM 

Management personnel in all transportation industries faces a complex 
decision-making environment where a large number of planning and 
operational tasks have to be solved. This complexity calls for decision 
support systems. A decision support system could assist and guide or even 
completely replace a human decision maker whose reasoning is heavily 
dependent on his or her own personalized perceptions. 

In their research Vukadinovic et al. (1997) focused on the process of 
loading, transport, and unloading of gravel by inland water transportation. 
Gravel is loaded by a suction dredger into barges. Load barges are grouped 
and transported by pusher tugs upstream to the ports where the unloading is 
carried out by the existing unloading facilities. Empty tows, each consisting 
of a pusher tug and assigned group of barges, navigate downstream to be 
loaded at the same spot. 

The entire process is controlled by a dispatcher who represents an 
essential part of the system. Using personal experience and information at 
his or her disposal, the dispatcher chooses the number of barges in each tow, 
as well as their dispatching times. Ideally, as laikumar and Solomon claim 
(1987): "given a rank ordering of outgoing barges at every port, such as one 
say, based on due dates, an incoming tug into a port will dropoff a certain 
number of barges, say, m, then pickup the first m barges in that port's rank 
ordering of outgoing barges." However, instead of a desired number of 
barges, a tug is often assigned an adequate number of barges that is smaller 
or larger than the desired. 

The decision as to what number of barges should be grouped and 
assigned to a tug is termed the assignment policy. Given the highly 
combinatorial nature of the problem, the determination of an optimum 
assignment policy is a complex issue. Knowing that the consequences of 
wrong assignment are increased costs due to the longer waiting times of 
tugs and barges or poor utilization of tugs' operating characteristics, it is 
essential to fmd an optimum assignment policy. 

The main objective of the mentioned paper was to research the 
possibility of developing a decision support system that could decrease the 
workload for the dispatcher and improve the quality of decisions. During 
interviews with experienced dispatchers it was observed that they usually 
make decisions intuitively and can hardly describe motives. Since the 
dispatcher needs to be very experienced and trained properly to adequately 
perform the task, the development of an automatic system that could assist 
him or her seemed to be a good idea. Hoping to achieve good performance, 
a neural network that has the ability to adapt or learn without any 
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knowledge of the system and any logic such as if-then operations is 
developed. As a result of a study, it was shown that the proposed 
feedforward adaptive neural network with supervised learning capability 
can be used to imitate the actual dispatcher's policy. The dispatcher could 
accept or reject the guidance of the system. 

4.8.1. Statement of the problem 

At a loading port, gravel is loaded into the barges by a suction dredger. 
The random instances of time when full barges and outgoing pusher tugs are 
ready to depart from the port will be termed as their release times. 
Information about release times is available from the daily schedule that is 
produced by upper-level management. At loading port, the level of 
management activities can be classified into operational control and 
strategic planning that are performed by dispatcher and upper-level 
management, respectively. In general, the dispatcher deals more with 
structured problems affected by internal factors while upper-level 
management is concerned with unstructured problems affected by external 
factors. 

The key operational problem that needs to be solved by the dispatcher 
and the proposed decision support system is the assignment of load barges 
to pusher tugs. A group of barges and a tug form a tow that is departed 
upstream as soon as it is formed. The formed tows consist of a different 
number of barges due to varying operating characteristics of pusher tugs 
(that is, power and cost structure). Thus, for each pusher tug there is an 
optimum or desired number of barges to be pushed at optimum speed. 

The described problem seems trivial. The dispatcher has the information 
regarding a daily number of load barges and the number of desired barges 
by pusher tugs, as well as their release times for the next 24 hours. His or 
her main task is to partition the total number of load barges and meet the 
tugs' requirements. His or her rank ordering of barges is based on their 
waiting times. However, the dispatcher needs to satisfy the goals of a 
transport company that include increased sale of gravel with minimum 
transport costs resulting in higher profits. This is achieved by better 
utilization and shorter waiting times of vessels, as well as navigation at 
optimum speed. 

In general, disturbances of planned schedules that management 
personnel is not able to anticipate appear in all transportation systems. 
Reasons that cause disturbances are various. Vehicle schedules can change 
daily due to unexpected delays or peaks of demands, failures of one or more 
vehicles, breakdowns of some transportation facilities, meteorological 
reasons, crew delays or absences, or traffic accidents at terminals or along 
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way. At the loading port, deviations from the daily schedule are common. 
An incoming tug often has to do some technical operations of approximate 
duration (change of crew, maintenance or major repair, maneuvering, 
preparation of barges for loading, formation of loaded tows) before 
departure. It implies that a planned release time of the tug may be delayed. 
Besides, gravel is loaded into the barges by a suction dredger. The loading 
times cannot be determined precisely, thus causing changes in the release 
times of barges. 

Whenever a disturbance in a daily schedule appears, the dispatcher 
urgently tries to minimize negative effects resulting from the disturbance. 
Most often it is not possible to completely eliminate schedule disturbances. 
In other words, the dispatcher attempts to mitigate schedule disturbances by 
reassigning departure times of tows, changing the assignment of barges to 
tugs, forming some other tows if a tug becomes unavailable, and so on. The 
dispatcher most often wishes to minimize the total tugs' delay or 
engagement at port, total delay of barges, and so on. 

As the number of load barges and tugs increases, the number of possible 
formed tows also increases. The dispatcher has an impression that he or she 
is facing a new combinatorial problem each time when making a decision. 
In order to properly solve the problem, he or she needs to be very 
experienced and skilled. In their work, Vukadinovic et al. (1997) wanted to 
formulate the dispatcher's assignment policy and develop an automatic 
system that could guide him or her in making the adequate decision. 
Although they were certain that a good decision requires balance between 
utilization of tugs' and barges' time loss in waiting, they had certain 
difficulties trying to extract the dispatcher's assignment policy and 
formulate an adequate objective function and reasonable constraints. 

The dispatcher's knowledge can be considered as experience-based 
heuristic knowledge. That knowledge is implicit, and dispatchers that apply 
it neither think about it nor are aware of having it. Experienced dispatchers 
most often properly solve problems but they are not able to describe their 
motives. During structured, time-consuming interviews the authors tried to 
get from dispatchers information about their behavior and general strategy. 
"Personality and cognitive style can influence individual decision styles" 
(Er, 1988). Some dispatchers who may be considered conservative most 
often try to precisely meet the tugs' requirements. Others prefer to satisfy 
objectives of a transport company that include shorter waiting times of tugs 
and barges: the consequence is that they most often assign to each tug a 
little larger or a little smaller number of barges than desired. Their strategies 
certainly provide long-term advantage for a company. 

The simplest form of knowledge representation is in the form of rules. 
Rules consist of two parts: the first part starts with IF and the second part 
continues from THEN. The first part represents the condition preceding the 
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second part. During construction of automatic systems based on rules the 
trial and error procedure is most often used to update a rule base when an 
old set of rules does not solve problems sufficiently well. During the 
research done by Vukadinovic et al. (1997) it was very difficult to elicit 
explicit dispatcher's decision rules. Therefore, a model with the ability to 
learn and generalize from examples of dispatcher's decisions was needed. 

4.8.1.1. Analysis of the characteristics of the dispatcher's assignment 
policy 

At the loading port, the problem that is solved by the dispatcher is the 
assignment of load barges to pusher tugs. The dispatcher has the 
information regarding a scheduled number of load barges and the number of 
desired barges by pusher tugs, as well as their release times for the next 24 
hours. He or she partitions the total number of load barges in order to meet 
the tugs' requirements as fully as possible. The problem may be considered 
as a multicriteria decision-making problem since the dispatcher attempts to 
minimize waiting times of pusher tugs and barges and maximize utilization 
of tugs' operating characteristics. 

While talking with experienced dispatchers and monitoring their 
decision-making process, it is noticed that they assign different priorities to 
tugs depending on their power and size. Priorities are expressed in terms of 
allowable waiting times of tugs and their utilization. For example, for each 
pusher tug, the dispatcher has to answer the following questions: 

• How many barges are assigned to a tug? 
• Is it possible for a tug to wait for loading of a barge and, in that case, 

does it wait for one or more barges to be loaded? 

Through examples of decisions it is realized that dispatchers consider 
and constrain waiting times of tugs differently (that is, allowable waiting 
times for bigger tugs are shorter than waiting times for smaller tugs). The 
consequence is that bigger tugs are very often assigned a lower number of 
load barges than desired due to the lack of already loaded barges or 
prolonged waiting times for their loading. 

The dispatcher wishes to dispatch each tug with a required (complete) or 
an adequate (smaller or a little larger) number of barges. For example, it is 
not justifiable to dispatch a tug capable of handling a large number of barges 
with a small number of barges, but it can be reasonable to dispatch it with a 
medium number of barges. It implies that, at release time of a tug, if there 
are enough load barges at port, the required number of barges is assigned to 
the tug. If there is a lack of load barges, the dispatcher estimates released 
times of succeeding barges. If a tug's time loss in waiting for loading is 
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estimated to be very long, he or she dispatches the tug with an incomplete 
but in the circumstances an adequate tow. While thinking about the 
considered tug, the dispatcher simultaneously anticipates decisions required 
for the succeeding tugs. 

The dispatcher wishes to minimize waiting times of load barges. The 
consequence is that a somewhat bigger number of barges is assigned to a tug 
to avoid long waiting times of the remaining barges that are delayed by the 
availability of succeeding tugs. 

Figure 4.29 shows an example of a daily dispatcher's assignment policy. 
Load barges and pusher tugs are drawn when they are released. The 
numbers written in parentheses represent the barges desired by the tugs that 
is, the tugs' requirements. Their sum is smaller than the total number of load 
barges. It can be seen that each tug is assigned a little larger or smaller 
number of barges than the desired. A group of barges and a tug form a tow. 
Tows are drawn when they are formed and dispatched to the unloading 
ports. It can be observed that the departure times of tows, dlj, j=l, 2, 3, 4, 
are different from the release times of pusher tugs. 

t(h) 

dt, dt, eft, eft, 

Figure 4.29. The example of the dispatcher's assignment policy 
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4.8.2. Proposed solution to the problem 

The daily assignment of barges to tugs belongs to a class of assignment 
problems. The classical approach to solving these types of problems is 
through mathematical programming. The objective is to design a set of 
barge assignments to pusher tugs that incurs minimum costs, while ensuring 
that constraints describing proper utilization and minimum waiting times of 
vessels are not violated. However, there are certain disadvantages 
incorporated in the mathematical programming approach. The main one is 
the fact that it is hard to quantify the goals that motivate dispatchers that is, 
to formulate a reasonable objective function and hard constraints. Also, 
mathematical formulation leads to a very large number of variables if at a 
given port all possible groupings are considered. Further, the optimum 
solutions obtained from mathematical programming models are no longer 
valid in a case of unexpected delays caused by bad weather conditions (such 
as strong wind or fog) or breakdowns. In reality, the deviations from the 
daily schedule are common. Pusher tugs and barges are operated during the 
night (around the clock) and do not have planned idle periods that absorb 
delays in operations. 

In real-life situations the dispatcher controls the process. This is the 
reason that a practical real-time decision support system with the ability to 
simulate the dispatcher's behavior is developed. The character of adaptive 
neural networks that is, network structures with modifiable parameters 
provides the interpretation of behavior that has been attributed to the 
application of specific rules of thought. In this application, the goal of 
supervised learning is acquisition of connection strengths that is, modifiable 
parameters which allows a network to behave as though it knew the 
dispatcher's exact rules. 

4.8.2.1. Network configuration 

Specifying the set of processing units connected through directed links 
and what they represent is typically the first stage of specifying a neural 
network. The size of the network is of great importance. 

The adaptive neural network shown in Figure 4.30 is a feedforward 
layered network because the output of each unit propagates from the input 
side (left) to the output side (right). The configured feedforward neural 
network performs a nonlinear transformation of input data in order to 
approximate output data. The number of processing units is determined by 
the nature of the dispatcher's decision-making problem. 
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Figure 4.30. A two-layered feedforward adaptive network that is configured based on the 
analysis of the dispatcher's decision-making process 

4.8.2.2. Pattern of connectivity 

Neural networks are designed to establish and compute a function from 
input space to output space. The examples of the dispatcher's assignment 
policy are expressed as input-output vectors and training and testing pairs 
are formed. The raw input data are preprocessed (the term used by Croall 
and Mason, 1992) that is, prepared prior to their presentation to a neural 
network. The level of preprocessing is determined by understanding of the 
dispatcher's decision making process. An input vector x = {xijl i = 1, ... , M, 
} = 1, ... , N+1}, where M is the maximum daily number of load barges, and 
N is the maximum number of pusher tugs, consists of M x (N+ 1) elements. 
An element xij is defined as suitability of a barge i to be assigned to a tug}. 
Considering dispatcher's criteria, it is calculated as a function of a tug's} 
desired number of barges and a deviation between release times of a barge i 
and a tug}. 

Although the dispatcher wishes to assign all load barges to the tugs, it 
may happen that he or she is forced to leave some of them unassigned. It 
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may happen particularly when the number of load barges is much greater 
than the number of the barges desired by the tugs, or if tugs' time losses in 
waiting for the barges loaded at the end of the day are very high. This is the 
reason that a dummy pusher tug, (N+ 1), being released at midnight, is 
introduced to pick up the unassigned barges. 

The network is configured based on the analysis of the dispatcher's 
decision-making process. Input layer consists of M x (N+ 1) units. It simply 
transfers inputs further via the interconnections to a hidden layer. The first 
M inputs Xi!, i = 1, ... , M, represent suitabilities of all barges to be assigned 
to the first outgoing tug. The second M inputs Xi2, i = 1, ... , M, represent 
suitabilities of all barges to be assigned to the second outgoing tug, and so 
on. Hidden layer consists of N+ 1 units standing for the maximum daily 
number of pusher tugs (dummy tug included). The first M units in the input 
layer are connected with the first unit in the hidden layer that is related to 
the first outgoing tug. The second M units in the input layer are connected 
with the second unit in the hidden layer that is related to the second 
outgoing tug, and so on. Since inputs to the hidden layer represent 
suitabilities of all barges to be assigned to each tug, by connecting them as 
described, the aggregate measures of tugs' participations in the amount of 
load (number of barges) are obtained. Thus, each unit in the hidden layer 
serves as an aggregate measure of a tug's share. Each interconnection has 
associated with it a strength that modifies the intensity ofthe signal. In order 
to obtain outputs from units in the hidden layer, Yk, k = 1, ... , N+ 1, weighted 
sums of inputs to the hidden layer are modified by sigmoid function, that is 
called an activation function. According to Wasserman (1989), "Single
layer networks are severely limited in their computational capabilities. 
Thus, the nonlinear activation functions are vital to the expansion of the 
network capability beyond that of a single-layer network." Hidden layer is 
fully connected with output layer that also has N+ 1 units. The network 
outputs Z/, 1= 1, ... , N+ 1 are calculated as weighted sums of inputs to the 
second layer. Elements of output vector represent the numbers of barges 
assigned to each tug. 

4.8.2.3. Learning (least mean sum of absolute errors learning 
algorithm) 

In order to recover and emulate the dispatcher's assignment policy, the 
aim of learning is to set connection strengths to some adequate values. 
When known inputs are applied, a trained neural network with modified 
connection strengths would give outputs similar to targeted. An adaptive 
network's performance is measured as the deviation between the targeted 
output and the network's output. This discrepancy or the error measure is 



292 Chapter 4 

considered as the objective function and the heuristic simulated annealing is 
used to minimize it. 

Rumelhart et al. (1986) presented a popular backpropagation algorithm 
for supervised learning of neural networks. The algorithm they have 
produced is a gradient descent algorithm: it follows the slope of the error 
surface downward, toward the minimum. However, one of the major 
unsolved problems in a gradient-based learning algorithm is the problem of 
local minima that is, a local minimum could prohibit the algorithm to reach 
the global minimum. Another problem in practical applications is the 
problem of reasonable period of learning time. 

Wang (1994) claims, "Since an error function associated with multiple 
training samples is usually defined as the sum of error functions of single 
training samples and an error function involving a single training sample 
corresponds to an attractor, the number of local minima (attractors) 
increases as the number of training samples increases. In other words, a 
learning process with fewer training samples has less chance to get stuck at 
a local minimum than that with more training samples, because the former 
usually has less local minima than the latter." 

The objective function that has to be minimized is calculated as a mean 
sum of absolute differences between the network outputs and the targeted 
outputs over all training pairs. The heuristic simulated annealing is used to 
minimize the objective function. Statistical training method such as the 
simulated annealing requires the definition of an energy function (objective 
function) depending on the parameters of the neural network. Whenever a 
new set of strengths is generated randomly, the resulting energy is 
determined. If the obtained energy is improved, then the new set of 
strengths is memorized; otherwise, acceptance or rejection of the change is 
decided according to a given probability distribution. The possibility that 
the change that worsens (increases) the energy is retained implies that the 
algorithm would hardly be trapped in a local energy minima. 

Some researchers experienced the effect of overtraining of networks 
(Croall and Mason, 1992). It happened that longer learning time did not lead 
to better values of the objective function; it even seemed that the network 
lost some of its knowledge. The possible explanation could be that the 
learning process got stuck at a local minimum. The fact that algorithm 
would hardly be trapped in a local minima that is, it will converge to a 
global minima was the main reason to chose this method as a learning rule. 
The disadvantage of using the simulated annealing algorithm as a learning 
rule of the neural network is a very long training period. 

The simulated annealing algorithm consists of the following steps: 

Step 1: Develop a proper annealing schedule {tJ, t2, ... , tKJ consisting of a 
sequence of temperatures (control parameters), tJ > t2 > ... > tK, 
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and the amount of time required to reach equilibrium at each 
temperature. Set i = 1. 

