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Welcome Address 

Good morning, Ladies and Gentlemen! 

Welcome to Nagoya and Nagoya University. 

It is my great pleasure to say some words at the opening of this conference on 
behalf of the host institute of this conference, Center for Integrated Research in 
Science and Engineering of Nagoya University. The Center is organized as an in
stitute to serve collaborating research and education on the new frontiers of mate
rials science, energy science and global environment science. 

I am the coordinator of the project entitled "Traffic simulator based on mathe
matical models and data base of highway traffic flow" which is one of the inter
disciplinary projects of the Center proposed by those outside of the Center but still 
within Nagoya University. The organizers of this conference include the principal 
members of the project, and they planned to have an international workshop 
"Traffic and Granular Flow '01" in Nagoya University. I am certainly glad to have 
the fourth of an international series of conferences for traffic and granular flow 
dynamics within the period of the project. 

Now, I should mention that this time is the hottest time ever of Nagoya Univer
sity, since as many of you probably know, last week one of our colleagues of Na
goya University, Professor Noyori, got a Nobel prize of chemistry for the ftrst 
time in the 21 st century. This conference is actually the ftrst conference in the 
campus after the Nobel prize fever at Nagoya University. 

I understand that the traffic problem is one of the most urgent problems to be 
solved in the 21st century. I hope this conference, the ftrst one in the Century, will 
be looked back in future as that held in the right place and at the right time. 

I wish you a great success of the conference and to enjoy Nagoya and Nagoya 
University. 

Thank you. 

y oshito Itoh 
Professor, Center for Integrated Research in Science and Engineering 
Director of University Library 
University Senator 
Nagoya University 



Preface 

The biannual international conference Traffic and Granular Flow has become an 
indispensable forum for researchers in this interdisciplinary field, which is rapidly 
evolving and addresses some of the most urgent scientific and technological chal
lenges. After Jiilich, Duisburg and Stuttgart, the fourth conference in this series 
was the first one to take place outside Germany. Nagoya (Japan) provided a per
fect setting to host the 96 participants from 11 nations. Again, many new ideas and 
developments were discussed. 

One highlight of the conference was certainly the dispute between Boris Kerner 
and Dirk Helbing, which touched upon the very basics of traffic modeling. Boris 
Kerner passionately promoted his idea that a two dimensional continuum of ho
mogeneous synchronized states in the flow-density plane must be at the core of 
any realistic traffic model (three phase traffic theory). Obviously the dynamics, in 
particular the response to perturbations like an on-ramp or to noise, is bound to be 
fundamentally different in such a model compared to the usual models (propa
gated by Dirk Helbing) with a fundamental diagram, where the homogeneous 
states lie on a curve in the flow-density plane. 

Unforgettable also the video record of an experiment performed by the project 
team of Japanese researchers (which is reported in the talk by Makoto Kikuchi), 
where some 20-30 cars were driving one behind the other in a large round-about 
until [mally a strong enough fluctuation occurred to trigger a jam. 

Further topics in the focus of this conference were pedestrian traffic and scale
free networks like the internet. The flow of granular media was not so much at the 
focus this time, but there were excellent posters discussing new phenomena like 
the clustering during avalanches or segregation of ellipsoids upon shaking. An im
pressive account of the complex physics of grains falling through a vertical pipe 
was given by Mitsugu Matsushita. 

Weare very grateful for the generous support of several sponsors, first of all 
the DaimlerChrysler AG, but also the Ford Motor Company, the Center for Inte
grated Research in Science and Engineering in Nagoya University, the Research 
Foundation for the Electrotechnology of Chubu, and the Daiko foundation. With
out this funding the conference would not have been such a success. 

We like to thank the conference secretaries: Atsushi Honda, Takahisa Kaji
moto, Namiko Mitarai, Masayo Miyano, Shizuka Nishiura, and Akiko Okumura, 
as well as the technical and organizational staff: Y oshihiro Ishibashi, Makoto Ki
kuchi, Katsuhiro Nishinari, Akihiro Nakayama, Shin-ichi Tadaki, Satoshi Yu
kawa, Tamaki Fukui, and Katsuya Hasebe for the internet service. The manu
scripts were prepared for publication by Andreas KeBel, Hubert Kliipfel, Torsten 



VIII Preface 

Huisinga, Robert Barlovic, Matthias W oltering, Andreas Pottmeier, Roland 
Chrobok, Guido Bartels, Stephan Dammer, Zeno Farkas, Dirk Kadau, Kwangho 
Park, Jochen Werth, and Frank Westerhoff. Special thanks go to Birgit Dahm
Courths, who compiled all the manuscripts of the conference proceedings into this 
book. 

The next conference Traffic and Granular Flow 2003 will take place in Delft 
(Netherlands), and we hope to see many of you again there. 

Duisburg / Nagoya, July 2002 Yuki Sugiyama 
Minoru Fukui 

MichaelSchreckenberg 
Dietrich E. Wolf 
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Euler and Lagrange Representation of Traffic 
Models 

K. Nishinari 

Department of Applied Mathematics and Informatics, Ryukoku University, Seta, 
Ohtsu 520-2194, Japan 

Abstract. The relations among different traffic models are studied by using the ultra
discrete method and the Euler-Lagrange transformation. It is found that the Burgers 
CA(BCA) in the Euler form can be transformed into the Lagrange form by using the 
formulae of the max-algebra. It is also shown that the Lagrange model is related to the 
optimal velocity model, the slow-to-start model and the Nagel-Schreckenberg model. 
Moreover, a new hybrid Lagrange model is proposed by extending the BCA, which 
shows a complex phase transition from free to a jamming state. 

1 The Euler Form of Traffic Models 

There are many different models of traffic flow proposed up to now. In this paper, 
we consider the relationship among them by using the newly proposed Euler
Lagrange transformation. Also we will propose a new hybrid model combining 
the good properties of each model. 

We focus on the Euler and Lagrange representation of each model. This 
terminology comes from hydrodynamics. In the Euler form a road is considered 
as a field and cars are not distinguished. Thus the Euler form has merits in 
modeling of overtaking the car in front, or more than one lane traffic flow. In 
the Lagrange form the dependent variable is the position of each car, and we 
can follow the position of each car individually. We have proposed several Euler 
models so far in our previous papers. Among them, the most basic and important 
one is the Burgers CA(BCA), and its Euler form is given by [I] 

(1) 

It has been shown that (1) is derived from the Burgers equation [2] Vt = 2vvx + 
Vxx through the transformation UJ = L/2 + c:L\xv(jL\x, tL\t), where L\x and L\t 
are lattice intervals in x and t respectively and c: is a parameter used in the 
ultradiscrete formula [3]. Assuming that L > 0 and 0 ~ UJ ~ L for any site j 
at a certain time t, 0 ~ UJ+1 ~ L holds for any j. Thus (1) is equivalent to a 
CA with a value set {O, 1, ... , L}. Moreover, if we put a restriction L = 1 on 
the BCA, then the BCA is equivalent to rule 184. There is a parameter L in 
this model, and its physical meaning is considered in the following two ways: we 
consider that a site could either represent a longer segment of the expressway 
capable of accommodating a maximum of L cars, or the unit segment of L-Iane 
expressway. 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
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The maximum velocity of cars in the BCA is 1, and we have extended the 
BCA to the case of maximum velocity 2 [4,5]. Extension of the BCA to general 
velocities are, however, found to be difficult as long as we use the Euler form. 
Euler Models become complex in general when the number of neighboring sites 
in an evolutional rule becomes large. It is better to use the Lagrange form when 
we consider one lane phenomena. It is suitable for representing the case that the 
order of cars does not change, i.e., every car does not overtake the car in front 
on one lane. 

2 Euler-Lagrange Transformation 

In this section we derive a Lagrange form of the BCA. For this, we propose the 
Euler-Lagrange transformation by using new formulae of the max-algebra. 

First, we define G by the equation 

(2) 

where Q is an arbitrary constant. The function G is similar to the function Fin 
[1], which is the variable in the ultradiscrete diffusion equation. Substituting (2) 
into (1) we obtain the evolution equation of G as 

(3) 

Thus we can "linearize" the BCA by using G, and (3) corresponds to the ultra
discrete diffusion equation [1]. 

From (2), G increases its value when U =I 0, i.e., cars exist. Thus we can put 

N-l 

G; = L H (j - x~ - 1), (4) 
i=O 

where H(x) is the step function defined by H(x) = 1 if x > 0 and H(x) = 0 
otherwise, and N is the total number of cars on the road. x~ is the Lagrange 
variable that represents the position of the i-th car at time t. (4) shows the rela
tion between the Euler variable G and the Lagrange variable x. Then replacing 
Gin (3) into H by using (4), we have 

N-l N-l 

L H(jL + Q - X~+l - 1) = max( L H(jL + Q - x~ - L - 1), 
i=O i=O 

N-l 

L H (j L + Q - x~ + L - 1) - L). (5) 
i=O 

The constant Q can be omitted by the Galilei transformation, so we put it as 
zero in the following. It is noted that the physical meaning of Q is related to the 
discussion given in [6]. 
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In order to simplify (5), we introduce a new formula 

H(j - min(a, b)) + H(j - minCe, d)) = max (H(j - a) + H(j - c), 

H(j - b) + H(j - d)) , (6) 

which holds for any constants a < e, b < d (Fig. 1). From Fig. 1 its proof is 

H 

2 

1 

o b a c d j 

Fig. 1. The bold line is the max of the thin line and broken line. The formula (6) holds 
under the conditions a < c and b < d. 

trivial. Generalizing (6), we get 

n n n 

2: H(j - min(ak' bk)) = max(2: H(j - ak), 2: H(j - bk)) (7) 
k=l k=l k=l 

assuming al < a2 < ... < an and bl < b2 < ... < bn. This is a fundamental 
formula for the Euler-Lagrange transformation. Another formula can be obtained 
by considering the rightmost boundary condition as 

(8) 

Here we assume that x} = 00 if j is larger than the number of cars (Fig. 2). This 
formula shows that the subtraction of L is the same as the shift of L in the 
subscript of x. 

By using (7) and (8), since x~ < x~+1 for any i, (5) can be transformed into 

2: H(jL - X~+l - 1) = max(2: H(jL - x~ - L - 1), 
i i 

2: H(jL - x~+L + L - 1)) 
i 

= 2: H(jL - min(x~ + L + 1, X~+L - L + 1)). (9) 
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H 

4 

3 !2 
2 

1 

0 X1 ~ Xa X4 .. 
2 

Fig. 2. The shift of the graph of vertical direction is the same as the shift of horizontal 
direction. This is illustlated in the case of L = 2. 

Thus comparing the both sides we finally obtain 

X~+I = min(x~ + L + 1, x~+L - L + 1) - 1 

= x~ + min(L, X~+L - x~ - L), (10) 

which is the Lagrange form of BCA. If we put L = 1, then we obtain a Lagrange 
form of the rule-184 CA as 

HI _ t . (1 t t 1) Xi - Xi + mm ,Xi+l - Xi - . (11) 

3 Traffic Models in the Lagrange Form 

The rule-184 CA is considered as a prototype of all traffic models. Thus in this 
section we will develop it to a more realistic one by using the Lagrange form. 

First, let us extend (11) to the case that the maximum velocity of cars is V. 
In this case cars can move forward at most V sites per unit time if their front 
sites are empty. The rule-184 CA is the case V = 1. This is easily modeled by 

t+l _ t . (V t t 1) 
Xi - Xi + mm ,Xi+l - Xi - . (12) 

This corresponds to the Lagrange form of the Fukui-Ishibashi(FI) model [7]. In 
(12) a car follows only the car in front. We can extend it to the case where 
the number of cars that a driver can see in front is S. S is considered as a 
"perspective" parameter in this model. Then the model is given by 

t+l _ t . (V t t S) 
Xi - Xi + mm 'Xi+S - Xi - . (13) 
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This model is called sometimes as the quick start model or anticipation model. 
From this extension it is found that BCA (10) is considered as the case V = S = 
L. Thus (13) is considered as a generalization of BCA to the case V -:j:. s. 

Here we comment on a formal relationship between the Optimal-Velocity ( OV) 
model [8) and the FI model. Adding the term - (x~ - X~-l) in both sides in (12) 
gives 

X~+1 - 2xt + xt = min(V h~) - (x~ _ x t - 1) 
t Z 1.-1 'z z z , (14) 

where h~ = X~+l - x~ - 1 is the headway of the i-th car. It is noted that h~ also 
represents the number of vacant sites between the i-th and (i + 1)-th car. Taking 
a continuous limit .1t -+ 0 we obtain (after appropriate scalings) 

(15) 

This is nothing but the OV model, and the min(V, hD corresponds to the peace
wise linear OV function appeared in [9). It should be mentioned that, since the 
uniform flow in FI model is always stable, the sensitivity parameter [8) in (15) 
becomes large and the uniform flow is always stable in this case. 

Next we consider another type of traffic models in which the update rule 
depends on two preceding steps. So far it depends only on one step. A slow-to
start model has been proposed by M.Takayasu and H.Takayasu [10), which can 
be written in the Lagrange form as 

t+l _ t . (1 t t 1 t-l t-l 1) 
Xi - Xi + mm ,Xi+l - Xi - ,Xi+l - Xi - . (16) 

The inertia effect of cars can be treated by this slow-start rule. It is found that 
the velocity of cars depends not only on the present headway but also on the 
past headway in this rule. 

The Nagel-Schreckenberg(NS) model [11) is a stochastic CA model which is 
written in the Lagrange form as 

t+l t (0· (V t tIt t-l 1) t) xi = Xi + max ,mm ,xi+l - Xi - ,Xi - Xi + - 'TIi , (17) 

where 'TIf = 1 with probability p and 'TIf = 0 with 1 - p. The last term in min 
represents the acceleration of cars, because 1 is added to the present velocity 
vf = x~ - X~-l. From (16) and (17) the last term in min is different if we neglect 
the stochastic term in the NS model. It is known that only the slow-start model 
shows the metastable state, which is often observed in real traffic. An extension 
of the NS model to include the slow-to-start rule is treated in [12). 

4 An Extended Lagrange Model 

In this section, let us extend our Lagrange model of BCA with V -:j:. S to include 
the effect of inertia of cars, i.e., we combine (13) and (16). We obtain such hybrid 
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Lagrange model as 

X~+1 = x~ + min (v/, min (x~+k - x~ - k + V;~k)) 
k=I,.··,S-1 

t . (Vt t t k t-l t-l S) = xi + mm i ,xi+k - Xi - + xi+S+k - xi+k-
k=I,···,S-1 

where 
V t . (V t t S t-l t-l S) i = mm ,xi+S - xi - ,xi+S - Xi - , 

(18) 

(19) 

(20) 

and if S = 1 we put k = 1. The term mink=I,. .. ,S-1 ( ... ) in the r.h.s of (18) plays 
an important role in avoiding the collision of cars. This is because the condition 
that a car does not overtake all the viewable cars in its front is given by (Fig. 3) 

i i+k i+S 
t 

1- ·1 • 
xj+k-xj-k Vi+k• 

• 
Vi 

Fig. 3. The collision-free condition (21) is illustlated. The sum of the headway XiH -

Xi - k and velocity of (i + k)-th car must be larger than the velocity Vi, This must be 
hold for all the cars between the i-th and the (i + S)-th car. 

(21) 

This model includes the slow-to-start rule (V = S = 1) and the FI model(S = 1 
and neglecting the terms x t - 1 ). 

Next, we investigate the behavior of cars in this new Lagrange model. The 
fundamental diagram, which is the plot of the traffic flow Q and density p, 
is given by Fig. 4 for several set of parameters. The flow Q is defined by the 
multiplication of the density and the average velocity of cars. From Fig. 4, we 
observe a complex phase transition from a free to a congested state around the 
critical density. There are many metastable branches in the diagram as seen in 
our previous models in the Euler form [5]. 

The schematic diagram is given by Fig. 5. At the maximum current state A, 
the stationary pattern 

11 ... 11 000 ... 000 

~--------S v 

is observed, then the position of A in the diagram is given by 

( S Sv) 
V+S'V+S . 

(22) 

(23) 
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Q 
1.2 

0.8 

0.6 

0.4 •• 
Ii • 
• 

0.2 • 

• 

0.2 0.4 0.6 0.8 p 
Fig. 4. A fundamental diagram of the new Lagrange model. Parameters are set to 
V = 5 and S = 2, and the spatial period is 50 sites. Initial car density is varied from 0 
to 1 with step 0.05. At each density, we start calculations from 25 randomly generated 
initial configurations and superpose all plots in the diagram from time 0 to 100. The 
average flow over the 25 cases at each time are plotted by thick circles. We see the first 
order phase transition and many metastable branches in the diagram. 

Also at the branching point B, from the stationary pattern 

the position is 

11 . . . 11 000 ... 000 
~~ 

S 2V 

( 8 8V) 
2V +8' 2V +8 . 

(24) 

(25) 

The branch A - B represents overdense free flow and we call it the metastable 
state which will be a congested state due to perturbations. Let us study the 
stability of uniform flow in detail in the case V = 5 and S = 2. The uniform 
state A is most unstable to perturbations. From (22) the state is consisted by 
the block 

· ··1,1,0,0,0,0,0,1,1,0,0,0,0,0··· 
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Q 
A 

~ ......... . . ..... .... . .. ......... . ... ......... . ... ......... . 
'" ........ . .... ....... . .... ....... . 

c 
1 P 

Fig. 5. A schematic fundamental diagram of the new model. The line O-A represents 
the free flow and its gradient is V. The line B-C shows the strong jam and its gradient 
is -8/2. The dotted region represents the weak jam, in which the flow is relatively 
high in the congested state. We see that there are many metastable branches in it. 

and its flow is Q = SV/(V + S) = 1.42857. First, we add a small perturbation 
to the initial condition which corresponds to a breaking of a car. We set it as 

· . ·1, 1,0,0,0,0,1,0,1,0,0,0,0, 0· .. 

then after some time we found that it reaches a stationary state(Fig. 6(a)). The 
flow in the stationary state becomes Q = 1.28571. Next, we gradually magnify 
the perturbation. If we set the initial condition as 

· .. 1, 1,0,0,0,1,1,0,0,0,0,0,0, 0· .. 

then the final stationary flow becomes Q = 1.14286(Fig. 6(b)). For the initial 
condition 

···1,1,0,1,0,1,0,0,0,0,0,0,0,0··· 

the final flow becomes Q = 0.857143(Fig. 6(c)). We see that in this case the flow 
oscillates while reaching the stationary value. It is found that the flow is not 
always monotonously decreasing during relaxation. Finally we add the strongest 
perturbation as 

· . ·1, 1, 1, 1,0,0,0,0,0,0,0,0,0, 0· .. 

and the final flow becomes Q = 0.714286(Fig. 6(d)), which is the point J4 on the 
line B - C in Fig. 7. The decrease of flow from A to J4 under the perturbations 
is shown schematically in Fig. 7. Thus it is found that perturbation causes a 
transition form from free to a jamming state through sevaral intermediate stages. 
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(a) 

(b) 

(c) 

(d) 

30 40 50 '---------
t 

20 30 40 50 

20 30 40 50 

20 30 40 50 

Fig. 6. The uniform flow in A is unstable due to perturbations. We magnify the per
turbation from (a) to (d). In each perturbation, we draw the space-time behavior and 
the Q-t graph. The squares in black and light gray represent 1 and 0, respectively. 
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Many stationary congested states given above cause data-spreading in the two
dimensional area in the diagram. In the new model therefore it is found that 
there exist both, a metastable "weak jam" (in the dotted region) and the "strong 
jam" (line B-C) in the congested state. We expect that these phenomena will be 

Q 

c p 

Fig. 7. Flow decreases from A to J4 due to perterbations. There are many intermediate 
states between them, which are all stationary and metastable states. 

observed in expressway traffic [13), in which the phase transition from free to 
congested states shows metastability. So, our new model will be a good tool to 
analyze complex phase transitions of real traffic flow. 
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Three-Phase Traffic Theory 

B.S. Kerner 

Daimler Chrysler AG, RICjTS, T729, 70546 Stuttgart, Germany 

Abstract. Hypotheses and some results of the three-phase traffic theory which has 
been proposed and developed by the author during the last years are considered. In 
order to give some insight, types and features of spatial-temporal congested patterns 
which can occur in the frame of this theory both on a homogeneous road and at a 
highway bottleneck are briefly discussed. A theory of highway capacity at highway 
bottlenecks is developed and discussed. Finally, a critical discussion of theoretical re
sults which have been derived within the fundamental diagram approach is made. 

1 Introduction 

Up to now it has been self-evident that steady state solutions of a mathematical 
traffic flow model, i.e., the model solutions where vehicles move at the same 
distances to one another with the same time-independent vehicle speed (these 
hypothetical spatially homogeneous and time-independent traffic states are often 
called also "equilibrium" model solutions; we will use in the article for these traf
fic states the term "steady" states or "steady speed" states) should belong to a 
curve in the flow-density plane (see, e.g., [1-40] and the recent reviews [41,42]). 
This curve which goes through the original and has at least one maximum is 
called the fundamental diagram for traffic flow. The postulate about the fun
damental diagram underlies almost all traffic flow modeling approaches up to 
now (see reviews [41,42]) in the sense that the models are constructed such that 
in the unperturbed, noiseless limit they have a fundamental diagram of steady 
states, i.e. the steady states form a curve in the flow-density plane. An approach 
to traffic flow modeling which is based on this fundamental hypothesis about 
steady state model solutions [1,41,42] will be called the fundamental diagram 
approach. 

It is well-known that traffic on a multi-lane highway (which will be mostly 
considered in the paper) can be either free or congested. Congested traffic states 
can be defined as the traffic states where the average vehicle speed is lower than 
the minimum possible average speed in free flow (e.g., [43]). It is well known 
that in contrast to free traffic flow, in congested traffic a collective behavior of 
vehicles plays an important role (the collective flow by Prigogine and Herman 
which is related to a part of the fundamental diagram at higher density [5]), 
and a synchronization of vehicles speeds across different highway lanes usually 
occurs [43]. In congested traffic, complex spatial-temporal patterns are observed, 
in particular a sequence of moving traffic jams, the so called "stop-and-go" phe
nomenon (e.g., the classical works by Treiterer [44] and Koshi et al. [43]). Recall 
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that a moving jam is a moving localized structure. The moving jam is spatially 
restricted by two upstream moving jam fronts where the vehicle speed and the 
density change sharply. The vehicle speed is low (up to zero) and the density is 
high inside the moving jam. 

Concerning the important role of highway bottlenecks it should be noted that 
although congested traffic can occur away from bottlenecks [45], they have an 
important impact as well as defects in physical systems can play an important 
role for the phase transitions and for the formation of spatial-temporal patterns. 
The role of the bottlenecks in traffic flow is as follows: Highway bottlenecks are 
the most frequent reason for the occurrence of congested traffic (e.g., [46,47]). 
The bottlenecks can be resulted for example due to road works, on and off ramps, 
a decrease in the number of highway lanes, road curves and road gradients. 

Although the complexity of traffic is linked to the occurrence of spatial
temporal patterns, some of the traffic features can be understood if average traf
fic characteristics are considered. Thus among the important empirical methods 
in traffic science are empirical flow-density and speed-density relationships which 
are related to measurements of some average traffic variables at a highway lo
cation, in particular at highway bottlenecks. The empirical relationship of the 
average vehicle speed on the vehicle density must be related to an obvious result 
observed in real traffic flow: the higher the vehicle density, the lower the average 
vehicle speed. When the flow rate, which is the product of the vehicle density 
and the average vehicle speed, is plotted as a function of the vehicle density one 
gets what is known as the empirical fundamental diagram. 

In 1955 Lighthill and Whitham [1] wrote in their classical work (see page 
319 in [1]): " ... The fundamental hypothesis of the theory is that at any point of 
the road the flow (vehicles per hour) is a function of the concentration (vehicles 
per mile) ... ". Apparently the empirical fundamental diagram was the reason 
that the fundamental diagram approach has already been introduced in the first 
traffic flow models derived by Lighthill and Whitham [1], by Gasis, Herman and 
Rothery [2], and by Newell [3]. 

Concerning the fundamental diagram, it must be noted that in congested traf
fic complex spatial-temporal traffic patterns are observed (e.g., [44,43]). These 
patterns are extremely spatially non-homogeneous. This spatial behavior of con
gested patterns is a complex function on time. An averaging of traffic variables 
related to congested patterns over long enough time intervals gives a relation 
between different averaged vehicle speeds and densities. Thus, the empirical fun
damental diagram is related to averaged characteristics of spatial-temporal con
gested patterns measured at a highway location rather than to features of the 
hypothetical steady states of congested traffic on the theoretical fundamental 
diagram. For this reason, the existence of the theoretical fundamental diagram 
is only a hypothesis. 

It must be noted that on the one hand the empirical fundamental diagram is 
successfully used for different important applications where some average traffic 
flow characteristics should be determined (e.g., [47,48]). On the other hand, it 
is well known in non-linear science that features of steady state solutions of a 
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mathematical model can make a great influence on the whole model dynamics. 
Therefore, it is not surprising that the fundamental diagram which defines the 
steady speed states of a mathematical traffic flow model in most cases determines 
also the main non-linear spatial-temporal features of the congested patterns 
which the model can show [17,42]. However, it is obviously that an average 
empirical characteristic of traffic flow - the empirical fundamental diagram - can 
not explicitly determine empirical spatial-temporal features of traffic. Apparently 
this contradiction can explain the empirical result that the most of empirical 
spatial-temporal pattern features [49-51] are qualitative different from those 
which follow from mathematical traffic flow models in the fundamental diagram 
approach [41,42]. 

For this reason in 1996-2000 Kerner, based on an empirical traffic flow anal
ysis, has introduced a concept called "synchronized flow" and the related three
phase traffic theory [45,49,52-59]. The fundamental hypothesis of the three-phase 
traffic theory [53] is that steady states of synchronized flow, i.e., the hypotheti
cal states of synchronized flow where vehicles move at the same distances to one 
another with the same time-independent vehicle speed cover a two-dimensional 
region in the flow-density plane. This means that there is no fundamental dia
gram for steady states of synchronized flow in this traffic theory. 

A discussion of this concept and of main hypotheses to the three-phase traffic 
theory, a critical comparison of the results of the fundamental diagram approach 
to traffic flow theory with empirical results, and also some recent empirical results 
and results of the three-phase traffic theory are covered in the remainder of this 
article. 

2 The Concept "Synchronized Flow" 

The concept "synchronized flow" introduced by the author consists of the fol
lowing claims: 

1. There are two qualitative different phases, the traffic phase called" synchro
nized flow" and the traffic phase called "wide moving jam", which should be 
distinguished in congested traffic [49,52-55]. This distinguishing is based on 
qualitative different empirical spatial-temporal features of these phases. 

2. The fundamental basic hypothesis of the three-phase traffic theory [49,53-
55]: Hypothetical steady states of synchronized flow cover a two-dimensional 
region in the flow-density plane. This means that in these hypothetical steady 
states of synchronized flow, where all vehicles move at the same distances 
to one another and with the same time-independent speed, a given steady 
vehicle speed is related to an infinity multitude of different vehicle densities 
and a given vehicle density is related to an infinity multitude of different 
steady vehicle speeds. This hypothesis means that there is no fundamental 
diagram for hypothetical steady speed states of synchronized flow. 

The fundamental hypothesis of the three-phase traffic theory is therefore in con
tradiction with the hypothesis about the existence of the fundamental diagram 
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for hypothetical steady states of mathematical models and theories in the fun
damental diagram approach. 

3 Objective Criteria for Traffic Phases 

It should be stressed that the concept "synchronized flow" and the related 
methodology of the congested pattern study, which has been used for the def
inition of the three traffic phases below, is based on an analysis of empirical 
spatial-temporal features of congested patterns [49,52,53) rather than on a dy
namical analysis of data (e.g., in the flow-density plane) which are measured 
at only one highway location. First, a spatial-temporal study of traffic must be 
made. Only after the traffic phases" synchronized flow" and" wide moving jam" 
have already been distinguished, based on this spatial-temporal data analysis, 
some of the pattern features can further be studied in the flow-density plane. 
In particular, this procedure has already been used in [52): At the first step, 
a spatial-temporal analysis of empirical data have been made and the phases 
"synchronized flow" and "wide moving jam" have been identified. At the next 
step, the traffic phase "synchronized flow" has been plotted in the flow-density 
plane without any moving jams and some of the features of "synchronized flow" 
have in addition been studied. 

The objective criteria to distinguish the different phases in congested traf
fic are based on qualitatively different spatial-temporal features of these phases 
[49,52,53). These objective criteria have been defined as the following [54,56,57): 

• A local spatial-temporal upstream moving congested traffic pattern, i.e., a 
pattern which is spatially restricted by two upstream moving (downstream 
and upstream) fronts, belongs to the traffic phase "wide moving jam", if 
at the given "control parameters" of traffic (e.g., the weather and other 
environment conditions), the pattern possesses the following characteristic, 
i.e., unique, coherent, predictable and reproducible feature: The pattern as a 
whole local structure propagates through any states of free and synchronized 
flows and through any bottlenecks (e.g., at on-ramps and off-ramps) keeping 
the mean velocity of the downstream front of the pattern. This velocity is 
the same for different wide moving jams. 

• The traffic phase "synchronized flow" possesses the characteristic feature to 
form diverse spatial-temporal patterns upstream of a highway bottleneck. 
The downstream front of these patterns is usually fixed at the bottleneck. 
Even if a moving synchronized flow pattern occurs, the velocity of the down
stream front of this pattern is not a characteristic parameter: This velocity 
can change in a wide range during the pattern propagation and it can be 
different for different patterns. 

Examples of the application of these objective criteria for the determination of 
the phase "synchronized flow" and the phase "wide moving jam" in congested 
traffic can be found in [51) where a more detailed analysis of these phases has 
been made. 
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It should be noted that measured data on sections of highway A5 which 
have been used in [45,49-59] also comprise the information about vehicle types 
(number of vehicles and long vehicles) and individual vehicle speeds passing the 
detector during each one minute interval of averaging. Using the latter informa
tion in additional to the spatial-temporal data analysis of one minute averaged 
data, the determination of the type of synchronized flow in empirical studies of 
synchronized flow (the type (i), or (ii) or else (iii) [52]) have been made. Besides, 
the individual vehicle speeds allow us to answer the question whether there are 
narrow moving jams in synchronized flow or there are not. All these steps of data 
analysis have been made in [45,49-59]. We will illustrate this in Sec. 9 where an 
empirical example of a synchronized flow pattern will be studied. 

The term "synchronized flow" should reflect the following features of this 
traffic phase: (i) It is a non-interrupted traffic flow rather than a long enough 
standstill as it usually occurs inside a wide moving jam. The word "flow" should 
reflect this feature. (ii) There is a tendency to a synchronization of vehicle speeds 
across different lanes on a multi-lane road in this flow. Besides, there is a tendency 
to a synchronization of vehicle speeds on each of the road lanes (a bunching 
of the vehicles) in synchronized flow due to a relatively low mean probability 
of passing in synchronized flow. The word "synchronized" should reflect these 
speed synchronization effects. 

It has already been mentioned, that traffic flow consists of free flow and 
congested traffic. Congested traffic consists of the phase" synchronized flow" and 
the phase "wide moving jam". Thus, there are three traffic phases [49,52,53]: 1. 
Free flow. 2. Synchronized flow. 3. Wide moving jam. 

Moving jams do not emerge in free flow, if synchronized flow is not hin
dered [50]. Instead, the moving jams emerge due to a sequence of two first order 
phase transitions [49]: First the transition from free flow to synchronized flow 
occurs (it will be called the F-+S-transition) and only later and usually at a 
different location moving jams emerge in the synchronized flow (the latter tran
sition will be called the S-+J-transition and the sequence of both transitions the 
F -+S-+J-transitions). 

4 Short Coming of the Fundamental Diagram Approach 
for Description of Traffic Congestion 

Different explanations of these empirical features of wide moving jams and syn
chronized flow are up to now in a discussion between different groups (e.g., [30-
40,60-70] and the review [42]). 

Due to the effort of different scientific groups (see e.g., [6-11,13-24,28-40,71] 
and the reviews [41,42]) a considerable progress has been made in the under
standing of the spatial-temporal congested patterns in different traffic flow mod
els within the fundamental diagram approach. In particular, in this approach 
two main classes of traffic flow models may be distinguished which claim to 
show moving jams and other congested patterns upstream from an on-ramp: 
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(i) Models where at a sufficiently high initial flow rate, upstream from an on
ramp, moving jams spontaneously occur if the flow rate at the on-ramp be
ginning from zero gradually is increasing. However, the range of the flow rate 
to the on-ramp where moving jams spontaneously occur is limited. Beginning 
at a high enough flow rate to the on-ramp spatial homogeneous states of traf
fic flow which have been called "homogeneous congested traffic" (HeT) [32] 
occur upstream of the on-ramp where no moving jams spontaneously emerge 
(e.g., [29,32-35,42]). 

(ii) Models where as well as in the models of item (i), beginning at a some 
flow rate to the on-ramp, moving jams spontaneously occur upstream of the 
on-ramp. However, no HeT occurs in these models. 