Step 2: Generate a random set of initial connection strengths. They are 
uniformly distributed on an interval. For all input vectors in a 
training set obtain the network outputs and calculate the objective 
function value (OFold). Objective function minimizes the mean 
sum of absolute errors between the targeted outputs and the 
network outputs. 

Step 3: Generate a new set of strengths by small perturbation. Obtain 
network outputs with the same input vectors (for the complete 
training set) and calculate the new objective function value 
(OFnew). Evaluate the change in the objective function 
(0 = OFnew - OFold). If 0 < 0, go to Step 5. Otherwise go to Step 4. 

Step 4: (0 ~ 0) Compare a random variable, r, drawn from a uniform 
distribution on the [0, 1] interval, with the probability of accepting 
the new set of strengths P(O) = exp( -olti). 
If r < P(o), go to Step 5 
else keep the old set of strengths, and go to Step 3. 

Step 5: (0 < 0 or r < P(o)) Memorize the new set of connection strengths 
and the new objective function value. 

Step 6: If the thermal equilibrium has been reached at the temperature ti, 
set i = i+ 1. Steady state or equilibrium is reached when we observe 
that an improvement of the objective function is highly unlikely. 
An epoch is an interval between checking if the equilibrium is 
reached. The epoch implies A. exchanges of all connection 
strengths, where A. is a predefined number. The best solution that 
is, the least mean sum of absolute errors between network outputs 
and targeted outputs, obtained through A. exchanges of strengths 
represents the epoch. Consider the case where k epochs have 
already been generated. After the next epoch, the equilibrium is 
reached if 

IOFVk+l -OFVpl _ 
~----.....:.....!.<e, k-l, ... ,MEP-l 

OFVk+l 
(4.48) 

where OFVk+l is the objective function value that represents the 
k+ I-st epoch, OFVp is the least objective function value of all 
previous epochs' solutions, e is the predefined constant, and MEP 
is the maximum number of generated epochs at one temperature. 
If i > K, the algorithm is completed. 
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Solutions obtained by simulated annealing do not depend on the initial 
solution and usually approximate the optimal solution. However, the 
annealing schedule (that is, the way the temperature gradually decreases) 
and the initial temperature influence the performance of the algorithm. 
Initially, a temperature is given a high value; then it is slowly reduced until 
some small value, for which no deteriorations are accepted any more, is 
reached. Thus, convergence of obtained values for connection strengths is 
inherited from the convergence ofthe simulated annealing algorithm. 

The implementation of neural network results is very simple. The 
reliance on the obtained result will be enhanced if sufficient and 
representative training data are available. A good set of data is a basic 
requirement for working with neural networks. Some authors suggest that as 
many as 100 data points is needed for each unit in a hidden layer (Hall and 
Smith, 1992). However, many researchers report quite acceptable results 
from relatively small training data set. In general, the more data the better 
the solution. The purpose of testing a neural network behavior on real 
(unseen) data is to provide an evidence about adequacy of the network. As 
Dougherty (1995) claims: "It is important to remember that much more data 
are often required for training then testing; therefore where data are limited 
it may be better to reserve what real data are available for the testing phase, 
as this allows more credible results to be produced." 

4.8.2.4. Network application in the case of disturbance in a daily 
schedule 

At the loading port, the deviations from the daily schedule are common. 
The planned release time of a tug may be delayed due to its late arrival into 
the port or some technical operations of approximate duration before 
departure. A tug may even suddenly become unavailable if some kind of 
maintenance or major repair is necessary to be done. Besides, released times 
of barges often cannot be determined precisely due to their uncertain 
loading times. 

Whenever a disturbance in a daily schedule appears, the dispatcher 
urgently attempts to mitigate schedule disturbances by reassigning departure 
times of tows, changing the assignment of barges to tugs, and forming some 
other tows if any tug becomes unavailable that is, by updating his or her 
assignment policy. The trained neural network has the ability to emulate the 
dispatcher's decision-making process even in those situations that is, to 
provide an adequate support. Once a network has been trained on a given set 
of data, there is a justified belief that it will perform reliably on new data of 
similar nature. If planned released times of tugs orland barges are delayed, 
the trained network can be used easily to solve the problem: the raw input 
data will be preprocessed and presented to the network. The network will 
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provide a result in a very short period of time. Some possible disturbances 
in a daily schedule are defined, and the assignments of barges to the tugs 
done by the dispatcher and the trained network are compared. 

The network is structured to simulate the dispatcher's daily assignment 
policy in the case when there are maximum of M barges that have to be 
grouped and assigned to the maximum of N pusher tugs. However, the 
network can be successfully applied to any problem of a smaller size: if 
there are fewer than M planned barges, MI, and fewer than N pusher tugs, 
Nt, during the day, inputs related to the remaining (nonexistent) barges, M
MI, and tugs, N - NI, are equal to O. 

Due to scarcity of real examples of the dispatcher's decisions the 
network was trained, and its performance was tested on few examples of 
smaller size. 

Even if through a planning period (a day) a tug or a barge becomes 
unavailable, the network can be immediately used to propose a solution to a 
new problem of smaller size (from a certain moment until the end of the 
day). Therefore, the network can incorporate any unavailability of tugs or 
barges. 

4.8.3. Numerical example 

The proposed neural network is trained on fifty six examples of 
dispatcher's assignment policy that is, training pairs and tested on sixteen 
examples. The experience gained during this research indicated the 
importance of getting enough representative training and testing data. 
However, due to the high cost of information (in time and money) the 
number of available data was small. More real data would certainly yield a 
more reliable solution. 

In order to form a training pair, an input vector element, xi}, is calculated 
as a function of a tug's j desired number of barges, Dj , and a deviation 
between release times of a barge i, ri and a tug j, rj, using the following 
equation: 

i = I, ... , M,j = 1, ... , N (4.49) 

The common daily practice at port is that the number of present barges 
and tugs is recorded every 10 minutes. Therefore, release times, ri, rj, are 
expressed in units of 10 minutes that is, ri, rj E [0, 144]. The suitability of a 
barge i to be assigned to a tug j, xi}, is directly proportional to a tug's j 



296 Chapter 4 

required number of barges meaning that there is a higher chance for a barge 
to be assigned to a tug when tug's requirement is larger. An exponent 4 
resulted from numerous experiments: the best results are achieved with this 
exponent. The two exponential curves that represent suitability of a barge to 
be assigned to a tug are shown in Figure 4.31. 
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Figure 4.3 J. Suitability of a barge to be assigned to a pusher tug 

It can be seen that as a deviation between release times of a barge and a 
tug, (rj - r i), increases, the suitability of a barge to be assigned to a tug, xij, 
decreases. Different slopes emphasize that xij decreases much faster when a 
tug is waiting for a barge to be loaded than vice versa. 

The suitability of a barge i to be assigned to a dummy tug N+ 1 is shown 
in Figure 4.32 and calculated as 

Dt+l (rN+l -Ii) 

144 ,i = I, ... , M (4.50) 

Compared to other pusher tugs, suitability of a barge to be assigned to a 
dummy tug should be the least. A deviation between release times of a 
barge and a dummy tug is positive because a tug is released at midnight. 
The dummy pusher tug, (N+ 1), is introduced to pick up the unassigned 
barges. 

According to historical data, the daily maximum number of barges was 
twenty and maximum number of pusher tugs was five. Therefore, the input 
vector consists of 20·(5+1)=120 elements. The proposed number of units in 
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the neural network for this application is 132. There are 156 modifiable 
connection strengths. 
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Figure 4.32. Suitability of a barge to be assigned to a dummy pusher tug 

The activation function applied to the weighted sums of the inputs to the 
hidden layer is in the following form: 

1 
Vj,j=I, ... ,N+l (4.51) 

l+exp(- tWii .Xii)' 
,=1 

The application of simulated annealing requires a large number of 
experiments. The initial temperature and the number of temperatures are 
varied during numerous experiments. The best result is obtained when an 
array of sixtY temperatures (ti+ ]=0.9ti) and an initial temperature tl =·10 are 
used. 

Initial connection strengths are arbitrarily chosen from the [0, 0.05] 
interval. The maximum number of generated epochs at one temperature was 
seventy. In other words, seventy epochs are generated if thermal 
equilibrium is not reached in the meantime. The epoch implied 360 
exchanges of all connection strengths. The value of e used to check if the 
equilibrium is reached was 0.05. 
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4.8.3.1. Analysis of the trained network solution 

The comparison of results obtained by the dispatcher and the trained 
network is a multicriteria decision making problem. Table 4.3 presents the 
values of the criteria that we consider to be important. 

Table 4.3. Comparison of the results obtained by the dispatcher and the trained neural 
network 

Training ~airs Testing ~airs 
The results The results The results The results 
obtained by obtained by obtained by obtained by the 
the dis~atcher the network the disEatcher network 

Mean waiting time of a 180 190 290 310 
barge (min) 

Mean waiting time of a 60 70 45 35 
pusher tug (min) 

The total number of 61 66 16 23 
barges left unassigned 

Mean number of barges 5.21 4.71 5.09 4.45 
assigned to a tug asking 
for 5 barges 

Mean number of barges 4.38 4.12 4.00 3.89 
assigned to a tug asking 
for 4 barges 

Mean number of barges 3.58 3.68 3.44 3.33 
assigned to a tug asking 
for 3 barges 

Mean number of barges 2.64 3 2.77 3 
assigned to a tug asking 
for 2 barges 

As regards training pairs, although the trained network did not 
completely recover the dispatcher's assignment policy, the difference 
between the obtained results does not seem significant. Mean waiting times 
of a barge and a pusher tug, as well as the total number of barges left 
unassigned are similar. When a serious analysis of the dispatcher's 
assignment policy is done, it is concluded that his or her main concern is to 
assign all load barges to pusher tugs. He or she preferred to assign more 
barges than desired to the tugs in order not to leave some of them at the port. 
The consequence is that the mean numbers of barges assigned to the tugs are 
always larger than the desired numbers. Compared to the results obtained by 
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the dispatcher, mean numbers of barges assigned to the tugs by the network 
are a little lower but may be considered satisfactory and acceptable. 

It can be noted that mean waiting time of a tug is nearly three times 
lower than mean waiting time of a barge. In real-life situations, allowable 
waiting times for tugs are much shorter than waiting times for barges. 

As regards testing pairs, compared to the dispatcher's results, the 
network gives lower mean waiting time of a pusher tug. The consequence is 
that the total number of barges left unassigned is larger when the problem is 
solved using the trained neural network. Mean waiting time of a tug is 
nearly nine times lower than mean waiting time of a barge when results are 
obtained by the network. 

A proper comparison of the results obtained by the dispatcher and the 
trained network should include a thoughtful analysis of different 
importances of the criteria. 

In order to check the network's performance in the case of disturbances 
in the planned daily schedule the example shown in Figure 4.29 is 
considered and analyzed. The scheduled release times of pusher tugs 
requiring 3, 5, 3, and 4 barges are 180th, 560th, 760th, and 1390th minute. 
The barges are planned to be ready to depart from the port in 10th, 60th, 
70th, 13Oth, 280th, 320th, 340th, 36Oth, 550th, 630th, 680th, 71Oth, 740th, 
820th,980th, 1130th, and 1160th minute. Figure 4.29 shows the dispatcher's 
assignment decision. It can be seen that each tug is assigned a little larger or 
smaller number of barges than desired: the first tug is assigned four barges, 
the second tug is assigned six barges, the third tug is assigned four barges, 
and the fourth tug is assigned three barges. For the sake of analysis, the 
artificially created disturbances that can potentially influence the change in 
the dispatcher's decision are defined and shown in Table 4.4. 

For the results obtained by the dispatcher and the trained network, mean 
waiting times of a barge and a pusher tug, as well as the total number of 
barges left unassigned are similar. It is certain that the decision support 
system in the form of the trained network needs shorter time to achieve 
solutions than the dispatcher. The mean sum of absolute differences 
between the network outputs and the dispatcher's outputs over all these 
examples (the error) is 0.5. It is interesting to notice how the dispatcher and 
the network meet the tugs' requirements: the error between the tugs' 
requirements and the dispatcher's assignments is 3.375, and the error 
between the tugs' requirements and the network's assignments is 2.875. 
Thus, the network solution can be considered better than that of the 
dispatcher's in terms of satisfaction of the tugs' requirements. 

Apparently, based on the obtained results it may be concluded that the 
proposed neural network can be used to assign load barges to pusher tugs 
under the authority of the dispatcher. However, it cannot be used to replace 
human decision making. 
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One of the widely quoted potential of neural networks is high-speed 
processing. However, for large problems with many training pairs a lot of 
CPU time is needed during learning before sufficient convergence is 
attained. In this application, the simulated annealing algorithm that requires 
a very long training period is used as a learning rule of the neural network. 
"Whether speed can be exploited as an advantage or whether it will act as a 
disadvantage therefore depends on the particular application. Is it a real
time application? Does it need frequent retraining? Is the network of a size 
practical to be implemented in hardware and yet will save significant time?" 
(Croall and Mason, 1992). 

Table 4.4. Comparison of the results obtained by the dispatcher and the trained neural 
network in the case of artificially created delays 

The numbers of barges The dispatcher's The network 
Artificially created delays required by pusher tugs solution solution 
1st tug is delayed 60 3,5,3,4, 4,6,4,3 4,6,4,3 
minutes 
3rd tug is delayed 80 3,5,3,4, 4,6,4,3 4,6,4,3 
minutes 
1 st tug became 5,3,4, 6,4,5 6,4,5 
unavailable and 2nd tug 
is delayed 100 minutes 
4th barges is delayed 70 3,5,3,4, 4,6,4,3 4,5,4,4 
minutes 
10th barge is delayed 40 3,5,3,4, 4,5,4,4 4,5,4,4 
minutes 
9th barge is delayed 50 3,5,3,4, 4,6,4,3 4,6,4,3 
minutes 
14th barge is delayed toO 3,5,3,4, 4,5,4,4 4,5,4,4 
minutes 
8th barge is delayed 60 3,5,3,4, 4,6,4,3 4,5,4,4 
minutes, and 13th barge 
is delayed 40 minutes 
Mean waiting time of a 213 216 
barge (min) 
Mean waiting time of a / 15 9 
pusher tug (min) 
The total number of / 2 2 
barges left unassigned 

In the research done by Vukadinovic et al. (1997) the decision support 
system in the form of the proposed neural network that could assist the 
dispatcher is developed. The operational problem that needs to be solved by 
the developed network is the assignment of load barges to pusher tugs. 
Although the network solution is part of the operational control, it cannot be 
considered as a real-time control since it is done for the planning period of 
24 hours. However, disturbances of planned schedules are very common. 
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Whenever a disturbance in a daily schedule appears, the dispatcher urgently 
attempts to mitigate negative effects resulting from the disturbance. In those 
situations the trained neural network has to be used and its solution 
implemented immediately. For such real-time dispatcher's tasks speed of 
obtaining a proper solution is very important. Thus, in those real-time 
control operations speed has proven to be a distinct advantage for neural 
networks. 

Once a network has been trained on a large set of representative data, 
there is a justified belief that it will perform reliably without frequent 
retraining when installed in the field. 

At loading port, according to a given historical data the daily maximum 
number of barges was twenty and the maximum number of pusher tugs was 
five. Therefore, in this numerical example the proposed network is 
structured to simulate the dispatcher's daily assignment policy in the case 
when there is a maximum of twenty barges that have to be grouped and 
assigned to the maximum of five pusher tugs. The quality of network 
solutions and very short time necessary to achieve them have shown that the 
trained network can be successfully applied to any problem of the same or 
smaller size. For real problems of larger size the basic structure of the 
network would be the same; the number of units would increase depending 
on the number of planned load barges and pusher tugs during the day. 

While the network is applied only to a small problem, there is room for 
extension to problems of larger size. The information about release times of 
pusher tugs and barges, available from the daily schedule, was precise. 
However, the information at the dispatcher's disposal is most often given in 
a qualitative form and is not precise: "barges need from 2 to 3 hours to be 
loaded; a tug will be ready to depart from the port around 4 p.m." Future 
research regarding dispatching of tows from the loading port, consisting of a 
pusher tug and assigned group of barges, should include fuzzy neural 
network models. A need to represent some input values to a neural network 
by fuzzy numbers arises due to either approximity or subjectivity of 
information. 
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Generating and Tuning the Fuzzy Logic Systems 
Developed in Transportation Applications 

A successful application of fuzzy logic implies prior determination of 
shapes of membership functions of input and output variables as well as 
generation of a fuzzy rule base. In some applications, the fmal set of fuzzy 
rules and the choice of membership functions are defined by trial and error. 
Mendel (1995) claims: "Prior to 1992, all fuzzy logic systems reported in 
the open literature fixed the parameters of the membership functions 
somewhat arbitrarily, e.g., the locations and spreads of the membership 
functions were chosen by the designer independent of the numerical training 
data. Then, at the first IEEE Conference on Fuzzy Systems, held in San 
Diego, three different groups of researchers presented the same idea: tune 
the parameters of a fuzzy logic system using the numerical training data." 

In the following sections some possible membership value assignments 
will be discussed. 

5.1. MEMBERSHIP FUNCTIONS DESIGN 

Fuzzy sets are used to describe fuzziness characterizing particular 
variables. Our idea of a particular fuzzy set is greatly influenced by the 
shape (triangular, trapezoidal, Gaussian, and so on) of its membership 
function. In other words, conclusions drawn about a certain phenomenon 
characterized by fuzziness are determined largely by the shape of its 
membership function. 

By using membership functions we are able to determine an element's 
membership grade in a particular fuzzy set. When reading that is, 
determining the grade of membership, two cases are to be distinguished (see 
Figure 5.1). 