How do the traffic phase "synchronized flow" and the traffic phase " wide 
moving jam" emerge in an initially free traffic flow at an isolated bottleneck (i.e., 
the bottleneck is far away from other effective bottlenecks), e.g., at a bottleneck 
due to an on-ramp? Empirical observations allow to conclude that the following 
scenarios are responsible for the phase transitions and for the pattern evolution 
in traffic flow at the on-ramp [49,51]: 

1. Moving jams do not emerge in an initially free flow at the on-ramp when 
the flow rate at the on-ramp is gradually increasing. Rather than moving 
jams the phase transition from free flow to synchronized flow occurs at the 
on-ramp. 

2. At a low enough flow rate to the on-ramp the vehicle speed in synchronized 
flow which has occurred upstream of the on-ramp is relatively high. Moving 
jams do not necessary emerge in that synchronized flow. If the flow rate to the 
on-ramp is high, then the vehicle speed in the synchronized flow is low and 
moving jams, in particular wide moving jams, emerge in that synchronized 
flow. 

3. The lower the average vehicle speed in synchronized flow upstream of the 
on-ramp, the higher the frequency of the moving jam emergence in that 
synchronized flow. This means that the moving jam emergence goes on up 
to the highest possible values of the flow rate to the on-ramp: Traffic states 
of high density and low vehicle speed, where moving jams do not emerge, 
are not observed in synchronized flow upstream of the on-ramp. 

The empirical results in item 1 and 2 are in qualitative contradiction with the 
both model classes (i) and (ii) in the fundamental diagram approach. In these 
models, at high enough initial flow rates upstream of the on-ramp moving jams 
must emerge in an initial free flow if the flow rate to the on-ramp beginning from 
zero is gradually increased [42]. The last empirical result in item 3 means that 
in average the higher the vehicle density is the lower is the stability of traffic 
flow with respect to the moving jam emergence in that flow. This result of ob
servations which seems to be intuitive obvious for each driver is in a qualitative 
contradiction with the models of the class (i) in the fundamental diagram ap
proach where HeT, i.e, homogeneous congested traffic of high density and low 
vehicle speed must occur where moving jams do not emerge [42]. 
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The features of the theoretical diagram [32,33,36,42) given a high enough 
initial flow rate on a highway upstream of the on-ramp may be illustrated with 
the following simple theoretical schema 1: 

• A low flow rate to the on-ramp ~ different kind of moving jams must emerge. 
• A high enough flow rate to the on-ramp ~ HCT where the density is high 

and the speed is very low and no moving jams spontaneously emerge must 
occur. 

In contrast to this theoretical result [32,33,36,42), in empirical observations [51) 
the following empirical schema 2 is observed: 

• A low flow rate to the on-ramp ~ synchronized flow where the density is 
relatively low and the speed is relatively high occur where moving jams 
should not necessary emerge. 

• A high enough flow rate to the on-ramp ~ moving jams must spontaneously 
emerge in synchronized flow upstream of the on-ramp at any high flow rate 
to the on-ramp. 

Thus, these two schemata (the theoretical schema 1 [32,33,36,42] and the em
pirical schema 2 [51]) are in contradiction to one another. 

It should be noted that in models within the fundamental diagram approach, 
fluctuations and external perturbations let the system evolve in time through a 
2D region in the flow-density plane, as well. However, the dynamics is governed 
locally by steady state properties. In models within the fundamental diagram 
approach, these steady states lie on the fundamental diagram, i.e., they are 
related to a ID region in the flow-density plane [41,42]. If the steady states form a 
2D region, as is the case in the three-phase traffic theory [49,53-55], the dynamics 
is fundamentally different. This leads also to qualitative differences between the 
congested patterns obtained in the three-phase traffic theory [51,67,70] or in the 
fundamental diagram approach [41,42]' respectively. 

It must be noted that this critical consideration of the application of the 
fundamental diagram approach for description of congested traffic does not con
cern some important mathematical ideas which have been introduced and de
veloped in models and theories within the fundamental diagram approach with 
the aim to describe the traffic flow dynamics, for example the ideas about the 
modelling of vehicle safety conditions, fluctuations, vehicle acceleration and de
celeration, different vehicle time delays and other important effects (e.g., [2,3,6-
11,13-24,32,37-39,66-68,71-77]; see also references in the reviews by Chowdhury 
et al. [41], by Helbing [42] and by Wolf [75]). These mathematical ideas are also 
very important elements of the three-phase traffic theory [45,55,58] and of mi
croscopic models within this theory [67,70]. The main feature of the three-phase 
traffic theory is that this theory rejects the basic hypothesis about the funda
mental diagram of earlier traffic flow theories and models. The three-phase traffic 
theory introduces the new phase of traffic flow, synchronized flow, which steady 
states cover 2D region in the flow density plane. This allows us to overcome 
the above problems of fundamental diagram approach and to explain empirical 
spatial-temporal congested pattern features [49,51]. 
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5 Discussion of Hypotheses to the Three-Phase Traffic 
Theory 

5.1 Steady Speed States [53,45,55] 

To explain the mentioned above and other contradictions of empirical results 
with the results of traffic flow models and theories in the fundamental diagram 
approach, the author has introduced the three-phase traffic theory related to the 
concept "synchronized flow" [49,53,54,56-58,78,79]. 

The fundamental hypothesis of the three-phase traffic theory has already 
been formulated in item 2 of the concept "synchronized flow" (Sec. 2): Hypo
thetical spatially homogeneous and stationary, i.e., time-independent (steady) 
states of synchronized flow where vehicles move at the same distances to one 
another with the same time-independent vehicle speed cover a 2D-region in the 
flow-density plane [49,53,58] (Fig. 1). These steady states are the same for a 
multi-lane and for a one-lane roads. In other words, in the three-phase traffic 
theory there is no fundamental diagram for synchronized flow. 

This is not excluded by the empirical fact mentioned above, that a given 
vehicle density determines the average vehicle speed. Indeed, from empirical 
observations it may be concluded that at the same distance between vehicles (at 
the same density) there may be a continuum of different vehicle speeds within 
some finite range in synchronized flow. Obviously the averaging of all these 
vehicle speeds leads to one average value at the given density. This is also not 
ruled out by car following experiments, where a driver has the task to follow a 
specific leading car and not loose contact with it (e.g., [43]). In such a situation, 
the gap between the cars will be biased towards the security gap depending on 
the speed of the leading car. In synchronized flow the situation is different: The 
gap between cars can be much larger than the security gap. 

The hypothesis about steady states of synchronized flow which cover a 2D
region in the flow-density plane makes the three-phase traffic theory [49,53,58] 
almost incompatible with all classical traffic flow theories and present models 
(see, e.g., [1-3,6-9,12,14,13,17,15,18,19,22-33,36,38-42]) which are based on the 
fundamental diagram approach. 

This follows from the diagram of congested patterns at bottlenecks which has 
recently been found out by Kerner [51,78,82]. This diagram has been postulated 
on very general grounds within the three-phase traffic theory [51,78] (see Sec. 6.2) 
and demonstrated for a microscopic traffic model by Kerner and Klenov [67]. In 
this model, the upper boundary of a 2D-region of steady states of synchronized 
flow in the flow-density plane is related to the well-known dependence of the 
safe speed on the gap between vehicles. The low boundary of these steady states 
is related to the dependence of a synchronization distance D on the speed. The 
synchronization distance D introduced in [67] has been used by Kerner, Klenov 
and Wolf for the formulation of KKW cellular automata models to the three
phase traffic theory which may show qualitative the same diagram of congested 
patterns [70] as the continuum model of Kerner and Klenov [67]. The mathe
matical models within the three-phase traffic theory proposed in [67,70] show 
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that the fact whether the steady states of a mathematical description of traf
fic belong to a curve (the fundamental diagram approach) or to a 2D-region in 
the flow-density plane qualitatively changes the basic non-linear spatial-temporal 
features of the congested patterns which the model allows. This is probably be
cause some of the steady states of the mathematical model can be "fixed points" 
or attractors for the model. It is well-known in the physics of different non-linear 
systems that characteristics of these attractors may have a great influence on 
the whole non-linear dynamics of the mathematical model. 

In the section below, some features of steady states of traffic flow on a multi
lane road in the three-phase traffic theory are considered (a more detailed con
sideration is made in [53,45,55]). These features are further compared with those 
which follow from traffic theories and models in the fundamental diagram ap
proach. 

Note that the three-phase traffic theory is a behavioral theory of traffic flow. 
This means that hypotheses of this theory are based on observed common be
havioral fundamental characteristics of drivers on highways. In particular, the 
fundamental hypothesis of the three-phase traffic theory (Sec. 2) is linked to a 
driver's ability to recognize whether the distance to the vehicle ahead becomes 
higher or lower over time [53]. If gaps between vehicles are not very high, this 
driver's ability is true even if the difference between vehicle speeds is negligible. 
It has been shown [51,67,70] that the main qualitative features of the congested 
pattern emergence observed in empirical investigations [49,51] can be shown in 
the three-phase traffic theory where all drivers have the same characteristics 
and all vehicles have the same parameters. Obviously, in real traffic there are 
differences in driver's characteristics and in vehicles parameters (e.g., different 
wish and different safe speeds, aggressive and timid driver's behavior, vehicles 
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Fig. 1. The hypotheses about states of free flow (curve F) and spatially homogeneous 
and time-independent states (steady states) of synchronized flow (dashed region) in 
the flow density plane for a multi-lane (in one direction) homogeneous (without bottle
necks) road in the three-phase traffic theory (a). For a comparison, in (b) steady states 
for a homogeneous (without bottlenecks) one-lane road are shown [49,53]. The dotted 

line is related to a minimum speed in steady states of synchronized flow v~r:) [50,57]. 
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and long vehicles) which may change some spatial-temporal congested pattern 
parameters and conditions of the pattern emergence. However, these differences 
in driver's characteristics and in vehicles parameters may first be neglected when 
fundamental traffic pattern features are studied. 

5.2 Hypothesis about Stability of Steady States [45,53,55] 

In three-phase traffic theory, it is suggested that independently of the vehicle 
density in an initial steady state of traffic flow infinitesimal perturbations of 
traffic flow variables (Le., the vehicle speed and/or the density) do not grow 
in any states of free flow and in any steady states of synchronized flow: In the 
whole possible density range states of free flow and hypothetical steady states 
of synchronized flow can exist (Fig. 1 (a)). 

To explain this hypothesis from the driver's behavior, let us qualitatively 
consider a small enough fluctuation in braking of a vehicle in an initial state 
which is related to one of the states inside a 2D region in the flow-density plane 
(dashed region in Fig. 1). This small braking may lead to a transition from the 
initial traffic state to another state with a lower gap. This lower gap is equal to a 
gap in another state a 2D region in the flow-density plane. Thus, an occurrence 
of this fluctuation may cause a spatial-temporal transition to another state of 
synchronized flow. Therefore independent on the vehicle density within the 2D 
region of states of synchronized flow drivers should not immediately react on 
this transition. For this reason even after a time delay, which is due to a finite 
reaction time of drivers, the drivers upstream should not brake stronger than 
drivers in front of them to avoid an accident. As a result, a local perturbation of 
traffic variables (density or vehicle speed) of small enough amplitude does not 
grow. 

It can be seen that already this hypotheses is in a qualitative contradiction 
with most of those traffic theories and models in the fundamental diagram ap
proach which are claimed to explain the moving jam emergence. Indeed, in the 
latter models and theories there is often a range of the vehicle density where 
steady states of traffic flow which are related to the fundamental diagram have 
to be unstable (e.g., [13-15,17,22,23,28-33,36,38,41,42]). 

5.3 Hypothesis about Continuous Spatial-Temporal Transitions 
between States of Synchronized Flow [55] 

The above consideration grounds the following hypothesis of the three-phase traf
fic theory: Already small local perturbations can cause complex spatial-temporal 
states of synchronized flow which are related to complex dynamical transitions 
inside a 2D region of synchronized flow states in the flow-density plane. 

This behavior is indeed observed in microscopic models [67,70] where steady 
speed states of synchronized flow cover a 2D-region in the flow density plane. 
Complex spatial-temporal states of synchronized flow have also been observed 
by Fukui et al. in their cellular automata model [68]. 
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5.4 Hypothesis about two Different Kinds of Nucleation 
Effects [45,53,55,59] 
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Fig. 2. Explanation of hypotheses to the three-phase traffic theory [45,55]. States of 
free (curve F) and synchronized flow (hatched region) in (a, c) are the same as in Fig. 1 
(a). 

In the three-phase traffic theory, there are two qualitatively different kinds 
of nucleation effects in states of traffic flow: 

1. The nucleation effect which is responsible for the jam's emergence. If an ini
tial traffic state is a state of free flow then this nucleation effect is responsible 
for for the phase transition from free flow to a wide moving jam (the F--+J
transition). If an initial state is a steady state of synchronized flow then this 
nucleation effect is responsible for the phase transition from synchronized 
flow to a wide moving jam (the S--+J-transition) (Fig. 2 (a, b)). 

2. The nucleation effect which is responsible for the phase transition from free 
flow to synchronized flow (the F--+S-transition) (Fig. 2 (b-d)). 

The existence of two different nucleation effects in free flow means that there 
are two different metastable regions of the vehicle density in free flow where 
these nucleation effects are realized: 

(i) The metastable region of the vehicle density in free flow where the F--+J
transition occurs if a local perturbation exceeds some critical amplitude and 
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Fig. 3. Explanation of the jam emergence in synchronized flow in the three-phase 
traffic theory [49]. The densities p~r::\ and p~r::)2 are the threshold densities for the 
jam emergence for the vehicle speeds v~;~ and vi~~, respectively. States of free (curve 
F) and synchronized flow (hatched region) in (a) are the same as in Fig. 1 (a). 

(ii) the metastable region of the vehicle density in free flow where the F -+S
transition occurs if a local perturbation exceeds some other critical ampli
tude. 

Although at the same vehicle density in free flow the critical amplitudes for 
these two phase transitions are very different (see below), the related metastable 
regions of the vehicle density in free flow can (sometimes partially) overlap one 
another. This circumstance makes the differentiation between these two quali
tative different nucleation effects essentially difficult. 

5.5 Hypothesis about Critical Amplitude of Local Perturbations 
and Probability of Phase Transitions in Free Flow [45,55,59] 

The following hypothesis of the three-phase traffic theory emphasizes the impor
tance of the F -+S-transition in an initially free flow: At each given density in 
free flow the critical amplitude of a local perturbation of traffic variables which 
is needed for the F-+S-transition (curve Fs in Fig. 2 (b) is considerably lower 
than the critical amplitude of a local perturbation which is needed for the F -+J
transition (curve FJ in Fig. 2 (a)). Therefore, at each given density in free flow 
the probability of an occurrence of the F-+S-transition is considerably higher 
than that of the F-+J-transition. 

To explain this [59), it can be assumed that the dependence of the mean 
probability of overtaking P on the density on a multi-lane road is a Z-shaped 
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function (Fig. 2 (d)). Synchronized flow occurs, if due to a local perturbation of 
traffic variables (density or/and vehicle speed) the mean probability of overtak
ing P decreases below some critical value Per. The critical amplitude of a local 
perturbation which is able to cause the local avalanche like self-decrease in the 
mean probability of overtaking can be considerably lower than the critical am
plitude of a local perturbation which is needed for the F--+J-transition. Indeed, 
for the occurrence of synchronized flow an initial perturbation itself does not 
necessarily have to increase avalanche-like: It must only cause an avalanche-like 
decrease in the mean value of the probability of overtaking. In contrast, for the 
jam formation the amplitude of the critical perturbation itself must begin to 
grow avalanche-like in an initial free flow. 

The hypothesis about the Z-shaped mean probability of overtaking P as a 
function of the vehicle density is confirmed by empirical studies where it have 
been shown that states of synchronized flow overlap with states of free flow in 
the density (see Fig. 2 in [55]). This means that at the same density either a state 
of synchronized flow or a state of free flow is possible. It is obviously that the 
mean probability of overtaking P is higher in free flow than in synchronized flow. 
Thus, the empirical fact that states of free flow and synchronized flow overlap in 
the vehicle density means that the mean probability of overtaking has a Z-shape. 
Another example where an overlapping of states of free and synchronized flow 
in the density in empirical data occurs can be seen below when the widening 
synchronized flow pattern will be investigated (see Sec. 9.1). 

However, it must be noted that this overlapping of states of free flow and 
states of synchronized flow occurs in a narrow range of the density in the vicinity 
of the limit density in free flow p~;~e), i.e., when the average speed of synchro
nized flow is relatively high (see Fig. 2 in [55] and Sec. 9.1). Therefore, if in 
some empirical data only synchronized flows of a relative low vehicle speed are 
observed then no overlapping of states of free and synchronized flows could be 
found. As a result, some authors make a conclusion that a dependence of the 
mean probability of overtaking P as function of the density is a monotonous 
decreasing one (e.g., [69]). To find the correct Z-shape of the mean probability 
of overtaking P as function of the density [55], however a more precise empirical 
study is necessary (Sec. 9.1). 

At the limit density for free flow p = p~;~e) the critical amplitude of a 
local perturbation of traffic variables which is needed for the F --+S-transition 
reaches zero (the curve Fs in Fig. 2 (b)), respectively the probability ofthe F--+S
transition reaches one. Therefore, the existence of the limit point ,'J = p~;~e) 
for free flow in the three-phase-traffic-theory is linked to the occurrence of the 
F--+S-transition rather than the F--+J-transition. Indeed, the critical amplitude 
of traffic variables which is needed for the F--+J-transition (curve FJ in Fig. 2 
(b)) is a relatively high finite value even at the limit density p = p~;~e). 
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5.6 Hypothesis about Nucleation Effect, Responsible for the Wide 
Moving Jam Emergence [49,53,45,55] 

In a theory of wide moving jams in the fundamental diagram approach which 
has first been derived by Kerner and Konhauser in [13] and further developed 
for a number of different traffic flow models [15,18,19,23,24,32,33,36,39-42], it 
has been found out that the characteristic line for the downstream front of a 
wide moving jam (the line J) is a very important characteristic of traffic (line J 
in Fig. 2 (a)). The slope of the line J is equal to the velocity of the downstream 
front of the wide moving jam, Vg' This velocity is the characteristic, i.e., unique, 
reproducible and predictable parameter which can depend only on the control 
parameters of traffic (e.g., weather, other road conditions) but the velocity Vg 

does not depend on initial conditions and traffic demand. In the flow-density 
plane, the line J intersects the density-axis at the point related to the density 
inside the jam Pmax and the curve F for free flow at the point [Pmin, qout]. This 
latter point is related to the flow rate qout and the related density Pm in in the 
outflow from the wide moving jam when free flow is formed downstream of the 
jam. The density Pmin is the threshold one for the jam emergence in free flow [13]: 
At P < Pm in all states of free flow are stable with respect to the jam emergence. 
At P ~ Pmin the related states of free flow are metastable with respect to the jam 
emergence where the related nucleation effect should lead to the jam emergence. 
These theoretical features of wide moving jams have been found out in empirical 
observations [81]. 

The importance of the line J remains also in the three-phase traffic the
ory. This is apparently the only one result of theories and models in the fun
damental diagram approach which is compatible with the three-phase traffic 
theory. However, even at this point there is an important difference between 
these two approaches: In a lot of models in the fundamental diagram approach, 
the upper boundary of the metastable density region is related to a point (this 
point is designated as p}!,~~e) in Fig. 2 (a)) where the critical amplitude for 
the F-+J-transition reaches zero. At higher densities free flow becomes unstable 
with respect to the jam emergence (e.g., [13-15,17,22,23,28-33,36,38,41,42]). In 
contrast, in the three-phase traffic theory at this limit point p}!,~~e) the critical 
amplitude for the F-+J-transition is relatively high, i.e., the probability of the 
wide moving jam emergence is very low (see the curve FJ in Fig. 2 (b)). In the 
three-phase traffic theory, as it has already been stressed at this limit point the 
critical amplitude for the F-+S-transition reaches zero, i.e., the F-+S-transition 
occurs rather than the F -+J-transition [45,55]. 

In the three-phase traffic theory, the importance of the line J appears for 
the moving jam emergence in steady states of synchronized flow [49,53]: The 
line J (line J in Fig. 2 (a)) determines the threshold of the wide moving jam's 
existence and excitation in synchronized flow. In other words, all (an infinite 
number !) steady states of synchronized flow which are related to the line J in 
the flow-density plane are threshold states with respect to the wide moving jam 
emergence. For example, the density P~t~)l is the threshold density for the wide 
moving jam emergence in a steady state of synchronized flow with the vehicle 
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speed vit~ (Fig. 3 (a)). Correspondingly, the density P~Y:)2 is the threshold 

density in another steady state with the vehicle speed vi~~ shown in Fig. 3 (a). 
The line J separates all steady states of synchronized flow into two qualita

tively different classes: 

1. In states which are related to points in the flow-density plane lying below 
(see axes in Fig. 2 (a)) the line J no wide moving jams either can continue 
to exist or can be excited. 

2. States which are related to points in the flow-density plane lying on and 
above the line J are metastable states with respect to the wide moving jam 
emergence where the related nucleation effect can be realized. Only the lo
cal perturbations of traffic variables whose amplitude exceeds some critical 
amplitude grow and can lead to the wide moving jam emergence (up arrows, 
curves FJ and SJ in Fig. 2 (b)), otherwise wide moving jams do not occur 
(down arrows, curves FJ and SJ in Fig. 2 (b)). The former critical local 
perturbations act as nucleation centers for the wide moving jam emergence. 

To explain the hypothesis, note that that wide moving jams cannot be formed 
in any states of flow situated below the line J. Indeed, let us consider a state 
of flow directly upstream of a wide moving jam. This can be related to a point 
k in the flow-density plane which is below the line J (Fig. 3 (c)). Because the 
value of the velocity of the upstream front of the wide moving jam v~upstream) 
equals the slope of a line from k to the point [Pmax,O], the related absolute 
value 1 v~upstream) 1 is always lower than that of the downstream front 1 Vg 1 
which is determined by the slope of the line J. Therefore, the width of the 
wide moving jam is gradually decreasing. Otherwise, if a flow which is upstream 
from another wide moving jam is above the line J (see a point n in Fig. 3 (d)), 
then 1 v~upstream) 1>1 Vg I, i.e., the width of the wide moving jam is gradually 
increasing. Therefore, wide moving jams can be formed in states of synchronized 
flow above the line J, so that states which are related to points in the flow-density 
plane lying on and above the line J are metastable states with respect to the 
wide moving jam emergence. 

The critical amplitude of the local perturbations is maximal at the line J and 
depends both on the density and on the flow rate above the line J. The critical 
amplitude of the local perturbations is considerably lower in synchronized flow 
than in free flow (compare the curve FJ with the curve SJ in Fig. 2 (b)). The 
curve SJ is related to a fixed vehicle speed, dotted line in Fig. 2 (a). 

At the same difference between an initial density and a threshold density, the 
lower the initial speed in synchronized flow is the lower the critical amplitude 
!J.pc of the local perturbation needed for the S-+J-transition. This assumption 
of the three-phase traffic theory is illustrated in Fig. 3 (a, b). In this figure, 
two dependencies of the critical amplitude of the local perturbation needed for 
the S-+J-transition for two different vehicle speeds in synchronized flow, vit~ 

(2) (1) (2) ( (1) (2) (1) (2) and Vsyn where Vsyn > Vsyn, are shown curves SJ and SJ for Vsyn and V syn , 

respectively) . 
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It should be noted that recently the hypotheses about the phase transitions in 
traffic flow which have been discussed above have been confirmed in a microscopic 
three-phase traffic theory developed by Kerner and Klenov [67] and in the KKW 
cellular automata models [70]. 

6 Diagram of Congested Patterns at Highway Bottlenecks 

The qualitative difference of traffic flow theories and models in the fundamental 
diagram approach [41,42] and of the three-phase traffic theory [49,53,45,55,59] 
can essentially clear be seen if the diagrams of congested patterns at highway 
bottlenecks which should occur in these different approaches are compared. 

Recall that in the diagram of congested patterns at bottlenecks in the funda
mental diagram approach which has first been found out by Helbing et al. in [32] 
diverse congested patterns are possible depending on the initial flow rate qin on 
a highway upstream of the bottleneck and on the bottleneck strength Llq. If the 
effective bottleneck is caused by an on-ramp, the bottleneck strength Llq equals 
the flow rate to the on-ramp qon-ramp' 

The diagram of the congested patterns at on-ramps within the three-phase 
traffic theory has recently been found out by Kerner [51,78] based on qualitative 
considerations and derived by Kerner and Klenov based on their microscopic 
traffic flow model [67]. We will see that this diagram is totally qualitative different 
from the diagram of congested patterns at on-ramps in the fundamental diagram 
approach [32,33,36,42]. 

In particular, in contrast to the fundamental diagram approach [42], in the 
diagram of congested patterns within the three-phase traffic theory [51,67,78,82] 
at a high enough flow rate to the on-ramp rather than HCT moving jams always 
spontaneously emerge in synchronized flow upstream of the bottleneck. At a 
low enough flow rate to the on-ramp rather than moving jams synchronized 
flow of higher vehicle speed can occur without an occurrence of moving jams. 
These theoretical results are in agreement with the related results of empirical 
observations [51] (see the empirical schema 2 and the related discussion in Sec. 4). 

In this section, a qualitative derivation of the diagram of congested patterns 
at on-ramps made in [51,78] will be shortly considered and compared with the 
diagram of congested patterns in the fundamental diagram approach. However, 
first a hypothesis about emergence of synchronized flow at bottlenecks [54] will 
be briefly considered. 

6.1 Hypothesis about Emergence of Synchronized Flow at 
Bottlenecks: Explanation of the Breakdown Phenomenon [54] 

The above hypothesis about the priority of the F -tS transition in free flow 
in comparison with the F -tJ transition is also true at a highway bottleneck. 
Therefore, in the three-phase traffic theory if a phase transition in an initial free 
flow at the bottleneck occurs then this transition is the F-tS-transition [54]. 
Thus, the well-known breakdown phenomenon at a highway bottleneck, i.e., a 
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sharp reduce in the vehicle speed at the bottleneck during the onset of congestion 
(e.g., [83-85]) is explained in the three-phase traffic theory by the F-+S-transition 
at the bottleneck [54,86]. 

The existence of the limit point for free flow at the bottleneck (the density 
and the flow rate in this limit point will be designated pr,t~~/ B) and qr,t~;e B), 

respectively) is also explained in the three-phase traffic theory by the occur
rence of the F-+S-transition rather than the moving jam emergence (the F-+J
transition). However, this limit (maximal) density p = pr,t~~e B) and the limit 
(maximal) flow rate qU~;e B) at the bottleneck are usually lower than respec
tively the limit density p = p'r!t~~e) and the limit flow rate qU~;e) in Fig. 1 (a) 
which are related to a homogeneous (without bottlenecks) multi-lane road (see 
for more detail Sec. 7.2). This is an important peculiarity of the F-+S-transition 
at a highway bottleneck in comparison with the case of a homogeneous road 
considered above. The following hypothesis is related to this case [54]: 

The probability of the F-+S-transition per a highway location and a time 
interval depends on a location of a road. This probability has a maximum at 
the bottleneck (see Fig. 1 (b) in [54]). Note that the road location where this 
maximum is reached is called the effective location of the bottleneck (or the 
effective bottleneck for short). 

This hypothesis can also be explained from driver's behavior. Let us consider 
a road where only one bottleneck exist. Besides upstream and downstream of the 
bottleneck the road has the same characteristics and it is homogeneous. A feature 
of the bottleneck is that in the vicinity of the bottleneck each driver should 
slow down, i.e., decrease the speed. Thus, a local perturbation in the average 
speed appears at the bottleneck. This perturbation is motionless and permanent 
because it is localized at the highway bottleneck: The bottleneck forces all drivers 
permanent to slow down at approximately the same road location. 

Inside this permanent and time-independent perturbation, where the speed 
is lower than the speed away from the bottleneck, the vehicle density must be 
higher than the density away from the bottleneck. Indeed, if the total flow rate 
across the road upstream of the bottleneck does not depend on time then this 
total flow rate across the road does not also depend on the highway location, 
i.e., it remains the same inside the perturbation at the bottleneck and away from 
the bottleneck. This explains why the probability of the F -+J-transition should 
have a maximum at the bottleneck. This also means that the F-+J-transition 
should mostly occur at highway bottlenecks. 

6.2 Diagram of Congested Patterns in the Three-Phase Traffic 
Theory [51,67,78,82] 

The hypotheses discussed above allow us to predict the diagram of spatial
temporal congested patterns at a highway bottleneck (Fig. 4 (a)) [51,78]. De
pendent on the flow rate upstream of the bottleneck qin and on the bottleneck 
strength .1q different congested patterns can occur at the bottleneck (Fig. 5) 
[51,67,78]. 
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Fig. 4. Diagram of congested patterns at highway bottlenecks on a multi-lane highway 
in the three-phase traffic theory (a) [51,67,78,82] and possible dependencies of the 
maximal highway capacity in free flow at the effective location of a bottleneck q~;:e B) 

on the bottleneck strength Llq (b). 
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Fig. 5. Main types of congested patterns at highway bottlenecks in the three-phase traf
fic theory [51,67,78,82]: The general pattern (GP) (a), the dissolving general pattern 
(DGP) (b), the widening synchronized flow pattern (WSP) (c), the localized synchro
nized flow pattern (LSP) (d), and the moving synchronized flow pattern (MSP) (e). 
Results of numerical simulations of a microscopic traffic flow model in the frame of the 
three-phase traffic theory. Taken from [67]. 

There are two main boundaries in the diagram of congested patterns at high
way bottlenecks: F~B) and S}B) [51,67,78). Below and left of the boundary F~B) 
free flow is realized (Fig. 4 (a)). Between the boundaries F~B) and S}B) differ
ent synchronized flow patterns (SP) occur (Fig. 5 (c-e)) [51,67,78). SP consists 
of synchronized flow upstream of the bottleneck where no wide moving jams 
emerge. 

Right of the boundary S}B) wide moving jams spontaneously emerge in syn
chronized flow upstream of the bottleneck. The spatial-temporal congested pat
tern upstream of the bottleneck which consists of both traffic phases (the phase 
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"synchronized flow" and the phase "wide moving jam") is called the general 
pattern (GP) (Fig. 5 (a)) [51,67,78]. 

Between the boundaries F~B) and 8)B), the higher qin is the higher is the 
probability that the flow rate in synchronized flow in SP is lower than qin and 
the length of SP is continuously increasing over time: At higher qin a widening of 
SP (WSP) (Fig. 5 (c)) and at lower qin the localized SP (LSP) (Fig. 5 (d)) occurs 
(Fig. 4 (a)). The flow rate inside WSP is lower than qin. Therefore, the upstream 
WSP front (boundary), which separates free flow upstream and synchronized 
flow downstream, is continuously widening upstream. The mean flow rate inside 
LSP is equal to qin. For this reason, the upstream LSP front is not continuously 
widening upstream: The width of LSP is spatially limited. However, this LSP 
width can show oscillations over time [67,70]. The boundary which separates the 
region of WSP and the region of LSP is marked in the diagram by the letter W 
in Fig. 4 (a). 

Note that the flow rate in the synchronized flow of any SP can not exceed the 
characteristic value q~~~) (Fig. 2 (a)). Right of the boundary F~B) and left of the 
line M (the region marked "MSP" in Fig. 4 (a)) the flow rate qin in an initial 
free flow upstream of the on-ramp satisfies the condition qin > q~~~) (Fig. 4 
(a)). The point where the line M intersects the curve F~B) is related to the 

flow rate qin = q~~~). After SP has just appeared at the on-ramp, the flow rate 
directly upstream of the on-ramp decreases. This flow rate in SP, pinned at the 
on-ramp can not be higher than q~~~). This is in contrast to the initial condition 
qin > q~~~). Apparently for this reason, it has been found out [67] that one or 
a sequence of moving SP (MSP) emerge upstream of the on-ramp (Fig. 5 (e)). 
After SP has emerged at the on-ramp, SP comes off the on-ramp and transforms 
into MSP. In MSP both the upstream and the downstream fronts move upstream 
of the on-ramp, i.e., MSP moves as a whole localized pattern upstream of the 
on-ramp. In contrast to a wide moving jam, inside MSP both the vehicle speed 
(40-70 km/h) and the flow rate are high. Besides, the velocity of the downstream 
front of MSP is not a characteristic parameter. This velocity can change in a 
wide range in the process of the MSP propagation or for different MSP's. In 
some cases it has been found out that after MSP is far away from the on-ramp, 
the pinch effect (the self-compression of synchronized flow) occurs inside MSP 
and a wide moving jam can be formed there [67]. 

The boundary F~B) (Fig. 4 (a)) is determined by an occurrence of the F-+S
transition at the bottleneck. The nature of this boundary is similar to the one for 
the curve Fs in Fig. 2 (b) which determines the critical amplitude of local per
turbations for the F-+S-transition in traffic flow without bottlenecks [49,55,59]. 
The effective bottleneck acts as a permanent non-homogeneity which causes the 
related permanent perturbation at the bottleneck [54]. The higher Llq, the higher 
is the amplitude of this permanent perturbation. Therefore, the higher Llq the 
lower the flow rate qin at which the related critical amplitude occurs at the bot
tleneck. This may explain the decreasing character of the boundary F~B) in the 
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flow-flow plane in Fig. 4 (a). The limit point of the boundary F~B) at L1q = 0 is 

related to the maximum flow rate in free flow where qin = q!j,~~e). 
The boundary SjB) is determined by the wide moving jam emergence in 

synchronized flow (Le., the S-+J-transition) upstream of the on-ramp. The nature 
of the boundary SjB) is similar to the one for the curve SJ in Fig. 2 (b). The 
latter boundary determines the critical amplitude of local perturbation and the 
related probability for the S-+J-transition in synchronized flow of a given vehicle 
speed [49,53,45,55]. 