Figure 5.1 illustrates the membership function of the fuzzy set "short 
travel time." Case (a) refers to the case of determining the membership 
grade of the value of 40 minutes in the fuzzy set "short travel time." The 
obtained value of 0.33 can also be interpreted as the truth-value contained in 

D. Teodorovič et al., Traffic Control and Transport Planning:
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the claim that the time of 40 minutes is "short travel time." Case (b) 
describes the situation characterized by imprecision in the value of the 
element whose grade of membership we wish to determine. As shown in 
Figure 5.1 case (b) refers to the situation of determining the grade of 
membership of the value of "about 30 minutes" that is, the truth value that 
''travel time of about 30 minutes" is "short travel time." The obtained 
membership grade of 0.57 indicates that, with the corresponding truth value 
of 0.57, travel time of about 30 minutes is claimed to be "short travel time." 

Short travel time 

1~-----r-----------

Grade of 
membership = 0.33 

o 10 20 30 40 50 60 

i 
(a) 

Short travel time 

1~-----,~-+---------

o 
(b) 

[min] 

[min] 

Figure 5.1. (a) Fuzzy set "short travel time" and crisp reading, (b) Fuzzy set "short travel 
time" and fuzzy reading 

The most common shapes of membership functions are found to be 
triangular, trapezoidal, and Gaussian (see Figure 5.2). 

How are membership functions determined in the first place that is, how 
do we arrive at the shape of a membership function? The process of 
membership value assigning may be based either on experience and 
intuition or on a particular algorithm. 
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(a) (b) 
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Figure 5.2. Triangular (a), trapezoidal, (b) and Gaussian (c) shapes of membership functions 

5.2. MEMBERSHIP VALUE ASSIGNMENT PROCESS 
BASED ON INTUITION 

In a number of cases, membership functions are determined subjectively 
by an expert, decision maker, or analyst. The subjective way of determining 
membership functions is based on experience, intuition, and knowledge of 
particular events. It is worthy of note that membership value assignments 
made subjectively depend on the given situation as well as on the person 
making the assignments. Figure 5.3 represents "short travel time in urban 
transportation" and "short travel time in air transportation." As can be seen, 
the context in which a particular expression ("short travel time") is used 
considerably influences the choice of a particular membership function. 
Also, different individuals make membership value assignments in different 
ways. Figure 5.4 represents two different membership value assignments 
based on two different subjective feelings about the notion of "short travel 
time in urban transportation." 

Since "everything is a matter of degree" (Kosko, 1993), the membership 
value assignment calls for "tolerance" that is, inexclusion. In other words, 
certain membership functions are bound to overlap (Figure 5.5). 
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Figure 5.3. (a) Short travel time in urban transportation, (b) short travel time in air 
transportation 

Driver 1 Driver 2 

1'1o.:--------I'---------+--

o 10 20 30 40 50 60 70 [min] 

Figure 5.4. Two membership value assignments for "short travel time in urban 
transportation" obtained by two different drivers 
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Figure 5.5. Overlapping membership functions related to travel time [min] in urban transport 

As shown in Figure 5.5, a particular travel time can be both short and 
medium having, however, different grades of membership. Overlapping 
between certain membership functions reflects the way in which particular 
events are most commonly observed as well as the very nature of the theory 
of fuzzy sets. 

5.3. MEMBERSHIP VALUE ASSIGNMENT PROCESS 
BASED ON FACTS AND KNOWLEDGE 

In the previous discussion we pointed out various aspects of the 
membership value assignment process based on intuition. In certain 
situations, however, in making the appropriate membership value 
assignments we often draw on our knowledge and the facts available. Let us 
illustrate this case by the following example: 

Figure 5.6 depicts the so-called grid network in part of a town. For 
measuring distance in such type of a network the so-called Manhattan 
distance is applied. Note nodes / and J, as shown in Figure 5.6. Let us 
denote by m(/, J), the "Manhattan" distance between node / and node J. 
This distance is found to be m(/, J) = Ixi -xjl + lYi -yJ 

Suppose we wish to defme the membership function of a fuzzy set 
referred to as "short distance between nodes." We can rely on our 
knowledge and the available facts. We know that through a "grid" network 
we cannot move in a straight line. We are also acquainted with a way of 
measuring distances in such a network ("Manhattan" distance). If nodes / 
and J coincide, the distance between them equals zero and the grade of 
membership in the fuzzy set called "short distance between nodes" is found 
to be 1. As the "Manhattan" distance between the nodes increases, the 
corresponding grade of membership will decrease. Let us denote by 
IlSD(/, J) the membership function of the fuzzy set called "short distance 
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between nodes." Considering the stated facts, one way in which the desired 
membership function can be represented is as follows: 

(5.1) 

y 

o x 

Figure 5.6. "Grid" network in part of a town 

5.4. MEMBERSHIP VALUE ASSIGNMENTS AS A 
COMBINATORIAL OPTIMIZATION PROBLEM 

When the membership value assignment process is treated as a 
combinatorial optimization problem, the role and importance of an expert in 
the stage of membership functions design is reduced. Most of the 
combinatorial optimization problems are difficult to solve. These are, most 
commonly, found to be NP-complete problems that cannot be solved exactly 
in polynomial time. A typical representative of this type of problems is the 
traveling salesman problem (TSP). In recent years, the so-called 
metaheuristic algorithms have increasingly been used in solving difficult 
combinatorial optimization problems. These include the simulated 
annealing (Metropolis et at., 1953; Kirkpatrick et at., 1983; Cerny, 1985), 
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genetic algorithms (Holland, 1975; Goldberg, 1989), and tabu search 
(Glover, 1986; Glover and Laguna, 1993). 

Fuzzy logic systems estimate sampled functions from input to output. In 
order to fix shapes and locations of membership functions using genetic 
algorithms, simulated annealing, and tabu search, a representative numerical 
input/output data set is needed. For different categories of input/output 
variables the initial shapes and locations of membership functions are 
assumed. The objective function that is minimized is usually calculated as 
the difference between output data and the results obtained by the developed 
fuzzy logic system using the same input data. In other words, when solving 
a combinatorial optimization problem, the goal is to achieve the best 
possible fitness of the considered membership functions of input/output 
variables. 

5.4.1. Tuning membership functions using simulated 
annealing 

The simulated annealing technique is one of the methods increasingly 
used in the last few years in solving complex combinatorial problems. 
Kirkpatrick et al. (1983) and separately Cerny (1985) were the first to 
suggest the simulated annealing technique in solving combinatorial 
optimization problems. This method is based on the analogy with certain 
problems in the field of statistical mechanics found in the studies of 
Metropolis et al. (1953). The name of the simulated annealing comes from 
the analogy with physical processes. The process of annealing consists in 
decreasing the temperature of a material, which in the beginning of the 
process is in the molten state, until the lowest state of energy is attained. At 
certain points during the process the so-called thermal equilibrium is 
reached. In the case of physical systems we seek to establish the order of 
particles that has the lowest state of energy. This process requires that the 
temperatures at which the material remains for a while be previously 
specified. 

The basic idea of simulated annealing consists in performing small 
perturbations (small alterations in the positions of particles) in a random 
fashion and computing the energy changes between the new and the old 
configurations of particles, AE. In the case when AE < 0, it can be concluded 
that the new configuration of particles has lower energy. The new 
configuration then becomes a new initial configuration for performing small 
perturbations. The case when AE > 0 means that the new configuration has 
higher energy. However, in this case the new configuration is not to be 
automatically excluded from the possibility of becoming a new initial 
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configuration. In physical systems, "jumps" from lower to higher energy 
levels are possible. The higher the temperatures, the higher the probability 
that the system will ''jump'' to a higher energy state. As the temperature 
decreases, the probability that such a "jump" will occur diminishes. 
Metropolis et al. (1953) used Boltzmann's distribution of probabilities to 
compute the probability of a "jump." Probability P that at temperature Tthe 
energy will increase by I1E equals 

M 

P=e T (5.2) 

The decision whether a new configuration of particles for which I1E > 0 
should be accepted as a new initial configuration is made upon the 
generation of a random number r from the interval [0, 1]. (Generated 
random number is uniformly distributed). If r < P, the new configuration is 
accepted as a new initial configuration. In the opposite case, the generated 
configuration of particles is excluded from consideration. 

In this manner, a successful simulation of attaining thermal equilibrium 
at a particular temperature is accomplished. Thermal equilibrium is 
considered to be attained when, after a number of random perturbations, a 
significant decrease in energy is not possible. Once thermal equilibrium has 
been reached, the temperature is decreased, and the described process is 
repeated at a new temperature. 

The described procedure can also be used in solving combinatorial 
optimization problems. A particular configuration of particles can be 
interpreted as one feasible solution. Likewise, the energy of a physical 
system can be interpreted as the value of an objective function, while 
temperature assumes the role of a control parameter. 

5.4.1.1. Tuning membership functions using simulated annealing: 
Traffic signal coordination by fuzzy logic 

Let us consider a one-way street with two lanes. Suppose that along the 
observed section of the street there are no side streets. 

Pavkovic (1993) demonstrated the possibility of using fuzzy logic to 
determine a green time offset. Green time offset refers to the time interval 
from the moment the green phase begins at one signal to the moment it 
begins at the next signal. In the simple progressive system, all offsets should 
be arranged in order to let a vehicle entering the system, in the direction of 
progression just after the green initiation of the first signal, to arrive at all 
other signals just after their green initiations. The offset between two signals 
can be calculated by dividing the signal spacing by speed of progressing 
vehicles. It is usually computed by some of the widely used computer 
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programs, such as TRANSYT, MAXBAND, PASSER II, MULTIBAND, 
and SCOOT. Pavkovic (1993) developed a simple approximate reasoning 
algorithm for determining a speed of progression. This algorithm is based 
on the fact that under the uninterrupted flow condition, up to the point of 
critical density, the average overall speed of traffic decreases as the traffic 
volume increases. 

Consider the following fuzzy sets: "small volume-to-capacity ratio" 
(SR), "medium vic ratio" (MR), "large vic ratio" (LR), "very large vic 
ratio" (VLR), "small speed of traffic" (SS), "medium speed of traffic" 
(MS), "large speed of traffic" (LS), and "very large speed of traffic" (VLS). 

The approximate reasoning algorithm reads: 

If volume-to-capacity ratio = SR, then speed = VLS, 
or 
Ifvolume-to-capacity ratio = MR, then speed = LS, 
or 
Ifvolume-to-capacity ratio = LR, then speed = MS, 
or 
If volume-to-capacity ratio = VLR, then speed = SS. 

The green time offset is easily computed by dividing the signal spacing, 
L, by the obtained speed of traffic, u. 

Pavkovic (1993) arbitrarily defined the membership functions of the 
introduced fuzzy sets (triangular and trapezoidal fuzzy numbers), applied 
different values of vic ratios through the approximate reasoning algorithm, 
and computed the appropriate speeds and green time offsets. After analyzing 
the obtained results, certain membership functions were modified, a new 
testing of the approximate reasoning algorithm was performed, and so on. 
The final results were found to be in substantial agreement with those 
obtained by the computer program PASSER II. It can be concluded that the 
computation of the membership functions was performed by trial and error. 
Continuing work of Pavkovic (1993), let us show how these membership 
functions can be determined with the aid of the simulated annealing 
technique. 

Table 5.1 represents different values of traffic volumes, v, corresponding 
volume-to-capacity ratios and appropriate speeds obtained by the given 
approximate reasoning algorithm. The distance between the traffic signals is 
assumed to be L = 300 m. Due to simplicity, the street capacity is 
considered to be crisp, c = 3200 vehicleslh, although it could be described 
by a fuzzy number. 
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Table 5.1. Values of traffic volume, vIc ratio and corresponding speed 
Traffic volume v (vehicleslh) vIc ratio Speed u (km/h) 
160 0.05 57 
320 0.10 57 
480 0.15 57 
640 
800 
960 
l120 
1280 
1440 
1600 
1760 
1920 
2080 
2240 
2400 
2560 
2720 
2880 
3040 

0.20 
0.25 
0.30 
0.35 
0.40 
0.45 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 

57 
51 
48 
47 
45 
42 
40 
39 
35 
26 
22 
20 
13 
13 
13 
13 
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The shapes of the membership functions that produced results given in 
Table 5.1 were obtained by trial and error. Let us assume that values in 
Table 5.1 are obtained by measurements ("recorded" values). 

As can be seen, an observed mapping from the input (volume-to-capacity 
ratio) to the output (speed of traffic) is expressed through the developed 
approximate reasoning algorithm. The numerical input/output data set is 
shown in Table 5.1. The shapes of membership functions of the input and 
output variable are assumed to be trapezoidal. The choice of their locations 
is based on the related input/output data intervals that are known from 
experience (Table 5.2). 

Table 5.2. Related intervals containing vIc and u values 
Interval containing vIc values 
0:::;; vIc <0.3 
0.3:::;;vlc<05 
0.5:::;;vlc<0.7 
O.7:::;;vlc<1 

Interval containing speed values, u (km/h) 
50:::;; u <60 
40:::;; u<50 
30:::;; u <40 
u:::;;20 

The initial shapes of the membership functions are marked in Figure 5. 7 
by a solid line. The dashed lines denote the "boundary" shapes of the 
membership functions. By varying the parameters (intersections or cross 
points of the trapezoid sides and the x axis), different membership functions 
are obtained. Our task consists in finding the set of membership functions of 
input and output variable such that the speed values obtained by the 
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approximate reasoning algorithm are "as close as possible" to the 
"recorded" values. Each parameter is assigned an interval within which it is 
likely to occur. Thus, for example, the initial intersection of the left 
trapezoid side (representing the membership function of fuzzy set LR) and 
the x axis is point (35,0). This parameter can be found between points (20,0) 
and (40,0). To solve the given problem more easily, let us perform the 
discretization of the intervals within which a parameter can occur. Each 
interval will be divided into small intervals whose width makes 5% of the 
initial width. Let us assume that parameters can be found only at the points 
representing the ends of the small intervals. 

lIoa(vlc) 

lr-~-----------

J.l.u{u) 

o 0.2 0.4 0.6 0.8 1.0 vIc 0 

J.I.a(vlc) lJu{u) 

o 0.2 0.4 0.6 0.8 1.0 vIc 0 
0.15 0.65 

...... (vlc) 

1~------~--~-

0 0.2 0.4 0.6 0.8 
0.35 0.85 

lIn.a(vlc) 

1 

0 0.2 0.4 0.6 0.8 
0.55 

J.Yu) 

1.0 vIc 0 

I'oo(u) 

1.0 vIc 0 

20 40 60 80 100 u(kmIh) 
35 
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I 1 1 \ 
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20 40 60 80 100 u(kmIh) 

~\ 
1 \ 
1 \ 
1 \ 

1 \ \ 
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25 

Figure 5.7. Initial membership functions of fuzzy sets: (a) SR, MR, LR, VLR (b) SS, MS, 
LS, VLS 
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It can be seen from Figure 5. 7 that the positions of twelve parameters 
have to be determined (membership functions of fuzzy sets SR, VLS, VLR, 
and SS have one, while membership functions of fuzzy sets MR, LS, LR, 
and MS have two intersections each). We assign to the parameters of the 
membership functions shown in Figure 5.7 the following ordinal numbers: 
SR (1), VLS (2), MR left intersection (3), MR right intersection (4), LS left 
intersection (5), LS right intersection (6), LR left intersection (7), LR right 
intersection (8), MS left intersection (9), MS right intersection (10), VLR 
(11), and SS (12). 

A move is understood to be a simultaneous movement of the positions of 
two parameters. The positions of other ten parameters remain unchanged. 
Let us first change the position of parameter 1. This change is made in a 
random manner. From the set of parameters {2, 3, ... , 12} we randomly 
choose the next parameter whose position is to be changed. This change is 
also performed randomly. When making the next move, we randomly 
change the position of parameter 2. From the set of parameters {I, 3, ... , 
12} we choose a parameter whose position will be randomly changed. This 
is followed by a change of the position of parameter 3, while the next 
parameter whose position is to be changed is chosen from the set of 
parameters {I, 2, 4, ... , 12}, and so on. In this manner, it is possible for each 
of the parameters to change its position. Let one epoch consist of twenty 
moves (this number is arbitrarily determined). It has also been decided that 
at any temperature up to thirty epochs can be executed. A change in 
temperature without the execution of all thirty epochs may occur if thermal 
equilibrium is attained. Thermal equilibrium is assumed to be attained if 

(5.3) 

where Lp is a value of the objective function in the last epoch; i is an index 
referring to previous epochs at current temperature, i= 1, 2, ... , p-l; and E is 
an arbitrarily determined constant (in this example, E = 0.05). 

The minimization of the objective function is performed at fifty 
temperatures. Let the initial temperature be TI = 40. The temperature is 
assumed to change according to the following relation: Ti = 0.9Ti-I. i = 2,3, 
... , 50. It should be noted that the initial temperature, total number of 
temperatures and temperature schedule are determined arbitrarily. These 
values are usually obtained after numerous numerical experiments, taking 
into account the context of the considered problem. 

Using the approximate reasoning by max-min composition, for each of 
the nineteen values of vIc ratio (Table 5.1) the corresponding speed value 
can be calculated. The obtained speed values can be compared with the 
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"recorded" speed values (Table 5.1) and the corresponding absolute 
deviations can be calculated. The objective function used in this procedure 
represents the sum of absolute deviations estimated values from the 
"recorded" speed values. Each time a move was made that is, each time the 
positions of parameters of two membership functions were changed it was 
necessary to calculate the nineteen speed values using the approximate 
reasoning algorithm and to determine the corresponding value of the 
objective function. 

Figure 5.8 represents the membership functions before and after the 
application of simulated annealing. 
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Figure 5.B. The initial (first row) and the final (second row) membership functions of input 
and output variable 

Figure 5.9 represents the change of the objective function relative to the 
change in temperature. 