On the one hand, between the boundaries F~B) and S}B) at the same qin 
the vehicle speed in SP should decrease when L1q increases. On the other hand, 
from Fig. 3 (a, b) it can be seen that at the same flow rate q the lower the 
vehicle speed in synchronized flow is the lower is the critical amplitude L1pc and 
therefore the higher is the probability of the S-+J-transition (compare S}I) and 
S(2) £ th t· h· 1 d (1) d (2) h (1) (2). F· 3 J or e respec Ive ve lC e spee s vsyn an vsyn , were vsyn > vsyn III Ig. 

(a, b)). Thus, in comparison with F~B), the boundary S}B) should be shifted to 
the right in the flow-flow plane (Fig. 4 (a)). 

The empirical results of the GP formation which have recently been found out 
in [51,78,82] also allow to suggest that if due to the high value of L1q the strong 
congestion (for the definition of "strong" and "weak" congestion see in [51]) is 
achieved in GP, then GP can not exist if qin < qJr~nch), where ql(r~nch) is the 
limit flow rate in the pinch region. Therefore, under the strong congestion the 
boundary S}B) should transform into a horizontal line at qin = qJr~nch) . 

Right ofthe boundary S}B) and left of the line G (the region marked "DGP" 
in Fig. 4 (a)) in an initial (before the congested pattern formation) free flow 
upstream of the on-ramp the flow rate qin satisfies the condition qin > qout. 

The point where the line G intersects the curve S}B) is related to the flow 
rate qin = qout. Thus, after a wide moving jam in synchronized flow of the 
congested pattern has been formed, this initial condition qin > qout can not be 
satisfied any more because the flow rate in the jam outflow can not be higher 
than qout. As a result, the dissolving general pattern or DGP for short occurs 
(Fig. 5 (b)), Le., the GP which dissolves over time (Fig. 4 (a)). As a result of 
this GP dissolving process, GP transforms into one of the SP, or free flow occurs 
at the bottleneck [67,70]. 

Right of the boundary S}B) and right of the line G, GP occurs (Fig. 4 (a)). 
As well as in the empirical results presented in [51,78]' GP does not transform 
into another type of pattern if L1q increases. If L1q decreases, GP can transform 
into one of the SP. 

The diagram in Fig. 4 (a) [51,67,78] can also explain the variety of diverse 
patterns and the transformations between them, which occur in the progress of 
time under the weak congestion at off-ramps which have recently been found out 
in [51]. Indeed, the weak congestion in [51] should be related to lower L1q, i.e., 
to the part of the diagram in Fig. 4 (a) where even relatively small changes in 
qin and L1q can cause diverse transitions between MSP, WSP, GP, DGP and free 
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flow. Note that in the case of the off-ramp the bottleneck strength Llq is related 
to the percentage of vehicles which want to leave the main road to the off-ramp. 

Note that for a one-lane road the diagram of congested patterns should be 
qualitatively similar to that for a multi-lane highway with one exception: The 
part of the diagram above the flow rate qin = qg~~) in Fig. 4 (a) is not real
ized in the diagram of congested patterns for the one-lane road (Fig. 6) [51]. 
This can be linked to the hypotheses of the three-phase traffic theory (Fig. 1 
(b)) [49,53,45,55]. Indeed, these hypotheses suggest that the maximal flow rate 
qmax (Fig. 1 (b)) in hypothetical spatially homogeneous and time-independent 
(steady) states on the one-lane road is equal to the maximal flow rate in the re
lated states of synchronized flow on the multi-lane highway: qmax = qg~~) (Fig. 1 
(a)). Therefore, corresponding to Fig. 6 MSP should not occur at a bottleneck 
on the one-lane road. 
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Fig. 6. Diagram of congested patterns at highway bottlenecks on a one-lane road in 
the three-phase traffic theory [51]. 

In Fig. 4 (a) and Fig. 6, fluctuations and hysteresis effects have not been 
taken into account. Fluctuations may lead to the S-+F-transition inside WSP, 
and in particular to an occurrence of MSP also on one-lane roads. This is indeed 
has recently been found out in the KKW CA models within the three-phase 
traffic theory [70]. Hysteresis effects may lead to an appearance of regions where 
dependent on initial conditions several different patterns can occur. In particular, 
the region of solely MSP may "shrink" so that in a limit case in the whole region 
marked "MSP" in Fig. 4 (a) WSP can exist on a multi-lane road. The region of 
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solely DGP may also "shrink" and in a limit case GP can exist at all values qin 

right of the boundary SjB). 

6.3 Comparison with the Diagram of Congested Patterns in the 
Fundamental Diagram Approach 

The diagram of congested patterns at highway bottlenecks for a wide class of 
models in the fundamental diagram approach [32,33,36,42] is qualitatively to
tally different from the diagram in the three-phase traffic theory (Figs. 4 (a) 
and 6) [51,67,78]: 

(i) In the diagram based on the fundamental diagram approach [32,36,42], 
homogeneous congested patterns (HCT) occur at very high flow rates to the 
on-ramp qon-ramp (in the general case, the bottleneck strength Llq) only. In 
contrast, in Figs. 4 (a) and 6 [51,67,78], WSP (Fig. 5 (c)), where as in HCT 
synchronized flow can be homogeneous can occur in the vicinity of low qon-ramp 

only. 
(ii) In [32,36,42], at a given high enough qin if the flow rate qon-ramp contin

uously increases first triggered stop-and-go traffic (TSG) where no synchronized 
flow can be formed occurs, then oscillating patterns (OCT) where no wide mov
ing jams can be formed appear, and finally HCT occurs. In contrast, in the 
diagrams in Figs. 4 (a) and 6 [51,67,78] there are neither TSG nor OCT, nor 
else HCT. 

(iii) Near the boundary which separates TSG and OCT a congested pattern 
which is a "mixture" of TSG, OCT and HCT can occur [42]. This pattern which 
at first sight looks like GP has been used in [42] for an explanation of the pinch 
effect and the jam emergence observed in [49]. However, this mixture pattern has 
no own region in the diagram of states in [32,36,42]. The pattern transforms into 
TSG if qon-ramp decreases or into OCT (or else into HCT) if qon-ramp increases. 

In our diagrams (Figs. 4 (a) and 6) [51,67,78] there are no TSG, no OCT, and 
no HCT. Instead, GP exists in the very large range of the flow rates qon-ramp and 
qin. At a given qin GP in the three-phase traffic theory does not transform into 
another congested pattern even if qon-ramp increases up to the highest possible 
values. Thus GP in Figs. 4 (a) and 6 [51,67,78] has a qualitatively different nature 
in comparison with the mixture of TSG, OCT and HCT in [42]. 

(iv) In [32,36,42] it is claimed that if qon-ramp decreases, then dependently 
on qin, either pinned localized cluster (PLC) or TSG, i.e., either a pinned jam 
or moving jams of very high density and very low speed occur. This is also in 
contrast to the diagrams in Figs. 4 (a) and 6 [51,67,78]. If qon-ramp decreases 
SP occurs where the density is much lower and the speed is much higher than 
inside either synchronized flow of the general pattern or inside any jams (for a 
more detailed comparison see [67]). 

The diagram of states in the fundamental diagram approach [32,36,42] pre
dicts the following sequence of the congested pattern transformation if qon-ramp 

gradually increases: (i) TSG-tOCT-tHCT at a high given flow rate qin and (ii) 
PLC-tOCT-tHCT at a lower given qin. These sequences (or a part of them or 
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even one of these theoretical congested states) have not been observed in the 
empirical study of congested patterns at isolated bottlenecks (an isolated bottle
neck is the effective bottleneck which is far enough from other effective bottle
necks) [51]. In contrast, GP usually spontaneously emerges at the on-ramp. GP 
does not transform into another congested pattern if qon-ramp increases [51]. If 
qon-ramp decreases, GP transforms into SP where the vehicle speed is consider
ably higher than in the synchronized flow of GP. This is in accordance with the 
diagram in Fig. 4 (a) of the three-phase traffic theory [49,55,59,67,78]. 

7 Theory of Highway Capacity 

The determination of highway capacity is one of the most important applications 
of any traffic theory. Empirical observations show that the speed breakdown at a 
bottleneck (the breakdown phenomenon) is in general accompanied by a drop in 
highway capacity. If there is free flow rather than congested flow upstream of the 
bottleneck, highway capacity is usually higher. This phenomenon is called "the 
capacity drop" (see e.g., [83,84]). Here we give a qualitative theory of highway 
capacity which follows from the three-phase traffic theory by Kerner. Highway 
capacity depends on whether a homogeneous road (without bottlenecks) or a 
highway bottleneck is considered. 

7.1 Homogeneous Road 

On a homogeneous (without bottlenecks) multi-lane road, highway capacity de
pends on in which traffic phase the traffic is in [49]: (i) The maximal highway 
capacity in the traffic phase "free flow" is equal to the maximal possible flow 
rate in free flow, q}!.~;e). (ii) The maximal highway capacity in the traffic phase 
"synchronized flow" is equal to the maximum possible flow rate in synchronized 
flow, q~~~). (iii) The maximal highway capacity downstream of the traffic phase 
"wide moving jam" is equal to the flow rate in the wide moving jam outflow, 
qout. Because of the first order phase transitions between the traffic phases each 
of these maximal highway capacities has a probabilistic nature. 

In particular, the probabilistic nature of the highway capacity in the traffic 
phase "free flow" means the following [45]: 

(1) The probability of the F -tS transition (the spontaneous local phase tran
sition from free flow to synchronized flow) per a chosen time interval Tob (this 
probability will be designated Pp s) reaches one at the flow rate q = q}!.~;e): 

Pp s = 1 I _ (free) • 
q-qmaz 

(1) 

This means that the flow rate q = q}!.~;e) is determined as the flow rate in free 
flow at which the F-tS transition occurs during Tab with the probability equals 
one. In other words, the maximal capacity q = q}!.~;e) depends on the time 
interval Tob (at least in some range of Tab). 
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(2) There is a threshold flow rate qth which is lower than q = qlj,~~e) (Fig. 2 
(b)): 

(2) 

At q < qth no spontaneous F --7S transition can occur during the time interval 
Tob. The threshold flow rate qth depends on the time interval Tob (at least in 
some range of Tob). 

(3) If the flow rate in free flow q is within the range [qth, qlj,;;e)) then the 
higher q is the higher is the probability the F--7S transition PFS. Thus, the 
attribute of this probabilistic highway capacity is the probability 1 - PFS that 
free flow remains on the road during the whole time interval Tob. 

However, if a bottleneck exist on the road, then a much more complicated 
non-linear phenomena determine highway capacity. 

7.2 Highway Capacity in Free Flow at Bottleneck 

In the three-phase traffic theory, the breakdown phenomenon at a highway bot
tleneck is explained by the F--7S transition at the bottleneck [54) (Sec. 6.1). Due 
to the bottleneck the road is spatially non-homogeneous, i.e., highway capacity 
can depend on a highway location. We will consider highway capacity in free 
flow which is related to the effective location of the bottleneck, i.e., the location 
where the probability of the F --7S transition per a time interval as function of 
a highway location (the probability of the breakdown phenomenon) has a max
imum (see Fig. 1 (b) in [54]). We will designate the flow rate in free flow at this 
location as qsum. 

The F --7S transition occurs at the bottleneck during a given time interval 
Tob if the flow rate upstream of the bottleneck on the main road qin and the 
bottleneck strength .1q are related to the boundary F~B) in the diagram of 
congested patterns (Fig. 4 (a)) [51). 

Thus, there is an infinity multitude of maximal highway capacities of free 
flow at the bottleneck which are given by the points on the boundary F~B). 
These capacities depend on the values qin and .1q at the boundary F~B) in the 
diagram of congested patterns at the bottleneck (Fig. 4 (a)). We designate these 

.t· (free B) Capacl les qmax : 
(free B) _ I 

qmax - qsum F(B) • 
s 

(3) 

These capacities are the maximal capacities related to the time interval Tob. 

This means that the probability of the F --7S transition at the bottleneck per the 
time interval Tob (this probability will be designated p~~)) reaches one at the 
fl (free B) (3) ow rate qsum = qmax : 

p(B) = 1 I = q(free B). 
FS qsurn max (4) 

This means that the flow rate q = qlj,~;e B) is determined as the flow rate in 
free flow at which the F --7S transition occurs at the bottleneck during the time 
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interval Tab with the probability equals one. In other words, each of the maximal 
capacities q = q}!,~~e B) depends on the time interval Tab (at least in some range 
of Tab). 

For values Llq, qin which are related to points in some vicinity left of the 
boundary F~B) in the diagram of congested patterns, i.e., in free flow region the 
F --+S transition nevertheless occurs at the bottleneck during the time interval 
Tab with a probability P~~ < 1. This probability p~~) the lower is the more 

is the distance of a point (Llq, qin) from the boundary F~B) in the diagram of 
congested patterns (Fig. 4 (a)). 

The region in the diagram of congested patterns where this probabilistic 
effect occurs is restricted by a threshold boundary which is left of the boundary 
F~B): This threshold boundary which depends on the time interval Tab is related 

to the infinity multitude of threshold flow rates q~~) (Llq, qin) for which 

(B) PFS = 0 I _ (B) • 
qsurn-qth 

(5) 

Usually the higher the bottleneck strength Llq is the lower is the maximal 
highway capacity in free flow at the bottleneck q}!,~~e B): The maximal highway 
capacity q}!,~~e B) is a decreasing function of Llq (curve 1 in Fig. 4 (b)). The 
highest is the capacity of free flow at Llq = O. This case is obviously related to 
the maximal capacity on a homogeneous (without bottlenecks) road (Fig. 2 (a)): 

q(free B) I - q(free) 
max Llq=O- max . (6) 

Let us further in Sec. 7 consider the special example of a bottleneck due to an 
on-ramp. In this case, the bottleneck strength Llq = qan-ramp where qan-ramp 

is the flow rate to the on-ramp and qsum = qan-ramp + qin' 

A decrease of the maximal highway capacity q}!,~~e B) at the on-ramp when 
the flow rate qan-ramp increases can have a saturation at a high enough flow 
rate to the on-ramp qan-ramp (Fig. 4 (b), dotted curve 2) [70]. In this case, 
the maximal highway capacity q}!,~~e B) does not reduce below some saturation 
value q~;~~ !~ even at a very high flow rate to the on-ramp. As it follows from 
(6) the highest is the capacity of free flow at qan-ramp = 0: 

(free B) I - (free) 
qmax qon-ramp=O- qmax . (7) 

Corresponding to (4) and (5), if the flow rate in free flow qsum = qan-ramp + 
qin at the effective location of the bottleneck is within the range [q~~), q}!,~~e B)] 

then at a given qan-ramp the higher qsum is the higher is p~~). Note that an 

increasing dependence of the probability p~~) of the breakdown phenomenon 
at the on-ramp of the flow rate qsum has indeed been found out in numerical 
simulations of the KKW CA-model within three-phase traffic theory [70]. This 
explains empirical results by Persaud et al. [85] and empirical features of the 
breakdown phenomenon at the on-ramp as the first order F--+S transition [86,54]. 
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7.3 Highway Capacity in Congested Traffic at Bottleneck. Capacity 
Drop 

In order to study the highway capacity downstream of the congested bottleneck 
one has to consider the outflow from a congested bottleneck q~~~ttle) (the dis
charge flow rate), which is measured downstream of the bottleneck, where free 
flow conditions are reached. In the three-phase traffic theory, the discharge flow 
rate q~~~ttle) is not just a characteristic property of the type of bottleneck under 
consideration only. It also depends on the type of congested pattern which ac
tually is formed upstream of the bottleneck [54]. Thus, in the three-phase traffic 
theory, highway capacity in free flow downstream of the congested bottleneck 
depends on the type of congested pattern upstream of the bottleneck, the pat
tern characteristics and on parameters of the bottleneck. We call this highway 
capacity as a congested pattern capacity. 

In the case of an on-ramp, q~~ttle) is expected to vary with (qon-ramp, qin). 

Obviously, q~~ttle) only limits the highway capacity, if it is smaller than the traffic 
demand upstream of the on-ramp, qsum = qin + qon-ramp, i.e. if the condition 

(8) 

is fulfilled. Then the congested pattern upstream from the on-ramp simply ex
pands, while the throughput remains limited by q~~~ttle). For example, if the 
general pattern (GP) is formed at the bottleneck, an increase of qin does not 
influence the discharge flow rate q~~ttle). Instead, the width of the wide moving 
jam, which is most upstream in the GP, simply grows. 

Thus, in the case (8) the congested pattern capacity q~~~g is equal to q~t:;,ttle): 

(B) _ (bottle) 
qcong - qout (9) 

It must be noted that q~~~ttle) can strongly depend on the congested pattern type 
and congested pattern parameters [54,51,67,70]. The congested pattern type and 
the pattern parameters depend on initial conditions and the flow rates qon-ramp 

and qin (Fig. 4 (a)). Thus, the congested pattern capacity q~~Jg implicitly de
pends on the flow rates qon-ramp and qin [54]. 

The capacity drop is the difference between highway capacity in free flow 
and in a situation, where there is synchronized flow upstream and free flow 
downstream of the bottleneck. 

Assuming that (8) is fulfilled, the capacity drop is given by 

8q = q(free) _ q(B) 
max cong' (10) 

where the congested pattern capacity q~~~g is given by the fomula (9); q~~;e) is 
the maximal highway capacity in free flow at qon-ramp = o. 

The minimum value, which q~~ttle) can take under the condition (8), if one 
considers all kinds of congested patterns upstream from a bottleneck, should 
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be a characteristic quantity for the type of bottleneck under consideration. We 
d h· . b (bottle) Th . f (bottle) (d d b (bottle)) enote t IS quantity y qmin . e maXImum 0 qout enote y qmax 

is predicted to be the maximum flow rate, which can be realized in synchro
nized flow [54], q~~~le) = q~~~). To explain the latter condition, recall that the 
downstream front of a congested pattern at the bottleneck due to the on-ramp 
separates free flow downstream of the front and synchronized flow upstream of 
the front. This downstream front is fixed at the bottleneck. Thus, within the 
front the total flow rate across the road (together with the on-ramp) does not 
depend on the co-ordinate along the road. Just downstream of the front, i.e., in 
free flow this flow rate is equal to q~~~le). Just upstream of the front it is sug
gested that synchronized flow occurs both on the main road and the on-ramp. 
The maximal possible total flow rate in synchronized flow is equal to q~~~). 

Hence, the capacity drop at a bottleneck cannot be smaller than 

c5q . = q(free) _ q(syn) 
min max max· (11) 

There are some remarks to this consideration: 
(1) There may also be another definition of the capacity drop: 

c5q = q(free B) _ q(B) 
max cong' (12) 

where the congested pattern capacity q~~~g is given by the formula (9) and 
q}!.~~e B) is given by (3). However, there could be a difficulty in the application of 
the definition (12): There is an infinity multitude of different maximal highway 
capacities in free flow at a bottleneck, q}!.~~e B) (see the formula (3) and its 
explanation in Sec. 7.2). 

(2) There may be one exception of the condition (8): If LSP (the localized 
synchronized flow pattern) (see Sec. 6.2) occur both on the main road and on 
the on-ramp upstream of the merge region of the on-ramp then the discharge 
flow rate is equal to traffic demand: 

(13) 

The congested pattern capacity which is related to this LSP should be deter
mined by the maximal discharge flow rate at which the LSP still exists upstream 
of the on-ramp. 

(3) All flow rates considered above are total flow rates across the whole 
road (including the flow rates to on- and off-ramps) at the road location where 
highway capacity is considered. 

(4) It has been suggested that an influence of fluctuations on the charac-
. . fl (B) (free) (free B). 11 elf S 11 tenstic ow rates qth, qth ,qmax ,qmax III a lormu as 0 ec. 7 as we 

in the diagram of congested patterns (Figs. 4 and 6) is negligible. Otherwise, 
the characteristic flow rates qth and q}!.~~e) for a homogeneous (without bot

tlenecks) road can be different from the respective values q~~) = q~~~im and 
(free B) (free B) 1 d h 1·· A 0 ( ) c d qmax = qmax lim re ate to t e Imit case t..lq ---+ qon-ramp ---+ 0 lor a roa 
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with a bottleneck. Then, in the diagram of congested patterns at a bottleneck 
(Figs. 4 and 6) and in all corresponding formulas of Secs. 7.2 and 7.3 the condi
tion Llq = 0 (qon-ramp = 0) should be replaced by Llq -t 0 (qon-ramp -t 0) and 
h fl (free) h ld bid b (B) (free B) . I t e ow rates qth, qmax S ou e rep ace y qth lim' qmax lim' respectIve y. 

This general picture of the congested pattern capacity and the capacity drop 
proposed by the author for the three-phase traffic theory has been confirmed by 
empirical investigations [54,51] and in numerical studies of congested patterns 
at an on-ramp [67,70,87]. 

8 Classification of Congested Patterns at Highway 
Bottlenecks 

An empirical study which has recently been made by the author allows to make 
the following classification of congested patterns at highway bottlenecks [51]: 

(i) There are two main types of congested patterns at an isolated bottleneck (the 
effective bottleneck which is far enough from other effective bottlenecks): 
(1) The general pattern or GP for short: GP is the congested pattern at 

the isolated bottleneck where synchronized flow occurs upstream of the 
bottleneck and wide moving jams spontaneously emerge in that synchro
nized flow. Thus G P consists of both traffic phases in congested traffic: 
"synchronized flow" and "wide moving jam". The general pattern (GP) 
is the most frequent type of congested pattern at isolated bottlenecks. 

(2) The synchronized flow pattern or SP for short: SP consists of synchro
nized flow upstream of the isolated bottleneck only, i.e., no wide moving 
jams emerge in that synchronized flow. 
However, dependent on the bottleneck features and on traffic demand, 
GP and SP show a diverse variety of special cases. 

(ii) In particular, there are three main different types of the synchronized flow 
patterns (SP) at the isolated bottleneck: 
(1) The localized SP (LSP). 
(2) The widening SP (WSP). 
(3) The moving SP (MSP). 

(iii) In some cases in GP and SP (in LSP and WSP) local regions of free flow 
which spatially alternate with regions of synchronized flow can occur. 

(iv) If two or more effective bottlenecks are close to one another, the expanded 
congested pattern (EP) where synchronized flow covers two or more effective 
bottlenecks can occur (see empirical examples of EP in [51,79,82]). 

(v) For each effective bottleneck or for each set of several effective bottlenecks 
which are close to one another the spatial-temporal structure of the congested 
patterns possesses predictable, i.e., characteristic, unique and reproducible 
features, like the types of patterns which are frequently formed and the mean 
width of synchronized flow inside GP. These features can be nearly the same 
for different days and years. They can also remain within a large range of 
flow rates (traffic demand) at which the patterns exist. These results are used 
for the forecasting of congested patterns at highway bottlenecks [88,89]. 
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9 Some Empirical Spatial-Temporal Features of 
Synchronized Flow 

9.1 Example ofWSP 

As it has been mentioned above, there are synchronized flow patterns (SP) where 
no wide moving jams emerge. One of the SP is the widening SP (WSP). These 
patterns can occur at a low value of bottleneck strength Llq when the case of 
the weak congestion is realized [51]. The empirical study made in [51] allows 
to assume that the latter case often occurs at off-ramps. An importance of the 
WSP analysis is linked to the possibility to show empirical features of synchro
nized flow of a relative high vehicle speed. It will be shown, that in this case 
synchronized flow can exist upstream of the bottleneck on a long stretch of the 
highway (about 4.5 km) during a long time (more than 60 min) without wide 
moving jam emergence in that synchronized flow. 

An example of WSP which occurs upstream of the off-ramp D25-off on the 
section of the highway A5-North is shown in Figs. 7, 8, 9 and 10. The section of 
the highway A5-North (Fig. 7 (a)) has already been described in [51] (see Fig. 
3 (c) in this paper). WSP occurs as a result of the F-+S transition upstream of 
the off-ramp (also discussed in [51]). It can be seen in Figs. 7 (b) and 8 that the 
vehicle speeds slowly decrease within WSP in the upstream direction whereas the 
flow rate does not change considerably when WSP occurs. This is a peculiarity 
of synchronized flow. 

When the vehicle speed in WSP decreases in the upstream direction, some 
narrow moving jams emerge in this synchronized flow of low vehicle speed (D17 
and D16, Fig. 8). However, D16 is already at the on-ramp (D15-on). For this 
reason, the synchronized flow propagating upstream, covers this upstream bot
tleneck at the on-ramp. As a result, an expanded congested pattern (EP) oc
curs [51] (this is not shown in Fig. 8). Thus, WSP upstream of the off-ramp at 
D25-off and downstream of the on-ramp at D16 is only a part of this EP. Nev
ertheless, the consideration of this WSP allows us some important conclusions 
about synchronized flow features. 

9.2 Overlapping of States of Free Flow and Synchronized Flow in 
Density 

In particular, when free flow (black quadrates in Fig. 9) and synchronized flow 
inside WSP (circles in Fig. 9) are shown in the flow-density-plane it can be seen, 
that at least at detectors D20-D18 states of synchronized flow partially overlap 
with free flow in the density. 

The same conclusion can be made if the vehicle speed as function of the 
density is drawn (Fig. 10 (a)). This means that at the same density either a state 
of synchronized flow or a state of free flow is possible. It is obviously that the 
mean probability of overtaking is higher in free flow than in synchronized flow. 
Thus, the empirical fact that states of free flow and synchronized flow overlap 
in the vehicle density (Figs. 9 and 10 (a)) means that the mean probability of 
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Fig. 7. The widening synchronized flow pattern (WSP): (a) - Schema of the highway 
infrastructure and local measurements at the section of the highway A5-North [51]; (b) 
- the average speed and the flow rate in WSP as functions of time and location [80]. 

overtaking has a Z-shape. This confirms the hypotheses about the Z-form of the 
mean probability of overtaking in traffic flow discussed above (Fig. 2 (d)). 

If now the average absolute values of the vehicle speed difference between 
left lane and middle lane Llv for free flow (curve F in Fig. 10 (b)) and for 
synchronized flow (curve S in Fig. 10 (b)) are shown, then this difference as 
a function of the density has also a Z-shape. This result is in agreement with 
the above conclusion about the Z-shape of the mean probability for overtaking 
(Fig. 2 (d)). Indeed, the mean rate of the overtaking the lower is the lower is 
the mean probability of overtaking P. The mean rate of the overtaking should 
decrease when the vehicle speed difference Llv becomes lower. 

The physical meaning of the result in Fig. 10 (b) is the following: In free 
flow the difference in the average vehicle speed on German highways between 
left (passing) highway lane and middle lane due to the high mean probability 
of overtaking is considerably higher than that in synchronized flow. However, 
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Fig.8. The widening synchronized flow pattern (WSP): Time series of the vehicle 
speed (left) and flow rate (right) for different highway lanes for detectors D22 - D16. 
The F--+S transitions at the related detectors leading to the WSP formation are marked 
with up arrows. 
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Fig. 9. The measurement points in the flow-density plane for WSP shown in Fig. 7 at 
the detectors D20 - D17 (left line). Free traffic is related to black quadrates, synchro
nized flow is related to circles. Overlapping of states of free flow and synchronized flow 
at the detectors D19 is in the density range from about 18 to 36 vehicles/km. 

at the same density in a limited range (e.g., at D19 from 18 vehicles/km to 
26 vehicles/km) either states of free flow or synchronized flow can exist. This 
leads to a nearly Z-form of the dependency Llv on the vehicle density. The lower 
the vehicle speed in synchronized flow is the less is the density range of the 
overlapping of the curves F and S in Fig. 10(b) (D18). This overlapping is fully 
disappearing if the vehicle speed in synchronized flow further decreases. 

9.3 Analysis of Individual Vehicle Speeds 

To see the difference between free flow and synchronized flow and features of 
synchronized flow more clearly, distributions of the number of vehicles as a func
tion of the individual vehicle speed for synchronized flow (Fig. 10 (c)) and for 
free flow (Fig. 10 (d)) are shown. This is possible because the types of vehicles 
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Fig. 10. Empirical features of synchronized flow at the detectors DI9 (left) and DI8 
(right) in WSP shown in Figs. 7 (b) and 8: (a) - Measurement points in the speed
density plane (free flow - black quadrates, synchronized flow - circles; left lane), (b) 
- The average difference in the vehicle speeds between left and middle highway lanes 
as the function of the density, curve F for free flow, curve S for synchronized flow. 
The speed differences in (b) are averaged for density intervals of 2 vehicles/km; (c, 
d) - Distribution of the number of vehicles as a function of the different speed classes 
related to individual single vehicle data for synchronized flow (c) and for free flow (d): 
The curve 1 is related to vehicles on the left lane, 2 - vehicles on the middle lane, 3 -
vehicles on the right lane, 4 - long vehicles on the right lane, 5 - long vehicles on the 
middle lane (long vehicles may not move on the left (passing) lane of a three-lane (in 
one direction) highway in Germany). In (c, d) , measured single vehicle data are shown 
whereby the number of vehicles in each of 15 different classes in regard to the vehicle 
speed is used separately for vehicles and for long vehicles. 
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and their individual vehicle speed during each of the one minute intervals are 
also available. 

First, it can be seen that in synchronized flow the mean vehicle speed of 
vehicles and long vehicles are almost the same for different highway lanes whereas 
for free flow these mean values are strongly shifted to one another. 

Second, we see that at the detectors D19 during of 121 min of the observation 
individual vehicle speeds in synchronized flow were not lower than 40 km/h 
(Fig. 10 (c), left). At the detectors D18 during 105 min of the observations 
individual speeds of 6181 vehicles which passed the detectors were measured 
(Fig. 10 (c), right). Among these 6181 vehicles there were no vehicles which had 
the speed below 20 km/h, there were only 9 vehicles which had individual speeds 
between 20 and 30 km/h and 59 vehicles which had individual speeds between 
30 and 40 km/h. All other 6113 vehicles had the individual speeds higher than 
40 km/h. Thus, there were no narrow moving jams in synchronized flow between 
D19 and D18. Nevertheless, these states of synchronized flow cover 2D regions 
in the flow-density plane (Fig. 9, DI9-left, DI8-left). 

10 Conclusions 

The presented concept of "synchronized flow" in the context of the three-phase 
traffic theory, both invented by the author himself, describes phase transitions 
and a diverse variety of spatial-temporal congested patterns both on homoge
neous roads and at highway bottlenecks. It seems that the features of these phase 
transitions and of the spatial-temporal congested patterns at bottlenecks in the 
three-phase traffic theory [49,51,45,55,59,67,78] are qualitative totally different 
in comparison with the related results which have been derived in the funda
mental diagram approach [41,42]. An exception is only the propagation of wide 
moving jams whose characteristic parameters and features appear to play an 
important role (in particular, the flow rate in the outflow from the jam, qout) in 
both the three-phase traffic theory and the traffic theories in the fundamental 
diagram approach. 

Recent empirical results of a study of the congested patterns at on- and 
off-ramp and of their evolution when the bottleneck strength is gradually chang
ing [51] confirm the discussed results and conclusions of the three-phase-traffic
theory [49,51,45,55,59,67,78] rather than the related results and conclusions of 
traffic theories in the fundamental diagram approach [41,42,32-36]. 

The three-phase traffic theory [53,49,55,59,67,78] has also been confirmed 
by the on-line application in the traffic center of the State Hessen of some 
recent models" ASDA" (Automatische Staudynamikanalyse: Automatic Trac
ing of Moving Traffic Jams) [90,91] and "FOTO" (Forecasting of Traffic Ob
jects) [92,93] which are based on this traffic flow theory. These models allow re
construction, tracing and prediction of spatial-temporal traffic dynamics based 
on local measurements of traffic. The models ASDA and FOTO perform without 
validation of model parameters at different traffic conditions (see a recent review 
about the models ASDA and FOTO in [80]). 
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A mathematical microscopic traffic flow model in the frame of the three
phase traffic theory which has recently been proposed by Kerner and Klenov [67] 
shows a considerable potential both for the development of qualitatively new 
mathematical traffic models and for the traffic flow theory development on the 
basis of the discussed hypotheses of the three-phase traffic theory. This is also 
confirmed by results of a numerical study of several new cellular automata traffic 
flow models which have recently been developed by Kerner, Klenov and Wolf [70]. 
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Abstract. We propose and study a one-dimensional traffic flow cellular automaton 
(CA) model of high speed vehicles with rapid acceleration for all cars as in the Fukui
Ishibashi (FI) model and with stochastic delay applying only to the cars following the 
trail of the ahead car. The main difference comparing to the Nagel-Schreckenberg (NS) 
model is that a car with spacing ahead longer than the car velocity limit M is not 
delayed in the new model. By using a spacing-oriented mean field theory, we derive a 
set of equations describing the fundamental diagram, which gives the average speed as 
a function of the car density, for any high velocity limit M. Our theoretical results are 
in excellent agreement with numerical simulation. 