Table 5.3 shows the "recorded" speed values and the speed values 
obtained by the approximate reasoning algorithm where the final shapes of 
the membership functions of input and output variable are determined using 
the simulated annealing. 
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Figure 5.9. Change in the objective function relative to temperature 

Chapter 5 

Table 5.3. "Recorded" speed values and speed values obtained using approximate reasoning 
algorithm when the membership functions of input and output variable are tuned using 
simulated annealing 
Recorded Obtained Recorded Obtained Recorded Obtained 
speed speed speed speed speed speed 
57 62 45 45 20 20 
57 62 42 42 13 13 
57 60 40 40 13 13 
57 57 39 39 13 13 
51 52 35 35 13 13 
48 48 26 26 
47 45 22 22 

5.4.2. Tuning membership functions using genetic 
algorithms 

Genetic algorithms represent search techniques based on the mechanics 
of nature selection used in solving complex combinatorial optimization 
problems. These algorithms were developed by analogy with Darwin's 
theory of evolution and the basic principle of the "survival of the fittest." 
The most significant results in the field of genetic algorithms were achieved 
by Holland (1975) and Goldberg (1989). 

In the case of genetic algorithms, as opposed to traditional search 
techniques, the search is run in parallel from a population of solutions. In 
the first step, various solutions to the considered maximization (or 
minimization) problem are generated. In the next step, the evaluation of 
these solutions that is, the estimation of the objective (cost) function is 
made. Some of the "good" solutions yielding a better "fitness" (objective 
function value) are further considered. The remaining solutions are 
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eliminated from consideration. The chosen solutions undergo the phases of 
reproduction, crossover and mutation. After that, a new generation of 
solutions is produced to be followed by a new one, and so on. Each new 
generation is expected to be "better" than the previous one. The production 
of new generations is stopped when a pre specified stopping condition is 
satisfied. The final solution of the considered problem is the best solution 
generated during the search. 

In the case of genetic algorithms an encoded parameter set is used. Most 
frequently, binary coding is used. The set of decision variables for a given 
problem is encoded into a bit string (chromosome, individual). Let us 
explain the concept of encoding in the case of fmding the maximum value 
of function j(x) = x3 in the domain interval of x ranging from 0 to 15. By 
means of binary coding, the observed values of variable x can be presented 
in strings of the length 4 (since 24 = 16). Table 5.4 shows sixteen strings 
with corresponding decoded values. 

Table 5.4. Encoded values of variable x 
String Value ofvariable x String 
0000 0 = 0*23 + 0*22 + 0*21 + 0*20 1000 
0001 1 = 0"'23 + 0"'22 + 0"'21 + 1 "'20 1001 
0010 2 = 0"'23 + 0*22 + 1 "'21 + 0"'20 1010 
0011 3 = 0"'23 + 0"'22 + 1 *21 + 1 *20 1011 
0100 4 = 0"'23 + 1 *22 + 0"'21 + 0*20 1100 
0101 5 = 0*23 + 1"'22 + 0"'21 + 1*20 1101 
0110 6 = 0*23 + 1"'22 + 1 *21 + 0*20 1110 
0111 7=0*23 +1"'22+1*21 +1*20 1111 

Value of variable x 
8 = 1 *23 + 0*22 + 0"'21 + 0"'20 
9= 1*23 + 0*22+ 0*21 + 1*20 
10 = 1"'23 + 0"'22 + 1*21 + 0"'20 
11 = 1"'23 + 0*22 + 1 *21 + 1"'20 
12 = 1"'23 + 1*22 + 0"'21 + 0*20 
13 = 1*23 + 1*22 + 0*21 + 1"'20 
14 = 1*23 + 1*22 + 1 "'21 + 0*20 
15 = 1*23 + 1 *22 + 1*21 + 1*20 

We assume that in the first step the following four strings were randomly 
generated: 0011, 0110, 1010, and 1100. These four strings form the initial 
population P(O). In order to make an estimation of the generated strings, it is 
necessary to decode them. After decoding, we actually obtain the following 
four values of variable x: 3, 6, 10, and 12. The corresponding values of 
functionj(x) =x3 are equal toj(3) = 27,j(6) = 216,j(10) = 1000 andj(12) = 
1728. As can be seen, string 1100 has the best fitness value. 

Genetic algorithms are procedure where the strings with better fitness 
values are more likely to be selected for mating. Let us denote by .Ii the 
value of the objective function (fitness) of string i. The probability Pi for 
string i to be selected for mating is equal to the ratio of.li to the sum of all 
strings' objective function values in the population: 

(5.4) 
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This type of reproduction that is, selection for mating represents a 
proportional selection known as the "roulette wheel selection." (The 
sections of roulette are in proportion to probabilities Pi). In addition to the 
"roulette wheel selection," several other ways of selection for mating have 
been suggested in the literature. 

In order to generate the next population pel), we proceed to apply the 
other two genetic operators to the strings selected for mating. Crossover 
operator is used to combine the genetic material. At the beginning, pairs of 
strings (parents) are randomly chosen from a set of previously selected 
strings. Later, for each selected pair the location for crossover is randomly 
chosen. Each pair of parents creates two offsprings (Figure 5.10). 

10 10 11111 10 10 111 ITJ) 10 1011101 

111011101 111 01 11 [QJ 111 01 1111 
(a) (b) (c) 

Figure 5.10. A single-point crossover operator: (a) two parents (b) randomly chosen location 
is before the last bit (c) two offsprings 

After completing crossover, the genetic operator mutation is used. In the 
case of binary coding, mutation of a certain number of genes refers to the 
change in value from 1 to 0 or vice versus. It should be noted that the 
probability of mutation is very small (of order of magnitude 1/1000). The 
purpose of mutation is to prevent an irretrievable loss of the genetic material 
at some point along the string. For example, in the overall population a 
particularly significant bit of information might be missing (for example, 
none of the strings have 0 at the seventh location), which can considerably 
influence the determination of the optimal or near-optimal solution. Without 
mutation, none of the strings in all future populations could have 0 at the 
seventh location. Nor could the other two genetic operators help to 
overcome the given problem. 

Having generated population pel) (which has the same number of 
members as population P(O», we proceed to use the operators reproduction, 
crossover, and mutation to generate a sequence of populations P(2), P(3), 
and so on. 

In spite of modifications that may occur in some genetic algorithms 
(regarding the manner in which the strings for reproduction are selected, the 
manner of doing crossover, the size of population that depends on the 
problem being optimized, and so on), the following steps can be defined 
within any genetic algorithm: 
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Step 1: Encode the problem and set the values of parameters (decision 
variables). 

Step 2: Form the initial population P(O) consisting of n strings. (The value 
of n depends on the problem being optimized). Make an evaluation 
of the fitness of each string. 

Step 3: Considering the fact that the selection probability is proportional 
to the fitness, select n parents from the current population. 

Step 4: Randomly select a pair of parents for mating. Create two 
offsprings by exchanging strings with the one-point crossover. To 
each of the created offsprings apply mutation. Apply crossover 
and mutation operators until n offsprings (new population) are 
created. 

Step 5: Substitute the old population of strings with the new population. 
Evaluate the fitness of all members in the new population. 

Step 6: If the number of generations (populations) is smaller than the 
maximal prespecified number of generations, go back to Step 3. 
Otherwise, stop the algorithm. For the final solution chose the best 
string discovered during the search. 

5.4.2.1. Tuning membership functions using genetic algorithms: 
Traffic signal coordination by fuzzy logic 

Consider the problem presented in Section 5.4.1.1. We will show how to 
tune the membership functions of the input and output variable using 
genetic algorithms such that the speed values obtained by the approximate 
reasoning algorithm (presented in Section 5.4.1.1) are "as close as possible" 
to the "recorded" values. 

The initial shapes of the membership functions of the input and output 
variable are designated in Figure 5.7 by a solid line. As in the previous case, 
the dashed lines denote the "boundary" shapes of the membership functions. 
By varying the intersections of the trapezoid sides and the x axis, different 
membership functions are obtained. Our task is to tune the initial 
membership functions of the input and output variable such that the output 
speed values obtained by the approximate reasoning algorithm are "as close 
as possible" to the "recorded" speed values. As pointed out in the previous 
discussions, the intersections or parameters can be found only within certain 
intervals. In our example there are twelve parameters that is, twelve 
intervals. Each of the twelve intervals is divided into 25 = 32 smaller 
intervals (arbitrarily selected division). Binary numbers that are assigned to 
each interval are joined to make one string in a population (Table 5.5). 
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Table 5.5. Division of 12 intervals into small intervals and their fusion into one lar e interval 
00101 10010 010010 
1 st interval 2nd interval 

These binary numbers denote the positions of parameters. For example, 
the binary number 00101 corresponds to the decimal number 5, since 
0*24 + 0*23 + 1*22 + 0*21 + 1 *20 = 5. This means that the first parameter 
belongs to the fifth small interval within the first interval. The binary 
number 10010 corresponding to the decimal number 18 means that the 
second parameter belongs to the eighteenth small interval within the second 
interval, and so on. In this way, any set of membership functions can be 
determined by a set of parameters encoded into a string. The set of initial 
membership functions (denoted in Figure 5.7 by a solid line) is encoded into 
the basic string. Other strings in the first population are generated by 
randomly changing the position of each parameter within the appropriate 
interval. 

From a population, the reproduction was performed based on the 
"roulette wheel selection." The crossover was made by choosing two strings 
in a random fashion that mutually exchange their genetic material. The 
position (ordinal number in the string) where the exchange of the genetic 
material was carried out was chosen randomly (Figure 5.11). 

~------+-----------~I ~I-------+------------~ 

12 12 

Figure 5.11. Exchange of genetic material 

In the first step, the two strings shown in Figure 5.11 were randomly 
singled out. In the next step, number 12 was randomly drawn. This means 
that a mutual exchange of the thirteenth, fourteenth, fifteenth, and other 
corresponding members of the first and second string will occur. The 
mutation (change of zero to one or one to zero) of certain members of the 
string occurred with the probability of 0.001. 

The fitness function used for evaluation of strings is defined as follows: 

(5.5) 
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where Ujj is jth speed obtained by the approximate reasoning algorithm, and 
Uj is "recorded" jth speed (Table 5.1). Each time the shapes of the 
membership functions of input and output variable were changed it was 
necessary to calculate the nineteen speed values by the approximate 
reasoning algorithm and to calculate the appropriate value of the fitness 
function. 

Figure 5.12 displays the membership functions of input and output 
variable before and after the application of genetic algorithms. 
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Figure 5.12. The initial (first row) and the final (second row) membership functions of input 
and output variable 

Figure 5.13 represents the change of the fitness function relative to the 
number of generations. 

Table 5.6 shows the "recorded" speed values and the speed values 
obtained by the approximate reasoning algorithm where the initial shapes of 
the membership functions of input and output variable are tuned using 
genetic algorithms. 
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Figure 5. J 3. The change of the fitness function relative to the number of generations 

Table 5.6. "Recorded" speed values and speed values obtained using approximate reasoning 
algorithm when the membership functions of input and output variables are tuned using 
genetic algorithms 
Recorded Obtained Recorded Obtained Recorded Obtained 
speed 
57 
57 
57 
57 
51 
48 
47 

speed 
62 
62 
60 
57 
52 
48 
46 

speed 
45 
42 
40 
39 
35 
26 
22 

speed speed speed 
46 20 20 
42 13 13 
40 13 13 
39 13 13 
36 13 13 
26 
22 

5.4.3. Tuning membership functions using tabu search 

The tabu search technique is exceptionally useful in solving complex 
combinatorial optimization problems. Glover (1986) proposed a modem 
formulation of this technique and certain seminal ideas were put forward by 
Hansen (1986). Let us present the fundamental principles of the tabu search 
technique by the following illustrative example. 

Figure 5.14 presents five nodes to be visited by a traveling salesman. 
The traveling salesman departs from and returns to a depot designated in 
Figure 5.14 by D. 
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Figure 5.14. Nodes 1, 2, ... , 5 to be visited by traveling salesman located at depot D 

The well-known traveling salesman problem consists in finding the 
shortest route the salesman should take when serving the nodes. The 
Euclidean distances between certain pairs of nodes are given in the 
following matrix: 

D 1 2 3 4 5 

D 0 7.2 3.6 2.8 3.6 4 

1 72 0 4.1 82 10.8 4.5 

2 3.6 4.1 0 4.1 7.1 3.6 (5.6) 

3 2.8 8.2 4.1 0 4.1 6.3 

4 3.6 10.8 7.1 4.1 0 7.3 

5 4 4.5 3.6 6.3 7.3 0 

The traveling salesman problem (which has been devoted numerous 
papers in the literature) is one of the typical permutation problems. Finding 
the shortest traveling salesman route amounts to fmding the appropriate 
ordering of nodes that is, the appropriate permutation corresponding to the 
shortest length. Since the traveling salesman starts and finishes his tour at 
depot D and is to visit five nodes, the total number of permutations, that is, 
various traveling salesman routes, equals 5! = 120. When there is a larger 
number of nodes to be visited, the number of possible. permutations can be 
astronomical. Using the tabu search technique (along with other 
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metaheuristic algorithms), we seek to find an optimal or near-optimal 
solution by examining only a small subset of all possible permutations. 

We generate the initial solution to our problem by employing one of the 
heuristic algorithms for solving the traveling salesman problem. For 
example, suppose that the initial solution is represented by the following 
traveling salesman tour (D, 2, 3, 4, 5, I, D). According to the matrix of 
Euclidean distances, it is easily computed that the corresponding length of 
tour of the initial solution is equal to 3.6 + 4.1 +4.1 + 7.3 + 4.5 + 7.2 = 30.8. 

The initial solution is shown in Figure 5.15. 
As Glover and Laguna (1993) note: "Tabu search methods operate under 

the assumption that a neighborhood can be constructed to identify 'adjacent 
solutions' that can be reached from any current solution." When 
permutation problems are concerned, for the purpose of generating a 
neighborhood the so-called swaps representing pairwise exchanges are most 
often used. In the case of the traveling salesman problem, a swap exchanges 
the positions of two nodes in the traveling salesman route. Once a swap has 
been made, a move has actually been made leading from one solution to 
another one. If, for example, nodes 3 and 5 swap positions, from the initial 
solution that read 

~ 
(D, 2, 3, 4, 5, 1, D) 

a move has been made that leads us toward the following solution (D, 2, 5, 
4,3, I, D). 

Y, 4 
3 
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t-::I D II 
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Figure 5.15. Initial solution of the traveling salesman problem 
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After making a swap, the next solution has a smaller, equal or larger 
value of the objective function as compared to the previous solution. In the 
above example, after making a swap of nodes 3 and 5, the objective function 
takes the following larger value: 3.6 + 3.6 + 7.3 + 4.1 + 8.2 + 7.2 = 34. 
Since there are five nodes to be visited with two nodes taking part in a swap, 
the total number of various solutions obtainable by swaps equals 10. In 
other words, a complete neighborhood of the current solution includes ten 
different solutions. 

The tabu search technique uses the concept of the so-called flexible 
memory. The basic idea is to pronounce the subset of the moves in a 
neighborhood forbidden. Which moves are to be forbidden (tabu) is decided 
according to the recency or frequency that certain moves have participated 
in generating the previous solutions. In other words, by introducing the tabu 
moves, we try to avoid the swaps made in recent past. For example, it can be 
specified that nodes 3 and 5 that have already swaped positions in the 
traveling salesman route cannot swap positions in the subsequent two, three, 
or five iterations. Thus, the swap of nodes 3 and 5 is considered to be tabu in 
the following five iterations. Glover and Laguna (1993) proposed the 
following tabu data structure to represent the remaining tabu tenure for node 
pairs: 

2 3 4 5 

I I 
2 

3 

4 

Each cell in the structure represents the number of iterations remaining 
until the corresponding nodes are allowed to swap places again. If, for 
example, the value in cell (2,4) equals 2, it means that nodes 2 and 4 cannot 
swap positions during the next two iterations. Similarly, if the value in cell 
(1,2) equals zero, nodes 1 and 2 are presently allowed to swamp positions, 
and so on. Let us note that tabu restrictions do not apply in all situations. If, 
for example, a tabu move leads to a solution with the shortest route so far 
discovered, the tabu classification will be disregarded and the move will be 
allowed. 

Let us illustrate the basic points of the tabu search technique by several 
iterations. Let the initial solution, as already mentioned, be (D, 2, 3, 4,5, 1, 
0). 

The so-called Iteration 0 equals (traveling salesman route length=30.8): 
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Current solution 

DI 21 31 41 51 II DI 
Tabu structure 

2 3 4 5 

I 0 I 0 0 0 

2 I 0 0 0 

3 0 0 

4 0 

As pointed out, the total number of different solutions that can be 
obtained by swaps equals ten. Table 5.7 presents ten different swaps, ten 
corresponding new routes, the lengths of the new routes and the gain 
achieved when a new route replaces the existing one (the gain represents the 
difference in length between existing route and new route). 

Table 5.7. Candidates for swap moves 
Swap New route New route length Gain 
(1,2) (D, 1,3,4, 5,2, D) 34 30.8 - 34 = -3.2 
(1,3) (D,2, 1,4, 5, 3, D) 36.9 30.8 - 36.9 = - 6.1 
(1,4) (D, 2, 3, 1, 5, 4, D) 31.3 30.8 - 31.3 = - 0.5 
(1,5) (D, 2, 3, 4, 1, 5, D) 31.1 30.8 - 31.3 = - 0.5 
(2,3) (D, 3, 2, 4, 5, I, D) 33 30.8 - 33 = - 2.2 
(2,4) (D, 4, 3, 2, 5, 1, D) 27.1 30.8-27.1 =3.7 
(2,5) (D, 5, 3, 4, 2, I, D) 32.8 30.8 - 32.8 = - 2 
(3,4) (D, 2, 4, 3, 5, I, D) 32.8 30.8 - 32.8 = - 2 
(3,5) (D, 2, 5, 4, 3, 1, D) 34 30.8 - 34 = - 3.2 
(4,5) (D, 2, 3, 5,4, 1, D) 39.3 30.8 - 39.3 = - 8.5 

Let us sort the first five candidates for swap moves in a descending order 
of gain. (Note that number five is arbitrarily determined. We could have 
decided to sort the first three candidates or the first six candidates.) The best 
five candidates are given in Table 5.8. 

Table 5.B. The best five candidates for swap moves 
Swap 
(2,4) 
(1,4) 
(1,5) 
(2,5) 
(3,4) 

Gain 
3.7 

-0.5 
-0.5 
-2 
-2 

The largest gain is achieved if we swap the positions of nodes 2 and 4. 
Let us swap the positions of nodes 2 and 4. Let us also decide that in the 
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subsequent three iterations we are not allowed to swap the positions of these 
nodes. In other words, in the subsequent three iterations swap (2, 4) is tabu. 
(The number of iterations during which the swap is in a tabu state has also 
been determined arbitrarily. Instead of value 3, we could have chosen value 
2, or value 5, and so on.) 

Finally, we have obtained a new solution and an altered tabu structure in 
Iteration 1 (traveling salesman route length = 27.1): 

Current solution 

DI 51 DI 
Tabu structure 

2 3 4 5 

I 0 I 0 0 0 

2 I 0 3 0 

3 0 0 

4 0 

The best five candidates for swap moves are given in Table 5.9. 

Table 5.9. The best five candidates for swap moves 
Swap New route New route length 
(1,5) (D, 4, 3, 2, 1,5, D) 24.4 
(1,2) (D, 4, 3, 1, 5, 2, D) 27.6 
(2,5) (D, 4, 3, 5, 2, 1, D) 28.9 
(3,4) (D, 3, 4, 2, 5, 1, D) 29.3 
(2,4) (D, 2, 3, 4, 5, 1, D) 30.8 

Gain 
27.1 - 24.4 = 2.7 
27.1 - 27.6 = -0.5 
27.1 - 28.9 = -1.8 
27.1 - 29.3 = -2.2 
27.1- 30.8 = -3.7 T 

Obviously, the best gain will be achieved if we swap the positions of 
nodes (1,5). Notice the letter "T" on the right-hand side of the Table 5.9 
next to the row referring to swap (2,4). It indicates that swap (2,4) is not 
allowed, since its classification is tabu. Even if swap (2, 4) was to have the 
largest gain, it would not be allowed due to the fact that its classification is 
tabu. The only exception is the situation in which the tabu move (2,4) 
would produce a solution better than any discovered so far. In that case, 
move (2, 4) would be allowed. 

The new solution and the altered tabu structure are shown in Iteration 2: 

Current solution 

DI 51 DI 
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Tabu structure 
2 3 4 5 

I 0 I 0 0 3 

2 I 0 2 0 

3 0 0 

4 0 

Due to the tabu structure, swap (1, 5) cannot be made during the 
subsequent three iterations, whereas swap (2, 4) cannot be made during the 
subsequent two iterations. The other swaps do not have a tabu classification. 

The solution obtained after two iterations is shown in Figure 5.16. 

y 
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/ ~D 
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Figure 5.16. Solution of traveling salesman problem obtained after two iterations of using 
tabu search technique 

Following the tabu status of certain swaps refers to the "recent past." In 
this sense, it can be said that the tabu search technique is characterized by a 
"recency-based memory." Glover and Laguna (1993) proposed that the 
recency-based memory be followed by the so-called frequency-based 
memory. This results in a more efficient search that involves the need both 
to diversify the search and (in certain cases) the need to intensify the search. 
Let us explain the concept of the "frequency-based memory" referring to the 
methodology of Glover and Laguna (1993). 

Figure 5.17 presents in a matrix form the recency-based memory and the 
frequency-based memory. 
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Let us assume that we have already made seventeen iterations. Let us 
also assume that the tenure during which a certain swap is in a tabu status 
equals 2. The recency-based memory includes the cells above the main 
diagonal. The last two swaps that have been made are (2, 3) and (3, 5). The 
frequency-based memory includes the cells below the main diagonal. Each 
of the cells contains a frequency indicating the number of times that the 
particular swap has already been made. Thus, for example, we can say that 
swap (2, 4) has been made 5 times, swap (3, 4) four times, swap (1,5) once, 
and so on. The data contained in the frequency-based memory enable us to 
follow the "search history" from the very beginning. This can serve to 
diversify the search by traveling to new regions. The diversification is made 
by penalizing nonimproving moves according to the appropriate frequency 
information, the swaps with greater frequency being given larger penalty. 
For example, let the best five candidates for swap moves be as shown in 
Table 5.10. 

1 
2 

3 
4 

5 

1 2 3 4 5 

I--+--t---

L..-...l...---1...----1_ 

Figure 5. I 7. Recency-based memory and frequency-based memory 

Table 5.10. The best five candidates for swap moves 
Gain after 

Swap Gain penalization 
(3,5) 1.5 1.5 T 
(2,3) 0.5 0.5 T 
(2,4) -1.2 -6.2 
(1,5) -3.7 -4.7 
(4,5) -4.9 -5.9 

Swaps (3, 5) and (2, 3) that would lead to improving moves have a tabu 
status. Swaps (2,4) (1,5), and (4,5) lead to nonimproving moves, since 
their gain is negative. As swap (2,4) has the least negative gain, this is the 
swap to be made unless we consider frequency. If, for example, the penalty 
for a certain swap equals the frequency of making this swap since the 
beginning of the procedure, than the gain obtained after penalization for 
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swap (2, 4) equals -1.2 - 5 = -6.2, for swap (1,5) it equals -3.7 - 1 = -4.7 and 
finally, for swap (4,5) it equals -4.9 - 1 = -5.9. Without any penalization, 
swap (2,4) would have been made. After penalization, we conclude that 
swap (1,5) should be made. By employing penalization, instead to the 
region in which we often "resided" in the past, we "traveled" to the region 
we "rarely visited." Clearly, penalization can be done in different ways 
depending on the analyst and the context of the problem concerned. 

The process of intensification consists in following the frequencies of 
subsets of the elite solutions (corresponded by high quality local optima) 
and in "traveling" to the regions promising a further improvement of the 
solution. 

5.4.3.1. Tuning membership functions using tabu search: Traffic 
signal coordination by fuzzy logic 

Consider the problem presented in Section 5.4.1.1. We will show how to 
tune the membership functions of input and output variable using tabu 
search such that the speed values obtained by the approximate reasoning 
algorithm (presented in Section 5.4.1.1) are "as close as possible" to the 
"recorded" values. 

The initial shapes of the membership functions of input and output 
variable are marked in Figure 5. 7 by a solid line. The dashed lines denote 
the "boundary" shapes of the membership functions. As in the previous 
cases, by varying the intersections of the trapezoid sides and the x axis 
various membership functions are obtained. The intersections or parameters 
can be found only within certain intervals. In our example, there are twelve 
parameters that is, twelve intervals. To solve the presented problem more 
easily, let us perform the discretization of the intervals within which the 
intersections can be found. As in Section 5.4.1.1, each of the intervals is 
divided into small intervals whose width makes 5% of that of the initial 
interval. Let us assume that the intersections can occur only at points 
representing the ends of small intervals. It is assumed that a move leading 
from the current solution to the next solution has been made when there is a 
simultaneous movement of the positions of two parameters. The positions of 
the other ten parameters remain unchanged. The change of the positions of 
the chosen two points is made in a random fashion within the appropriate 
intervals. The total number of different solutions (different sets of 
membership functions) that can be obtained when there is a change of two 
parameters within a move equals sixty six. 

It means that the complete neighborhood of the current solution 
comprises sixty six different solutions. Some of these sixty six solutions are 
corresponded by a larger, some by an equal, and some by a smaller value of 
the objective function. Using the approximate reasoning algorithm for each 
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of the nineteen values of volume-to-capacity ratio we can obtain the speed 
value, compare it with the "recorded" speed value and calculate the 
corresponding absolute deviation. In other words, the objective function that 
is minimized represents the sum of the absolute deviations estimated from 
the "recorded" speed values. Each time a move was made that is, each time 
the shapes of any two membership functions were changed it was necessary 
to estimate the nineteen speed values applying to the approximate reasoning 
algorithm the values of vIc ratio from Table 5.1 and calculate the 
corresponding values of the objective function. 

When tuning the membership functions of input and output variable, the 
recency based memory and the frequency based memory were used. For 
each possible new solution the gain was first calculated. On calculating the 
gain, penalization was performed. Penalization was done by decreasing the 
calculated value of the gain by the appropriate value from the frequency 
based memory. 

Figure 5.18 represents the initial and final membership functions of 
input and output variable that are determined using tabu search. 
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Figure 5.18. The initial (first row) and the final (second row) membership functions of input 
and output variable 

Figure 5.19 represents the change of the objective function relative to 
the number of iterations. 

Table 5.11 represents the "recorded" speed values and the speed values 
obtained by approximate reasoning by "max-min composition" whereby the 
fmal shapes of the membership functions of input and output variable are 
obtained using the tabu search technique. 
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Figure 5.19. Change of the objective function relative to the number of iterations 

Table 5.11. "Recorded" speed values and speed values obtained by approximate reasoning 
algorithm when the membership functions of input and output variables are tuned using tabu 
search 
Recorded Obtained Recorded Obtained Recorded Obtained 
speed speed speed speed speed speed 
57 62 45 45 20 20 
57 62 42 43 13 13 
57 60 40 40 13 13 
57 57 39 39 13 13 
51 52 35 33 13 13 
48 48 26 26 
47 45 22 22 

5.5. METHOD TO GENERATE FUZZY RULES FROM 
NUMERICAL AND LINGUISTIC INFORMATION 

The information used to develop classical expert systems was 
exclusively obtained from experts. Human experts are generally able to 
provide certain linguistic information. However, human experts are usually 
not able to give a full account of their knowledge and experience in terms of 
linguistic rules alone. In this way, some information is usually lost. 

Apart from linguistic information, certain numerical information can 
also be obtained based on measurements, observation, or statistical analysis 
of a particular phenomenon. Similarly, sampled input-output data pairs are 
generally not sufficient to generate fuzzy rules, since they usually do not 
cover a large variety of situations that can occur in the observed system. 

Surely, when generating fuzzy rules it is of interest to consider both 
numerical and linguistic information. Wang and Mendel (1992c) developed 
precisely a method suited to generate fuzzy rules from numerical and 
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linguistic information. In the following discussion, we shall briefly present 
the results achieved by Wang and Mendel (1992c). 

5.5.1. Route choice problem in air transportation 

Let us present the Wang and Mendel's method (1992c) by the example 
of the route choice problem in air transportation. We denote by Xl the input 
variable representing the difference in the travel time between one route and 
the other. By X2 we denote the input variable representing the difference in 
the weekly flight frequency between one route and the other and by y the 
output variable representing the percentage of passengers using the first 
route. Let the set of input-output data pairs contains twenty six elements: 
{(X1(1), X2(1); y(1), (Xl (2), X2(2); y(2), ... , (X1(26), X2(26); y(26)}. 

We shall observe the passengers' choice of a particular route based on 
the differences in travel times and weekly flight frequencies with respect to 
the data on the twenty six pairs of towns. The corresponding data are given 
in Table 5.12. 

Table 5.12. Traffic characteristics 
Pair of cities 4i) X2(i) fJ) 
1 140 24 19 
2 -140 -24 81 
3 130 41 19 
4 -130 -41 81 
5 120 43 25 
6 -120 -43 75 
7 83 0 31 
8 -83 0 69 
9 90 -1 40 
10 -90 1 60 
11 150 83 22 
12 -150 -83 78 
13 60 34 39 
14 -60 -34 61 
15 50 0 39 
16 -50 0 61 
17 45 -22 33 
18 -45 22 67 
19 30 10 43 
20 -30 -10 57 
21 95 70 34 
22 -95 -70 66 
23 80 77 36 
24 -80 -77 64 
25 90 14 39 
26 -90 -14 61 
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Keeping to the notation of Wang and Mendel (1992c), we denote 
respectively by [XI-,Xl+], [X2-,X2+], and [y-,y+] the domain intervals of Xl, 

X2, and y. Considering the values of variables XI. X2 and y given in Table 
5.12, let us arbitrarily determine the domain intervals. The domain intervals 
are given in Table 5.13. 

Table 5.13. Domain intervals of x}, X2, and y 
Variable Domain interval 

[-200,200] 
[-100, 100] 
[0,100] 

In the next step, each domain interval is divided into'2N+ 1 regions. Note 
that N can be different for different variables. It should also be noted that 
"the lengths of these regions can be equal or unequal." 

Figure 5.20 presents the case of variable Xl whose domain interval is 
divided into nine regions (N = 4). 

VBN BN MN SN SP MP BP VBP 

-180 -150 -120 -90 -60 -30 0 30 60 90 120 150 180 X, 

Figure 5.20. Division of domain interval of input variable XI and corresponding membership 
functions 

Figure 5.20 presents membership functions of the following fuzzy sets: 
VBN is very big negative difference in travel time, BN is big negative 
difference in travel time, MN is medium negative difference in travel time, 
SN is small negative difference in travel time, N is negligible difference in 
travel time, SP is small positive difference in travel time, MP is medium 
positive difference in travel time, BP is big positive difference in travel 
time, and VBP is very big positive difference in travel time. 

Let us divide the domain interval of input variable X2 into three regions 
(N= 1) (Figure 5.21). 
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Figure 5.21 presents membership functions of the following fuzzy sets: 
SF is smaller flight frequency than on the alternate route, ASF is 
approximately the same flight frequency as on the alternate route, and BF is 
bigger flight frequency than on the alternate route. 

The domain interval of output variable y is divided into nine regions 
(N = 4). As can be seen from Figure 5.22, the length of intervals in the case 
of output variable y is unequal. Figure 5.22 presents the membership 
functions of the following fuzzy sets: VVS is very very small percentage, 
VS is very small percentage, S is small percentage, MS is medium-small 
percentage, M is medium percentage, MB is medium-big percentage, B is 
big percentage, VB is very big percentage, and VVB is very very big 
percentage. 

SF ASF BF 

-100 -50 o 50 100 x% 

Figure 5.2 J. Division of domain interval of input variable X2 and corresponding membership 
functions 

The first step in the proposed method consists of the division of input 
and output spaces into fuzzy regions. In our case, each variable is 
corresponded by a different number of regions. The lengths of the regions in 
the case of input variables Xl and X2 are equal, whereas the lengths of the 
regions in the case of output variable y are unequal. Let us note that the 
division into regions has been done arbitrarily. In other words, the partition 
of input and output spaces could have been done in a different way. 

In the next step, fuzzy rules have to be generated from the given data 
pairs. For every input-output data pair (XI(i), X2(i); y(i» it is necessary to 
determine the degrees in different regions. Thus, for example, Xl (1) = 140 
has degree 1 in VBP and zero degrees in all other regions. Similarly, XI(21) 

= 95 has degree 5/6 in BP, degree 1/6 in VBP and zero degrees in all other 
regions. After determining degrees in particular regions, the considered Xl (i), 

X2(i) or y(i) are to be assigned to the region with the maximum degree. 
Keeping to this rule, we can, for example, say that XI(I) is considered to be 
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VBP or that Xl (21) is considered to be BP. In the next step, one rule is to be 
obtained from one pair of input-output data. The first pair of input-output 
data will determine Rule 1, the second pair of input-output data will 
determine Rule 2, and so on. 

o 

VVS VSSMS M MBBVB VVB 

10 20 30 40 50 60 70 80 90 100 Y 

Figure 5.22. Division of domain interval of output y and corresponding membership 
functions 

Let us examine the first pair of input-output data (Xl(l), X2(1); y(1). By 
reading the corresponding graphs, it can be said that Xl (1) has the maximum 
degree in VBP (degree equals 1), X2(1) has the maximum degree in ASF 
(degree equals 26/50), whereas y(1) has the maximum degree in VVS 
(degree equals 41/60). According to the examined values of the first input
output data pair and the established maximum degrees, the first rule can be 
written as follows: 

Rule 1: If Xl is VBP and X2 is ASF, theny is VVS. 

The second pair of the input-output data (XI (2), X2(2); y(2) ) should help us 
generate the second rule. According to the graphs, it can be said that Xl (2) 

has the maximum degree in VBN (degree equals 1), X2(2) has the maximum 
degree in ASF (degree equals 26/50), and y(2) has the maximum degree in 
VVB (degree equals 39/60). The second rule reads as follows: 

Rule 2: If Xl is VBN and X2 is ASF, then y is VVB. 

In this way, one rule is derived from one pair of input-output data. The 
obtained twenty six rules are given in Table 5.14. 