1 Introduction 

Research on the traffic problems began in the beginning of the 20th century. 
Since the proposal of the first fluid-dynamical model of vehicular traffic [1], 
many other models have been developed and studied. In the 1970's and 1980's, 
the application of Cellular Automaton (CA) models [2-7] broadened the study 
of vehicular traffic. Compared with the fluid-dynamical models, the CA models 
for numerical simulations can be implemented easily. 

The simplest CA model for vehicular traffic is the CA rule 184 in Wolfram's 
notation [3]. As the extension of this simple model, Nagel and Schreckenberg 
introduced a one-dimensional traffic flow CA model (NS model) [8,9] in which 
the possibilities of acceleration and random delay for cars were considered, and 
the car speed can be greater than 1. Let N be the total number of cars on 
a one-dimensional road of length L. The density of cars is p = N / L. Every 
car is numbered from left to right, n = 1,2,3,··· , N. Let Xn and Vn denote 
the position and speed of the n-th vehicle (vn may be 0,1,2,··· ,Vrnax = M), 
respectively. The length of the spacing between the n-th and (n + 1)-th car is 
Cn = XnH - Xn - 1. In each time step t --+ t + 1, the arrangement of the N 
vehicles is updated in parallel according to the following rules: 

• Step 1: Gradually Acceleration. Vn --+ min(vn + 1, Vrnax , Cn ). 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
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• Step 2: Random Delay for all cars. Vn -t max( Vn - 1, 0), with probability 

f· 
Here, Step 1 reflects the general tendency of drivers to drive as fast as possible 
while avoiding collision between vehicles. Step 2 reflects different behavioral 
patterns of the individual drivers' reactions to the environment. The stochastic 
delay is crucially important for the formation of traffic jams by self-organization. 

To simplify NS model, Fukui and Ishibashi introduced a new traffic flow CA 
model (FI model) [10,11] in which the rules of acceleration and randomization 
are changed as follows: 

• Step 1: Rapid Acceleration. Vn -t min(vmax,Cn ). 

• Step 2: Random Delay for the cars with maximal velocity. If Vn = Vmax , 
Vn -t Vmax - 1, with probability f. 

Apparently, when Vmax = 1, the FI model is the same as the NS model. Con
cerning traffic flow models, we are interested in the fundamental diagram, which 
gives the vehicle flux as a function of density p [12]. It will be of practical impor
tance if we can find an analytical mean field theory for the fundamental diagram. 
Thus, attempts have been made to use statistical mechanical approaches to get 
the fundamental diagram of the NS model [13,14]. However, the problem is dif
ficult since the interaction between cars leads to complex correlation in both 
space and time [15,16]. On the other hand, for the FI model, we can derive an 
approximate mean field theory of the fundamental diagram by a car-oriented 
statistical mechanical approach [17-21] and an exact analytical mean field equa
tion for the fundamental diagram by a spacing-oriented dynamical approach 
[22,23]. In order to investigate the difficulty in obtaining analytical solution to 
the NS model, we also consider the gradual acceleration in the FI model and 
prove that the fundamental diagram is given by that of the FI model [24,25]. 
Furthermore, we study an intermediate one-dimensional traffic flow CA model 
situated between FI model and NS model, in which only the car following the 
trail of the car ahead may be delayed [26]. It includes the factors which are closer 
to the real vehicular traffic. In this paper, we shall derive the general mean field 
equations describing the fundamental diagram for any high velocity limit M us
ing a spacing-oriented mean field theory. Our theoretical results are in excellent 
agreement with numerical simulation. 

The definition of the model and the evolution equation for the inter-car spac
ings are given in Section 2. In Section 3, some observations are given for the 
dynamical evolution towards the steady state. In Section 4, we derive a gen
eral relation for spacing distribution of asymptotic steady state. In Section 5, we 
present the analytical solution to the fundamental diagram for the case of M = 3. 
In Section 6, we show the excellent agreement between numerical simulation and 
our spacing-oriented mean field theoretical results. 

2 Definition of the Model 

The acceleration rule of the new model is the same as that of the FI model. i.e., 
if the inter-car spacing allows, the car speed increases as much as possible up to 
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a upper bound of velocity vmax . Random delay is introduced almost in the same 
way as that of NS model. We define the tracing car as a car whose spacing ahead 
has the length of no longer than M, and which will follow the trail of the car 
ahead if the front car stops. Suppose the n-th car has the velocity vn(t) = Gn(t) 
at time step t. If the (n + l)-th car stops, the n-th car will follow the trail of 
the (n + l)-th car in the present model. In this sense, the n-th car is called a 
tracing car. Random delay is only applied to the tracing cars. Therefore, the 
arrangement of cars is updated in parallel according to the following rules: 

• Step 1: Rapid Acceleration. Vn -+ min(vmax , Gn) . 
• Step 2: Random Delay for tracing cars. If 0 < Gn :S Vmax , Vn -+ Vn - 1, 

with probability I; otherwise, it will not be delayed. 

3 Dynamical Evolution of Inter-Car Spacings 

The evolutionary rules of the present model can be expressed in the following 
form: 

(1) 

where 

{ 

0 (Gn(t) = 0) 

F (G (t)) = Gn(t) w~th probab~l~ty (1 - f) } (0 < G (t) < M) 
M n Gn(t) - 1 wIth probabIlIty I n -

M (Gn(t) > M) 

(2) 

The evolution of the inter-car spacings follows the equation: 

(3) 

"From Eqs.(1)-(3), we can make several observations concerning the dynam
ical evolution of the inter-car spacings. 
Observation I: If an inter-car spacing is not longer than (M + 1), it will not 
be longer than (M + 1) as time evolves. 
Proof: Given Gn(t) :S M + 1, it follows that Gn(t) - FM[Gn(t)] :S 1. From 
FM[Gn+l(t)] :S M, we have Gn(t + 1) = Gn(t) - FM[Gn(t)] + FM[Gn+l(t)] :S 
M+1. 
Observation II: Inter-car spacings which are longer than or equal to (M + 1) 
will not become longer as time evolves. 
Proof: Given Gn(t) ~ M + 1, it follows that FM[Gn(t)] = M. From FM[Gn+1 (t)] :S 
M, we have Gn(t + 1) = Gn(t) - FM[Gn(t)] + FM[Gn+l (t)] :S Gn(t). 

For convenience, we define the notion of long spacings and short spacings as: 
Long-spacing Gn(t) if Gn(t) > (M + 1). 
Short-spacing Gn(t) if Gn(t) < (M + 1). 

We then define the excessive length of a long-spacing as: 

Ln(t) = max(Gn(t) - (M + 1),0), 
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and the deficient length of a short-spacing as: 

Sn(t) = max«(M + 1) - Gn(t) , 0). 

The sum of the excessive lengths of all long-spacings is given by 

L(t) = L Ln(t) , 
n 

and the sum of the deficient lengths of all short-spacings is given by 

S(t) = L Sn(t). 
n 

i,From the above definitions, it follows that: 

L(t) - S(t) = L [Gn(t) - (M + 1)] 
n 

= L - N - N(M + 1) 
= L- (M+2)N 

= constant 

Together with Observations I and II , we have 

and hence 
L(t + 1) ~ L(t) 

i,From Eqs.(4) and (6), we have 

S(t + 1) ~ S(t) 

(4) 

(5) 

(6) 

(7) 

Therefore L will never increase. In addition, if a certain Ln decreases, then L 
and S have to decrease so as to satisfy Eq.(4). 
Observation III: Long-spacings and short-spacings can not co-exist in the 
asymptotic steady state. 
Proof: Suppose in one time step, long and short spacings co-exist and the n-th 
car has a long spacing ahead. So Vn = Vrnax = M. If Vn+! = (M - 1), Gn will 
decrease by 1. This happens in only two cases: 
Case 1: When Gn+! = M, the (n + l)-th car moves with the velocity Vn+l = 
(M -1) due to delay. This case occurs with the probability fPM. 
Case 2: When Gn+! = (M -1), the (n+ l)-th car moves with the velocity M -1 
without delay. This case occurs with probability (1 - f)PM-l' 

The length of inter-car spacing decreases by 1 with probability Fl given by 

Fl = (1- f)PM-l + fPM. 

Similarly, the probability that the length of the spacing decreases by 2 is 

F2 = (1- f)PM-2 + fPM-l; 
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and decreases by 3 is 

F3 = (1- f)PM- 3 + jPM- 2 , 

and so on. Thus, the probability that the spacing decreases by (M - 1) is 

and decreases by M is 
FM = Po + jP1· 

In one time step, a long spacing will be shortened on the average by: 

M-1 M-1 M-1 
L iFi = L i(l- f)PM-i + L ijPM-i+1 + MPo + MjP1 
i=l i=l i=l 

M-1 
= MPo + L [i(l- f)PM- i + (i + l)jPM- i] + jPM 

i=l 

M-1 
= MPo + L (i + f)PM- i + jPM (8) 

i=l 

Therefore, if and only if Po = P1 = P2 = ... = PM- 1 = PM = 0, i.e. S = 0, the 
shortened length will be zero; otherwise, it will be positive. 

Hence, the long spacings as well as short spacings, will be shortened until the 
system reaches its steady state. In the steady state, Land S no longer evolve, 
and either L or S vanishes, and Observation III follows. 

4 Spacing Distribution in the Asymptotic Steady State 

4.1 Low Density Case 

For the low density case (p < l/(M + 2)), it is apparent that in the asymptotic 
steady state, we have L > 0 and S = O. Thus, 

Gn(t) ~ M + 1, ('lin) (9) 

Stochastic delays will no longer be effective in this case. All the cars will keep 
going with the maximum speed M. So the average car speed is: 

< V(t --+ (0) >= M (10) 

4.2 High Density Case 

For the high density case (p > l/(M + 2)), in the asymptotic steady state, we 
have S > 0 and L = O. We can also obtain 

Gn(t) :::: M + 1, ('lin) (11) 
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The average car speed can be expressed as: 

M 

< V(t --+ 00) > = LPi[i(l- f) + (i -1)1] + MPM+1 

i=l 

M 

= LPi(i - f) + MPM+! (12) 
i=l 

In order to get the average speed of the cars, we need to know the possibility of 
having different inter-car spacings Pi (i = 1,2, ... ,M + 1). 

To obtain Pi(t), we introduce the transition possibility Wi-tj to describe the 
probability that at one time step the length of an inter-car spacing is changed 
from i to j. The transition probabilities of spacings for the general case Vmax = M 
can be written as follows: 

WO-tj 

WO-tM 

WO-+M+l 

Wi -+ j 

(j = 2,'" , M - 1, (i i= j)) 

Wi-tM+l 
(i = 1,,,' ,M) 

Po[(l- f)Pj + 1Pj+l](j = 1,,,, ,M -1) 

Po [(1 - f)PM + PM+1 ] 

o 

Pi[(l - f)Po + 1(1 - f)P1] 

Pil1Po + (12 + (1- f)2)P1 + 1(1- f)P2](i i= 1) 

PM(1 - j)PM-l + (r + (1 - j)2)PM + (1 - j)PM+11 
(i;;/ M) 

PM+! [(1 - f)Pj- 1 + 1 Pj] (j = 2" .. ,M) (13) 
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In the asymptotic steady state, all the Pi will no longer change. The transition 
probabilities satisfy the following detail equilibrium conditions: 

L Wi-+m = L W m--+i (\1m) (14) 
i#m i#m 

Substituting the expressions of all W i--+ j into the above conditions, we get the 
following set of equations: 

[0]: PO[f(P2 + P3 + ... + PM) + PM+1 ] - Pdf(1 - f)(P1 + P2 

+P3 + ... + PM)] = 0 

[1]: PO[f(P2 + P3 + ... + PM) + PM+1]- Pd2f(l- f)(P1 + P2 

+P3 + ... + PM) - f(l- f)P2 + (1- f)PM+1 ] 

+P2 [fPo + f(l- f)(P2 + P3 + ... + PM)] = 0 

[j]: Pj -df(1 - f)(P1 + P2 + P3 + ... + PM - Pj ) + (1 - f)PM+1] 

-Pj[fPo + 2f(l- f) (PI + P2 + P3 + ... + PM) 

+ f(l- f)(Pj - 1 + Pj+1) + (1 - f)PM+1] + PHI [fPo 
+ f(l- f) (PI + P2 + P3 + ... + PM - Pj )] = 0 

[M]: PM- 1 [J(I- f)(P1 + P2 + P3 + ... + PM-d + (1- f)PM+1] 

-PM[JPO + 2f(l- f)(P1 + P2 + P3 + ... + PM) 

- f(l- f)PM-l] + PM+1[Po + (1 - f)(P1 + P2 

+P3 + ... + PM-d] = 0 

[M + 1] : PMf(l- f)(P1 + P2 + P3 + ... + PM) - PM+1[PO 

+(1 - f)(P1 + P2 + P3 + ... + PM-d] = 0 (15) 

These equations are not linearly independent of each other, but satisfy the fol
lowing conditions, given here symbolically as 

[0]- [1]- [2]-··· - [M]- [M + 1] = 0 

[0] + [2] + 2[3] + 3[4] + ... + M[M + 1] = 0 

We also have the normalization conditions: 

i=O 

M+l 

L iPi = C = 1/ p - 1 
;=1 

(16) 

(17) 

(18) 

(19) 

Hence we can solve these (M + 2) equations to get all the probabilities Pi(i = 
0,1"" ,M + 1) for any general case of Vmax = M and obtain the average speed 
analytically. 
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5 The Fundamental Diagram Solution 

In Ref.[26]' we have derived the asymptotic average speed of traffic flow for 
Vrnax = M = 1 as 

1 1 p2 ( 
-1 + VI + (2 f -l)2(P_l)(3P_l)) 

<V(t-+00»=2 -l+p+ 2/-1 . 

and for Vrnax = M = 2 as 

2 

< V(t -+ (0) >= L Pi(i - f) + 2P3 

i=l 

where PI, P2 and P3 can be solved from the following four equations: 

L Pi = Po + H + P2 + P3 = 1 
i 

L iPi = Pl + 2P2 + 3P3 = C = 1/ p - 1, 
i 

To illustrate the method established in Section 4, we consider the special case of 
M = 3. For M = 3, the low density regime corresponds to p ~ 1/5. The average 
speed is 

< V(t -+ (0) >= M = 3. 

In the high density regime (p > 1/5), since Pi = 0 (Vi > 4), we only need 
to consider Po, Pl , P2 , P3 and P4 . All the non-zero transition probabilities for 
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different inter-car spacings Wi--+ j are given by: 

WO--+I = Po[(l - J)PI + f P2] 

WO--+2 = Po[(l - J)P2 + f P3] 

WO--+3 = Po[(l - J)P3 + P4] 

WO--+4 = 0 

WHO = PI[(l - f)Po + f(l - J)PI] 

W H2 = PI[f(1- J)PI + (f2 + (1 - J)2)P2 + f(l- J)P3] 

W H3 = H[f(l - J)P2 + (f2 + (1 - J)2)P3 + (1 - J)P4] 

W H4 = PI[f(l- J)P3 + fP4] 

W2--+0 = P2[(1 - J)Po + f(l - J)PI] 

W2--+ I = P2[J Po + (f2 + (1 - J)2)PI + f(l - J)P2] 

W2--+3 = P2[J(1 - J)P2 + (f2 + (1 - J)2)P3 + (1 - J)P4] 

W2--+4 = P2[J(1 - J)P3 + f P4] 

W3--+0 = P3[(1 - f)Po + f(l - J)PI] 

W3--+I = P3[f Po + (f2 + (1 - J)2)PI + f(l - J)P2] 

W3--+2 = P3[f(1 - J)PI + (f2 + (1 - J)2)P2 + f(l - J)P3] 

W3--+4 = P3[f(1- J)P3 + fP4] 

W4--+0 = 0 

W4--+I = P4 [Po + f PI] 

W4--+2 = P4[(1 - J)PI + f P2] 

W4--+3 = P4[(1 - J)P2 + f P3] 

Substituting the expressions of Wi--+j into the equilibrium conditions (14), we 
get a set of five equations, in which only three of them are linearly independent 
of each other. Together with the normalization conditions (18)(19), we have: 

f PO(P2 + P3) + POP4 - f(l - J)PI (PI + P2 + P3) = 0, 

2fPoP2 + fPOP3 + POP4 - f(l - J)(2H - P2 )(PI + P2 + P3) 

-(1 - J)PIP4 = 0, 

POP4 - f(l - J)P3(PI + P2 + P3) + (1 - J)(PI + P2)P4 = 0, (20) 

Po + PI + P2 + P3 + P4 = 1, 

PI + 2P2 + 3P3 + 4P4 = 1/ p - 1. 
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Numerically solving these equations, we can obtain Po, Pl , P2 , P3 , P4 as the func
tions of the vehicle density p. Therefore, we have 

which gives the fundamental diagram curve of M = 3 model. 

6 Comparison Between Analytical Results and Numerical 
Simulation 

We carried out numerical simulations on a one-dimensional lattice with 1000 cells 
and periodic boundary conditions. The first 1000 time steps were excluded from 
the averaging procedure in order to get to the asymptotic steady state. Averages 
of the vehicle speed and flux were taken over the next 5000 time steps. Figure 1 
shows the comparison between numerical simulation results and our analytical 
results for the average speed (V) (a) and flux p(V) (b) as the function of the 
density p for M = 3 and for different delay probability f. Excellent agreements 
between simulation and our theory are found. 

The fundamental diagram shows that when the vehicle density is low (p ::; 
l/(M + 2)), all the inter-car spacings will not be shorter than (M + 1) and the 
vehicles will not be delayed; the average speed is thus equal to the maximum 
velocity M. When the vehicle density is high (p ::::: l/(M + 2)), most of the 
vehicles drive with a lower velocity due to traffic jam. In Figure 2, we present a 
space-time evolution picture of traffic flow for M = 3. It shows a transition in 
the present model from free moving phase in low density to a jamming phase in 
high density as a result of the self organization of the vehicles. 

In summary, we introduced a new model with stochastic delays applied only 
to vehicles which are following the trail of the vehicle ahead. We studied the 
time evolution of the inter-car spacings and obtained the fundamental diagram 
analytically by a spacing-oriented mean field theory. The results show an exact 
agreement with numerical simulations. 
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Fig. 1. The fundamental diagram of the average speed (a) and the average flux (b) 
as the function of the car density for M = 3. The continuous curves represent the 
results of the mean field theory. The points with different symbols represent the results 
of numerical simulations. The curves from the top down correspond to different f 
ranging from f = 0 to f = 1 in steps of 0.1. 
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Fig. 2. Space-time evolution of traffic flow for the present model with M = 3 and 
f = 0.3. The evolution of the first 200 time steps in 500 cells of a total of L = 5000 
sites are shown. A black point represents a car. (a) Low density regime: N = 500, 
P = NIL = 0.1 < pc = 1/5; (b) High density regime: N = 3000, P = NIL = 0.6 > 
pc = 1/5. 
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Abstract. We present a method to derive macroscopic traffic models through a di
rect coarse graining procedure from microscopic car-following models. The method is 
similar to that developed by Helbing and coworkers to derive the gas-kinetic theory 
(GKT), but our resulting macroscopic equations are local and contain no empirical pa
rameters other than those inherited from the microscopic models. Fluctuation effects 
are not included. When we work in the so-called linear regime, the derived momentum 
equation for the optimal velocity model consists of the relaxation term, the anticipa
tion term, and the diffusion term, as in the previous local continuum model of Kerner 
and Konhauser (KK). However, the origin of the last two terms are different and their 
density dependent coefficients are fixed from the microscopic behavior of individual 
vehicles. Properties of the resulting macroscopic models are compared with those of 
the optimal velocity model through numerical simulations, and reasonable agreement 
is found although there are deviations in the quantitative level. The phase diagram in 
the presence of an on-ramp also shows qualitatively similar features as in the case of 
the GKT and KK models. 

1 Introduction 

Numerous traffic models have been investigated [1-3] and considerable progress 
has been achieved [4-9] toward an understanding of various traffic phenomena 
observed empirically [10-14]. Depending on the mathematical formulation, traffic 
models may be categorized into one of the following types: car-following models, 
particle-hopping models, coupled-map lattice models, gas-kinetic models, and 
fluid-dynamic models. The first three types use a microscopic approach while the 
last type uses a macroscopic one. The approach used in the gas-kinetic models 
is intermediate and may be called mesoscopic. 

Recently it was suggested [15,16] that different types of traffic models may 
belong to the same "universality" class in the sense that they share qualitatively 
similar properties. More recently, a nonlocal fluid-dynamic model was derived 
from a gas-kinetic model [17]. These reports motivate further studies on mutual 
relationship between different types of traffic models. 

In this paper, we address the relationship between microscopic car-following 
models and macroscopic fluid-dynamic models. Specifically we use a coarse
graining procedure (Sect. 2) to derive a macroscopic model (Sect. 3) from the 
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microscopic optimal velocity model, a particular case of the car-following-type 
model [18]. In Sect. 4, the derivation is extended to general car-following-type 
models. In Sect. 5, the macroscopic model derived from the microscopic optimal 
velocity model is examined numerically in comparison with the optimal velocity 
model. Section 6 concludes the paper. Technical details can be found in [19]. 

2 General Formulation 

We first introduce microscopic density field p(x, t) and flux field q(x, t), 

p(x, t) == L 0 (Yn(t) - x), q(x, t) == L Yn(t)o (Yn(t) - x) , (1) 
n n 

where Yn(t) is the coordinate of the nth vehicle at time t with Yl < Y2 < ... < 
Yn-l < Yn < YnH < .... A natural way to obtain macroscopic description is 
to coarse-grain these fields. We introduce a coarse graining envelope function 
¢(x, t) which is non-negative valued, peaked at (x, t) = (0,0), and normalized 
as J dxdt¢(x, t) = 1. The coarse grained density p(x, t) and flux q(x, t) can be 
defined as 

p(x, t) == I dx'dt' ¢(x - x', t - t')p(x', t') , 

q(x, t) == I dx'dt' ¢(x - x', t - t')q(x', t') . (2) 

Next we derive equations that govern the time evolution of p(x, t) and q(x, t). 
For the evolution of p(x, t), one finds 

a a 
atp(x, t) + ax q(x, t) = 0 , (3) 

which describes the local conservation of vehicles. One also obtains the dynamic 
equation for q(x, t) after some algebra, 

:tq(x,t) = p(x,t) (Yn(t'»)(x,t) - :x [p(x,t) (Y~(t'»)(X,t)] , (4) 

where the bracketed average of a quantity On(x', t') is defined as follows; 

(On(X',t'»)(x,t) == P(:,t) I dx'dt'¢(x-x"t-t')~On(X"t')O(Yn(t')-X'). (5) 

Note that x', t', and n inside the brackets are dummy variables, while the label 
(x, t) in the subscript of the bracket notation represents a spatiotemporal posi
tion where the average is evaluated. This label will be omitted in the rest of the 
paper when its omission does not cause confusion. 

Here it is useful to introduce another macroscopic field v(x, t), 

v(x, t) == (Yn(x', t'») = q(x, t)/ p(x, t) , (6) 
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which represents some kind of macroscopic velocity, whose precise meaning de
pends on ¢(x, t). Two particular coarse graining schemes are good for illustra
tion: spatial coarse graining ¢(x, t) = 8(t)8(X/2 - Ix!)/ X and temporal coarse 
graining ¢(x, t) = 8(x)8(T /2 - Iti)/T, where 8(x) is the step function which 
is one for x > 0 and zero for x < O. For the spatial coarse graining, vex, t) 
becomes vex, t) = E~ Yn(t)/ E~ 1, where the primed summation runs over the 
vehicles in the range (x - X/2, x + X/2) at time t. The denominator is equal 
to the total number of vehicles within the range and thus vex, t) represents the 
arithmetic mean velocity. For the temporal coarse graining, on the other hand, 
it can be verified that vex, t) = E~ 1/ E~ [Yn(tn(x))r 1 , where the primed sum
mation now runs over the vehicles that reach the point x within the time interval 
(t-T/2, t+T/2), and tn(x) represents the time at which the nth vehicle reaches 
the position x. Here Yn(t) 2: 0 is assumed. Thus vex, t) represents the harmonic 
mean velocity measured at local detectors. 

It is straightforward to rewrite (3) in terms of p and v instead of p and q. 
Also expressing (4) in terms of p and v, one obtains 

p (~~ + v ~:) = p (fjn(t')} - :x (pO) , (7) 

where O(x, t) == (y;(t') - v2 (x, t) measures the degree of microscopic velocity 
variation. The remaining job is to express the right-hand-side of (7) in terms of 
p and v. This procedure is illustrated for the optimal velocity model in Sect. 3 
and for general car-following models in Sect. 4. In both sections, traffic states are 
assumed to be almost homogeneous, so that products of differentiated quantities 
such as I1~=1 (a'''' Om/ ax'''' ) become progressively smaller as M increases, where 
1m are integers and Om are arbitrary functions of p and v. Then it is sufficient 
to retain terms with M = 0 or 1 only, which simplifies the construction of a 
macroscopic description considerably. In this sense, terms with M = 0 or 1 can 
be called linearly relevant terms, and terms with M 2: 2 linearly irrelevant terms. 
Effects of the linearly irrelevant terms with M = 2 are briefly discussed in [19]. 

3 Optimal Velocity Model 

We first study the optimal velocity model [20] 

Yn(t) = A [Vop(LlYn(t)) - Yn(t)] , (8) 

where the constant A represents a driver's sensitivity and LlYn == Yn+l - Yn is 
the distance to the preceding vehicle n + 1. Vop(Lly) is the optimal velocity to 
which drivers want to adjust their speed. 

The coarse graining of (8) leads to 

(fjn) = ), [(Vop(LlYn)} - v] (9) 

The expansion of (Vop(LlYn)} with respect to (LlYn) gives 

00 Vo~m)( (LlYn)) m _ 00 

(Vop (LlYn)) = L , «(LlYn - (LlYn)) ) = Vop (LlYn)) + LIm, (10) 
m=O m. m=2 
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where 1m is the term that is proportional to «(LlYn - (LlYn))m). Here It is ab
sent since «(LlYn - (LlYn))) = o. The leading correction 12 compensates for the 
difference (Vop(LlYn)) - Vop(LlYn)), which is positive (negative) when Vop is a 
convex (concave) function. In [19], it is shown that all corrections 1m (m ~ 2) 
and the second term on the right-hand side of (7) can be ignored in the lin
ear regime. Therefore, the derivation of a macroscopic description in the linear 
regime is reduced to developing a proper approximation of (LlYn). 

3.1 Directed Influence 

In a homogeneous state, (LlYn)(x,t) equals p-1 (x, t). However when the system is 
not in a homogeneous state, a controlled approximation in the linear regime [19] 
shows corrections, 

(11) 

where E represents the sum of all terms with second or higher order derivatives. 
The leading contribution to E is given by [21,19] 

_ 1 a2p-1 (a3p- 1) 
E - 6p2 ax2 + 0 ax3 (12) 

For more general optimal velocity models, it can be shown that the sign of the 
first correction in (11) varies depending on whether each vehicle responds to 
the vehicle ahead of or behind it. Thus the first correction term represents the 
directionality of vehicular interaction, or directed influence. 

By using (11), the first term in (10) can be expanded as 

(13) 

where linearly irrelevant terms are ignored. From (7), (9), (10), and (13), one 
obtains 

av av [ (-1) ] >. I ( -1) ap-1 I ( -1) 
at + v ax = >. Vop p - v + 2p Vop P --a;;- + >. Vop p E . (14) 

Note that the second term proportional to the density gradient arises from the 
directed influence, while conventional derivations of fluid-dynamic models [4] 
attribute the density gradient term to the velocity variance term in (7). We will 
call the second term the anticipation term. The first term is often called the 
relaxation term. 

It is interesting to compare the dispersion relations of microscopic and macro
scopic models. In a microscopic description, small perturbations with respect to 
the homogeneous state can be written as 

(15) 
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where Vh = VOP(Ph1). By linearizing (8), one obtains the dispersion relation 

'Y± = ~ [-1 ± VI + 4~6p (eil< - 1)]. (16) 

On the other hand, small perturbations in the macroscopic description can be 
written as 

p(x, t) = Ph + 8pexp(ikx + wt), v(x, t) = Vh + 8vexp(ikx + wt) , (17) 

where kPh1 is the macroscopic counterpart of Ii since both represent the phase 
difference between two successive vehicles, and w + ikvh is the macroscopic coun
terpart of 'Y. To see the origin of the additional term ikvh' note that 'Y is the 
frequency measured in the moving reference frame with the velocity Vh, while w 
is the frequency measured in the stationary frame. By linearizing (3) and (14), 
one finds 

A [ 4V6p 1 ] w±+ikvh="2 -1± 1+-:r-A(kPh) , (18) 

where A(x) = ix + (ix)2/2, when the last term in (14) proportional to E is 
ignored and A(x) = ix + (ix)2/2 + (ix)3/6, when the leading contribution to E 
in (12) is included. The macroscopic model derived in [21] amounts to the latter 
approximation of E. Note that A(x) agrees with the Taylor expansion of the 
factor (eil< - 1) in (16). Thus the macroscopic momentum equation (14), com
bined with the continuity equation (3), describes the long wavelength behavior 
of the microscopic model (8) properly. Recalling that the spirit of macroscopic 
models is to describe long wavelength properties of corresponding microscopic 
models, this feature is encouraging. However it turns out that this feature alone 
is not sufficient since this agreement in the long wavelength components can 
be completely destroyed by the dynamics of short wavelength components, as 
demonstrated below. 

3.2 Artificial Instabilities 

We compare the linear stability of the microscopic and macroscopic models. 
From (16), one finds that small fluctuations of the mode Ii in the microscopic 
model become linearly unstable when 

(19) 

Note that the Ii = 0 mode shows the strongest instability and at the critical 
density where the instability first sets in, only the Ii = 0 mode becomes unstable. 

A proper macroscopic model is expected to share the same stability/instability 
with respect to infinitesimal fluctuations. From (18), it is found that the mode 
k in the macroscopic model becomes unstable when 

VI -1 A -ReA(kph1) 
oP(Ph ) > 1m2 A(kPh1) (20) 
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When E in (14) is ignored completely, (20) becomes V;P(Phl) > >../2. Note 
that this inequality does not contain k. Thus as soon as Ph satisfies this in
equality, fluctuations of all wavelengths become unstable simultaneously. This is 
qualitatively different from the behavior in the microscopic model, where only 
the long wavelength components become unstable. When the leading contri
bution to E in (12) is retained, on the other hand, (20) becomes V;P(Phl) > 
(>../2)[1 - (kph 1 )2/6]-2. Note that the right-hand side vanishes as kPh 1 -+ 00 

and thus the homogeneous state is always unstable with respect to small wave
length fluctuations [21,19]. This should be contrasted with the existence of lin
early stable density ranges in the microscopic model. This artificial instability 
in the macroscopic model cannot be cured by merely using higher order approx
imations of E. For example, if we assume that the next order contribution to 
E is (1/4!p3 )(83 p-1 /8x3 ), which generates the correct next order in A(x), (20) 
becomes V;P(Phl) > (>../2)[1 - (kphl)2 /12]/[1- (kphl)2 /6]2, which again shows 
an artificial instability for the short wavelength components. 

Therefore the macroscopic models defined by the mentioned approximations 
of E cannot be a proper macroscopic description of the microscopic model. An 
insight can be gained from the microscopic dispersion relation (16) by recalling 
that the mentioned approximations of E are equivalent to the truncation of the 
series eil< -1 = il\;+ (il\;) 2 /2+ (il\;) 3 /3! + (il\;)4/4!+ ... at a certain order. It can be 
verified that when the series is truncated at a finite order, highest order terms 
dominate the physics for large I\; » 1 and generate the artificial instability for 
short wavelength components. 

What would happen if the series is summed up to infinite order within a 
macroscopic description? The infinite order summation can be implemented for 
example by introducing a headway field b(x, t), which is related to p(x, t) via the 
nonlocal relation [21], 

r+b(x,t) 

ix dx'p(x',t)=I. (21) 

With this additional field, the momentum equation becomes 

8v 8v 
8t + v 8x = >.. [Vop(b) - v] , (22) 

and the dispersion relation of this macroscopic model in terms of three macro
scopic fields p, v, and b is given by (18) with 

(23) 

Thus the macroscopic dispersion relation is identical to the microscopic dis
persion (16) when kPh1 is identified with 1\;. This confirms the infinite order 
summation in this model. However from the periodicity of A(kPh1 ), a different 
problem arises: Re(w+) vanishes for all modes k = 2mrph, where n is an ar
bitrary integer. Thus the homogeneous state in the macroscopic model has an 
infinite number of marginal modes at all densities, and when V;P(Phl) > >"/2, 
instabilities develop near all these marginal modes. In the microscopic descrip
tion, on the other hand, this problem does not arise since only I\; modulo 21f is 
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meaningful, and thus /'i, and /'i, + 27T modes are not physically distinct modes. 
Hence the microscopic model is free from such marginal modes and it becomes 
evident that this infinite-order macroscopic model is not acceptable. 

3.3 Effective Diffusion 

Here we develop a new approximation of E, which generates neither artificial 
instabilities nor an infinite number of artificial marginal modes. A key observa
tion is that modes with kPh i » 1 are unphysical since fluctuations on length 
scales shorter than the vehicle spacing are not defined in the original microscopic 
model. Motivated by this observation, we transform the leading order term of 
E in (12) in such a way that it preserves the long wavelength behavior but sup
presses fluctuations in short wavelength components, k » Ph. To implement this 
idea, one first notes that (3) relates small fluctuations of P and v as follows: 

~ ikph. 
up - - uV 

- w+ikvh . 
(24) 

One then exploits the correspondence between w+ikvh and 'Y, and between kPh i 

and /'i,. From the result 'Y+ ~ V;p (phi) i/'i, for small /'i" one obtains 

In this derivation, the 'Y- mode is ignored since it always decays with time. 
Note that the resulting relation amounts to a variational form of v = \'ap(p- i ). 

Corrections to the relation will be ignored since they introduce third or higher 
order derivatives to the new approximation of E (25). This way, we construct 
an approximation 

(25) 

The momentum equation becomes 

(26) 

Note that our approximation of E results in a diffusion term, which tends to 
suppress short wavelength fluctuations. Indeed, the linear instability criterion 
from (3) and (26) becomes V;p (phi) > ..\(1 + k2 /6p~)2 /2, which confirms the 
suppression of modes with k » Ph. In addition, it can be verified that the 
macroscopic and microscopic dispersion relations agree up to order k3 • Thus 
we conclude that (26) is a satisfactory macroscopic momentum equation in the 
linear regime. 
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4 General Car-Following Models 

In this section, we consider a general car-following equation, 

(27) 

Coarse graining leads to 

oV ov . 
at +vox :;::jAop«(LlYn),(LlYn),v) , (28) 

where (LlYn) can be approximated by (11) and (12), and 

. 1 OV 1 o2V 
(LlYn)(x,t) :;::j - -a + -2 2 a 2 . 

P x P x 
(29) 

See [19] for a derivation of (29). We further expand Aop("') as 

(30) 

where Aop,i == oZi Aop(Zl, Z2, Z3) I(ZI ,Z2,Z3)=(p-l ,O,v)' In real traffic systems, Aop,l 
and Aop,2 are expected to be positive while Aop,3 is expected to be negative. Lin
early irrelevant terms are ignored in (30). The macroscopic momentum equation 
then becomes 

OV ov _ A (-1 0 ) Aop,l op-1 Aop,l 02 p-1 
at + Vox - op P , , v + 2p OX + 6p2 ox2 

Aop,2 OV Aop,2 o2v 
+-p- OX + 2p2 ox2 . (31) 

Note that the dependence of Aop on LlYn gives rise to an explicit diffusion term. 
Despite the explicit diffusion term, the artificial instability at short wave

length components may still arise when Aop ,l is sufficiently large since the term 
proportional to 02 p-1 / ox2 tends to generate the artificial instability, as demon
strated in Sect. 3. Thus we follow the procedure in Sect. 3.3 to obtain 

02 p-1 Aop,3 o2V 
8x2 :;::j - -::r--1 8x2 ' op, 

which is a generalization of (25). The resulting momentum equation is 

8v OV (-1) Aop,l 8p-1 
8t +V OX = Aop p ,O,v + ~a;;-

Aop 2 OV 3Aop 2 - Aop 3 o2v +--'-+ ' , 
P OX 6p2 8x2 . 

(32) 

(33) 
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Note that the factor 3Aop,2 - AOP,3 in front of the diffusion term is manifestly 
positive. This equation is free from the artificial instability. 

To elucidate the relation with (26), it is useful to define an effective optimal 
velocity Vop,eff(p-1 ) in an implicit way as a solution of 

(34) 

When Aop,3 < 0 for all v, the solution is unique and there is no ambiguity in 
Vop,eff(p-1). One also defines 

( -1 ) _ Aop(p-l,o,v) 
Aeff p ,v = V; (p-1) _ v ' op,eff 

(35) 

which is positive for all P and v if Aop,3 < 0 always. Thus the first term in (33) 
can be interpreted as a generalized relaxation term: 

(36) 

5 Micro vs. Macro 

We numerically compare properties of the microscopic optimal velocity model (8) 
and the macroscopic model [(3) and (26)]. For definiteness, we use 

Vop (Lly) = Vm2ax [tanh (2 Lly - ~neutral) + Cbias] , 
Xwtdth 

with Vmax = 33.6 mis, Xneutral = 25.0 m, Xwidth = 23.3 m, Cbias = 0.913, and 
A = 2 sec-1 as in [22]. A system size L = 2.33 km is simulated with N vehicles 
(Ph == N / L), and the following microscopic initial conditions are used: 

Yn(O) = np;,l + A sin(67rnp;,1/L) , 1::; n < N/3, 
Yn(O) = np;,l, N/3 ::; n ::; 2N/3, (37) 
Yn(O) = Vop(LlYn(O)), for all n . 

The corresponding macroscopic initial condition is prepared by coarse-graining 
the microscopic initial condition with the coarse graining function f/J(x, t) = 
(27rcr2)-1/2exp( _x2 /2cr2 )6(t), where we choose cr = 46.4 m. The periodic bound
ary condition is imposed for both the microscopic and macroscopic systems. 

We first verify that the density range Pel < p < Pe2, in which the homoge
neous traffic state becomes unstable with respect to infinitesimal perturbations, 
is essentially identical for the microscopic and macroscopic models. This implies 
that, in the linear regime, the macroscopic model describes the long wavelength 
behavior of the microscopic model very accurately. To quantify the accuracy of 
the macroscopic model, we introduce the space-averaged relative deviation dv(t), 

dv(t) == V([Vmaero(X, t) - Vmiero(X, t)]2)space , 
(Vmiero(X, t))space 



74 H.-W. Lee, H.K. Lee, H.Y. Lee, and D. Kim 

(a) 

89.65L3'--! 89.2 

!! 88.8 

88.4 
o locatlon(km) 2.33 

(e) 

89'6~ 

i::~ 
88.4 

o location(km) 2.33 

(b) 

-:::~.-----.. I/'/ 
!! 88.8 . '\J 

88.4 
o locatlon(km) 2.33 

(d) 

! :::EJ------!! 88.8 

88.4 

o locatlon(km) 2.33 

Fig.!. The velocity profiles for N = 72. The initial condition in (37) is used with 
A = 1.165 m. (a) t ~ 10 min, (b) t ~ 30 min, (c) t ~ 1 h, and (d) t ~ 4 h. The solid 
(dashed) line shows the microscopic (macroscopic) velocity profile in each plot. The 
vertical scale is magnified for clarity. After [19] 
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Fig. 2. (a) The time evolution of the space-averaged relative deviation of velocity for 
A = 1.165 m and N = 73. (b) Vmicro (solid line) vs Vmacro (dashed line) near 115 min 
[marked by the arrow in (a)]. After [19] 

where ( .. '}space represents the spatial average. Here Vrnacro(x, t) is calculated 
from the macroscopic model, while Vrnicro(X, t) is obtained by coarse-graining 
the microscopic configuration at the time t. When the initial perturbation from 
homogeneous flow is small, say A = 1.165 m, we find that dv(t) is negligible 
for all density outside the linearly unstable density range. A typical velocity 
profile is shown in Fig. 1. Note that the macroscopic profiles are almost in
distinguishable from the microscopic ones. Even when N = 72 (131), which 
corresponds to a density slightly below (above) the lower (upper) critical den
sity Pcl(c2) ~ 73 (130)/2.33 km, dv(t) remains'" 2 x 10-4 during several hours 
of simulation time. 

The accuracy in the linearly unstable density range is also examined for 
A = 1.165 m and N = 73, which is the smallest N that demonstrates the 
linear instability. The microscopic simulation shows that the initially smooth 
profile becomes "rough" as short wavelength fluctuations develop. An almost 
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Fig. 3. (a) The density profile for the initial condition in (37) . op depends on A and 
Ph . For A = 74.56 m and N = 100, op ~ L5ph. (b) Schematic phase diagrams for the 
microscopic and macroscopic models. After [19] 

identical roughening is found in the macroscopic simulation, and dv(t) is almost 
negligible initially [Fig. 2(a)]. However, the growth rate of the short wavelength 
fluctuations is faster in the microscopic simulation compared to the macroscopic 
simulation. This difference is responsible for the rapid growth of dv(t) near t ~ 
55 min. The growth of dv(t) occurs at an earlier time for the density with 
stronger linear instability. Both in microscopic and macroscopic simulations, 
after a sufficient time interval (rv 120 min) all short wavelength fluctuations 
merge into a single large traffic jam, which moves backward at a constant speed 
without further evolution in its shape. Thus this jam corresponds to the final 
steady state. Figure 2(b) compares the velocity profiles of the jams from the 
microscopic and macroscopic simulations. The jam propagation speeds in the 
microscopic and macroscopic simulations are different and in a periodic system, 
the locations of the jams coincide periodically in time, resulting in the periodic 
dips in Fig. 2(a). 

Next we choose A = 74.56 m in (37), and examine the performance of the 
macroscopic model for large perturbations. Figure 3(a) shows the initial den
sity profile. After a sufficiently long time, the initial condition may evolve to 
a homogeneous state or to a congested state. The evolution to a congested 
state is realized for 65 ::; N ::; 156 when the microscopic model is used and 
for 66 ::; N ::; 147 when the macroscopic model is used. Thus the lower criti
cal density is in good agreement while the upper critical density shows about 
6% deviation. The comparison with the linear critical densities shows that the 
metastable density ranges exist for both microscopic and macroscopic models. 
The phase diagram in Fig. 3(b) summarizes the result. 

We also investigate the dependence of the critical density on A for fixed 
A = 74.56 m. It is convenient to introduce a dimensionless parameter>' == 
(Xwidth/Vrnax)A, which is about 1.387 for A = 2 sec1 . Figure 4(a) shows the 
relative deviations of the macroscopic critical densities with respect to the mi
croscopic ones. For the lower critical density, the macroscopic result is in good 
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Fig.4. (a) The relative deviations of the macroscopic lower (diamonds) and upper 
(circles) critical densities with respect to the microscopic counterparts for the initial 
condition (37) with A = 74.56 m. Note that the relative deviations shrink as X increases. 
(b) The ratio V;ic /v;ac as a function of X for the macroscopic model [(3) and (26)] 
(diamonds) and for the modified macroscopic model [19] that takes into account the 
effects of some linearly irrelevant terms (circles). After [19] 

agreement with the microscopic one for general X. For the upper critical den
sity, on the other hand, the deviation of about 6% at X ~ 1.387 shrinks with 
the increase of X and good agreement is achieved near X = 2. Thus the differ
ence between the microscopic and macroscopic metastable regions in Fig. 3(b) 
shrinks as X --+ 2. The velocity -vg of a backward propagating traffic jam clus
ter (vg > 0) is also investigated. Since Vg is almost independent of N, we fix 
N = 100 (Ph ~ 42.9 km-1 ) for simplicity, and examine Vg as a function of 
X. Figure 4(b) (diamonds) shows the ratio between the microscopic value V~iC 
and the macroscopic value v~ac. Note that V~iC /v~ac ~ 1 when X is close to 
2. This agreement is notable considering that the macroscopic model does not 
have any free parameter. The agreement, however, becomes less satisfactory as X 
becomes smaller. A crude understanding for the good agreement near X = 2 can 
be achieved via the linear analysis, although the given initial condition is not in 
the linear regime. For the general optimal velocity model, the linear instability 
develops when V~p > X/(l + cos 1\:); here we introduce V~p == (Xwidth/Vmax)V~p. 
This inequality sets an upper limit I\:c, above which the instability does not ap
pear. Note that I\:c shrinks to zero as X/2 approaches max(V~p), which is 1. Thus 
the characteristic length scale of the instability becomes longer as X --+ 2. This 
may explain the excellent agreement near X = 2, since the macroscopic model 
becomes more precise as the characteristic length scale grows. 

From these comparisons, we conclude that the macroscopic model [(3) and 
(26)] is quite accurate in the linear regime, and provides a reasonable description 
of fully developed jam clusters in the nonlinear regime, although there are devi
ations in the quantitative level. To construct more accurate macroscopic models, 
one needs to take into account effects of various terms ignored in the macroscopic 
momentum equation derivation. As a first trial, [19] extends the derivation to 
the nonlinear regime by including effects of all terms proportional to (av / aX)2 , 
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Fig. 5. Phase diagram in the presence of an on-ramp, obtained from the macroscopic 
model derived from the optimal velocity model. The dotted line represents j up + jrmp = 
Pel Vop(p;;-/), where Pel is the lower critical density for the linear instability 

(8p-l j8x)2, and (8p-l j8x) (8vj8x). The resulting equation for the same opti
mal velocity model is examined and as expected, the linearly unstable density 
region is identical to that by (26). However, the ratio V;ic jv;ac deviates further 
from one [circles in Fig. 4(b)]. Thus it appears that naive inclusion of linearly 
irrelevant terms does not improve the accuracy. 

Lastly we examine effects of an on-ramp. The continuity equation becomes 

8 8 
8tP + 8x (pv) = irmpCP(x) , (38) 

where irmp represents the total external flux through an on-ramp and the nor
malized spatial distribution function cp(x) is localized near x = O. For (26), we 
choose>. = 1 sec-1 and use V(p) in [6] for Vop(p-l). It is found that various traf
fic phases reported in [6], such as pinned localized cluster (PLC) state, recurring 
hump (RH) states, oscillating congested traffic (OCT) states, mixed congested 
traffic (MCT) states, and homogeneous congested traffic (HCT) states, are all 
reproduced by the macroscopic model. Moreover the phase diagram (Fig. 5) of 
traffic phases in the plane of the upstream flux iup and irmp has a qualitatively 
similar structure as the corresponding diagram in [6]. 

6 Summary 

A local macroscopic fluid-dynamic model is derived from a microscopic car
following model, which establishes the link between the two types of traffic mod
els. For the optimal velocity model, the corresponding macroscopic momentum 
equation consists of a relaxation term, an anticipation term (proportional to the 
density gradient), and a diffusion term. Thus it has a structure similar to the 
fluid-dynamic model in [4]. However, the density gradient term is found to arise 
from the directed influence rather than the velocity variance. It is demonstrated 
that the diffusion term also arises from the directed influence. The derivation 
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provides an unambiguous way to determine the density-dependent coefficients 
of the anticipation term and the diffusion term. The macroscopic model derived 
from the optimal velocity model is examined numerically, and its properties are 
found to be in reasonable agreement with those of the microscopic model. 
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Abstract. Traffic flow in the extended Burgers cellular automaton (EBCAl) traffic model 
is studied. The flow and configuration of vehicles on two lanes in the model are simulated 
and three kinds of metastable local congested states are found in a two-dimensional region 
on the density-flow diagram. The first is that cars advance by stop and go-flow on their own 
lanes without lane-change and values of the flow are stable in time. The second is that cars 
change the lane periodically with several time-steps. The third is that they advance chang
ing the lane that induces fluctuation of the flow with extremely long period. This fluctua
tion flow exists in a wide range between car densities 5/12 and 3/4. The metastable flow is 
discussed in connection with the synchronized states observed in the traffic flow on an ex
pressway. 

1 Introduction 

Recently, a new CA traffic model [1] has been proposed as a transformation of the 
Burgers equation by the ultradiscrete method, which is called Burgers cellular 
automaton (BCA). The multiple states in the BCA can be interpreted to represent a 
multi-lane expressway in a traffic model. The BCA is further extended to several 
CA models [2]. In these extended BCA (EBCA) models, EBCAI is a multi-value 
(multi-lane) and multi-neighbor (high-speed) extension model of the rule-184. The 
most notable character of EBCAI is an appearance of new branches of metastable 
states in the density-flow diagram. 

In the recent years a lot of traffic data of expressways are accumulated and 
characteristic features of traffic flow are analyzed by Kerner and Rehborn [3-6]. 
They have focused on metastable synchronized flow and proposed that there are 
three phases in traffic flow: free flow, synchronized flow and wide moving jam 
[3]. The jams usually emerge in free flow through a sequence of two phase transi
tions: "free flow- synchronized flow- jams". Thus the synchronized phase be
comes an essential key word in the study of traffic flow. 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
© Springer-Verlag Berlin Heidelberg 2003



80 M. Fukui, K. Nishinari, D. Takahashi, and Y. Ishibashi 

In the present paper, a two-lane traffic model equivalent to the EBCAI is pro
posed and many metastable branches found in fundamental diagram are analyzed. 
Furthermore lane-changing phenomena and configurations of vehicles on each 
lane in the congested states are investigated numerically. 

2 Two-Lane Traffic Model Equivalent to EBCAI Model 

In EBCAl, vehicles advance by following two successive procedures. 
a) Vehicles move to their next site if the site is not fully occupied. 
b) Only vehicles moved in the procedure a) can move one more site if their next 

site is not fully occupied after the procedure a). 
The procedure b) expresses the slow start rule where vehicles that could not 

move in the procedure a) stay at that site even if their next site is not fully occu
pied. These procedures have been expressed by following an evolution equation 
[2]: 

U t+l~ut b t b t . (b t LUtb t b t ) j j + j-I - i + nun j.2, - j - i-I + i 
-min(bj_l\ L_Uj+lt_b/+bj+lt), (1) 

where uj( E {Z I 0 ::; uj ::; L}) is the number of states at the site j and time t. L 

is assumed as a capacity in each site. The multiple state expresses that each site 
can hold L vehicles at maximum. Now the multiple states are interpreted as a mul
tiple-lane model. Let us consider the case L=2 in this paper and name each lane A
lane or B-Iane. A/ and B/ (U/ = A/+B/) denote the numbers of vehicles in the A
lane and B-Iane at site j and time t, respectively. 

We can rewrite (1) separately to two equations for vehicles on A and B-Ianes as 
follows, 

A t+1 = At + min(A*· It l_At)_min(A*·t I-A It) 
J J J-' J J' J+ . • t t· t t +nun(I-A j-1, l-Aj , B j_l, Bj ) 

. * t t * t t -mm(A j, Aj+l , I-B j, I-Bj+I ), (2) 

(3) 

where 

A*/ = A/ - [Atl - min(At , l-Aj+tl ,max(I-Ajt , l_Aj+lt)) 
. (A t-I A t-1 1 B t-I (1 B t-I 1 At))] -tnln j , j+1 , - j+1 ,max - j , - j , (4) 

B*t = B.t _ [Rt-I _min(BH l-R It-I max(I-Bt I-B. It)) 
J J J J' J+' J' J+ 

. (B t-I B t-I 1 At-I (1 At-I I Bt))] -tnln j , j+1 , - j+1 , max - j , - i . (5) 
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The last two terms in the fIrst line in (2) and (3) express the nwnber of vehicles 
going straight on their own lane, and the last two lines show that of vehicles 
changing lane. The asterisked term A * or B* includes the slow start effect. 

3 Metastable Branches in Fundamental Diagram 

Two-lane traffIc flows (Qt. QAt (A-lane) and Q8t (B-Iane)) on a periodic road are 
simulated and the fundamental diagram of the EBCA 1 is discussed. We got a den
sity-flow diagram of the total average flow Qt of the EBCAI with L=2 and K=24 
(K is road length) at various vehicle densities p (=NIKL: N is the nwnber ofvehi
cles). Above the critical density Pc (=113), many different values ofQt are obtained 
for different initial distributions for a given density. It is found that these multi
value states can be classifIed into three types. The fIrst one is an asymptotically 
steady state whose value converges to a constant quickly in time. The cars ad
vance by stop-and go-flow on their own lanes without lane-change. The second is 
that cars change the lane periodically after several time-steps. The third is that 
they advance changing the lane that induces fluctuation of the flow with extremely 
long period. This fluctuating flow exists in a wide range between car densities p p 
p=5/12 and p=3/4. According to this classifIcation, the fIrst and third type flows 
are separately shown in Figs. l(a) and l(b). 

o 
o 

Fig. 1. (a) Density-flow diagram of the steady flow. (b) Density-flow diagram of the fluctu
ating flow. 

All points in Fig. l(a) are on straight lines and the flow quickly relaxes to a 
steady state in each case. A part of the AO line, namely AD, and the branch BC 
are metastable [2]. Apart from this main frame, there are many metastable 
branches in a parallelogram region BDGF. In the region, there are K/6-1 straight 
branches parallel to BC with an equal interval. The points are sited on these 
straight branches and make a two-dimensional lattice. As K increases, the interval 
between the points decreases and the parallelogram BDGF is fIlled with the points 
quasi-continuously. All these points are also metastable. 

Fig. l(b) shows the third case of the multi-value states. The values fluctuate in 
time and distribute in the parallelogram region and around the branch BC. Fig. 2 
shows variation in time of the flows Qt. Q/ and Q8t at K=240 and p=D.5396, 
whose values fluctuate with long period, extremely long in QAt and Q8t. The fluc-
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tuating state exists between two critical densities, p= 5/12 and p=3/4. In the region 
between p=1 /3 and p= 5/12, the state relaxes to the free state through "metasta
ble-+ free state" transition or to jam through "metastable-+ jam state" transition. 
Figs. 3(a) and 3(b) show power spectra 1 versus frequency f defmed by 

1=12:.;"\ Q1exp(27liftlT)l/T for QI and QAt. respectively. The corresponding periods 

are marked by f(=T) or fa(=nT) in each figure. The low frequency terms in QA1and 
QBI chancel out each other. T becomes long to almost infinite as K increases. This 
suggests that the flow in this fluctuating state is chaotic. 

X- 240 
... O.r.396 

Q 

o 300 

Fig. 2. (a) Fluctuation of the flows QAt, QBt in the A- and B-Ianes and the total flow Qt. 
(b )Traces of cars on both lanes in space-time at p=O.5396. A large dot corresponds to two 
cars in a site and a small dot to one car. 
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Fig. 3. Power spectrum of (a): Qt and (b) Q/ 
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4 Flow and Configuration of Vehicles on the Two-Lane Road 

The total flow on linear branches in the density-flow diagram is stable in time and 
all vehicles advance regularly on their own lane without lane-change. The con
figuration of the point Dmn of m-th point toward Band n-th toward E from D point 
sited in BDGF can be expressed by exchanging m blocks of "100100" for 
"101010" on the A-lane and n blocks of "100" for ""101" on the B-lane from the 
basic configuration Doo, which is ... 100100100. .. on A -lane, ... 100100100. .. on 
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B-Iane, and then A+B= ... 200200200 ... on the total lane. Vehicles in this state ad
vance on their own lane with stop-and-go flow. 

There are many points fluctuating around the two-dimensional lattice or the 
straight lines. This fluctuation is induced by the lane-change process. We intro
duce a variable C as the lane-change rate of a vehicle as follows, 

where the fIrst and second terms in the braces indicate numbers of vehicles 
changing from B to A lane and from A to B lane, respectively. Fig. 4 shows the 
variation of C for various vehicle densities at K=240. It has the critical density 
(p=5/12 and p=3/4). 

0.16 

! .. 
41:-~ 0.1 ~ .~ ." 

,$.- ."" i U v.l 
~o.oe 

~.. .: 

~ I . 
0 

;t , 
0 OJ 0.4 0.. o.a 

Density p 

Fig. 4. Lane-change rate of cars in the fluctuating flow. 

5 Discussions 

In this paper, a two-lane traffIc model equivalent to the EBCAI model is studied. 
We have obtained the evolution equations for each lane and found many metasta
ble sub-branches besides the main branches in the flow-density diagram. Many 
two-lane traffIc models including more realistic lane-change models and consider
ing asymmetric roles of two lanes have been studied [7-10]. Compared with them., 
the EBCAI will be a too simple model. Nevertheless, it can provide many kinds of 
metastable states. The fact may suggest that slow-start, high-velocity, and multi
ple-lane models are essential processes to bring metastable states into existence in 
a traffIc model. 

Recent experimental investigations by Kerner and Rehborn [3-6] show that in 
synchronized traffIc flow cars could move with nearly the same velocities in dif
ferent lanes near on-ramps. They say that there are three phases: free flow, syn
chronized flow and wide moving jam. The jams emerge in free flow through a se-
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quence of two phase transitions: "free flow- synchronized flow- jams". They 
moreover say that the synchronized flow can further be characterized into three 
different kinds of phases [4]: l)both the velocity and the flow are stationary, 2)the 
velocity is only stationary and the flow is not stationary and 3)both the velocity 
and the flow abruptly change. Thus the synchronized phase seems to be a key 
word to clarify the traffic flow, although it has not been fully established. In many 
metastable states found in the EBCAI model, the stable flow in linear branches 
with constant velocity may correspond to the above type 1) synchronized flow. 
The type 2) and 3) synchronized flows may be found in the present fluctuating 
flows. Especially, we think that type 3) has deep relation with our fluctuating 
flow. In further studies, the local and dynamical configuration of cars in those 
flows should be studied and behaviors of individual car should be clarified in con
nection with the synchronized states. 
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Abstract. The Bando optimal velocity model has a rich structure of wave solutions of 
travelling, composite and expansion types, even in the stable regime. We analyse these 
waves via a continuum limit which resembles the Kerner-Konhauser PDE model, to 
which our analysis also applies. Geometrical properties of the fundamental diagram, in 
combination with global bifurcation theory of the travelling wave phase plane, lead to 
a complete classification of wave types which applies to several second order highway 
traffic models. 

1 Introduction and Scope 

The aim of this paper is to start the development of a universal mathematical 
theory which explains the qualitative types of wave solution exhibited by optimal 
velocity highway traffic models. 

We are concerned with second order models, where the density p(x, t) and 
velocity vex, t) solve a partial differential equation system of the form 

Pt + (pv)x = 0, (Ia) 

Vt + vVx = a {V(p) - v)} + N(p,px,Pxx,v,vx,vxx ). (Ib) 

Here (Ia) is known as the continuity equation and expresses the conservation 
of vehicles; the momentum equation (Ib) describes acceleration. Further, the 
optimal velocity function is given by V, and a > 0 is the sensitivity parameter. 
We suppose that N models anticipation and dispersive effects, and includes 
nontrivial dependence on at least one of the second derivatives Pxx or Vxx ' A 
minimum constraint is that N(p, 0, 0, v, 0, 0) = 0 for any p, v, so that uniform 
flow v = V(p), p independent of x, t, is a solution of the model. 

In this paper, we consider only models and parameter choices for which all 
uniform flows are linearly stable. However, despite this simplifying assumption, 
our goal of a universal theory is still far from achieved, and an open question 
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concerns the minimum conditions to be imposed on N for qualitatively equivalent 
phase diagrams. For this reason, we focus here on the two models given by 

N - (3Px + Vxx -- - /1-, 
P P 

and 

N=+aV'() [px _ P; +pxx]. 
P 2p 2p3 6p2 

(2) 

(3) 

Formula (2) was introduced by Kerner and Konhiiuser [4] and (3) was derived as 
a continuum limit of the discrete Bando model [1], by Berg, Mason and Woods 
[2]. Thus to prove equivalence of the dynamics of highway traffic models, one 
should convert all models to continuum variables, which are analytically more 
tractable. 

Our approach now is to seek travelling wave solutions of speed c, 

v = W(z), p = X(z), z = x - ct, (4) 

to (la,lb) on an infinite road, with uniform flow conditions 

X(±oo) = P±, W(±oo) = V(P±), (5) 

at its ends. 
The continuity equation (la) thus becomes -eX' + (W X)' = 0, where I 

denotes differentiation with respect to the travelling wave variable z, and we 
integrate directly to obtain X(W - c) = q, where q is a constant of integration 
with units flux. Thus we find 

q 
W= X +c, 

and henceforth eliminate the velocity variable W from our calculations. 
When we apply the boundary conditions at z = ±oo, we obtain V(P±) 

q / P± + c, and eliminations yield 

and noting 

(6) 

(7) 

(8) 

we obtain the (well-known) result that if a wave exists, then its speed e is 
the gradient of the chord cutting the fundamental diagram Q(p) := pV(p) at 
(p_,Q(p_)) and (p+,Q(p+)). Further, q is clearly the height of the chord's in
tercept with the p = 0 axis. 

It is thus useful to study the geometry of the fundamental diagram (details 
in Section 2), which describes the flow rate of equilibrium solutions. Later we 
outline technical assumptions concerning Q which are employed to ensure that 
chords with negative gradient intersect the graph of Q in three places. 

The next point (and the main trick of this paper) is to note that if the 
travelling wave ansatz (4) is substituted in the momentum equation (lb), and 
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(6) used to eliminate the velocity variable, a second order ODE for the density 
variable X is found. This may be re-cast as a pair of first order ODEs: i.e., we 
consider the travelling wave phase plane defined by 

X'=Y, 

[q2Y 0: ] 
Y' = hi(X) X3 + X {Q(X) - (q + eX)} + Yh2 (X, Y). 

(9a) 

(9b) 

Here the functions hi (X), h2 (X, Y) contain all the details of the dynamics re
lating to the pressure and diffusion terms in the momentum equation. We find 
that 

and h2 (X, Y) = { 

/3X2 2Y 
---+

Ilq X 

3Y 
-3X+

X 

(10) 

for (2) and (3) respectively: similar expressions may be derived for other second 
order traffic models. 

Our plan is now as follows. In Section 2, we analyse the geometrical structure 
of the fundamental diagram and its chords. In Section 3, we consider the fixed 
points and topology of the phase plane of (9a,9b). This assists us in building a 
phase diagram which describes wave types. 

2 Geometry of the Fundamental Diagram 

We now analyse the geometry of the fundamental diagram Q(p) := pV(p) which 
describes uniform flow solutions. We suppose that 

1. Q is twice continuously differentiable with Q(O) = 0, Q(p) > 0 for p > O. 
2. limp->oo = Qoo ~ 0 and limp->oo pQ'(p) = o. 
3. There exists a unique turning point at p = cp > 0 such that Q' (p) > 0 for 

p < cp and Q' (p) < 0 for p > cp. 
4. There exists a unique point of inflexion at p = 'ljJ > cp, such that Q" (p) < 0 

for p < 'ljJ and Q"(p) > 0 for p > 'ljJ. 

In particular, these assumptions ensure that chords with negative gradient inter
sect the graph of Q in three places, provided tangential intersections are counted 
as to their degree; we refer to the three intersection abscissae as L < C < R. 
A key question is as follows: given arbitrary p_, p+ > 0, is the gradient of the 
chord through (p±, Q(P±)) positive or negative, and if negative, which of P± 
correspond to which of L, C and R? To assist our answer, we define the level set 
and tangent chord functions as follows. 

1. The level setfunction F yields u = F(p) =I p such that Q(u) = Q(p); that 
is, u =I p is the zero of the auxiliary function 

f(u) := Q(u) - Q(p). (11) 
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By applying the intermediate and mean value theorems to f, it may be shown 
that (i) for p > P*, F is well and uniquely defined, provided we assign F(cp) = cp. 
Here 0 ::; p* < cp, and Q(p*) = Qoo. For p < cp, F(p) > cp, and vice-versa. (ii) F 
is self-inverse. (iii) F is strictly decreasing and in fact differentiable. (Thus from 
(ii), F'(cp) = -1.) (iv) limp+p* F(p) = +00, and limpHoo F(p) = P*. 

2. The tangent chord function G yields (7 = G(p) "I p such that the tangent 
to Q at ((7, Q((7)) intersects the fundamental diagram again at (p, Q(p)); that is, 
(7 "I p is the zero of the auxiliary function 

g((7) := Q((7) - Q(p) - ((7 - p)Q'((7). (12) 

Note that Q'(G(p)) has a natural interpretation as the speed of the fastest 
possible wave that the system might connect to the uniform flow (p, V (p)). Again, 
the details of this definition may be checked with the intermediate and mean 
value theorems. We find that (i) for p > P*, G is well and uniquely defined, 
provided we assign G('ljJ) = 'ljJ. For p < 'ljJ, G(p) > 'ljJ, and vice-versa. (ii) In 
contrast to F, G is not self-inverse. (iii) G is strictly decreasing and in fact 
differentiable. (iv) limp+p* G(p) = +00, and limpHoo G(p) = cp. 

Given up- and down- stream densities p_, p+, the level set function may be 
used as follows. If p+ < F(p_) (equivalent to p_ < F(p+)), then the chord 
through (p±, Q(P±)) has positive a gradient (i.e., putative waves propagate 
downstream) . 

However, more interesting is p+ > F(p_) (equivalent to p_ > F(p+)) where 
waves propagate upstream and the chord through (p±, Q(P±)) has a third in
tersection. Firstly, if P± < 'ljJ, then min(p±) corresponds to Land max(p±) 
corresponds to C. Similarly, if P± > 'ljJ, then min(p±) corresponds to C and 
max(P±) corresponds to R. 

The interesting case is thus when P± straddle 'ljJ. If min(p±) < G(max(P±)), 
then min(p±) corresponds to L, else it corresponds to C; similarly, if max(P±) > 
G(min(p±)), then max(P±) corresponds to R, else it corresponds to C. 

Thus given up- and down- stream densities p_ and p+ (no order assumed), 
we may use the graphs of F, G and G-1 to classify the chord gradient and 
intersection types. In particular, the region of (p_, p+) space corresponding to 
chord gradient c < 0 is split into six regions which we label LC, CL, LR, RL, 
CR, RC, depending on how p_ and p+ correspond to the three chord intersection 
abscissae L < C < R. These regions are depicted in Fig. 2. 