When forming a fuzzy rule base, equivalent rules have to be eliminated, 
while the problem of conflicting is resolved by accepting only one rule from 
the conflicting group. If the obtained twenty six rules are carefully analyzed, 
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it can be noted that some of them conflict with each other. The conflicting 
rules are understood to be the rules having the same IF part, but different 
Then part. To resolve the problem of conflicting, each rule is assigned a 
degree, leaving in the fuzzy rule base only one rule from the conflicting 
group having the maximum degree. Wang and Mendel (1992c) suggested 
that for the rule 

Table 5.14. Rules obtained according to input-output data pairs 

Input-output data pair Rule 
Xl(l), X2(1); y(I) Rule 1: If XI is VBP and X2 is ASF, theny is VVS 
Xl(2), X2(2); y(2) Rule 2: If XI is VBN and X2 is ASF, theny is VVB 
Xl(3), X2(3); y(3) Rule 3: If XI is VBP and X2 is BF, theny is VVS 
XI(4), X2(4);y(4) Rule 4: If Xl is VBN andx2 is SF, theny is VVB 
XI (5), X2(5); y(5) Rule 5: If XI is VBP and X2 is BF, then y is VS 
Xl(6), X2(6);y(6) Rule 6: Ifxl is VBN andx2 is SF, theny is VVB 
xl(7), X2(7); y(7) Rule 7: If Xl is BP andx2 is ASF, theny is VS 
Xl(S), X2(S); y(S) Rule 8: If XI is BN andx2 is ASF, theny is VB 
Xl (9), X2(9); y(9) Rule 9: If Xl is BP and X2 is ASF, then y is S 
Xl(IO), X2(1O);y(IO) Rule 10: If Xl is BN and X2 is ASF, theny is B 
Xl (II), X2(1I); y(1I) Rule 11: If Xl is VBP and X2 is BF, then y is VS 
XI(12), X2(12); y(12) Rule 12: If Xl is VBN andx2 is SF, theny is VB 
Xl(I3), X2(13); y(13) Rule 13: If XI is MP and X2 is BF, theny is S 
XI(14), x2(l4); y(14) Rule 14: If Xl is MN and X2 is SF, theny is B 
xl(l5), X2(15); y(15) Rule 15: If XI is MP and X2 is ASF, theny is S 
Xl(16), X2(16); y(16) Rule 16: If Xl is MN andx2 is ASF, theny is B 
XI(17), x2(l7);y(I7) Rule 17: Ifxl is MP andx2 is ASF, theny is VS 
Xl(IS), X2(IS); y(IS) Rule 18: If XI is MN and X2 is ASF, theny is VB 
XI(19), x2(l9); y(19) Rule 19: If Xl is SP and X2 is ASF, theny is MS 
Xl(20), X2(20); y(20) Rule 20: If XI is SN and X2 is ASF, then y is MB 
XI(21), X2(21); y(21) Rule 21: Ifxl is BP and X2 is BF, theny is VS 
Xl(22), X2(22); y(22) Rule 22: Ifxl is BN and X2 is SF, theny is VB 
Xl (23), X2(23); y(23) Rule 23: If XI is BP and X2 is BF, then y is S 
Xl(24), X2(24); y(24) Rule 24: If Xl is BN and X2 is SF, theny is B 
XI(25), X2(25); y(25) Rule 25: If XI is BP and X2 is ASF, theny is S 
XI(26), X2(26); y(26) Rule 26: If XI is BN and X2 is ASF, then y is B 

If XI is A andx2 is B, theny is C 

the degree of the rule denoted by D(Rule) be calculated as 

(5.7) 

For example, the degrees of Rules 1 and 2 are equal to 
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D(Rulel) = J.LVBP(Xl) J.LASrtx2) J.LvvsCY) = J.LVBP(140) J.LASF(24) 
J.Lvvs(19) = 1 (26150) (41/60) = 0.3553; 

D(Rule 2) = J.LVBN(Xl) J.LASF(X2) J.LVVBCY) = J.LVBN(-140) 
J.LASF(-24) J.LVVB(8l) = 1 (26150) (39/60) = 0.338. 

In certain situations, after the input-output data pairs have been analyzed, 
some of them may be considered very important, while some others rarely 
occur or may even represent measurement errors. Wang and Mendel 
(1992c) suggested that, if we wish, we can "assign a degree to each data pair 
that represents our belief of its usefulness." Thus, the data pairs constitute a 
fuzzy set ("a data pair belongs to this set to a degree assigned by a human 
expert"). 

If, for example, the data pair (Xl{l), X2{l); y(1» has the degree m(1), than 
the degree of Rule 1 is equal to: D(Rule 1) = J.LVBP(Xl) J.LASF<x2) J.LVVsCY) 
m{l). 

When the evaluation of "usefulness" of certain input-output data pairs is 
not made, all degrees m(l) of data pairs are equal to 1. In our example, the 
usefulness of certain input-output data pairs is not evaluated, so we have 
m(l) = m(2) ... = m(26) = I. 

After analyzing the obtained twenty six rules, we observe that certain 
rules are equivalent (for example, Rule 4 is equivalent to Rule 6). Also, 
among the obtained rules there are some mutually conflicting rules (for 
example, Rule 4 and Rule 12 are mutually conflicting). It is convenient to 
represent a fuzzy rule base in the form presented in Table 5.15. 

Table 5.15. The form of a fu rule base 
BF 

X2 ASF 
SF 

VBN BN MN SN N 
Xl 

SP MP BP VBP 

Let us insert into the fuzzy rule base the clearly defined rules (rules that 
are not conflicting). Table 5.16 presents a partially filled fuzzy rule base. 

Table 5.16. Fu rule base in which onl rules have been inserted 
BF S 

X2 ASF VVB MB MS VVS 
SF B 

VBN BN MN SN N SP MP BP VBP 
Xl 
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In order to completely fill the fuzzy rule base, it is necessary to resolve 
the problem of conflict. Thus, for example, Rules 3 and 5 are mutually 
conflicting, whereas Rule 5 is equivalent to Rule 11. The corresponding 
degrees of the rules are 

D(Rule 3) = /-lVBP(Xl) /-lBF(X2) /-lVVs(y) = /-lvBP(130) /-lBF(41) /-lvvs(19) 
= 1 (411100) (41160)=0.28 

D(Rule 5) = /-lVBP(Xl) /-lBF(X2) /-lVS(y) = /-lVBP(120) /-lBF(43) /-lvs(25) = 
1 (43/100) (25/30)=0.358 

D(Rule 11) = /-lVBP(Xl) /-lBrtx2) /-lvs(y) = /-lVBP(150) /-lBF(83) /-lVs(22) = 
1 (83/100) (22/30) = 0.61 

As D(Rule 11) > D(Rule 5) > D(Rule 3), only Rule 11 is inserted into the 
fuzzy rule base. Having calculated degrees of the rules, the fuzzy rule base 
shown in Table 5.17 is obtained: 

Table 5.17. F rule base obtained after resolvin roblem of conflictin between rules 
BF S S VS 

X2 ASF VVB B B MB MS S S VVS 
SF VB B B 

VBN BN MN SN N SP MP BP VBP 
x 

The available input-output pairs were not sufficient to cover all possible 
situations. Clearly, the fuzzy rule base would be more complete if a larger 
number of different input-output data pairs were available. It can be filled 
by using the intuition and knowledge of the expert studying the route choice 
problem. The final fuzzy rule base based on the knowledge of the expert and 
the available input-output data pairs is shown in Table 5.18. In the final 
fuzzy rule base the rules obtained from the expert are bold and underlined. 

Table 5.18. F 
BF VVB VB !! !! MB MS S S VS 

X2 ASF VVB B B MB M MS S S VVS 
SF VB B B MB MS S S VS VVS 

VBN BN MN SN N SP MP BP VBP 
Xl 

The role of an expert does not merely consist in creating the rules that 
are otherwise not obtainable from the available input-output data pairs. As 
Wang and Mendel (1992c) note: "real numerical data have different 
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reliabilities, for example, some real data can be very bad ('wild data')." 
Consequently, in certain cases, generating the rules based exclusively on 
input-output data pairs, without analyzing the usefulness of the data that is, 
without the data being judged by an expert, can yield unsatisfactory results. 

Note that the stated procedure represents a simultaneous generation of 
fuzzy rules from an expert and from available input-output data pairs. In this 
manner, numerical and linguistic information is successfully used to 
generate fuzzy rules. Also, the method presented is characterized by 
adaptability. Fuzzy rules are generated by learning from examples. In other 
words, as the number of various input-output data pairs increases, the fuzzy 
rule base becomes "fuller," and, in some cases, even the "content" of certain 
boxes of the fuzzy rule base is altered. (If a box contains more than one rule, 
only the rule that has the maximum degree will eventually remain in the 
box.) 

5.5.2. Solving modal split problem by fuzzy rules generated 
by learning from examples 

Predicting the number of passengers that will choose different 
competitive modes of transportation is known as the modal split problem. 
The percentage of passengers choosing a particular mode of transportation 
depends on transportation costs and travel times of certain modes of 
transport, daily frequencies, adjustment of the flight schedule and timetables 
to passengers' demands, reliability of execution of the announced timetables 
(canceling of certain trips and delays), travel comfort, sense of safety and so 
on. Over the last five decades a number of models for solving the modal 
split problem have been developed (Kanafani, 1983). The older models are 
based on the methods of mathematical statistics (multiple regression). In 
these models the independent variables are socioeconomic characteristics of 
the regions between which transportation is carried out (population, rate of 
employment, national income, and so on), as well as characteristics of 
transportation modes between the observed regions (travel times, travel 
costs, number of daily departures, and so on). The dependent variable in 
these models corresponds to the number of passengers opting for a 
particular mode of transportation. Among relatively recent models are the 
so-called choice models. These models are used to estimate the percental 
participation of certain transportation modes in the total number of travels 
that is, the probabilities of using particular transportation modes, and they 
depart from an individual as he is the one who decides on a particular mode 
of transportation. In addition to frequencies, different travel costs and travel 
times by different modes of transportation, this choice depends on a variety 
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of factors whose influence cannot be quantified without a survey of the 
travel population (sense of safety, sense of comfort, and so on). 

Teodorovic and Kalic (1996) attempted to model the modal split by 
fuzzy logic. Let us present the basic results achieved by Teodorovic and 
Kalic (1996). 

When choosing a mode of transportation, the user is usually not 
acquainted with all information concerning the available timetables, number 
of departures, departure times, existing fares, and so on. Teodorovic and 
Kalic (1996) assumed that a passenger decides on a particular transportation 
mode according to the perceived travel times, perceived sense of safety and 
comfort as well as the approximately known rates, numbers of daily 
departures, and departures times. It is to be noted that the perceived travel 
times and the approximately known rates and numbers of daily departures 
are most commonly fuzzy. Hence, for a subjective estimation of the travel 
time by a vehicle (or train or coach) between two towns, expressions such as 
''time travel is about eight hours" will be used. The claim that "travel time 
by car is about eight hours" is the result of a subjective feeling that is, an 
individual's subjective estimation. Also, we often do not have sufficiently 
precise information on the daily number of departures or the value of 
another relevant parameter. Thus, for example, passengers may know that 
on a certain route there are "several" or "five or six" departures every day. 

As can be seen, certain parameters used by passengers in choosing an 
appropriate mode of transportation are characterized by subjectivity, 
uncertainty and imprecision. The passengers compare the characteristics of 
certain modes of transportation and opt for particular modes because they 
are "considerably cheaper" or because "travel time is five or six hours 
shorter" and so on. These facts suggest the need of an approximate 
reasoning algorithm for estimating the number of passengers deciding on a 
particular mode of transportation. 

The numerical-linguistic approach to solving the modal split problem 
developed by Teodorovic and Kalic (1996) is based on the results achieved 
by Wang and Mendel (1992c). 

Consider the problem of passengers' choice of one out of two alternative 
modes of transportation. Without loss of generality, it is assumed that 
passengers choose a mode of transportation (AI or A2) according to 
differences in travel times and travel costs. Travel times (tl and t2), travel 
costs (CI and C2), differences in times (ot = tl - t2) and costs (oc = CI - C2) 
and the percentage of passengers (PI) choosing the first mode of 
transportation are given in Table 5.19. 

The data shown in Table 5.19 were taken over from the work by De 
Ortuzar and Willumsen (1990). Let us respectively denote by ot, Bc, and p 
difference in travel times, difference in travel costs, and percentage of 
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passengers choosing the first mode of transportation. Obviously, the set of 
input-output data pairs consists of twelve elements ((8t l , 8e l ), Pl l ), ((8t2, 

8e2),PI2), ... , ((8t I2, 8c I2),PI 12). 

Table 5.19. Characteristics of transEortation modes 
Al A2 

tl CI t2 C2 ot oc e.1 [%] 
26 160 29 72 -3 88 82 

2 23 136 25 64 -2 72 80 
3 21 120 24 28 -3 92 88 
4 18 108 26 20 -8 88 95 
5 30 212 33 104 -3 108 72 
6 23 156 27 72 -4 84 90 
7 18 120 20 36 -2 84 76 
8 16 116 23 28 -7 88 93 
9 35 240 35 120 0 120 51 
10 25 180 24 92 88 56 
II 20 144 21 36 -I 108 58 
12 15 132 17 24 -2 108 64 

It can be said that the values of variables 8t, 8e, and PI, respectively, 
belong to the following intervals [-8, 8], [0, 140], [40, 100]. 

Within each interval a certain number of fuzzy sets is arbitrarily defined. 
All chosen membership functions within particular intervals are of a 
triangular shape having equal lengths of triangle bases.(Figure 5.23). 

Figure 5.23 lists the names of certain fuzzy sets. Let us note that the 
number of fuzzy sets within each interval was determined arbitrarily. Wang 
and Mendel (1992c) suggested that according to each input-output data pair 
one fuzzy rule be made. Consider, for example, the first input-output data 
pair ((8t l , 8e l ), Pl l ). It can be said that 8e l with the largest grade of 
membership belongs to fuzzy set C3 (membership grades of 8e l in other 
fuzzy sets defined within interval [0, 140] are smaller). Likewise, 8tl with 
the largest membership grade belongs to fuzzy set T2, and Pl 1 to fuzzy set 
P4. The first fuzzy rule candidate to enter the fuzzy rule base reads as 
follows: 

Rl: Ifot = T2 and oe = C3, then PI 1 = P4. 

Similarly, based on the second input-output data pair the second fuzzy 
rule is formed, while the third fuzzy rule is formed based on the third data 
pair, and so on. As there are twelve input-output data pairs, we shall form a 
total of twelve rules representing the candidates to be included in the fuzzy 
rule base. Some of the formulated fuzzy rules may be mutually conflicting. 
Such, for example, are the rules R5 and R12. 
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From mutually conflicting rules, the rule with the largest membership 
grade enters the fuzzy rule base. The calculated degrees of certain rules can 
be corrected by multiplying them with parameter (l (0 < (l ~ 1) representing 
the degree of our belief that the data used to make the rule are credible and 
useful. 

T, T, T. 

234 5 6 7 8 & 

c, c, c, c. c. 

o 60 70 80 90 100 1I0 120 130 140 lie 

o 10 20 30 40 50 60 70 80 90 100 p, 

Figure 5.23. Membership functions of fuzzy sets describing input variables Bt and Be and 
output variable PI 

Following the presented procedure suggested by Wang and Mendel 
(1992c), we formed a fuzzy rule base. This base is represented in Table 
5.20: 
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Table 5.20. Fu airs 
C5 
C4 
C3 P6 P2 PI PI 
C2 P6 P3 P2 PI 
CI P6 P3 P2 PI 

T1 T2 T3 T4 T5 

According to the defined rules, for the known values of differences 
between travel times and those between costs of travel we can calculate the 
percentage of passengers opting for the first that is, second mode of 
transportation. Table 5.21 and Figure 5.24 show the relation between the 
real percentage of passengers using the first mode of transportation and the 
percentage of passengers obtained by the approximate reasoning algorithm. 

Table 5.21. Real and calculated percentage of passengers choosing the first mode of 
transportation 

Real value Calculated value 
1 82 80 
2 80 76.36 
3 88 77.58 
4 95 96.56 
5 72 70 
6 90 83.92 
7 76 71.89 
8 93 96.56 
9 51 50 
10 56 58.84 
11 58 57.69 
12 64 62.31 

Teodorovic and Kalic (1996) developed an approximate reasoning 
algorithm to solve the modal split problem. Their work represents the first 
attempt at solving this problem by means of fuzzy logic. The formed fuzzy 
rule base was obtained according to the available numerical data, with 
minor subjective corrections performed by the authors. An exceptionally 
good agreement was obtained between the real numbers of passengers and 
the values obtained by the model. In further investigations the proposed 
approximate reasoning algorithm is to be tested on a number of various 
numerical examples. Also, the comparison of the presented numerical
linguistic approach with possible alternative means of solving the given 
problem is of considerable importance (classical choice models, artificial 
neural networks). 
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Figure 5.24. Comparison of real percentage of passengers with percentage of passengers 
obtained through the model 

5.6. SIMULTANEOUS DESIGN OF MEMBERSHIP 
FUNCTIONS AND FUZZY RULES FROM 
NUMERICAL INFORMATION BY GENETIC 
ALGORITHMS 
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As indicated in the previous discussions, the membership value 
assignment is treated as a combinatorial optimization problem. In this way, 
the role and importance of an expert in the phase of computing membership 
functions is diminished. We have specifically indicated the possibilities of 
using metaheuristic algorithms (simulated annealing, genetic algorithms, 
tabu search) for membership value assignments. The application of some of 
the metaheuristic algorithms presupposes the existence of a set of fuzzy 
rules and the initial shapes of membership functions. When solving a 
combinatorial optimization problem we seek to attain the best possible 
fitness of the considered membership functions. In other words, the final 
shapes of membership functions are the shapes with the best possible fitness 
between values based on the approximate reasoning model and real values. 
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Let us note that during the process of finding the final shapes of 
membership functions the set of the assumed fuzzy rules is not changed. 

The two main components of any fuzzy logic controller are the set of 
membership functions and the set of fuzzy rules. It is clear that between 
these two sets there are very strong links. Consequently, in designing a 
fuzzy controller based on numerical information we should simultaneously 
attempt to design a set of fuzzy rules, as well as a set of membership 
functions. A number of authors have considered the problem of 
simultaneous determination of the fuzzy rule set and the set of membership 
functions (Homafair and McCormick, 1995; Lee and Tagaki, 1993; 
Homafair and McCormick, 1995). All these authors use genetic algorithms 
as a tool for simultaneous design of the set of rules and the set of 
membership functions. The papers by Homafair and McCormick (1995) are 
particularly important and the results they achieved will be presented in the 
following discussions. 