3 Phase Plane Analysis 

Our attention now turns to dynamics and the phase plane defined by (9a,9b). 
Firstly, the fixed points are clearly given by 

and Q(X) = q+cX; (13) 

i.e., the positions correspond to chord intersection abscissae, and two of these p_ 
and p+ have been prescribed (and in fact define q and c). However, as explained 
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Fig. 1. Possible connection topologies for phase plane (9a,9b). 

in Section 2, there are three intersections L < C < R when c < o. We therefore 
classify the fixed points (L,O), (C,O), (R,O) via the Jacobian of (9a,9b). 

The general form of the Jacobian is quite complicated, but at fixed points 
(X, 0) where (13) hold, expressions simplify, and we find 

8Y' a 
8X = h1(X) X {Q'(X) - en· (14) 

The sign of 8Y' /8X at fixed points is thus governed by the direction in which the 
chord cuts the fundamental diagram. Since Q'(L) > c, Q'(C) < c and Q'(R) > c, 
and hl (X) > 0 for X = L, C, R, we find that (L,O), (R,O) are saddle points, 
whereas (C,O) is either a spiral or node, whose stability is governed by the sign 
of 8Y'/8Y. 

The full expression for 8Y' /8Y is also quite complicated, but at fixed points 
where (13) holds it simplifies to 

8Y' q2 
8Y = h1(X) X3 + h2(X,0). 

For models (2) and (3) this yields 

and 
6q2 

aXV'(X) -3X 

(15) 

(16) 

respectively. In each case, it may be shown that 8Y' /8Y < 0 when uniform flows 
are stable in the underlying model, and thus that C is a stable node/spiral. 

We now turn to the global connection topology of the (X, Y) phase plane. 
There are three generic possibilities which are illustrated in Fig. 1. These cases 
are separated in parameter space by the co-dimension one gluing bifurcations, 
where either the left hand saddle connects to the right (called L ~ R) or vice 
versa (called R ~ L). 

It is possible to trace out the gluing bifurcations using numerical continuation 
software, add these curves to Fig. 2 (as we have done), and hence draw conclu
sions about when travelling waves are (im)possible. Further, when travelling 
waves of permanent form do not occur, the diagram can explain the compound 
waves found by Berg and Woods [3]. 
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Fig. 2. Phase diagram (p_,p+) of up- and down- stream densities. Heavy solid curves 
relate to the geometry of the fundamental diagram, and dashed curves describe gluing 
bifurcations. The different connection behaviour has also been catalogued. On the 
heavy dashed curve / in the shaded areas, the connections are of the correct type and 
travelling waves of permanent form are possible. Outside of these regions, it is possible 
to make a connection via a pair of waves (p-, Pt) and (Pt, P+), and this construction 
is depicted via the right-angled sets of lines. Note a separate asymptotic argument 
establishes expansion waves in the CR region. 

Although the continuation is a numerical procedure which must be repeated 
for any change in the model, we have strong evidence that the results are quali
tatively the same for both (2) and (3) , and we have partial proofs of this claim. 
However, this stage of our unification theory is far from complete. 
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Abstract. The OV (optimal velocity) model for traffic successes in dynamical generating 
a traffic jam and in reproducing real data qualitatively. However, it has a problem on 
realistic driving simulation such as over shooting. We study the improvements of the OV 
model so that improvements keep the profile of the model as much as possible. We also 
apply the model to the problem of bottleneck traffic flow such as a tunnel. 

1 Introduction 

Recently, lots of studies on traffic flow have been developed in a view point of 
physics such as the cellular automaton, fouled dynamics, granular flow in a pipe 
and so on. The car following models have a long history from 1960's and the opti
mal velocity (OV) model took the first success in the dynamical and spontaneous 
generation of a traffic jam[I]. The OV model is simple but realistic enough to re
produce a traffic jam with a few model parameters. However, the OV model has 
a problem for the realistic simulation of driving since it sometimes takes an un
acceptable huge acceleration. There are several studies [2,6] of the extensions and 
improvements. Most of the models have no explicit mechanism for limiting the ac
celeration within the realistic region, however, the acceleration are controlled by 
tuning of the sensitivity parameter in simulations which also determines critical 
density for the congestion. We study the improvements of the OV model, so that 
the profile of the original OV model are kept as much as possible. We introduce 
the term of limiting acceleration explicitly in the model and the term of control
ling by the relative velocity. We compare the profile of the improved model with 
the original one and also apply the model to the simulation of a bottleneck traffic 
problem. 

This paper is organized as follows; in the next section we propose the improved 
OV model. In section 3, the stability of the homogeneous flow is studied. In section 
4, we have numerical simulations, and in section 5 we apply the model to the 
bottleneck problem of tunnel. The final section gives the summary and discussion. 

2 Improved Model 

We consider the one-lane traffic model in a high-way. We introduce an improvement 
so that profiles of the OV model are inherited. Thus the improvements should 
include the parameter region which produces the original model. Let us consider 
the situation that the vehicle i with position Xi and velocity Vi follows the vehicle 
M. Fukui et al. (eds.), Traffic and Granular Flow’01
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i + 1, and each vehicle obeys the following motion of the equation; 

d 
-x' 
dt • 
d 
-v' 
dt • 

(1) 

(2) 

(3) 

(4) 

where L\xi := Xi+! - Xi and L\vi := Vi+1 - Vi are headway and relative velocity 
between the forwarding vehicle, respectively. We chose the parameterization of the 
OV function Eq.(3) according to [5]; Vrnax is the maximum velocity of the vehicle, 
dl and WI determine the shape of OV curve and io the minimum headway or vehicle 
length, respectively. We improve the model by focusing on the acceleration term in 
Eq. (2). We introduce the explicit limitation of the acceleration al for the car control 
obeying OV function and the control term by a relative velocity. The control by a 
relative velocity is screened by a kind of step function S(L\x), which is flat within 
headway d2 + W2 and quickly dumped outside it. So the maximal acceleration is 
limited by al +a2. The parameter (3 is a sensitivity for driving, which will determine 
critical density to generate the congested flow from homogeneous flow. It should 
be noticed, that the improved model includes the original OV model itself, that is, 
in the limit of a2 -+ ° and al > > 1 the original model is obtained. 

3 Stability of Homogenous Flows 

We first study the stability of the homogeneous flow. Let us consider the circuit 
with length L for the convenient of the analysis. We obtain the homogeneous flow 
solution L\xi = L/N (= 1/ p) and Vi = V(L/N) for Eqs.(I)-(4). When we rewrite 
the variable Xi(t) using a small difference from homogeneous flow Yi(t); 

Yi(t) = Xi(t) - {i(L/N) + vit + xo(t = O)}, 

we can reduce the equations of motion to that for Yi(t), 

(5) 

where the parameters f(p) and 'Y(p) are defined as follows; 

d 
f (p) = dy Vopt (1/ p) , (6) 

( ) a2 1 
'YP =--

Vrnax 1 + exp((I/p - d2 ) /W2) 
(7) 

When we put Yi(t) = exp(zt + .;=Ia(k)i) as a special solution, the equation of the 
motion is converted to the algebraic equation for the complex variable z: 

Z2 + ((3 + 'Y(p)(1 - ev=Ia(k)))z + f(p)(1 - ev=Ia(k)) = 0, (8) 
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Fig. 1. Relation between OV function and 
fundamental graph. 

where the phase a(k) = ~k, (k E N) is determined from the boundary condition 
of the circuit, (XN == xo) . The real part of z determines the stability of the homoge
neous flow, i.e., if the mode is greater than zero Re( z) > 0 for each a the deviation 
from homogeneous flow diverges and if the mode is smaller than zero Re(z) < 0 
the deviation converges. The Re(z) = ° gives the critical curve, 

f(p) = (3 + 2')'(p) (1 + ')'(p) (1 - cos a)) 
1 + cos a (3 

((3 f -::J. 0). (9) 

For a possible phase a the density of Re(z) < 0 produces the steady state flow, 
and that of Re{z) > 0 produces an unstable state flow. Then we finally obtain the 
stability condition as follows: 

{ 
> (3/2 unstable state flow 

f (p) - ')'(p) = (3/2 marginal 
< (3/2 steady state flow 

(10) 

This shows that the relative velocity term relaxes the unstable state flow region of 
the OV model. 

In the case of (3f = 0, the Eq.(8) becomes z(z + ')'(1 - ev'=T<») = 0, and the 
condition Re(z) :::; 0 is always satisfied. That means the car control only by a 
relative velocity brings steady state flow and no traffic jam grows. l 

4 Numerical Simulations 

We then move to the numerical simulation of the model. First, we discuss the 
relation between the fundamental graph and the OV function to determine the 
model parameters. In the steady state flow region, the control term by relative 
velocity does not contribute much, and only from the OV function the relation 

1 The most of the car following models in 1960's need the time delay term since the car 
controls were based on the relative velocity. 
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Fig. 3. Acceleration from 
the improved OV model. 

Fig. 4. Fundamental graph 
from the OV model. 

between distance and the velocity are determined. So the flow is obtained by Q = 
pVopt (l/p) for the low and the high density region. In Fig.l, we show the OV 
function and the fundamental graph as a function of the density p. In the low 
density region vehicles run with maximum velocities and we have the flow relation 
Q = pVrnax . For the high density region the flow goes to zero according to the OV 
function. In the middle density region, where the flow density reaches its maximum 
an unstable state flow region also appears. The point of inflection in the OV function 
has the maximal gradient and in the Q - k curve the gradient becomes - 1V,+max 2d. 

Co w 
We use these relations for the parameter fitting. 

We next discuss the constraints for the parameters in the OV function. In [8], 
the observed data of high-way gives the relation between the minimal distance 8 m 

and the velocity v; 

8 m = 5.7 + 0.14v + 0.0022v2 . (11) 

The OV function should satisfy this constraint for the high speed region. Using the 
170.6kp data of the Tomei Express Way at Aug. 1998 [10] , we obtain the following 
parameters; d = 25m, w = 40m, Vrnax = 27m/sec2 , f3 = 1Hz, 10 = 5.7m. For the 
acceleration parameter there is not enough information in the fundamental graph. 
But the maximum acceleration must be smaller than the acceleration caused by 
the friction between load and tires. We can determine a maximal one from the data 
of the running distance after the emergency breaking [7] . It shows that maximal 
acceleration when breaking is 5m/8ec2 . Thus we here chose a1 = 5m/8ec2 and 
a2 = 3m/sec2 . 

We now show the result of the simulations. Figure 2 shows the distance ac
celeration graph obtained by the original OV model (a1 = 100, a2 = 0), where 
we use the fitted parameter by the Chuou-Motorway [1,5] d = 25m, w = 23.3m, 
Vrnax = 33.6m/ sec2 , f3 = 2Hz, 10 = 5.7m). This gives a huge acceleration of more 
than 15m/ sec2 • Usually, we need to chose bigger sensitivity for the simulation. On 
the other hand, Fig.3 shows the simulations of the improved OV model with the 
above parameters. This shows that the driving with small acceleration is achieved 
for a small sensitivity with the help of the relative velocity controlling. 
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Fig" 5" Simulation of the bottleneck. 

5 Application to Bottleneck Traffic 

We now apply the improved OV model to the bottleneck traffic problem. In the 
simulation we introduce noise effects to the acceleration in Eq.(2) which plays the 
role of a trigger to generate or to ease the congested flow; 

:t Vi = Ql tanh (:1 {OV(.:1Xi) - Vd) + Q2.:1ViS(.:1Xi) + ry(t), (12) 

where ry(t) is Gaussian noise of zero average (ry(t)) = 0 and variance (ry(t)ry(t')) = 
(120(t - t'). In the following simulation we chose (1 = 0.2 (m/s2). Fig.4 shows the 
result of the simulation with a random noise Eq.(12) in the circuit. The noise does 
not change the profile of the fundamental graphs but lead to wider distributions 
according to (1. 

Next we pick up the bottleneck by a " tunnel" . We consider the following situa
tion. Setting up a load as an open boundary and the tunnel is at 10000 - 1l000mp 
(see Fig. 5). Though there will be several effects from the tunnel. We will only 
introduce the maximum velocity limitation as a bottleneck effect, 

V(tunnel) = (1 - c)v' max max 

In the following simulation we set c = 0.2. The vehicles are injected at Omp with 
several densities and velocities which satisfy the OV function. As in the initial 
state the vehicles are set, with the same density for all regions, with their optimal 
velocity. We observe the velocity and density (headway) within 8000 - 12000mp. 
Fig.6 shows the fundamental graph of the simulation for several injections with 
the density p(l/km) given by 10,20,30, 100. The fundamental graph shows that 
the flow is conserved between inside and outside of the tunnel for the steady flow 
region. We summarize that the traffic jam in Fig.7 (density- position graph) shows 
four types of the traffic flow according to the injection density; the free flow, the 
finite length of the traffic jam, the back propagating congested flow and the heavy 
congested homogeneous flow . 

6 Conclusion and Discussion 

We proposed an improved OV model for traffic. The OV model was successfully 
improved concerning huge acceleration without changing the fundamental profile. 
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Fig. 1. Position-density relation . 

Through the analysis of homogeneous lOw, the car control only with the relative 
velocity never produce congestion. The OV model is one of the minimal set to 
produce the dynamical generation of congestions. The relative velocity term relaxes 
the critical points of generation of congestion and brings soft acceleration and 
breaking. In the simulation of the bottleneck the traffic jams around the tunnel 
are reproduced, however, we need more detailed data of acceleration and back 
propagation of jams for further studies. 
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Abstract. Based on a recently proposed cellular automaton model for traffic flow 
essential properties of synchronized traffic like the synchronization of the lanes, the 
pinning of a synchronized region at an onramp and the propagation of a wide jam 
through synchronized traffic are analyzed. The used model is able to reproduce the 
three phases (free flow, synchronized, and stop-and-go) observed in real traffic even on 
a single-lane road and shows a good agreement with detailed empirical single-vehicle 
data in all phases. 

1 Introduction 

Empirical observations of highway traffic [1] have revealed the existence of three 
traffic phases, namely (i) free flow, (ii) synchronized traffic and (iii) wide moving 
jams 1. The characteristics offree flow and wide moving jams are intuitively clear. 
While free flow traffic is characterized by a high average velocity of the vehicles, 
e.g., close to the eventually applied speed limit, wide moving traffic jams are 
upstream moving structures consisting of two fronts separated by a region of 
negligible velocity and flow. 

Our understanding of synchronized traffic is far behind that of free flow and 
wide jams. In synchronized traffic, which is mainly observed at on- and offramps, 
the velocity is considerably smaller than in free flow but the flow can still have 
large values. Moreover, a large variance of density and flow measurements leads 
to an irregular pattern in the fundamental diagram which can be characterized 
by vanishing cross-correlations [2]. If synchronized traffic is generated at a bot
tleneck its downstream front is pinned there. In contrast, the downstream front 
of a wide moving jam can propagate undisturbed in upstream direction with 
a velocity of about 15 km/h through either free flow and synchronized traffic 
without disturbing these states. The propagation velocity is only determined by 
the density inside the jam and the outflow from the jam [3]. The name giving 
effect of synchronized traffic is that measurements of the velocity of neighboring 
lanes show strong correlations. However, empirical observations reveal that this 
is the case even for wide moving jams [4,5]. 

1 Synchronized traffic and wide moving jams are summarized as congested traffic. 
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By means of single-vehicle data [2,6] it is possible to analyze the microscopic 
driving behavior of the vehicles. In free flow, platoons of vehicles driving bumper
to-bumper with a large velocity and a time-headway comparable to the reaction 
time can be found. Within these platoons the vehicles are driving with nearly the 
same velocity leading to a large stability of these clusters. In synchronized traf
fic these clusters are dissolved due to the increased traffic density. Nevertheless, 
large correlations of the velocity of consecutive vehicles can be found while the 
distance-head ways are not correlated - the vehicles are moving in a synchronous 
manner. As a result, the velocity-headway curve saturates for even small head
ways at a small asymptotic velocity and depends not only on the density but 
also on the traffic state. In a wide jam, the retarded acceleration behavior of the 
vehicles at rest (a vehicle needs about 2 s to accelerate) results in a considerably 
reduced outflow from a jam compared with the maximum possible flow. 

Here, we present a recently introduced generalization [7,8] of the Nagel and 
Schreckenberg cellular automaton model for traffic flow [9] that is able to repro
duce the three empirically observed traffic states even on a microscopic level. Our 
previous analyses [7,8] were only performed on an one-lane road with periodic 
boundary conditions. A comparison with empirical data, however, often requires 
a more realistic simulation setup. By introducing disorder in a two-lane system, it 
is shown that the lanes synchronize and a wide jam propagates through synchro
nized traffic according to the empirics. Thus, the three traffic states can clearly 
be identified and are recovered even in more complex simulation topologies. 

2 Modeling Approach 

The empirical observations of single-vehicle data can be summarized in the fol
lowing driving strategy: In free flow the anticipation of the predecessors move
ment reduces velocity fluctuations and allows driving bumper-to-bumper. In 
synchronized traffic, large head ways are a result of the retarded acceleration of 
the vehicles and allow a timely adjustment of the vehicle's velocity. Furthermore, 
vehicles at rest need about 2 s to escape from a jam leading to a reduced outflow 
from ajam. 

This desire for smooth and comfortable driving, e.g., the desire to avoid 
strong accelerations and abrupt brakings, is implemented in a cellular automa
ton model based on the model of Nagel and Schreckenberg [9] by considering 
anticipation effects. Anticipation of the predecessors movement allows the re
duction of the headway at a given velocity while brake lights visualize acceler
ation changes. This event-driven anticipation allows a timely adjustment to the 
velocity of downstream vehicles and increases the distance between the vehicles 
(see [8] for a detailed description of the model). 

The simulations were performed on a two-lane highway with open boundary 
conditions. Vehicles were inserted at the left boundary. For the sake of simplicity 
we used only one type of vehicles which leads to a smaller variance of the data 
points in the free flow regime compared to empirical data. Analogously to the 
empirical setup the simulation data are evaluated by a virtual induction loop, 
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i.e., we counted the number and measured the speed of vehicles passing a given 
link of the lattice. This allows to calculate minute averages of the velocity, the 
flow and the density which is given by the occupancy of the detector. 

The simulations show that we can recover the fundamental diagram found 
in empirical observations (Fig. 1). The flow and the density measurements of 
the synchronized regime cover a two-dimensional region in the fundamental di
agram. Moreover, wide jams can be identified by a triangular shape which is 
a consequence of the event-driven measurement process of the inductive loops. 
On one hand, small gaps inside a wide jam lead to small values of the density 
and the flow. On the other hand, standing vehicles can block the detector for a 
certain time which results in large densities but small flows . 

~.--------------------. 
a b 

Fig. 1. Comparison between empirical results (b) for the fundamental diagram, and 
simulation results (a). Each data point corresponds to an average over an one-minute 
interval. Consecutive measurements are connected by lines. Part (a) shows that we 
recover the three empirically observed phases of highway traffic: free flow (diamonds), 
synchronized traffic (squares) and wide jams (circles). The empirical data are one
minute averages of detector data from the German freeway A40 near Moers junction 
at 2000-12-12 (synchronized state) and near Bochum-Werne junction at 2001-02-14 
(wide moving jam of about 2 hours duration) . The density is given by the occupancy 
which gives the percentage of the measurement time a detector is covered by cars. 

Empirical observations suggest a strong coupling of the lanes in the synchro
nized state [2]. In order to quantify the interaction of the lanes, we calculated the 
cross-correlation cc(r) between the time-series of measurements of the density, 
the flow and the velocity on different lanes: 

CC(Xi' Xj) = (Xi(t)Xj(t + r)) - (Xi(t))(Xj(t + r)) . (1) 

.j(x;(t)) - (Xi(t))\/(X;(t + r)) - (Xj(t + r))2 
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Here Xi denotes either the flow, the density or the velocity in lane i. 
In the free flow state the weak interaction of the lanes results in a small corre

lation of all quantities. Since the flow is mainly controlled by density fluctuations 
the density and the flow measurements show the same correlations. In contrast, 
at larger densities the velocity and the flow on both lanes is strongly correlated, 
i.e., indicating that the system is in the synchronized regime. However, due to 
the large variance of the density measurements in the synchronized regime the 
density on both lanes is not correlated (Fig. 2). 
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Fig. 2. Left: Cross-correlation of the local measured flow, density and velocity of neigh
boring lanes in the synchronized state (p = 50 veh/km). Right: Time-series of the 
velocity. A large flow from the onramp induces a jam on both lanes. 

Lane changes are responsible for the synchronization of the lanes veloc
ity [1,10]. In case of a velocity gradient between the lanes, vehicles are changing 
to the slower lanes thus decreasing the velocity difference. This leads to a strong 
coupling of the lanes in the congested regime. In particular, in the vicinity of on
and off ramps cars enter or leave only the right lane, but both lanes are disturbed 
at large in- or outflows. 

In order to verify this, we generated a jam on the right lane by a large input of 
an onramp. As a result, the jam spreads on the left lane, so that the time-series 
of the velocity measurements of both, the left and the right lane are highly 
correlated. Moreover, the traffic breakdown occurs at the same time (Fig. 2) 
leading to a synchronization of the lanes. 

A large input rate of the onramp in combination with a large flow on the 
highway segment generates a dense traffic region whose downstream front is 
pinned at the onramp. The region shows a flow comparable to free flow but 
a velocity considerable below the free flow velocity and can be identified as 
synchronized traffic. 
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The stability of the synchronized region allows the propagation of a wide jam. 
Therefore, a jam was generated by an obstacle at the downstream end of the 
highway section. Figure 3 demonstrates the coexistence of the traffic states and 
illustrates how the jam wave travels through the free flow region with constant 
velocity of about 13.5 km/h and also passes the section where the synchronized 
traffic is localized. Thus, the model is able to reproduce the three traffic phases 
since the downstream front of synchronized traffic is fixed at the onramp and 
the jam propagates with a constant velocity upstreams and passes the free flow, 
onramp and synchronized regions without being disturbed [1]. 
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Fig. 3. Coexistence of wide moving jams and synchronized states. Space/time evolu
tion of the velocity (a) and of the flow (b). Downstream the onramp a jam has been 
generated which moves in upstream direction and passes the segment with free flow 
and synchronized states. One clearly observes that the synchronized state is recovered 
directly after the jam has passed the onramp. 

3 Summary and Discussion 

The model proposed in [8] is able to reproduce the three empirically observed 
traffic states not only in an artificial simulation setup but also in the context 
of more realistic and complex highway topologies. The undisturbed propaga
tion of a wide jam through synchronized traffic and free flow demonstrates the 
empirically observed coexistence of the traffic states and underscores the stabil
ity of the synchronized state. In [11] this stability is traced back to the human 
desire of smooth and comfortable driving which reduces the impact of velocity 
fluctuations. 

Moreover, it is shown that the synchronization of the velocity on different 
lanes is a consequence of the lane changes [1,10]. Not only the negative velocity 
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gradient between neighboring lanes is reduced, but also information on the traffic 
state can spread to all lanes. As a result, a jam generated on only one lane exists 
on both lanes. 

From a theoretical point of view, our results shed some light on the mecha
nisms that are responsible for the formation of synchronized traffic. Moreover, it 
turns out, that the role of the boundaries is restricted to a selection rather than 
a to generation of the various traffic states, which are equally well observed in 
periodic systems. From a practical point of view, the degree of realism of the 
simulation allows a more detailed description of highway traffic and opens the 
door for a forecast of highway traffic [12]. 
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Limit Sets and the Rate of Convergence for 
One-Dimensional Cellular Automata Traffic 
Models 

T. Namiki 

Division of Mathematics, Hokkaido University, Sapporo 060-0810, Japan 

Abstract. A critical exponent of phase transition for one-dimensional cellular au
tomata with conservative law is proposed and it is shown that the exponent repre
sents the asymptotic behavior of the dynamics. 

1 Introduction 

For one-dimensional cellular automata with conservative law, ECA184 [9] 
and so on, there exists many rules exhibit phase transition in its dynamics 
according to the initial distribution shown in Fig. 1. 
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Fig.!. Typical orbits of traffic models. Initial distribution of "I" is denoted by p. 
(a) ECA184. (b) EBCAl. 

The case of p = 1/2, the "speed" of convergence to limit set becomes 
significantly slow comparing to the case p =I- 1/2. Numerical studies for Fukui
Ishibashi model are in [3] and they observe that for p = Pc the relaxation 
time diverges. We estimate such phenomena, that is the asymptotic behavior 
of one-dimensional cellular automata traffic model from initial distribution 
to the limit distribution with respect to Gibbs measure [1] on the limit set. 
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In [4] the equivalent condition that cellular automata have additive con
served quantity. Many cases of traffic models, shown in [2,7]' the cellular 
automata satisfy its condition. With the condition we show the existence 
and the vanishing case of exponential rate in asymptotics. 

2 Preliminary 

Definition 1. Let S be a finite set and A be a finite subset of Z. For a given 
map f : SA --t S, we can define a map T : SZ --t SZ for all x = (Xi)iEZ E SZ 
by 

(TX)i = f(XH>'; A E A). 

We call the dynamical system (SZ, T) one-dimensional cellular automata with 
rule f. 

It is clear that T is shift commute continuous map with respect to the 
product topology. After here we denote the shift map bya. 

For one-dimensional cellular automata T : SZ I-t SZ, the limit set Xoo = 
nn>O Tn X O, Xo = SZ is always well defined. According to the convention in 
symbolic dynamics, we call w E S* := UnEN sn a word and Iwl means the 
length of word w. For a countable word set W, (W) means the shift invariant 
closed set the words w E W generate by their concatenations. The shift map 
is denoted by a. 

Now we define the additive conservative quantity for cellular automata. 
Take a real-valued function U on SZ depends only on finite number of indices, 
i.e. U : sm --t lR, U(x) = U(Xi'···' XHm-l). 

Definition 2. We call U be additive conserved quantity for T if Pn(x) = 
~SnU(X) := ~ L:~:Ol U(aix) is invariant under T for all x E Fix(SZ,an), 
where Fix(SZ, an) is a set of all n-periodic configurations that is fixed under 
n-th iteration of a. If T has such U, we call T is conservative. 

Remark 1. For an additive conserved U, there exists finite range function q 
and a constant C such that 

U(TX) = U(x) + q(x) - q(ax) + C 

for all x E Sz. This fact is in [1,4]. From physical viewpoint as in [4,7] q 
corresponds to the flow. 

lIn 1 . We denote the average of flow as Qn(X) := ;,Snq(x) = ;, L:i:O q(atx) 
for all x E Fix(SZ,an). From ergodic theorems, there exist the limit P := 

limn-too Pn(x) = Isz UdJ.t and Q := limn-too Qn(x) = Isz qdJ.t for almost 
every x with respect to any shift invariant probability ergodic measure J.t on 
Sz. 

The relation with P and Q on the limit set is called fundamental diagram 
like Fig. 2. From numerical experiments the critical density Pc corresponds 
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Q 

Q ECAI84 

Fig. 2. Fundamental diagram for ECA184 and EBCAI [6,7]. 

to the critical points of the Fig., i.e. p = 1/2 in ECA184 and p = 1/3 in 
EBCA1. 

Though it is well known that the conservative case contains rich and 
various phenomena, we concentrate the study to the phenomena of "phase 
transition" related to initial distribution described in Section 1. 

3 Main Result 

After here we assume S = {1,0}. At first we show the main result on the 
case of ECA184. We can see the essential situation here. 

3.1 ECA184 

The rule f of ECA184 is the following: 

A = {-I 0 I} and f(x- x x ) = { 1 if X-IXOXI = 111,101,100,011 
, , 1 0 1 0 elsewhere. 

In this case, Xo = {O,I}Z,Xoo = (0, lO)U(I, 10) = X_UX+. Set Xc = (Xc)iEZ, 
ifi is even (Xc)i = 1 and otherwise (Xc)i = O. Note that x_nx+ = {xc, aXe}. 

This rule can be rewritten using boolean algebra as follows: 

So the function U(x) = Xo is a additive conservative quantity and the flow is 
q(X-IXO) = X-I (Xl + 1). 

Let f-LP be a Bernoulli measure on (Xo, a) with respect to a probability 
vector p = (1 - p,p), v be a simple Markov measure on (X_, a) or (X+, a), 
and a = (1 - a, a) be a left invariant probability vector for transition matrix 
of v. Note that v is a special case of Gibbs measure. 

For x E Xoo and set Sn(x) = x-n +·· ·+Xn-l, we get the following result 
about the rate of convergence from Xo to Xoo: 
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Proposition 1. 

R(a,p,v):= lim -~log 
n-+oo n 

L JlP(T-n[X_ n '" xn-d)v[x-n ··· Xn-l] 
inSn(X)=a 

= H(alp) + h,AXoo , a), 

where [x- n " ,xn-d = {y E Xoo; Yi = Xi - n::; i ::; n -I} is called cylinder 
set, H(alp) is a relative entropy of two probability vectors and hv(Xoo, a) 
is the metrical entropy of (Xoo, a, v). For v is supported on X+ or X_, 
hv(Xoo, a) is well defined. 

Remark 2. The result shows that the rate is vanished if and only if p = a = 
(1/2,1/2), v = !(8xc + 8uxJ and it means that there are two cases, R = 0 
and R> O. 

Remark 3. In [3] of Fig. 4 they study the mean convergence time from random 
initial configurations to stable states. From numerical experiment if p -:J Pc 
the value remains finite and if p = Pc it shows the divergence phenomena. 
Proposition 1 explains these numerical result. 

If R > 0 we have exponential order of convergence, as appear in the 
fast dynamics of orbits. On the contrary, the case of R = 0 we have sub
exponential order, really polynomial that is appear in slow dynamics of orbits. 
This shows the existence of phase transition on p = Pc. 

Proof (sketch). The essential idea of the proof is random walk representation 
of configurations. 

. ','111001111000": .. /.110101110100:.. . .. 110101101010 ... . . . 
://. ,:,:' .. ,'/' 

.. // ./,/ .... :/ /~~ -// -I 
(a) (b) 

Fig. 3. ECA184: (a) The essential part of the rule in path space. (b) Its typical 
dynamics. 

Let Wa = {w E S2n ; ~Sn(WOO) = a}. We count the initial configuration 
of length 4n which converges to Wa within n-steps. It is easy to see that the 
set of path of simple random walk never touch the line y = ax of length 4n 
and return to the line at the last step is essential to the term. 

For S = {O, I} and rational a, it is clear with certain amount of efforts to 
count up the number as in [5] 

C 2n! 2an( )2(1-a)n 
n (2an)!(2(1 _ a)n)!p 1 - p , 
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where limn-+oo 10gCn/n = O. Using Stirling's formula, we have 

e2an log a+(2(I-a)n) log(l-a)e-2an log p-2(I-a)n log(l-p). 

From this we get the relative entropy term. The term hv comes from the 
uniformness of v. 

We complete for rational a. For irrational a, take the sequence {ad which 
converges to a. By the continuity of H(alp) with respect to a, H(ailp) also 
converges to H(alp) and v is well defined whether a is rational or not. So we 
have the proposition. 

Remark 4. More precisely we use harmonic analysis - generating function 
method. We get e-H(alp) as the convergence radius of generating function for 
first return time to the given line. 

3.2 EBCAI 

EBCA1 is a traffic model studied in [6,7]. The rule is described as following: 

t+1 _ t . (bt bt 1 t bt ) . (bt bt 1 t bt ) Xi -xi+mm i-I+ i-2' -Xi+ i -mm i+ i-I' -XHI+ HI 

where bi = min (xL 1 - x~+1)' 
As ECA184, the limit set of EBCA1 has decomposition X = X_ U X+ 

and essentially X = X_ n X+ = {(100)OO} where X_ = (0,10) and X+ = 
(1,10,100). 

Its rule in path space and the dynamics is shown in Fig. 4. 

Fig. 4. EBCAl: (a) The essential part of the rule in path space. That is more 
complicated with ECA184. (b) Its typical dynamics. 

The problem for EBCA1 is existence of the metastable state as [6,7]. If the 
preimages of metastable state in Xo has the positive measure with respect to 
Il'p, the assumption of our method is broken. Fortunately, we can show that 
the measure of metastable state is 0, so our method is still valid. 
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3.3 Generalization 

We can generalize this more typical traffic models on S = {O, I} because our 
proof does not depend on the detail of its rule. 

Our proof depends on the fact that the case of P = Pc the limit set consists 
of finite number of configurations. That is the case that the intersection 
X+ n X_ has only finite number of points. 

4 Discussion 

The exponent R discussed the paper seems to describe well the phase transi
tion of dynamics in one-dimensional cellular automata traffic models. This is 
the result not only for the "stable state" of the dynamics but for the "asymp
toticity" of the dynamics. We think these point of view is important from 
the application to the real traffic or flow. 

For our results, the essential part for a given rule is to determine the 
structure of attractor or stable states Xoo. Though it is difficult to set the 
general algorithms, there exists a class having "Lyapunov function Q(x)". 