Homafair and McCormick (1995) have tested a developed model in the 
case of the cart-centering problem and in the case of the truck backing 
system. The population size, the maximum number of generations, the 
probability of crossover, and the probability of mutation were respectively 
found to be 100, 100, 0.7, and 0.03. In order to select individuals for the 
next generation, Homafair and McCormick (1995) used the tournament 
selection. (In the tournament selection at least two members of a population 
are randomly chosen and the comparison of their fitness is made. The 
member with the best fitness advances to the next generation.) 

Let us suppose that output variable y is dependent on input variables Xl 

and X2. Let us also suppose that the following five fuzzy sets will be used to 
partition the input and output spaces: NM is "negative medium," NS is 
"negative small," ZE is "zero," PS is "positive small," and PM is "positive 
medium." 

Each of the possible sets of rules contains twenty five rules. For 
example, if we denote NM as 1, NS as 2, ZE as 3, PS as 4 and PM as 5, 
possible sets of rules, Sl, S2, and S3 can be shown in Table 5.22, Table 5.23 
and Table 5.24. 

Table 5.22. Set offu 
X2 

NM NS ZE PS PM 
NM 2 4 2 2 1 
NS 5 3 4 2 3 

Xl ZE 2 3 4 5 2 
PS 4 5 2 2 2 
PM 3 3 3 4 5 
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Table 5.23. Set offu rules S2 

x2 
NM NS ZE PS 

NM 3 4 2 I 
NS 4 4 4 2 

XI ZE 2 3 5 5 
PS 4 5 1 I 
PM 2 2 2 3 
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PM 
I 
3 
2 

4 

A question logically arises as to the "best" set of rules. Is it set SI or set 
S2 or set S3 or a possible set S4, ... , and so on. Let us note that in the 
considered case there is a total of 525 different sets of rules. Let us assume, 
for the purpose of simplification, that the membership functions of all fuzzy 
sets (NM NS ZE; PS and PM) are of a triangular shape. During the process 
of simultaneous design of membership functions and fuzzy rules, it is 
important to choose those shapes of membership functions which, along 
with the corresponding set of fuzzy rules, yield "the best" results. Note the 
membership function f..LNS(X) of fuzzy set NS (Figure 5.25): 

Table 5.24. Set offuz rules S3 

X2 

NM NS ZE PS PM 
NM 3 4 2 2 2 
NS 4 4 3 3 3 

XI ZE 2 3 5 5 
PS 3 5 I 2 2 
PM 2 2 3 3 4 

Let the initial set NS be described by a triangular fuzzy number NS = 
(ns}, nS2, nS3). In the case shown in Figure 5.25(a), during the process of 
searching the "best" shape of the membership function, the values of nSI, 
nS2, and nS3 move along the x axis. In the case shown in Figure 5.25(b), the 
value of nS2 does not move, therefore only the length of the base of the 
triangle is changed. For each of the input fuzzy sets NM, NS, ZE, PS, and 
PM Homafair and McCormick (1995) defined five possible shapes of the 
membership functions differing in the length of the base of the triangle. The 
bases of the triangles that partitioned the output space were fixed for the 
purpose of decreasing the computing time. Homafair and McCormick used a 
string to represent a given rule set and membership functions combination. 
The individual locations which make up a string are called alleles. The 
string had a total of thirty five alleles. The first twenty five alleles were 
related to a particular rule set. The following five alleles described the 
chosen shapes of membership functions for the fuzzy sets of input variable 
Xl, whereas the last five alleles were related to the chosen shapes of 
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membership functions for the fuzzy sets of input variable X2. Note, for 
example, the following string: 

3421144423235524511122234 43252 31425 
Fuzzy rule set S2 XI 

The first twenty five alleles in the string are obtained by reading the 
rowsm 

Table 5.23. Based on the last ten values of the alleles, it can be 
determined which shapes of the fuzzy sets associated with input variables Xl 

and X2 participate in a given rule set and membership functions 
combination. We can see that Homafair and McCormick used an integer
based instead of a binary-based string to represent a particular fuzzy logic 
controller. After representing the controller in the form of an integer-based 
string and by applying genetic algorithms, it is possible to determine the 
controller (fuzzy set rules and corresponding shapes of membership 
functions) producing the best results. The process of designing the best 
controller involves a number of computing experiments as well as varying 
the population size, the maximum number of generations, the probability of 
crossover, and the probability of mutation. 

1+--------a--------~-

o x 

(a) 

x 

(b) 

Figure 5.25. Finding the 'best' shape of membership function J.lNS(X) 
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5.7. AN APPLICATION OF NEUROFUZZY 
MODELING: THE VEHICLE ASSIGNMENT 
PROBLEM 

5.7.1. The basic concepts ofneurofuzzy modeling 
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The fuzzy set theory provides a mathematical framework that can deal 
with the uncertainties inherent in the process of knowledge acquisition, 
thinking, and reasoning that is, it provides the quantification of certain 
linguistic attributes associated with human thinking or knowledge. The idea 
of computational neural networks came from the realization of incredible 
capabilities of learning and adaptation of a set of biological neurons. 
Computational neural networks imitate to a small extent some of the 
operations perceived in biological neurons: they can be trained to save, 
recognize, and search the shapes or elements of databases, solve 
combinatorial optimization problems, manage vaguely defined processes 
that is, to assess the observed function when its shape is unknown. For 
example, neural networks can be trained to imitate the behavior of an expert 
that we are even unable to formulate. In other words, neural networks are 
able to recognize without defining which characterizes a highly intelligent 
behavior (Kosko, I 992b ). This property enables these systems to make 
generalizations. 

Fuzzy logic systems are of a later date than neural systems, most of the 
applications coming from Japan. Fuzzy systems contain fuzzy rule bases 
and reason by a parallel inference. When an input value is brought to the 
system, all the rules are simultaneously carried out up to a certain degree in 
order to reach the solution that is, conclusion. 

Neural and fuzzy systems estimate functions from samples without 
requiring a mathematical formulation of the dependence of output on input 
values and they behave like associative memories (Kosko, 1992b). They 
learn from examples that is, from samples. They differ in the way of 
estimating functions (the type of the samples required), the manner of 
saving and representing the samples and the manner of associative inference 
(mapping of input into output data). These differences can be simply 
detected during the development of neural and fuzzy systems. 

The choice of a neural or fuzzy system in modelling a problem depends 
on the nature of the problem and the availability of numerical and linguistic 
information (Figure 5.26). Fuzzy systems estimate functions according to 
fuzzy set samples (Ai, Bi). Neural systems use numerical samples (Xi, Yi). 
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In recent years fuzzy systems have estimated the observed functions 
from numerical samples (examples). An expert can systematically express a 
rule base or a fuzzy system can be adapted of modified according to a 
representative numerical sample. In the latter case neuro and fuzzy systems 
are naturally combined. This combination resembles an adaptive system 
with sensitive and cognitive properties. Neural networks "blindly" generate 
and correct fuzzy rules from the training set of data. Such adaptive fuzzy 
systems, neural fuzzy systems, or neurofuzzy models can potentially include 
the advantages of both techniques. While neural networks with associative 
memory are easily trained and have known properties of convergence and 
stability, their internal representation remains unclear. In contrast, the 
generated rule base within an adaptive fuzzy algorithm can provide a certain 
amount of functional transparency through the dependency within each rule. 

f 

Figure 5.26. Estimation of the mapping/by neural and fuzzy systems 

The neurofuzzy model is a connective model of application of a set of 
fuzzy rules by which fuzzy reasoning is performed. The neurofuzzy models 
developed so far differ in their structure and functioning. For example, the 
applied type of a fuzzy rule affects the network's structure while the applied 
inference procedure influences the choice of functions of the network's 
nodes and interpretation of weights of the network's branches. In addition, 
the proposed neurofuzzy models can function in three ways: 
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1. Fixed functioning ("fixed membership functions and fixed fuzzy rules"): 
The network contains a particular set of fuzzy rules, performs fuzzy 
reasoning, but can neither learn nor adapt. 

2. The neural network is capable of learning: The neural network is 
structured such that it can acquire knowledge in a particular form, such 
as a type of fuzzy rules. The network's structure is most commonly 
determined in a random fashion. The network is then trained on a set of 
data. The rules are formulated from the structure of the trained network. 

3. The neural network is capable of adapting: The neural network is 
configured according to a set of existing rules. In training the network 
new rules are formulated from the network's structure and the old ones 
are changed. In the work of researchers two approaches can be 
distinguished: "fixed membership functions and adaptable fuzzy rules" 
and "adaptable membership functions and adaptable fuzzy rules." In 
both cases the phenomenon of disastrous forgetting must be investigated, 
which refers to the network's characteristic to forget all it has learned 
from previous training pairs when they are no longer used in training but 
are instead replaced by some other pairs. 

Putz and Weber (1996) presented a systematic overview of approaches 
for automatic generation of fuzzy logic systems (neural networks, genetic 
algorithms, rule-based approaches, and other). The basic principles of 
neurofuzzy modeling are given in the works of Jang (1997), Lin and Lee 
(1995), Kasabov (1996), and Brown and Harris (1994). 

Jang and Sun (1995) proposed adaptive neurofuzzy systems having the 
same function as the fuzzy systems of the Sugeno type. In other words, a 
fuzzy system is mapped into an adaptive multilayered feedforward neural 
network. The adaptive neural network consists of a set of nodes connected 
by the network's branches, each node being a process element transforming 
the input values into a single output value while each branch follows the 
direction of the signal transmission. Unlike the classical neural network 
models, the network branches are not associated with the strengths of the 
nodes connectivity that is, weights. The parameters modified during the 
training are locally distributed: each node is characterized by a local set of 
parameters. The union of these sets represents the overall set of the 
network's adaptive parameters. If the set of parameters describing a node is 
not empty, such a node is adaptive and is marked by a square. If the set of 
parameters describing a node is empty, it is a fixed node and is marked by a 
circle. 

Neurofuzzy algorithms are applied in the developed traffic and 
transportation systems, including the European programs of intelligent 
vehicles Prometheus and Drive and the American IVHS program. 
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Kong and Kosko (1992) developed a fuzzy system and a neural network 
used in managing a truck or a truck and trailer when stopping at an 
unloading terminal at a parking lot. In developing the fuzzy system the 
authors used a small number of input/output linguistic examples obtained 
from the drivers. In developing the neural network as well as the adaptive 
fuzzy system the authors used a large number of input/output numerical 
data. When comparing the outcomes, the resulting trajectories of the 
vehicles were observed. When the fuzzy system was used, the vehicle 
trajectories were always gentle and short, which is considered desirable. 
When using the neural network, the vehicle trajectories were occasionally 
irregular. Furthermore, the training of the network was prolonged as it was 
performed by a backpropagation algorithm. A sensitivity analysis of the 
results was also performed by randomly removing some sets of training data 
during the training and the fuzzy system performance was considered when 
some of the rules were randomly removed. The fuzzy systems proved to be 
considerably stable. The neural network performance continued to be good 
except for the prolonged duration of training. By performing a number of 
experiments, the authors achieved the following result: When the model is 
developed in the form of a neural network, with some effort the fuzzy rules 
approximately describing the behavior of the neural network can be 
generated. The fuzzy system developed in this way can be improved by 
adding the rules from experience obtained from the experts or by 
formulating rules according to new training data. 

5.7.2. Tuning the fuzzy logic systems: Neurofuzzy modeling 

The considered problem is the daily assignment of a fleet of available 
vehicles to a certain number of transportation requests. It is stated explicitly 
in the work of Milosavljevic et al. (1996). A transportation company 
receives a large number of requests every day from clients wanting to send 
goods to different destinations. Their fleets of vehicles most often consist of 
several different types of vehicles. The transportation company has a depot 
from which the vehicles depart and to which they return after completing 
their trips. One type or a variety of vehicle types can take part in the 
delivery to each node. In the research done by Vukadinovic et al. (1998), the 
case when only one type of vehicle takes part in serving a node is 
considered. 

Each transportation request is characterized by a large number of 
parameters, including the most important: type of freight, amount of freight 
(weight and volume), loading and unloading sites, preferred time ofloading 
and/or unloading, and the distance the freight is to be transported. The 
common practice is that dispatchers assign vehicles to transportation 
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requests. The dispatcher's knowledge can be considered as experience
based heuristic knowledge. Since fuzzy sets can describe qualitative and 
imprecise information, fuzzy logic is used as a tool to transform the 
dispatcher's heuristic rules into an automatic strategy. A fuzzy system 
(fuzzy logic controller) provides an algorithm that converts the linguistic 
control strategy based on the observed dispatcher's behavior and knowledge 
into an automatic control strategy. 

The main objective of the research done by Vukadinovic et al. (1998) 
was to examine the possibility of improving the performance of a fuzzy 
system in order to improve the quality of decisions. The method used for 
tuning the initial fuzzy system is mapping of a fuzzy system into a 
feedforward neural network trainable with supervised learning. As a result 
of the study, it was shown that the proposed fuzzy system equipped with 
learning capability can be used to imitate the actual dispatcher's assignment 
policy. 

5.7.3. Statement of the problem 

The problem analyzed and solved by Milosavljevic et al. (1996) is to 
determine the vehicle type to meet each transportation request. The classical 
approach to solving this type of problems is through mathematical 
programming. The objective is to design a set of vehicle assignments to 
transportation requests that incurs minimum costs, while assuring that 
constraints describing proper utilization of vehicles and "coverage" of the 
planned transportation tasks (satisfaction of transportation requests) are not 
violated. However, the conventional approach can hardly reflect the 
knowledge and the intelligence of a dispatcher that is, his or her ability to 
deal with uncertainty and imprecision. 

In addition to the characteristics of the transportation request, when 
assigning a specific type of vehicle to a specific transportation request, the 
dispatcher must also bear in mind the total number of available vehicles, the 
available number of vehicles by vehicle type, the number of vehicles 
temporarily out of working order, and vehicles undergoing technical 
examinations or preventive maintenance work. In the research done by 
Milosavljevic et al. (1996) these constraints are taken care of by the 
developed heuristic algorithm. The assumption in the research done by 
Vukadinovic et al. (1998) was that the number of available vehicles by 
vehicle type is unlimited that is, the model imitates the dispatcher's decision 
regarding choice of a vehicle type under no constraints. 
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5.7.3.1. Initial fuzzy logic systems for assignment of vehicles to 
transportation requests 

Milosavljevic et al. (1996) observed and analyzed dispatchers' behavior 
and concluded that every dispatcher has a pronounced subjective feeling 
about which type of vehicle corresponds to which transportation request. 
This subjective feeling concerns both the suitability of the vehicle in terms 
of the distance to be traveled and the vehicle capacity in terms of the 
amount of freight to be transported. Milosavljevic et al. (1996) noted that 
the dispatchers have certain preferences: (1) "very strong" preference is 
given to a decision that will meet the request with a vehicle type having 
"high" suitability in terms of distance and "high" capacity utilization, or (2) 
"very weak" preference is given to a decision that will meet the request with 
a vehicle that has "low" suitability regarding distance and "low" capacity 
utilization. 

The heuristic algorithm used to assign vehicles to planned transportation 
requests developed by Milosavljevic et al. (1996) is tested on a fleet of 
vehicles containing three different types of vehicle with capacities 4.4, 7, 
and 14 tons. For every type of vehicle, they developed a corresponding 
fuzzy system (Mamdani's model) to determine the dispatcher's preference 
strength ("very weak" (VWP), "weak" (WP), "medium" (MP), "strong" 
(SP), "very strong" (VSP» in terms of meeting a specific transportation 
request with the type of vehicle in question. They noticed that the 
dispatchers consider the suitability of different types of vehicles as being 
"low" (LS), "medium" (MS), and "high" (BS) depending on the given 
distance the freight is to be transported. Also, the capacity utilization (the 
relationship between the amount of freight and the vehicle's declared 
capacity, expressed as a percentage) is estimated by the dispatcher as "low" 
(LCU), "medium" (MCU), or "high" (BCU). The developed fuzzy systems 
for each type of vehicle are shown in Table 5.25. They differ from each 
other in terms of the number of rules they contain, and the shapes of the 
membership functions of individual fuzzy sets. The membership functions 
of the input/output variables are considered as the initial membership 
functions. 

Table 5.25. The initial fuzzy systems that determine the dispatcher's preference in meeting a 
transportation request with a vehicle of 4.4(a), 7(b) and l4(c) tons capacities 

Capacity utilization 
(a) LCU MCU HCU 

LS MP SP SP 
Suitability MS WP WP MP 

HS VWP VWP WP 
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Capacity utilization 
lb) LCU MCU HCU 

LS VWP VWP WP 
Suitability MS MP SP SP 

HS WP WP MP 

Capacity utilization 
(c) LCU MCU HCU 

LS VWP WP MP 
Suitability MS MP SP SP 

HS SP VSP VSP 
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The major problems in the construction of fuzzy systems are the 
extraction of explicit dispatcher's heuristic control rules and the 
determination of the appropriate membership functions of the input/output 
variables. It implies a long and elaborate communication with a number of 
experienced dispatchers, which could be very difficult. For example, the 
specification of the membership functions is quite subjective, which means 
that the membership functions specified for the same concept (for example, 
low vehicle capacity utilization) by different dispatchers may vary 
considerably. Thus, the performance of the developed fuzzy system depends 
on the number of available dispatchers and the ability of an analyst to 
extract their assignment policy. 