In [7] they proved that Q (x) increases monotonously. The behavior corre
sponds to the "Lyapunov function" for the theory of ordinary differentiable 
equation. If we get the fact, the set {w ; q(w) = I} is a essential word set 
for attractor in S = {O, I}. Though this point is discussed in [10] for steady 
state, the case of congestive state is remained yet. 
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Abstract. The impact of a localized defect in a cellular automaton model for traf
fic flow which exhibits metastable states and phase separation is studied. The defect 
is implemented by locally increasing the deceleration probability. Depending on the 
magnitude three phases can be identified in the system. One of them shows the char
acteristics of stop-and-go traffic which can not be found in the model without lattice 
defect. From a physical point of view the model describes the competition between two 
mechanisms of phase separation. 

1 Introduction 

Nowadays mobility, mostly realized by means of vehicular traffic, is an integral 
part of any modern society. Unfortunately, the capacity of the existing road 
networks is often exceeded in densely populated areas. In many cases it seems as 
if the occurrence of traffic states with high density like jammed or synchronized 
traffic can be linked to external influences, e.g., on- and off-ramps, bottlenecks, 
lane reductions or road works (see [1-6]). Such local perturbations can act as a 
seed for the formation of jammed traffic states. 

In recent years various theoretical approaches for the description of traffic 
flow have been suggested (for reviews, see e.g, [7,8]). Here we focus our inves
tigations on the Nagel-Schreckenberg (NaSch) model [9], a microscopic cellular 
automata (CA) approach that is capable to perform real-time simulations of 
large networks with access to individual vehicles. As an enhancement we take 
velocity-dependent randomization into account (VDR model) [10] leading to 
metastable states and phase separation into free flow and wide jams. Due to 
the fact that only wide jams appear in this model, any additional high density 
patterns induced by external forces (defects) can be identified easily. The impact 
of defects in the NaSch model (and related models, e.g., the asymmetric simple 
exclusion process) is by now well understood. Basically two types of defects can 
be distinguished which can be characterized as particlewise and sitewise disor
der. In both cases a parameter regime exists where the global behavior of the 
system is controlled by the defect which acts as a bottleneck. Generically it in
duces phase separation into a high and a low density region separated by a sharp 
discontinuity ("shock"). This behavior has been found in a variety of models and 
for different defect realizations. However, none of the models investigated so far 
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exhibits phase separation through the existence of high-flow metastable states 
which is an important ingredient for any realistic traffic model. 

2 Definition of the Model 

In the spirit of modeling complex phenomena in statistical physics one is in
terested in keeping the model as simple as possible. Obviously, the modeling 
of traffic flow in the language of cellular automata (CA) always implies an ex
treme simplification of real world conditions. Hence space, speed, acceleration, 
and even time are treated as discrete variables and the motion is realized in 
the ideal case by a minimal set of local rules. In this manner we tried to find a 
straightforward representation for local defects on a one-lane street in the VDR 
model [11]. Since the model contains a stochastic parameter which is needed to 
implement various phenomena found in real traffic, e.g., spontaneous jam for
mation and reduced outflow from a jam, it seems obvious to implement a local 
defect by increasing this parameter in a limited area. The length of the defect 
is chosen to Ld cells and the stochastic noise p(v), which is part of the update 
rules of the VDR model, is replaced by a defect noise Pd. The defect length Ld 
itself is set to Ld = Vmax to ensure that each car will participate at least once in 
an update with the enhanced breaking probability Pd, i.e. in the defect area the 
randomization is given by max(p(v),pd) . Note, that this also implies that slow 
vehicles underly a stronger influence. They need more than one timestep to cross 
the defect region and thus the defect deceleration rule has to be applied more 
often than for fast cars which can cross the defect in one timestep. Given that 
the stochastic noise in the VDR model depends on the velocity of vehicles, the 
choice of the stochastic parameter inside the defect must be seen with respect to 
this. Our strategy is to choose the stochastic noise in a way that it is maximal. 
In Fig. 1 a schematic representation of the local defect with all its parameters 
is depicted. Obviously, the defect width as well as Pd control the strength of 
the defect. For the sake of simplicity, we keep the width of the defect fixed and 
choose Pd as control parameter. 

2:,=L/2+1 XI = L/2 + Vm •• 

---I'd ---

Fig. 1. Schematic representation of the local defect. The defect itself is placed at a 
fixed position on a periodic one lane street. Its width is chosen to Vmax cells. 

3 Numerical Results 

In this section we discuss the impact of the local defect scenario introduced in the 
previous section on the basis of numerical results [11]. We use the stochastic noise 
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Pd inside the local area belonging to the defect as control parameter. The other 
parameters of the model are kept fixed (L = 3000,vmax = 5,po = 0.5,p = 0.01). 
Starting from low Pd three different phases can be distinguished in the system. 

3.1 Small Defect Noise: Pd «P 

For a low stochastic noise inside the defect Pd « 1, the influence on the overall 
dynamics of the system is negligible. The only exception is the lifetime of the 
metastable states occurring in the VOR model which is decreasing strongly. The 
reason is that the metastable states of the VOR model are very sensitive to 
perturbations [12]. However, the term "small noise" should not be related to 
the lifetimes of the metastable states but rather to the impact on the systems 
dynamics after the transition from a metastable high-flow state to a jammed 
state. Thus a defect noise is "small" if the jammed state of the system is nearly 
unaffected by it. This phase will be denoted as the VDR phase since it matches 
with the jammed state of the VOR model. It is characterized by a wide jam, 
which moves backwards and is able to pass the defect area uninfluenced, and free 
flowing vehicles. In Fig. 2 (right) the density profile of the considered system is 
shown for various Pd. The VOR phase shows a constant density profile with 
a small peak in the area of the defect. This peak is created by the additional 
velocity fluctuations which lead to increased travel times. Besides this peak there 
is no markable difference to the jammed state of the VOR model. 

... .. -Pd-O.75 ., -Pd=O ., 
-~- Pd=o.2S 
.•. _p.=o.Sl 
...• p.=O.7S 

'l< ..( 
-Pd=O.53 

"'0.12 ~ I " -
_p.",O.25 

-L 

" 0.10 ., .. .. .. 
p. .. P 

Fig. 2. Left: Typical fundamental diagram of the VDR model with a lattice defect. 
The different defect noise parameters Pd cover the occurring phases. Right: Density 
profiles of the analyzed system for a density of p = i in the different phases. 

3.2 Large Defect Noise: Pd » P 

As expected, large defect noises Pd have a significant influence on the flow of the 
system. Three different density regimes can be distinguished corresponding to the 
ones found in the NaSch model under the same circumstances. At low densities 
the average distance between the vehicles is large enough to compensate velocity 
fluctuations induced by the defect. Similarly for high densities the system is 
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dominated by jams whose movement is nearly unhindered. Thus the fundamental 
diagram in Fig. 2 coincides for these two density regimes with the one of the 
undisturbed model. However, the most interesting density regime is situated 
in the middle of the fundamental diagram and can be identified by a plateau. 
This plateau is formed since the capacity of the defect limits the global flow in 
the system. It can not exceed the maximal flow Jdef through the defect which 
therefore cuts off the fundamental diagram at Jdef and leads to the formation of 
the plateau. As one can see in the corresponding space-time plot Fig. 3 (left), a 
considerable amount of vehicles is gathered at the defect forming a high density 
region. Fig. 2 (right) shows the density profile for a density within the plateau 
region. The system self-organizes into a macroscopic high density region pinned 
at the defect and a low density region determined by the capacity of the defect. 
So far the macroscopic properties are comparable to results obtained by the 
NaSch model with a local defect. However, a look at the microscopic structure 
of the high density region reveals some interesting differences. In contrast to the 
NaSch model, where the high density region at the defect consists of a compact 
congested region, the high density region in the VnR model is characterized 
by small compact jams which are separated by free flow regimes (see Fig. 3 
(left)). The term "small compact jams" means that the jams at the defect are 
significantly smaller than the width of the high density region. This specific jam 
pattern shows some similarities with stop-and-go traffic and will therefore be 
called stop-and-go phase. The stop-and-go phase is characterized by a relatively 
large jammed region (high density) consisting of jams alternating with free flow 
sections. It must be stressed that the local defect is an essential ingredient for 
the occurrence of stop-and-go traffic in the VnR model (an undisturbed system 
shows only free flow or one single wide jam) while in the NaSch model jams of 
various sizes can occur even in an undisturbed system [8). 

Fig. 3. Space-time plot of the analyzed system for a density of p = ~. Left: The 
high defect noise (Pd = 0.75) state is characterized by a high density region consisting 
of small compact jams which are separated by small free flow regions. Right: For an 
intermediate defect noise Pd = 0.53 a mixture of a wide jam moving nearly undisturbed 
through the system and small jams which are formed at the defect is observable. 
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3.3 Transition Regime: Pd :::::: P 

In the following we focus our investigations on intermediate values of the defect 
noise parameter Pd. The space-time plot in Fig. 3 (right) exhibits the microscopic 
structure of the stationary state for this parameter region. In particular a wide 
jam moves backwards through the system and additionally some small jams 
with a limited lifetime are formed at the defect. Note, that as in the case of large 
and small Pd the defect has almost no influence on the dynamics of the system 
for low and high densities. Therefore we will focus on intermediate densities 
to demonstrate effects caused by the additional localized noise parameter Pd. 
As one can see in Fig. 2 the described mixture of a wide jam and some small 
ones cannot be identified easily in the fundamental diagram. The flow is almost 
identical to that in the model without defect except for the missing metastable 
branch. This suggests that for an intermediate Pd the capacity of the defect is 
close to the maximum possible flow in the system. Furthermore, taking a look 
at the density profile for a corresponding intermediate defect noise (respectively 
Pd = 0.53) another difference to the large Pd case is observable. For a large Pd the 
system self-organizes into a macroscopic high density region pinned at the defect 
and a low density region. In contrast, for intermediate values of Pd the density 
profile decreases approximately linear in upstream direction at the defect. This 
behavior can be traced back to the different lifetimes of the small compact jams. 
The dynamics of such a small jam can be described analytically by random walk 
arguments as shown in [12]. 

This marks an important difference to the behavior of the N aSch model with a 
defect where a similar state does not exist. This finding is also interesting for the 
interpretation of empirical results. Traffic states consisting of wide jams passing 
a localized region with a flow comparable to free flow and small mean velocity 
(often denoted as synchronized traffic) are observable in real traffic. However, the 
system state for intermediate Pd has to be interpreted as a crossover phase. For 
small Pd it was shown that only one single wide jam moves undisturbed through 
the system while for a high Pd no single wide jam can exist. In contrast a region 
with many small jams is formed at the defect (stop-and-go traffic). Starting from 
small Pd without any small jams in the system one can observe the occurrence 
of small jams at the defect with an increasing frequency if the defect noise Pd 
is increased. Further increasing the defect noise finally leads to the complete 
dissolving of the large jam. Now the system shows only stop-and-go traffic in the 
vicinity of the defect. The transition between the crossover phase containing one 
large and various small jams and the stop-and-go phase (large Pd) is determined 
using an autocorrelation function to Pd = 0.57 [11]. 

4 Summary and Discussion 

We have analyzed the impact of a localized lattice defect in the vnR model. 
An important aspect is the competition between two mechanisms of phase sep
aration. The dynamics of the vnR model leads to a phase separation at high 
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densities into a large moving jam and a free flow region. In contrast, a local
ized defect triggers the formation of a high density region pinned at the defect. 
From a practical point of view our aim was to obtain a deeper insight into the 
formation of jam patterns due to topological peculiarities. The local defect itself 
was implemented by increasing the stochastic noise of vehicles within a certain 
area. Three different system states (phases) can be observed as the defect noise 
Pd is varied. Small defect noises Pd reduce the lifetimes of the metastable states 
in the VnR model which show a strong sensitivity to disturbances. The vehicles 
in the jammed state of the system, consisting of a single wide jam and free flow, 
can pass nearly undisturbed through the defect. We denoted this phase as VDR 
phase since there is almost no difference to the jammed state of the VnR model 
without defect. In contrast to the low Pd case, for large Pd a pinned high density 
region is formed at the defect limiting the overall system flow. The microscopic 
structure of this high density region reveals the occurrence of small compact jams 
which are separated by small free flow regions. This phase is called stop-and-go 
phase since the jam pattern shows strong similarities to stop-and-go traffic. An 
important point is that stop-and-go traffic cannot be found in the VnR model 
without a lattice defect. Furthermore, we found crossover behavior for an inter
mediate defect noise Pd. Here a wide jam moves backwards through the system. 
Additionally small jams are formed at the defect which have a limited lifetime. 
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Abstract. The optimal velocity (OV) model is one of the car-following traffic flow 
models, which can reproduce some observed features. The acceleration and braking 
abilities are symmetrically introduced into the OV model, besides the asymmetry in 
real vehicles. We introduce the asymmetry between acceleration and braking through 
the susceptibility in the OV model. As a result, the density contrast becomes large 
between inside and outside of jam clusters. Jam clusters propagate slower than in the 
symmetric case. 

1 Introduction 

The optimal velocity (OV) model is one of the traffic flow models, which succeeds 
to describe some realistic features [1-3]. It is a type of car-following models, in 
which the motion of cars are controlled according to stimuli from the preceding 
car. In the OV model, each car controls the acceleration to fit its velocity to the 
optimal (safety) velocity Voptirnal which depends on the headway distance Llx to 
the preceding car. The position x of a car obeys the equation: 

d2 x [ dX] dt2 = c¥ Voptirnal (Llx) - cit ' (1) 

where the constant c¥ is a susceptibility. 
In the original optimal velocity model, the acceleration and deceleration pro

cesses are treated symmetrically. A real vehicle, however, has a stronger decel
eration ability than an acceleration. We will discuss the effect of the asymmetry 
between the acceleration and deceleration processes. 

2 Model and Analytical Results 

There are some methods to take the asymmetry into account. We here introduce 
the asymmetry into the susceptibility c¥. We switch the value c¥ to C¥+ or c¥_ 

depending on the signature of Voptirnal (Llx) - dx/dt. We study the case that c¥_ 

takes the same value as in the symmetric case and C¥+ < c¥_. We observe the 
properties of congested states by analytical and numerical methods. 

We can obtain an exact solution of (1) for the step optimal velocity function 
[4,5] even for asymmetric cases. 

Voptirnal (Llx) = Vrnax (J (Llx - d) . (2) 
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Consider the n-th car escaping from a jam cluster. By solving (1) with (2), the 
headway Llxn(t) = Xn-l (t) - xn(t) to the preceding car is described as 

Llxn(t) = LlxJ + Vrnax [r + a:;l (e-o,+(t-t n - 1) - e-o<+(t-tn ))] , (3) 

where LlxJ is a headway in the jam cluster and tj is the time at which the j-th 
car starts to escape from the jam. It is stressed that each car follows the behavior 
of its preceding car with the delay 

r = tn - tn-l = tn-l - tn-2 = .... (4) 

For the n-th car catching up a jam cluster, the headway obeys the equation: 

Llxn(t) = LlXF + Vrnax [-r' - a:1 (e-o<-(t-t,,-l) - e-o<-(t-tn ))] , (5) 

where LlXF is a headway in the freely-moving region upstream of the jam, tj is 
a time at which the j-th car starts to decelerate and r' = tn-l - tn. 

The headway converges to an asymptotic value exponentially. So we consider 
the case of an infinitely long system with periodic boundaries. This means the 
equality r = r'. So the following relations are obtained: 

Vrnax ( ) LlxJ = d - -2-T a-;r , 

Vrnax 
LlXF = d + -2-T(a+; r), 

1 
r = "2 [T(a+; r) + T(a_; r)], 

where the function T is defined as 
2 

T(a; r) = - (1 - e-O<T) . 
a 

(6) 

(7) 

(8) 

(9) 

Figure 1 shows the difference Llx F - Llx J for (a+, a_). By introducing the 
slow acceleration (a+ ~ a_), the density in a freely-moving region becomes 
lower than that in the symmetric case. As a result, the density in a jam cluster 
becomes larger. The velocity of jam clusters, which is given by -LlxJ /r, also 
becomes smaller. 

3 Simulation 

A realistic optimal velocity function has been introduced as the following form: 

( ) Vrnax [ (LlX - d) ] 
Voptirnal Llx = -2- tanh w + C , (10) 

where parameters can be chosen to fit the observed data [6]. We observe nu
merical simulation results for a periodic system with the Coupled Map Optimal 
Velocity Model [6,7], which is a discretized OV model. 

Figure 2 shows positions and headway for all cars. As discussed in the previ
ous section, the headway clusters becomes shorter inside jam and longer outside 
jam than the symmetric case. 
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Fig. 1. The difference ..:1XF - ..:1XJ is shown for (0+,0_) , Vmax = 33.6 m/sec and 
d = 25 m with the step OV function. 
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Fig. 2. Positions and headway for all cars are plotted for the realistic OV function . 
The solid line is for the asymmetric case 0+ = 1 sec-2 and 0_ = 2 sec- 2 and the 
broken line for the symmetric case o± = 2 sec- 2 . 

4 Summary 

We investigate the effects of the asymmetry between acceleration and decelera
tion. The asymmetry is introduced by switching the susceptibility depending on 
the difference between the optimal velocity and the current velocity. 

By analyzing the exactly solvable case with the step OV function, we found 
that the headway is shorter inside jam and longer outside jam for the asymmetric 
case than for the symmetric case. This can be understood by the following simple 
reasoning. For cars escaping from a jam, the headway becomes larger because of 
slow acceleration. Next consider a car catching up a jam cluster. If the headway 
outside jam becomes longer, the relative speed becomes larger at the car starts 
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to decelerate (Llx = d for the case with a step OV function). So the headway 
becomes shorter in the jam. 

The range of the density becomes wider for the asymmetric case than for 
the symmetric one, because of the change of the headway distance. The phase 
transition from the freely-moving phase to the jam phase occurs at the lower den
sity for the asymmetric case than for the symmetric case, because the headway 
outside jam becomes larger. The effects of the asymmetry upon the transition 
between jam and freely-moving states should be discussed. 

By the asymmetry between acceleration and deceleration, the behavior of 
catching up a jam and of escaping from a jam will be different. The periodic 
boundary condition, however, may introduce the balance between them. The 
behavior in open boundary systems will be interesting. 
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Abstract. The presence of chaos in traffic is studied using a car-following model 
based on a system of delay-differential equations. We find that above a certain time 
delay and for intermediate density values the system passes to chaos following the 
Ruelle-Takens-Newhouse scenario (fixed point -limit cycles - two-tori - three-tori -
chaos). Exponential decay of the power spectrum and positive Lyapunov exponents 
support the existence of chaos. We find that the chaotic attractors are multifractal. 

1 Introduction 

Traffic flow often exhibits irregular and complex behavior. It was observed 
experimentally (e.g. [1]), that although for low and high cars density the 
motion is relatively simple, for intermediate density values (in the so called 
"synchronized flow phase" [1]) the motion is characterized by abrupt changes 
in cars velocities and flow flux. Here we study a model based on a system of 
delay-differential equations, which for sufficiently large delay and intermedi
ate density values demonstrates complex behavior, attributed to the presence 
of chaos. 

The presence of chaotic phenomena in traffic models has been reported 
in recent studies. Addison and Low [2] observed chaos in a single-lane car
following model in which a leading car has oscillating velocity. Nagatani [3] 
reported the presence of a chaotic jam phase in a lattice hydrodynamic model 
derived from the optimal velocity model [4]. 

Unlike the above studies, our model is based on a system of autonomous 
delay-differential equations, and the transition to chaos is possible only in 
the presence of delay. We show that the system can pass to chaos via many 
similar routes, and that many different non-chaotic and chaotic attractors 
may coexist for the same parameter values. We also observe multifractality 
of the chaotic attractor, which is novel in traffic studies. 

We generalize the model proposed and studied in [5-7] by introducing 
time delay T in the driver's reaction. The preliminary results of the present 
study can be found in [8]. 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
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The model is based on the assumption that N cars move in a single lane 
and the nth car motion is described by the delay-differential equation 

cPxn(t) = A (1- Llx~(t - r)) _ 
dt2 Llxn(t - r) 

(1) 

Z2( -Llvn(t - r)) 
2(Llxn(t _ r) _ D) - kZ(vn(t - r) - vper ), 

where n = 1, ... , N, Xn is the car's coordinate, Vn - its velocity, A and k -
sensitivity parameters, D - minimal distance between consecutive cars, vper 
- permitted velocity, T - safety time gap, Llx~ = vnT + D the safety distance, 
Llxn = Xn+1 -Xn and Llvn = Vn+l -Vn. The function Z is defined as Z(x) = x 
for X> 0 and Z(x) = 0 for x ~ O. In our computations we use the parameters 
values vper = 25(m/s), T = 2(s), D = 5(m), A = 3(m/s2), k = 2(S-1) 
and N = 100. The boundary conditions are periodic, i. e. XN+1 = Xl + L, 
VN+1 = V1, where L is the road length. 

In this study we find that for sufficiently large delay the system behaves 
in a complex manner. We show numerically, that the above mentioned limit 
cycles may bifurcate into two-dimensional tori. With further change of den
sity the tori bifurcate into three-dimensional tori, which are subsequently de
stroyed forming chaotic attractors. This scenario is known as Ruelle-Takens
Newhouse route to chaos [9]. 

2 Transition to Chaos 

To study the transition to chaos we first consider the following solution of 
system (1) 

{ 

A(l-Dp)+k'llpe,. < 1 
ApT+k ,p - D+T'IIpe,.' 

vO = vO = n 
1-Dp > 1 
pT' P D+T'IIpe,. , 

where p = N / L is the cars density. This solution corresponds to the homoge
neous flow, in which all cars have the same velocity and headways are equal. 
We introduce a new variable en = Llxn - 1/ pin (1). By this change of vari
ables the homogeneous flow solution (2) is mapped to zero. Its stability can 
be analyzed using the linearization of (1) 

~~(t) = -p~~(t - r) + q(e~+l (t - r) - e~(t - r)), (3) 

h - AT + k - AT+kT'IIpe,.+kD A 2·f < 1 were p - p ,q - ATp+k . p 1 P _ D+T'IIpe,. and p = ATp, 
q = Ap otherwise. 

Following [4,5], we look for a solution of (3) in the form 

e~ = exp(iO:/tn + At), (4) 
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where all: = ~ fl, (fl, = 0, . .. ,N - 1) and A is a complex number. Substituting 
(4) into (3) we obtain a set of algebraic equations for A 

(5) 

The solutions of (5) are the eigenvalues of system (3). One of these solutions 
(for fl, = 0) is zero. The others have negative real part for sufficiently high and 
sufficiently low values of p, which indicates the stability of the homogeneous 
flow solution. As P decreases (increases), pairs of complex eigenvalues may 
cross the imaginary axis , causing the formation of small limit cycles (Hopf 
bifurcations) . 

We study the formation of limit cycles with the density decreasing from 
high to intermediate values. Let for some P = Po (5) with some fl, have a pair of 
purely imaginary solutions (a Hopf bifurcation point). For p = Po - e we find 
the newly-born limit cycle in the form ~n(t) '" e~~(t), using an approximate 
technique similar to that used in [7] for the non-delay case. Obviously, the 
flow state corresponding to this limit cycle is a wave with the wavelength 
equal to L / fl, (in length units) or N / fl, (in number of cars). 

After the small limit cycle for density close to the Hopf bifurcation value 
is found analytically, its global continuation is performed numerically in the 
following manner. For p ~ Po - e we take the analytically found approximate 
periodic solution as an initial condition and solve (1) numerically. After the 
solution has reached an attracting set, we decrease p with a small step and 
solve the equations numerically again, taking the results from the previous 
step as initial conditions. This procedure is iterated further. In this way we 
keep the track of the particular limit cycle. 

For the non-delay case [7] we have not found any other attracting sets 
than limit cycles and fixed points. With a small delay the system's behavior 

,~p ===tJ=====::J--------:--::l K= \O 
K=14 

K=1 5 
L : 

- limit cycle D two-torus D three-torus/chaos 

Fig. 1. A schematic bifurcation diagram, showing transition to chaos from six differ
ent limit cycles. The figure shows that limit cycles, two-tori and chaotic attractors 
can coexist for the same parameter values (see the vertical dashed line). 
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does not change qualitatively. For higher values of T (above approximately 
0.5(8)) the cycles may undergo bifurcations leading to the transition to chaos. 

A bifurcation diagram obtained from global continuation of six different 
limit cycles for T = 0.59(8) is sketched in Fig. 1. The figure shows the transi
tion from each of these cycles to chaos via a two-torus phase. It is important 
to note that chaotic and non-chaotic attractors coexist for the same param
eters values. 

EO! =1 
~" 0 ~RllIIUJ lmlf1IW\il'm'UrW. IJJlWli1ll .t)' " 

1 

·2 ......... --'---'---'--'---'----'---'---'----' 

b 

7000 7200 7400 7600 7800 8000 0 0 2 0 3 0 4 
t [secJ f -frequency 

Fig. 2. a - ~n(t) for n = 10, K, = 15, T = 0.59(8) and p = 0.1387(m- 1 ). b - the 
corresponding power spectrum. 

Fig. 2a shows the ~n(t) time series for", = 15, p = 0.1387(m- 1) and an 
arbitrarily chosen n. Fig. 2b presents the corresponding power spectrum. Its 
exponential decay is a sign of chaotic behavior of our system [10]. 

Another indication of chaos is the existence of positive Lyapunov expo
nents. A direct calculation of the largest Lyapunov exponent [11] and the 
Lyapunov exponents spectrum [12] yields three positive Lyapunov exponents 
of order 10-4 • 
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Fig. 3. Space-time diagrams of the traffic flow for K, = 10 and p = 0.1(m- 1 ). Left 
- T = 0.4(8) (a limit cycle) ; right - T = 0.59(8) (chaos). Each dot corresponds to a 
car. 

As observed in real traffic, jams usually move in upstream direction. Our 
model reproduces this phenomenon. Fig. 3 presents space-time diagrams for 
the traffic flow for the cases of the system is on a limit cycle and on a chaotic 
attractor. One can clearly observe jams moving upstream, but in the chaotic 
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case they are not regular and perhaps look more similar to what can be 
observed on the road. 

3 M ultifractality Analysis 

The chaoticity of an attractor can also be characterized by its fractal dimen
sions. We consider the correlation function of the moment q 

[1 M [1 M ] q-lj q~l 
Cq(r) = M ~ M ~e(r -JXi -XjJ) , (6) 

where Xi = (~n(ti)' ~n(ti + L1t), . . . , ~n(ti + (d -l)..dt)) are d-dimensional vec
tors (d is called embedding dimension), L1t is the first zero of the time series 
autocorrelation function, e is the Heaviside step function and M is the time 
series length, which should be sufficiently large. The correlation dimension 
Dq is defined by the relation Cq(r) '" rDq (see [13,14] and references therein 
for more details). 

To find the correlation dimensions numerically we use the algorithm pro
posed in [14]. Using these dimensions one can obtain the f(a) function [15], 
which represents the spectrum of fractal dimensions of the attractor. 

8 7 
a b 
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CH) da7 
!HI d=8 5 

6 ...... d=9 
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tl 

5 ;::'3 
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3.8 ·6 ·4 ·2 0 2 4 6 10 
q 

Fig.4. a . Results of measurement of the correlation dimension Dq for q = -7 .. 7 
and d = 7 .. 11 (bottom to top) . h. Approximate /(0.) fits for these data. 

Fig. 4a shows the results of measurements of Dq for q = -7 .. 7 and d = 
7 .. 11. Fitting these data with a continuous function D(q) for each d, we find 
the f (a) function according to the formula 

f(a(q)) = qa(q) - r(q), 

where r(q) = (q - I)D(q) and a(q) = dr/dq (see e.g. [15]). 
As can be observed from Fig. 4a, the values of Dq show weak convergence 

with growing q, especially for d close to o. Therefore, presented values of 
dimensions may be underestimated. Nevertheless, shapes of f(a) for each d 
enable us to claim the multifractality of the considered attractor. 
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Abstract. We review some aspects of the optimal velocity (OV) model and compare 
these aspects with those of other car-following models. We also show two applications 
of the OV model. One is an application to the intelligent transport system, especially 
how to suppress the emergence of traffic congestion. The other is an application to 
pedestrian flow. For these purposes, we propose some extensions of the OV model. 

1 Introduction 

The motivation to study traffic flow is to understand the property of traffic 
flow, mainly why traffic congestion occurs. The study of traffic flow has a long 
history and many models have been proposed for engineering and physical study 
[1,2] . Physical models of traffic flow are roughly divided into two groups. One 
is called the macroscopic model, and the other is called the microscopic model. 
Macroscopic models are based on the analogy between traffic flow and fluid or 
gas [3,4] . In these models , traffic congestion is expressed as high density or high 
pressure regions. On the other hand, microscopic models describe the motion of 
each vehicle and include several types of models. Car-following models , which 
have been studied for a long time, use the continuous variables, time, position and 
velocity. The optimal velocity (OV) model is one of the car-following models [5 ,6]. 
There are models which use discrete variables, for example, cellular automata 
models [7] and coupled map lattice models [8,9]. 

Xn-1 Xn t.Xn Xn+ 1 

Fig. 1. Definitions of car number and headway. 

Generally the microscopic model with continuous variables is expressed by 
the equation of motion 

xn(t) = aF( . .. , .(lXn+l , .(lXn , .(lXn-l, " ', 

Xn+l , Xn , Xn-l , "" 

. .. , X n+l, X n , Xn-l , ' " ) , 

(1) 
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where X n , :En and L\Xn = Xn+l - Xn are position, velocity, and headway of the 
nth car respectively. The coefficient a is called "sensitivity" and represents the 
magnitude of the driver's response to a stimulus, for example, the change of 
the headway. Equation (1) simply states that the acceleration of the nth car 
is decided by the motion of the nth car and the surrounding traffic, i.e. the 
headway, velocity, and position of the preceding car and those of the car that 
follows and so on. 

The car-following models are based on the idea that the dominant part of 
stimulus comes from the preceding car. Along this idea, the equation of motion 
(1) can be simplified. The following three models are examples, that are con
structed in three different viewpoints with respect to the behavior of a driver: 
How a driver controls his car. 
Example 1 : traditional car-following model (CFM) 
This model is based on the viewpoint that a driver is going to adjust his velocity 
to that of the preceding car. The acceleration is proportional to the difference 
between them, and the equation of motion has the form 

(2) 

where T is the delay of response. If T is zero, (2) is almost trivial. Therefore the 
delay plays an essential role in this model to describe the behavior of traffic flow. 
Example 2 : optimal velocity model (OVM) 
In this model, a driver is supposed to maintain an optimal velocity which depends 
on his headway. The equation of motion is 

(3) 

where V is called the optimal velocity (OV) function, which represents the rela
tionship between headway and velocity of the driver. The delay T is not necessary. 
Moreover the delay has only a small effect even if it is introduced [6]. 
Example 3 : optimal headway model (OHM) 
In this model, a driver is supposed to maintain an optimal headway which de
pends on his velocity. The equation of motion is 

(4) 

where H is the optimal headway function, which is the inverse function of V. 
Proportional factors of these equations and the OV function are determined 

as follows. In OVM and OHM, the OV function V (= H-1 ) is a essential in
formation to construct the models. In principle, V should be determined by a 
experiment, which measures headway and velocity of a car simultaneously, and 
proportional factors, which are determined by measuring the magnitude of accel
eration of the car. For simplicity, we suppose that a certain function expresses 
the relation between velocity and headway and the proportional factors is a 
constant. Then we can fix the equation of motion for OVM and OHM. 

CFM reduces to a too simple model, if we choose a constant proportional fac
tor. Then the proportional factor has been thought to be a function of headway 
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and velocity. Here we suppose that the OV function is given by some observa
tions. 

Xn(t) = V(xn+l(t) - xn(t)) . (5) 

By differentiate (5) with respect to t, we obtain 

(6) 

From Eq.(6), we can induce a class of car-following models by introducing the de
lay T. Though the proportional factor often have a dependence on the velocity in 
traditional car-following models, here we concentrate on the model, in which the 
factor is a function of the headway only. In these constructions of car-following 
models and other dynamical models, the relation between headway and velocity 
is a fundamental information and plays an essential role. 

The OV function can be fixed by experiments or observations. Figure 2 shows 
the result of an experiment, where headway and velocity of a single car moving 
on a highway are measured simultaneously [10]. The data are randomly scattered 
due to road and traffic conditions. We simply can choose a hyperbolic-tangent 
function and can fit the parameters to the data. Figure 3 shows observational 
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Fig. 2. Dots represent measured data. 
The solid line is a fitted OV function. 
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Fig. 3. Each line represents observational 
or experimental data. 

data on Japanese highways and experimental data on a test circuit [11]. From 
these data, we can conclude that the similar behavior is observed universally 
and the hyperbolic-tangent function is a best choice of a simple OV function. 

Then we obtain the concrete forms of (2), (3) and (4). 

Xn = a{V(L\Xn) - xn} , 

xn = a{H(xn) - L\Xn} , 

(7) 

(8) 

(9) 
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where 

In (8) and (9), the proportional factors are chosen as a constant parameter, that 
is, sensitivity a for simplicity. From the data of Fig. 2, we can fix the OV function 
as 

V(.aX) = 16.8{tanhO.086(.ax - 25) + 0.913} (m/s), (11) 

and we use this in the simulations. Obviously the values of the parameters must 
be changed in order to fit V(.ax) to each data. However, these values are not 
important from the physical viewpoint. Finally we note that each model includes 
only one free parameter T or a. Sensitivity a in the models (8) and (9) plays a 
similar role to l/T in the model (7) [6]. 