The problem considered in the research done by Vukadinovic et al. 
(1998) is tuning the membership functions of the input/output variables. 
Based on real numerical training data (input/output pairs), the neural 
network is used to tune and adapt the initial fuzzy system to achieve better 
performance. 

5.7.4. Tuning the fuzzy logic systems for assignment of 
vehicles to transportation requests: Neurofuzzy 
modeling 

The term neurojuzzy modeling refers to the way of applying various 
learning rules developed in the neural network literature to fuzzy systems. 
Compared to black-box modeling techniques like neural networks, fuzzy 
systems are to a certain degree transparent to interpretation and analysis. 
Fuzzy systems require that we work out the fuzzy rules operating to 
different degrees and estimate the parameters of the membership functions 
(as well as functional forms for membership functions). We can use neural 
networks to estimate the parameters of fuzzy systems. But neural networks 
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require an accurate (statistically representative) set of numerical training 
data. 

The basic goal of neurofuzzy modeling in the presented transportation 
application is to decrease the dispatcher's role in the construction of fuzzy 
systems relying primarily on past numerical examples of the dispatcher's 
decisions. In the research done by Vukadinovic et al. (1998), the aim of 
learning is to set the appropriate membership functions of the input/output 
variables (they are different for each type of vehicle). It is assumed that the 
fuzzy rules are properly extracted from the dispatcher. The basic assumption 
is that one type of vehicle is used to meet every transportation request. 
Considering the developed fuzzy logic systems by Milosavljevic et al. 
(1996), a neural network is configured individually for every type of 
vehicle. However, the basic structure of a five layered adaptive neural 
network that has exactly the same function as the fuzzy logic system 
(Mamdani's model) is the same. 

5.7.4.1. Network configuration 

Specifying the set of processing units connected through directed links 
and what they represent is typically the first stage of specifying a neural 
network. The initial fuzzy system (for a vehicle with a capacity of 14 tons) 
is mapped into a five-layered adaptive neural network with a restricted 
connectivity structure that is shown in Figure 5.27. The proposed neural 
network is referred to as a five-layered network because five layers perform 
operations. The adaptive network shown in Figure 5.27 is a feedforward 
layered network because the output of each unit propagates from the input 
side (left) to the output side (right). 

The number of configured neural networks corresponds to the number of 
vehicle types. 

5.7.4.2. Pattern of connectivity 

Neural networks are designed to establish and compute a function from 
input space to output space. The examples of the dispatcher's assignment 
policy are expressed as input-output vectors and training and testing pairs 
are formed. 

In the research done by Vukadinovic et al. (1998), the network that has a 
fixed structure is configured based on the operation of the fuzzy system 
(Mamdani's model). The input layer consists of two units representing: 
distance the freight is to be transported, Xl (needed to determine vehicle 
suitability in terms of distance), and amount of freight, X2 (needed to 
determine vehicle capacity utilization). It simply transfers inputs further via 
the interconnections to the hidden or first layer. The first unit in the input 
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layer is connected with the first three units in the first layer. The second unit 
in the input layer is connected with the second three units in the first layer. 
The strengths of connections between the units in the input layer and the 
units in the first layer are crisp numbers equal to 1. 

The first layer consists of 3 + 3 units representing the number of verbal 
descriptions quantified by fuzzy sets ("low," "medium," "high") for each 
input variable. The input variables are vehicle suitability in terms of 
distance and vehicle capacity utilization. The vehicle capacity utilization is 
the ratio of the amount of freight transported by a vehicle to the vehicle's 
capacity. Every unit in the first layer is an adaptive unit with an output being 
the membership value of the premise part (A fuzzy If-Then rule assumes the 
form: If premise, then consequence). For example, the output from the first 
unit (representing the membership function - "low vehicle suitability," LS) 
is the grade of membership of a distance Xl to a fuzzy set "low suitability," 
J.lLS(XI)· 

Amount of 
freight (tons) 

Inputs Premise 
part 

(min) 

Rules Consequent 
part 

o 

(max) (Center ofGmvity 
method) Output 

Figure 5.27. A five-layered feedforward adaptive neural network configured for a vehicle 
with a capacity of 14 tons 

The number of units in the second layer equals the number of fuzzy 
rules. The number of fuzzy rules is equal to the number of cells in the 
rectangle shown in Table 5.25(c). Rule 1 corresponds to the first cell (NW 
comer), and so on. Every unit in this layer is a fixed unit that calculates the 
minimum value of incoming two inputs. The outputs from this layer are 
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firing strengths of rules. For example, the output from the first unit in the 
second layer is wI=min{f.l.LS(xl}, f.l.LCU(X2)}. 

The third layer has five adaptive units representing strength of the 
dispatcher's preference ("very weak," "weak," "medium," "strong," "very 
strong") in meeting a specific transportation request with a type of vehicle 
in question. Each unit in this layer calculates intersection of a fuzzy set 
(consequent) with the maximum of incoming rules' firing strengths. For 
example, the fourth unit calculates intersection of a fuzzy set "strong 
preference" with the maximum of rules' Rs, ~, R7 firing strengths: 
f.l.V4(Y} = min {Wi, f.l.SP(Y}}, where Wi = max {ws, w6, W7}. 

The single unit in the fourth layer is a fixed unit that computes the 
overall output of the fuzzy system: f.l.M(Y} = max {f.l.Vl(Y}, f.l.V2(Y}, f.l.V3(Y}, 
f.l.V4(Y}, f.l.vs(y)}· The obtained output is then defuzzified in the single unit in 
the fifth layer. The selection of fmal crisp value can be made in various 
ways. In this application the action that is closest to the center of gravity has 
been computed (center-of-gravity method). The network's output, 0, is a 
real value among 0 and I. The dispatcher's or targeted output equals either 0 
or I, meaning that the vehicle is either assigned to meet a specific 
transportation request or not. 

5.7.4.3. Supervised learning (A simulated annealing algorithm) 

In order to recover and emulate the dispatcher's assignment policy by 
fuzzy system, the aim of learning is to set the membership functions of the 
input/output variables to some adequate functions. When a known input, 
describing a transportation request, is applied to all trained networks, a 
maximum of networks outputs (the model output) is chosen. Since the 
trained neural network corresponds to the vehicle type, the maximum value 
of output determines the vehicle type to be assigned to meet a transportation 
request. The resulting choice of a vehicle type is then compared with the 
targeted or dispatcher's choice. The neural networks performances are 
measured as the deviation between the targeted output and the model output 
across all numerical examples of the dispatcher's decisions. This 
discrepancy or the error measure is considered as the objective function and 
the heuristic simulated annealing is used to minimize it. Since the 
application of a simulated annealing requires a large number of 
experiments, the training process was very long. However, the tuned fuzzy 
systems yield results superior to those obtained by the initial fuzzy 
controllers and can be used in real time. 

In this application, the objective function that has to be minimized is 
calculated as a sum of differences between the model output (maximum of 
the networks outputs) and the targeted output over all training pairs. The 
heuristic simulated annealing is used to minimize the objective function. 
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The statistical training method such as the simulated annealing requires the 
definition of an energy function (objective function) depending on the 
parameters of the neural network. Whenever a new set of membership 
functions is generated randomly, the resulting energy is determined. If the 
obtained energy is improved, then a new set of membership functions is 
memorized, otherwise the acceptance or the rejection of the change is 
decided according to a given probability distribution. The possibility that 
the change that worsens (increases) the energy is retained implies that the 
algorithm would hardly be trapped in local energy minima. In this research, 
the fact that the algorithm would hardly be trapped in local minima that is, it 
will converge to a global minimum was the main reason to chose this 
method as a learning rule. The disadvantage of using the simulated 
annealing algorithm as a learning rule of the neural network is a very long 
training period. 

The simulated annealing algorithm consists of the following steps: 

Step 1: Develop a proper annealing schedule {t]. t2. . ..• tKJ consisting of a 
sequence of temperatures (control parameters), t] > 12 > ... > tK, 

and the amount of time required to reach the equilibrium at each 
temperature. Set i = 1. 

Step 2: Generate a set of initial membership functions. For all the input 
vectors in a training set obtain the model output (maximum of the 
networks outputs) and calculate the objective function value 
(OFold). The objective function minimizes the sum of errors 
between the targeted outputs and the model outputs. 

Step 3: Generate a new set of membership functions by a small 
perturbation. The middle values (one in a case of a triangle or two 
in a case of a trapezoid) that are changed are uniformly distributed 
on arbitrarily defined intervals. Obtain the model output 
(maximum of the networks outputs) with the same input vectors 
(for the complete training set) and calculate the new objective 
function value (OFnew). Evaluate the change in the objective 
function (0 = OFnew - OFold). If 0 < 0, go to Step 5. Otherwise, go 
to Step 4. 

Step 4: (0 ~ 0) Compare a random variable, r, drawn from a uniform 
distribution on the [0, 1] interval, with the probability of accepting 
the new set of membership functions P(o) = exp(-oltj). If r < P(o), 
go to Step 5. Otherwise, keep the old set of membership functions, 
and go to Step 3. 

Step 5: (0 < 0 or r < P(O» Memorize the new set of membership functions 
and the new objective function value. 
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Step 6: If the thermal equilibrium has been reached at the temperature Ii, 
set i = i+ 1. Steady state or equilibrium is reached when we observe 
that an improvement of the objective function is highly unlikely. 
An epoch is an interval between checking if the equilibrium is 
reached. The epoch implies A exchanges of all membership 
functions, where A is a predefined number. The best solution that 
is, the least sum of errors between the model outputs and targeted 
outputs obtained through A exchanges of the membership 
functions, represents the epoch. Consider the case where k epochs 
have already been generated. After the next epoch, the equilibrium 
is reached if 

iOFVk+! - OFVpi 
-'------.....:....!. < E, k = 1, ... , MEP-l 

OF~+! 
(5.8) 

where OFVk+ 1 is objective function value that represents the k+ 1-
st epoch, OFVp is the least objective function value of all previous 
epochs' solutions, and E is predefined constant. The maximum 
number of generated epochs at one temperature if the thermal 
equilibrium is not reached in the meantime, MEP, is set in 
advance. If i > K, the algorithm is completed. 

The solutions obtained by a simulated annealing algorithm do not 
depend on the initial solution and usually approximate the optimal solution. 
However, the annealing schedule that is, the way the temperature gradually 
decreases and the initial temperature influence the performance of the 
algorithm. Initially, a temperature is given a high value; then it is slowly 
reduced until some small value, for which no deteriorations are accepted 
any more, is reached. Thus, the convergence of the obtained values for the 
membership functions is inherited from the convergence of the simulated 
annealing algorithm. 

5.7.5. Numerical example 

In the research done by Vukadinovic et al. (1998), the method used for 
tuning the fuzzy systems is mapping of a fuzzy system into a feedforward 
neural network trainable with supervised learning. The initial fuzzy systems 
developed by Milosavljevic et al. (1996) correspond to three different types 
of vehicle with capacities 4.4, 7, and 14 tons. Their fuzzy rule bases are 
shown in Table 5.25. The initial and the tuned membership functions for the 
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input/output variables are shown in Figure 5.28, Figure 5.29 and Figure 
5.30. 
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Figure 5.28. The initial and the final membership functions for the suitability of a vehicle 
with a capacity of 14 tons in terms of distance to be traveled 
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Figure 5.29. The initial and the final membership functions for the vehicle capacity 
utilization (for a vehicle with a capacity of 14 tons) 
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Figure 5.30. The initial and the final membership functions for the output variable that 
correspond to a vehicle with a capacity of 14 tons 

The application of simulated annealing requires a large number of 
experiments. The initial temperature and the number of temperatures are 
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varied during numerous experiments. The best result is obtained when an 
array of forty temperatures (ti+ 1 =0.9tj) and an initial temperature tl = 40 are 
used (Figure 5.3 J). 

The maximum number of generated epochs at one temperature 
MEP = 30. In other words, thirty epochs are generated if the thermal 
equilibrium is not reached in the meantime. The epoch implied twenty 
exchanges of all middle values of the membership functions. The value of E 

used to check if the equilibrium is reached was 0.05. 
The main difficulty in using a neurofuzzy modeling is in obtaining good 

training data. The reliance on the obtained result will be enhanced if 
sufficient and representative training data are available. Some authors 
suggest that as many as 100 data points is needed for each unit in a hidden 
layer (Hall and Smith, 1992). However, many researchers report quite 
acceptable results from relatively small training data set. In general, the 
more data the better the solution. The purpose of testing a neural network 
behavior on real (unseen) data is to provide an evidence about the adequacy 
of the network. As Dougherty (1995) claims: "It is important to remember 
that much more data are often required for training then testing; therefore 
where data are limited it may be better to reserve what real data are 
available for the testing phase, as this allows more credible results to be 
produced. " 
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Figure 5.31. Change of the objective function 

The three developed neural networks (corresponding to three vehicle 
types) are trained on 100 different examples of the dispatcher's decisions, 
and tested on sixty examples. The Table 5.26 and Table 5.27 show the 
characteristics of the transportation requests to be met as well as the 
decisions made by the dispatcher and the model. Incompatibility of the 
decisions is denoted by "***." 
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Table 5.26. Characteristics of 100 transEortation reguests to be met {trainin~ Eairs} 
Dispatcher's Model Dispatcher's Model 

Q (tons) L decision output Q(tons) L decision output 
(km} {km} 

1.8 101 2*" 18 80 2 2 
2.5 60 I I 18.3 48 2 2 
3 19 I 1 18.8 III 2 2 
3.5 56 I I 19 52 2 2 
3.5 75 1 I 19.2 80 2 2 
3.8 60 I 1 19.5 89 2 2 
4 43 I 1 19.8 130 2 2 
4.2 72 1 1 20 45 2 1 *** 
4.4 75 1 1 20.3 130 2 2 
4.9 84 2 2 21 101 2 2 
5 74 2 2 21 104 2 2 
5 125 2 2 21.4 36 1 
5.7 106 2 2 22 52 I 
6 41 2 1 .... * 22 66 1 1 
6 98 2 2 22.7 57 2 2 
6.3 92 2 2 23 311 3 3 
6.7 138 2 2 23 371 3 3 
7 130 2 2 24 281 3 3 
7 190 2 2 24 305 3 3 
7.6 48 1 I 24.5 330 3 3 
7.8 29 1 1 24.7 262 3 3 
8 28 1 25 12 1 1 
8 29 1 25 370 3 3 
8 41 1 26 45 1 1 
8.3 42 I 1 27 114 2 2 
8.4 67 1 1 27 115 2 2 
9.8 341 3 3 27 291 3 3 
9.8 440 3 3 27 420 3 3 
10 498 3 3 27.2 115 2 2 
10.8 362 3 3 28 650 3 3 
II 264 3 3 29 35 1 1 
12 26 1 1 29.2 36 1 
12 297 3 3 30 14 1 
12 420 3 3 30 25 I 1 
12.5 400 3 3 30.3 60 1 1 
12.9 25 1 1 31 100 2 2 
13 27 1 1 31.8 68 2 2 
13.5 321 3 3 32.6 130 2 2 
14 260 3 3 33 115 2 2 
15 23 1 1 33.1 100 2 2 
15.6 40 35 105 2 2 
15.7 17 38 20 1 
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Table 5.26. Characteristics of 100 transportation requests to be met (training pairs) 
{continued} 

Dispatcher's Model Dispatcher's Model 
Q (tons) L decision output Q (tons) L decision output 

{kIn} {kIn} 
16 28 38 360 3 3 
16.2 17 39 11 1 1 
16.5 28 40 280 3 3 
16.8 52 41 371 3 3 
16.9 26 44 12 1 1 
17 31 1 51 355 3 3 
17.2 62 1 1 54 257 3 3 
18 62 2 2 56 125 2 2 

Table 5.27. Characteristics of 60 transEortation reguests to be met {testinB Eairs} 
Dispatcher's Model Dispatcher's Model 

Q (tons) L decision output Q (tons) L decision output 
{km} (km} 

3.6 66 20 255 2 2 
4 36 20.3 220 2 2 
4 76 21 165 2 2 
4.2 80 1 21 245 2 2 
4.2 105 2 1 *** 21.5 23 1 1 
4.3 90 1 22 50 1 1 
7 230 2 2 22.5 380 3 3 
8.5 36 1 23 410 3 3 
9.3 341 3 3 24 260 3 3 
11 284 3 3 24 295 3 3 
11 300 3 3 24 405 3 3 
11.4 257 3 3 24.5 430 3 3 
12 297 3 3 25 17 1 1 
12.2 17 1 1 25 390 3 3 
12.7 320 3 3 25.5 20 1 1 
13 17 25.5 400 3 3 
16 33 26 39 
16.5 28 26 50 
17 52 1 27 17 2 1 *** 
17.3 63 1 27 160 2 2 
17.8 60 2 2 27 180 2 2 
17.8 164 2 2 27 415 3 3 
18 40 2 1 *** 28 125 2 2 
18 73 2 2 28 360 3 3 
18 186 2 2 28 400 3 3 
18.2 48 2 2 29 17 
18.5 160 2 2 30 17 1 
19 85 2 2 31.5 230 2 2 
19 145 2 2 33 135 2 2 
20 100 2 2 35 145 2 2 
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Regarding the training pairs, the tuned fuzzy systems predict the 
dispatcher's decision in 97% of the cases. The networks are tested on sixty 
examples and the following result is obtained: in 95% of the cases the tuned 
fuzzy systems predict the dispatcher's decision. 

Based on the obtained results it may be concluded that the proposed 
neurofuzzy models can assist and guide the dispatcher to assign vehicle 
types to meet transportation requests. Once the networks have been trained 
on a large set of representative data, there is a justified belief that they (in 
the form of fuzzy logic systems) will perform reliably without frequent 
retraining when installed in the field. 
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