2 Review of OV Model 

In this section, the properties of the OV model (8) with (10) are reviewed and 
the comparison between three models is shown. The OV model can explain the 
mechanism of the emergence of traffic congestion and can reproduce the behavior 
of real traffic flow. In the framework of the OV model, the change from free flow 
to congested flow can be understood as a kind of phase transition. 

Equation (8) has a trivial, homogeneous flow solution, where all car move 
with a constant headway and a constant velocity . 

.aXn = h, xn = V(h) for all n. (12) 

We identify this solution with free flow in real traffic. By a linear analysis, we can 
investigate the stability of the solution (12). The stability condition is simply 
given by the sensitivity and the derivative of the OV function as 

a> 2V'(h) 

a < 2V'(h) 

: stable, 

: unstable. 

(13) 

(14) 

For the case a > 2V' (b), the homogeneous flow is stable for any headway, because 
the derivative of the OV function (10) takes the maximum value at .ax = b. In 
other cases, the homogeneous flow is stable for a large headway (and sufficiently 
small headway). If the headway is smaller than a certain value, that is, the 
density of cars exceeds a certain critical value, the homogeneous flow becomes 
unstable and transits to congested flow spontaneously. This phenomenon can be 
understood as a bifurcation or a phase transition. 

The behavior of traffic flow in the unstable case is investigated by numerical 
simulations. Global features of the formation of traffic congestion can be seen by 
a spacetime diagram. A typical example is shown in Fig. 8. The behavior of each 
car is clearly shown in the headway-velocity phase space, which is the same as in 
Fig. 2. The homogeneous flow state is represented by a single point on the OV 
function, because all cars have an identical headway and velocity. In unstable 
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case, only the congested flow is stable and any initial state develops to congested 
flow states [5]. Final congested flow states are represented by a limit cycle or a 
hysteresis loop in the phase space (see Fig.4). The size of the loop is dynamically 

100 
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> 40 
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o 5 10 15 20 25 30 35 40 45 50 

headway dl( (m) 

Fig. 4. Each curve represent a limit cy
cle or a hysteresis loop. Typical values 
a = 1.6, 2.0, 2.8 are chosen as the sensi
tivity. The dashed line represents the OV 
function. 

headway 

unstable 
region 

Fig. 5. Typical relation among the hys
teresis loop, the unstable region, and the 
flow state which is realized finally. 

decided by the sensitivity. If the sensitivity is large, the size of the loop is small. 
It corresponds to the fact that if sensitivity is large, the unstable region is small. 
As mentioned above, for sufficiently large sensitivity, the homogeneous flow is 
completely stable. In the case of Fig. 4 where we use the OV function (11), the 
critical sensitivity 2V' (b) is 2.88. 

Two endpoints of the hysteresis loop always exist outside the unstable region. 
Two regions, one of which is the width of the loop and the other is the unstable 
region, do not coincide generally (see Fig. 5). Therefore, there are three regions. 
For a large headway, only the homogeneous flow (the free flow) is stable. Conges
tion clusters will disappear even if they initially exist. For a small headway, only 
the congested flow is stable and any flow transits to congested flow. Between 
them, there exists a region where both flows are stable. It depends on the initial 
condition which flow is realized. 

The properties of congested flow are also investigated by simulations and 
summarized as follows. Small congestion clusters disappear and closely separated 
two clusters merge. Only large clusters separated by large distances can survive 
for a long time (see Fig. 8). The bifurcation of a cluster is never observed in 
any simulation. The two endpoints of the hysteresis loop in Fig. 4 represent the 
states of cars inside congestion clusters and of cars in the region between clusters. 
Two curves connecting the endpoints represent the motion of the cars going out 
from the clusters and coming into the clusters. In the simulations of Fig. 4, 
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several clusters with different length are usually created. The uniqueness of the 
hysteresis loop shows that there exists only one species of congestion clusters 
and that they are distinguished by their length. 

Next, we show whether the OV model can reproduce the behavior of real 
traffic or not. As a first example, we investigate the motion of cars shown in Fig.2. 
Here, we introduce the randomness in the personalities of drivers instead of the 
randomness of the road or the traffic conditions. Each driver has a OV function, 
which is scaled ±20% randomly. Then, the maximum velocity is 90", 140km/h 
(115km/h±20%) . This is similar for the headway. The result of the simulation 
shown in Fig.6 is in good agreement with the observed data in Fig.2. The OV 
model can reproduce the observed motion of cars by use of an adequate OV 
function. 
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Fig. 6. The motion of cars is reproduced 
by a simulation. 
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Fig. 7. Small dots represent observational 
data on a Japanese highway and diamond 
marks represent results of simulations. 

Figure 7 shows the fundamental diagram, which expresses the relation be
tween car density and the flow [12]. Simulations are carried out without intro
ducing the randomness in order to clarify the behavior and the result is shown 
by diamond marks in Fig. 7. The global shape of the diagram obtained by sim
ulations is quite similar to the observed one. We can find a possible jump of 
the flow at the occupancy P ~ 25%. In the framework of the OV model, this 
point is identified as a critical density, which is the transition point from homo
geneous flow to congested flow. It can be easily understood that the result of 
simulations becomes much more similar to the observations, if the randomness 
of traffic condition is introduced. 

Finally, we clarify the difference among the OV model (OVM), the car
following model (CFM) , and the optimal headway model (OHM) of section l. 
For this purpose, we carry out the similar investigation to ~YM. The main sub
ject is whether only OVM can explain the emergence of traffic congestion or 
not. 
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Figures 8 and 9 are the results of simulations for OVM, OHM and CFM. 
Figure 8 shows the process of congestion formation. At first sight, three models 
seem to produce almost the same result. However, the details of the dynamics are 
different. In OVM, small clusters combine or disappear and only large clusters 
survive. The dynamics of other models are much more simple. In OHM, small 
clusters survive until the combination with a large cluster. In CFM, very small 
clusters are created and roughly a half of them disappear. The other half of 
the clusters can exist stable but they consist of only four or five cars. These 
behaviors seem to be unnatural. We conclude that OVM should be thought as 
a basic model to reproduce the behavior of real traffic. 

OVM OHM CFM 

Q) 

.§ 

t 
position position position 

Fig. 8. Positions of all cars in a circuit are plotted. All cars move from the left to the 
right. The initial state is a homogeneous flow state and a small disturbance is added 
at the center. The headway is chosen so that the homogeneous flow is unstable. Dark 
bands express congestion clusters. 

Figure 9 shows the motion of cars in phase space. Hysteresis loops for three 
models take roughly the same shape. In CFM, the sparseness of data points is 
an artificial effect caused by the delay time and the time step of the simulation 
and has no physical meaning. 

As a result, the transition itself from free flow to congested flow can be 
explained by almost any model. We think that the essence of traffic congestion 
exists in the OV function as follows. When the OV function is steep, a driver 
must react sensitively to a deviation of the headway, that is, a driver must change 
his velocity rapidly. However, the small sensitivity indicates small acceleration 
and therefore such a reaction cannot be realized. In such case, the deviation is 
amplified in the chain of reactions and the flow becomes unstable. Therefore, the 
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Fig. 9. The motion of cars at the final stage of simulation are shown. Dashed lines 
represent the OV function which is common to all models. 

congestion phenomenon can be thought as a common and unavoidable property 
for similar systems. In fact, traffic congestion in CFM can be understood as a 
kink-soliton and in a special case the system is related to a network of electric 
circuit [13]. 

Here we show another example. This is a story of zero fighter pilots in World 
War II. When they start from a base, they intend to maintain a short distance 
between the airplanes. But during the flight, their distances continue to change, 
larger and smaller. Finally, the airplanes spread out when they arrive at the 
destination. This phenomenon can be understood in the framework of the 1-
dimensional OV model in spite of the 3-dimensional motion of airplanes [14]. 

3 Application to ITS 

In this section, we present an application to the realistic problem, that is, how 
to control cars in order to avoid the formation of congestion. As stated in the 
previous section, traffic congestion is unavoidable in natural cases. However, by 
use of the driving control system which is a part of ITS, we can suppress the 
emergence of congestion. We will search a candidate of a basic model for such a 
control system. 

From the physical viewpoint, a simple model or a model with few free pa
rameters is thought to be a good model. We can understand the mechanism of 
a phenomenon and can predict the results of experiments by such a model. The 
OV model has a simple form with only one parameter (sensitivity a). This is an 
advantage for the physical study, but is a disadvantage as a model for the con
trol system of cars, because there is a little allowance to tune up the model. The 
model for the control system does not have any restriction and we investigate 
some extended models for this purpose. 

Here we discuss the case where each car is controlled by a certain system 
independently. In order to extend the model, we also suppose that the control 



Optimal Velocity Model and its Applications 135 

system can obtain more information in addition to that obtained by itself. For 
example, ITS has the ability to communicate with other cars and also a certain 
control center. When such a system is realized, each control system can use the 
information of not only its state but also the states of other cars. The extension 
of the OV model is carried out under these suppositions. 

We concentrate on the simplest extension, where the equation is the same 
as the OV model but the OV function depends on the headway of other cars. 
We investigate two examples. The effects of these extensions are clarified and we 
show a suggestion how to incorporate the information of other cars. 

One example is a model where the OV function depends also on the headway 
of the preceding car: V (..::1Xn+l ,..::1Xn ) [15], and the other is a model where the OV 
function depends also on the headway of the car that follows: V (..::1Xn , ..::1xn-d 

[16]. Hereafter, we refer the former by the forward looking OV (FL-OV) model 
and the latter by the backward looking OV (BL-OV) model. We can search 
a better model in a wide class of the OV function V(···, ..::1Xn+2, ..::1Xn+l, ..::1Xn , 

..::1Xn-l, ..::1Xn -2, ... ). The comprehensive survey ofthis widely extended OV model 
is shown in Ref. [17]. 

To compare the two models, we assume the condition that they give the 
same homogeneous flow state as the OV model in any headway. This condition 
is simply realized by the following OV functions. For the FL-OV model 

(15) 

and for the BL-OV model 

(16) 

where a> 0 and V(..::1x) is the same function as (10). 
By the linear analysis, we can investigate the stability of the homogeneous 

flow solutions of FL-OV and BL-OV models [15,16]. The stability in both mod
els is improved compared to that in the OV model. Obviously, this is not so 
surprising result, because these models include the OV model as a special case. 

The two models stabilize the homogeneous flow in different ways compared 
to the OV model. We can clearly see the difference between two models in the 
damping behavior of a disturbance (see Fig.lO). The FL-OV model is insensitive 
to the deviation of headway. As a result of this, the change of velocity is small. If 
we control cars based on this model, the deviation is slowly reduced. This control 
method may be comfortable for a user of the car, but is a little dangerous because 
the deviation remains for a long time. In the BL-OV model, the deviation of 
headway is quickly reduced and the change of velocity is large. This control 
method may be safe but is uncomfortable for the user. 

The difference can be seen also in the process of dissolution of traffic conges
tion, for example, in simulations starting from a congested flow state. We can 
observe the shrinking behavior of the hysteresis loop by choosing parameters 
to make the homogeneous flow stable. In the FL-OV model, the hysteresis loop 
shrinks in the direction of velocity first, that is, the velocity deviation reduces 



136 A. Nakayama, K. Hasebe, and Y. Sugiyama 

headway 

" " " " " " , , 
BL-OV .......... .. ----------

time 

velocity -.. , , 
I , 

I ' , 
' .... BL-OV .... 

--.-

time 

Fig. 10. Damping behaviors of the headway and velocity are shown. The disturbance 
is added by changing the headway of a car. Each line shows the sum of deviations of 
all cars. 

first and then its whole size gradually reduces. In the BL-OV model, the hys
teresis loop shrinks in the direction of the headway first, that is, the headway 
deviation reduces first. 

In the OV model, a large value of sensitivity is the only way to stabilize the 
homogeneous flow. The extended models can stabilize the flow even for a small 
sensitivity by taking into account the information of the preceding car or the car 
that follows. The effect of each extension is different from each other. The best 
way may be a hybrid model which incorporates both extensions [17]. 

4 Extension to 2-Dimensional Model 

In this section, we propose an extension of the OV model to a 2-dimensional 
model, which can be applied to multilane traffic or the motion of pedestrians. 
The extension is realized by replacing all quantities in (8) by 2-dimensional 
vectors. However, there are two ways to extend the OV function depending on 
our viewpoints for the I-dimensional OV model. 

From one viewpoint, the follower in the upper part of Fig. 11 wants to follow 
the leading car, that is, the follower is attracted by the leading car. If we extend 
this situation into a 2-dimensional one straightforwardly, the follower behaves 
like that in the right part of Fig. 11. This model is suitable for the motion of 
fish, for example, clustering. 

attractive 
IJIl .. -- -- J'. 1JIl-+ 

repulsive 

,/ 
repulsive .t::.L....... 
~ .... ~ 
~ ....•• 

" .......• 
a/.::..r 
~ ....... , 

Fig. 11. Differences between two viewpoints. 

desired velocity 

attractive force 

Fig. 12. Rough relation. 
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From the other viewpoint, the follower wants to move at his desired velocity. 
But he is forced to reduce the velocity because of the existence of the preceding 
car, that is, the follower receives a repulsive force from the preceding car. If we 
extend the situation into a 2-dimensional one, the follower behaves like that in 
the left part of Fig.lI. This model is suitable for multilane traffic or the motion 
of pedestrians or granular flow. Figure 12 shows the rough relation among the 
attractive force , the repulsive force , the desired velocity, and the optimal velocity. 
Here the desired velocity is defined as the velocity that he moves when there are 
no restrictions and no other people. We investigate the property of this model 
and compare it with the result in the I-dimensional case. Specific phenomena in 
two dimension like a lane formation are shown in Ref. [18]. 

The equation of motion in the 2-dimensional OV model is written as! 

i!n =a{V(···)-"tn}, (17) 

V( ... ) = Vo - L ~kn I(O){c - tanh,8(L\xkn - b)} , (18) 
k L\Xkn 

where ~kn = -t k - -t nand L\Xkn = I~knl. The summation is taken for cars (or 
pedestrians or somethin~ else) in the range where the distance L\Xkn is smaller 
than a certain value. V 0 is the desired velocity and the second term in the 
right-hand side of (18) expresses the repulsive force. Figure 13 shows the relation 
among vectors Yo, ~kn' V and the repulsive force. 1(0) is an arbitrary function 

Xk 

• . ;Xvo 
repulsive force .' ............ 

~ •• , ~ V desired velocity 

optimal velocity 

Fig. 13. Relation among vectors in (18). 

(1 +cas9 }/2 

---~----+----;~ Va 

casS 

Fig. 14. Angular dependence of the 2-
dimensional OV function. 

which expresses the angular dependence of the 2-dimensional OV function. At 
present, there is no principle to decide 1(0) and we show two examples: 

1 
1(0) tX 2(1 + cosO) 

1(0) tX coso 

(-7r < 0 < 7r) , 

7r 7r 
(--<0<-). 

2 2 

(19) 

(20) 

1 Details of the definitions of the factors, parameters, and the summation are shown 
in Ref. [18]. 
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Equation (20) may be a candidate for the model of pedestrian flow (or multilane 
traffic), where a pedestrian looks only at people in front. Equation (19) is a 
candidate for a model of granular flow, where a particle receives forces from all 
particles around it. It may be possible that there exists the lateral force between 
pedestrians. In such case we may use (19) instead of (20). 

We investigate the behavior of flow by simulations in the case of f (B) f"ooJ 

(1 + cos B). Figure 15 shows typical snapshots of flow states. Each particle (or 
pedestrian) is supposed to be a point particle for simplicity. At low density 
(Fig.I5a), the state has a hexagonal structure. We identify this state as the 
homogeneous flow. At middle density (Fig. I5b), the flow changes to congested 
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Fig. 15. Snapshots of flow states are shown at (a) low density, (b) middle density and 
(c) high density. Each small square represents a position of one particle (or pedestrian). 

flow. High density regions move forward or backward case by case. The behavior 
is quite similar to that of granular flow in media. We have no data about whether 
a density wave exists in pedestrian flow or not. At high density (Fig. I5c), each 
particle seems to move randomly and no structure exists. 

We can easily find the correspondence between the first two states and those 
in I-dimensional traffic flow. By use of simulations, we can confirm that the 
stability of homogeneous flow is controlled by the sensitivity. The system is 
reduced to I-dimensional one effectively. Here we note that the density wave is 
not observed clearly in the case of f (B) f"ooJ cos B. In the reduction of the system, 
the existence of the lateral force, which homogenizes density transversally, seems 
to play an important role. 

As a result, the properties of the flow in the 2-dimensional OV model are 
quite similar to those of I-dimensional flow. This result is also confirmed by 
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the fundamental diagram. Figure 16 shows the results of simulations and the 
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Fig. 16. Solid line represents the flow of the homogeneous flow state. Diamond and 
cross marks represent the results of simulations in the cases f(B} '" cosB and f(B} '" 
(1 + cos B) respectively. 

analytical result for the flow of the homogeneous flow state. We have taken into 
account up to next-nearest interaction. We cannot find any qualitative difference 
between the case of f (0) '" cos 0 and the case of the homogeneous flow. However, 
in the case of f (0) '" (1 + cos 0), the behavior ofthe flow is different from others. 
This may indicate the existence of a transition to congested flow. 

The 2-dimensional OV model can be easily applied to mixed flow, where fast 
moving and slowly moving pedestrians exist, and counter flow. For example, at 
low density, we can observe the lane formation in both cases of mixed flow and 
counter flow by the simulations. At high density, we observe a congested flow 
similar to Fig. 15 in the case of mixed flow, and a blocking state in the case of 
counter flow. A detailed analysis of this system is shown in Ref. (18). 
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Abstract. Most car-following models show a transition from laminar to "congested" flow and 
vice versa. Deterministic models often have a density range where a disturbance needs a suffi
ciently large critical amplitude to move the flow from the laminar into the congested phase. In 
stochastic models, it may be assumed that the size of this amplitude gets translated into a wait
ing time, i.e. until fluctuations sufficiently add up to trigger the transition. A recently introduced 
model of traffic flow however does not show this behavior: in the density regime where the jam 
solution co-exists with the high-flow state, the intrinsic stochasticity of the model is not sufficient 
to cause a transition into the jammed regime, at least not within relevant time scales. In addition, 
models can be differentiated by the stability of the outflow interface. We demonstrate that this 
additional criterion is not related to the stability of the flow. The combination of these criteria 
makes it possible to characterize similarities and differences between many existing models for 
traffic in a new way. 

1 Introduction 

Car traffic is not always homogeneous. For example, stop-and-go waves are a frequently 
observed phenomenon. Correspondingly, most traffic models show a transition from 
laminar to "congested" flow and vice versa. For many deterministic models, this mech
anism is well understood (e.g. [1,2], see Fig. 1): For certain densities, the homogeneous 
solution is linearly unstable, meaning that any tiny disturbance will destroy the homo
geneity and lead to another state, typically to one or more waves. For other densities, 
the homogeneous state may be linearly stable, but unstable against large amplitude dis
turbances. 

In stochastic models, one would intuitively assume (see Fig. 2) that linear instability 
gets translated into plain instability - meaning that, for the corresponding densities, the 
homogeneous state breaks down immediately - and that for large amplitude instability 
the large amplitude instability gets translated into meta-stability - meaning that, for the 
corresponding densities, one has to wait some time until the noise conspires in a way 
that a critical disturbance is generated and the instability is triggered. This is exactly the 
topic for this paper, where we will demonstrate that this speculation is correct in some 
cases but not in others. 

Recent field measurements identify additional dynamic phenomena, such as oscil
lations and so-called synchronized traffic [3,4]. It is under discussion in how far these 
additional phenomena can be explained by the above model instabilities in conjunction 
with geometrical constraints (such as bottlenecks) [5,6], or if additional features are 
necessary in the models [7]. Given this, it seems desirable to understand as much as we 
can about existing models. 
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Fig. 1. Schematic fundamental diagram for deterministic models. "lrg ampl unst." means that the 
homogeneous solution can be kicked into an inhomogeneous state by a large enough amplitude; 
the bottom plot gives a schematic graph for the necessary size of that critical amplitude. "eps 
unstable" means that the homogeneous solution is linearly unstable. 

Indeed, Krauss [8] introduces model classes which he names type I, type II, and 
type ill. Type ill refers to a viscous, syrup-like behavior without breakdown, and is not 
of relevance here. Type II displays jam formation, but jams have a typical size, mean
ing that the system is macroscopically homogeneous, and that there is no true phase 
transition. Type I displays true, macroscopic structure formation and therefore a first 
order phase transition. In this paper, we will argue that the Krauss characterization is 
incomplete. We will demonstrate that models can be stable or unstable at maximum 
flow, and that the jams can have a stable or unstable interface. The difference to Krauss 
in Ref. [8] is that he implicitly assumes that stable maximum flow goes together with a 
stable interface, and that unstable maximum flow goes together with an unstable inter
face. Introducing our additional characterization means that we have 2 x 2 = 4 different 
classes, instead of just I and II. 

In order to demonstrate this, we will first review what expectation one has for traffic 
flow breakdown in analogy to a gas-liquid transition (Sec. 2). We then, in Sec. 3, de
scribe the traffic model that we use. The central Sections 4 and 5 describe results with 
respect to transition times, and with respect to interface dynamics. Sec. 6 is a longer dis-
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Fig. 2. Schematic fundamental diagram for stochastic models. "meta-stable" means that the ho
mogeneous solution will be kicked into an inhomogeneous state after a certain waiting time; the 
bottom plot gives a schematic graph for that waiting time. 

cussion of our results, including speculations, conjectures, and some simulation results 
for other models. The paper is concluded by a summary. 

2 Traffic Breakdown and the Gas-Liquid Transition 

The breakdown of laminar traffic, i.e. the transition from homogeneous traffic to stop
and-go waves, can be compared to a gas-liquid transition, i.e. the transition from the ho
mogeneous gas state to the inhomogeneous gas/liquid coexistence state (e.g. [9,8,10]). 
As is well known, if one compresses a gas beyond a certain critical density, then it 
becomes super-critical, and small fluctuations will lead to droplet formation and thus 
into the coexistence state [11]. Similarly, we would expect for homogeneous traffic that, 
once compressed beyond a certain critical density, small fluctuations will lead to jam 
formation and thus into the coexistence state. 

And conversely, one knows that all droplets vanish once the mixture is expanded 
beyond the critical density. Similarly, one would expect that all traffic jams vanish once 
the system is expanded beyond a critical density. 

This leads to predictions about the statistics of jam formation and jam dissolution. 
Krauss [8] gives the following for the probability in a given time step that a jam starts 
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somewhere in the system: 

P-l- '" L exp ( (g) ~ gJ 

where (g) = 1/ P - f = L/N - f is the average gap, go and & are free parameters, and 
L is the system size. N is the number of cars in the system; f is the length that a vehicle 
occupies in a dense jam. 

The above is a bulk effect; jam formation can happen anywhere in the system. Jam 
dissolution, in contrast, is an interface effect: A jam with N vehicles dissolves if the 
random numbers come out the correct way to let all N jam vehicles make the "correct" 
type of movement. This leads to a recovery probability of Pt '" exp( -Njam ). Since 
N jam '" L (p - Pc), we obtain 

Pt '" e-L (p-Pc) . 

Note that Pt is larger than zero also for P > Pc, that is, spontaneous recovery should be 
possible in super-critical systems although it becomes exponentially improbable with 
increasing system size. 

In both cases, the time to recovery would be the inverse of the above probabilities. 
When setting the two equations equal, one obtains the condition for a system to fluctuate 
back and forth between the homogeneous and the coexistence state. This would occur 
above Pc; however, for any given p > Pc, in the case of L -t 00, P-l- would go to infinity 
while Pt would go to zero, meaning that above Pc only the coexistence state is stable in 
the limit of L -t 00. 

3 The Model 

The model to be used in the following was introduced by Krauss [8]. The basic idea is 
that cars drive as fast as possible, but avoid crashes. Therefore, they have to choose their 
velocity v :S Vsafe which takes into account the braking distance d( v) of the following 
and the braking distance d( v) of the preceding car. That means that the velocity has to 
fulfill d(v) + VT :S d(v) + g. Here, 9 is the space headway between the cars given by 
9 = i; - x - f. The braking capabilities of the cars are the same for all cars and are 
parametrized by the maximum deceleration b. T is uniformly set to one throughout this 
paper. This safety condition can be transformed into a set of update rules as follows: 

_ gt - ih 
Vsafe = Vt + 2 b 2 b - , + Vt + Vt 

Vdes = min {Vt + a, Vsafe, Vrnax} , 

Vt+1 = max{ Vdes - a€~, O}, 

Xt+l = Xt + Vt+l . 

(1) 

(2) 

(3) 

(4) 

with index t counting integer time. The parameter a is the maximum acceleration, the 
parameter € measures the degree of randomness, ~ is a random number, ~ E [0,1], while 
Vrnax is the maximum velocity. We will use V max = 3 throughout this paper. Ref. [8] 
discusses what our selection of parameters means in terms of real world units; let us 
state that our specific values have a reasonably close relation to the real world. 
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Fig. 3. Space-time plot for the breakdown time measurement. Space is horizontal; time increases 
downward; each line is a snapshot; vehicles move from left to right. Initially, all vehicles are lined 
up equidistant with the specified density. Time is measured until one vehicle in the simulation 
comes to a complete stop (Vi = 0). Once a jam is started, it typically keeps growing until inflow 
is reduced, either by another jam upstream, or by the effect of periodic boundary conditions. 

4 Transition Times 

Fig. 4 shows the breakdown and the recovery times for two different sets of parameters: 
(a,b) = (1,00) and (a , b) = (0.2,0.6). Recall that a and b are the acceleration and 
braking capabilities, respectively. The simulations are run with a fixed number N of 
vehicles; different densities are obtained by adapting the system size L via L = N / PL. 
The times are obtained as follows: 

• Breakdown times: The system is started with all vehicles at equal distance 9 = 
1/ P L - 1 and with the initial velocity taken from the laminar branch of the funda
mental diagram. 1 The time is measured until the first vehicle in the system shows 
v = ° (see Fig. 3). 

• Recovery times: The system is started with all vehicles except the leading one at 
distance one, i.e. gap equal to zero, and velocity zero. The time is measured until 
no vehicle with velocity zero is left in the system. 

Each data point is an average of at least 50 runs. 

1 Annoyingly, in the transition regime, for some parameters of a and b different initial conditions 
lead to significantly different breakdown times. Outside the transition regime, the results are 
robust. 
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Fig.4. Breakdown (middle) and recovery (bottom) times as function of density. Left column: 
(a , b) = (1,00). Right column: (a, b) = (0.2, 0.6) . The straight lines in the bottom plots are 
proportional to exp( AN p), where N is the number of cars in the system, and A is a free param
eter. - In the right column, we see that for N = 5000 there is a gap from p ~ 0.17 to P ~ 0.205, 
where the system is, up to 109 time steps, stable both against breakdown and against recovery. 
- The corresponding sections of the fundamental diagram (throughput as function of density; 
top) for N = 625 are given for orientation. Each value of the fundamental diagram is obtained 
at 5000 time steps; this is done once for homogeneous and once for jammed initial condition, 
resulting in two branches for bi-stable models. 
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Fig. 5. Schematic fundamental diagram for stochastic models including the new regime. Compare 
to Fig. 2. 

One observes from Fig. 4 that, for both cases, the recovery behavior is qualitatively 
consistent with the gas-liquid transition picture: Above a certain Pc, the waiting time 
until recovery (i.e. until a system with jams transitions to a system without jams) shows 
exponential growth, which increases with system size. 

Similarly, for (a, b) = (1,00) (Fig. 4 left), the breakdown results are qualitatively 
consistent with the gas-liquid transition picture: The time to breakdown decreases both 
with increasing system size and with increasing density. Putting breakdown and recov
ery together, one obtains that for L -+ 00 and in equilibrium, a system with p > Pc 
should always be in the coexistence state. For smaller L, the system can jump back and 
forth between coexistence and the homogeneous state. 

For parameters (a , b) = (0.2,0.6), a possibly different picture emerges. Here, the 
breakdown times seem to diverge at p* ~ 0.2, meaning that, for large L and possibly 
for L -+ 00, we have a density range where besides the transition from coexistence to 
homogeneous also the inverse transition from homogeneous to coexistence is extremely 
improbable. That is, we may have a stable supercritical homogeneous phase under an 
update rule that includes noise. Fig. 5 shows a schematic fundamental diagram with 
the new region. - It is however very difficult to get good numerical results for such fast 
growth as we find here: from p = 0.22 to P = 0.21, the breakdown times grow between 
2 and 5 orders of magnitude, depending on the system size. Several function fits were 
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tried out, without convincing success; for example T '" exp ((p - p*) -a) (implying 
divergence) or T '" exp ( - 'Y (p - p*)) (implying no divergence). We cannot rule out 
the second functional form; however, note that from Fig. 4 we have, at N = 5000, a 
gap from p ::::i 0.17 up to p ::::i 0.21 where both branches are stable within times of 109 . 

Also, we note that breakdown times in general do not follow well the analytical ex
pectations. Although qualitatively the dependency is as expected (breakdown time de
creasing with increasing system size), the quantitative behavior is different. The break
down times for a given density but different system sizes do not lie on a straight line on 
a log-log plot (not shown), meaning that neither Tbkdn '" 1/ L nor any other algebraic 
form is applicable. In contrast, for recovery times, the simulation results are at least 
not inconsistent with Trcov '" exp ( - L(p - p*)). One should in general note that 
very few system sizes were simulated; in particular, the simulations do not extend to -
computationally difficult - very large systems sizes where different behavior might be 
found. 

Why is the Krauss model with (a, b, f) = (0.2,0.6,1) so much different from the 
"standard" phase transition picture, where noise will relatively quickly add up in a way 
that a super-critical homogeneous state will break down? We suspect that in many traffic 
models, because of the parallel update, noise is introduced in a special way. In particular, 
the amount of noise per spatial and temporal unit is bounded. In conjunction with a 
dynamics which dissipates noise fast enough, it make sense to obtain states which are 
absolutely stable under this kind of noise. It is unclear to us if the continuous variables 
used in the model here are a necessary ingredient or not; preliminary simulation results 
indicate that the same type of behavior can be obtained by a discrete model, but see 
Ref. [12] for a similar model where the continuousness of the variables seems to playa 
crucial role. 

5 Interface Dynamics 

The nature of the transition (e.g. crossover vs. true phase transition) is however not 
given by the time it takes until the first fluctuation happens, but by how this fluctuation 
develops further, in particular, if it spreads into the rest of the system or not. In order to 
further understand the nature of the transition, we will now look at the dynamics of the 
interface between jam and outflow. That is, we start with an infinitely large mega-jam 
with 9 = 0 and thus p = 1 in the half space from x = -00 to zero. We collect data 
for the development of the density profile as a function of time. While doing that, we 
translate the zero of the coordinate system always to the leftmost moving car, i.e. to the 
rightmost car in the mega-jam which has not moved so far. To the left from this point, 
density is always one; in consequence, we look at the question if the interface to the 
right will grow in time or if it will develop a characteristic, time-independent profile. 

Fig. 6 contains space-time plots of this interface for two different systems. In the 
left plot, the interface is stable, whereas in the right plot, it keeps growing throughout 
the plot. The left plot is obtained with (a, b, f) = (1,00,1), which is one of the two 
models for which we have investigated the transition times in more detail above. A plot 
for (a, b, f) = (0.2,0.6, 1) looks similar (not shown). In contrast, the plot on the right 
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Fig. 6. Space-time plot of interface dynamics. As before, space is pointing go the right and time is 
pointing down. Space coordinates are translated such that the leftmost edge of the moving traffic 
is always at the same position. LEFT: Krauss with (a, b, €) = (1,00,1). Example for stable 
interface. RIGHT: Krauss with (a, b, €) = (0.2,0.6,1.5). Example for unstable interface. - Note 
that for the left example, a and b are selected in the range typically considered unstable, while for 
the right example, a and b are selected in the range typically considered stable. 

with the growing interface is obtained with a larger noise amplitude, i.e. (a, b, E) 
(0.2,0.6,1.5). 

In order to investigate the long-term behavior, we also plotted density profiles at 
different times. A stable interface is characterized by a density profile which eventually 
becomes stationary; an unstable interface keeps growing. Fig. 7 contains a result for 
the model of Fig. 6 right, i.e. with (a, b, E) = (0.2,0.6,1.5). The plot contains density 
profiles at times 250000, 500000, 750000, and 1000000. Each curve is the average of 
60 runs. Clearly, the plot shows that the interface grows with time. In fact, when looking 
at a fixed density value, say p = 0.2, it seems that the interface width is growing linearly 
in time. 

What this means is that the stability of the inteiface is a property which is separate 
from the stability of the flow. The following table lays out the resulting four cases: 

stable outflow unstable outflow 
stable E.g. (a, b, E) = (0.2,0.6,1) E.g. (a, b, E) = (1,00,1) 
i-face "Krauss type I" 

unstable E.g. (a, b, E) = (0.2,0.6,1.5) E.g. (a, b, E) = (1,00,1.5) 
i-face 

The finding of 2 x 2 criteria goes beyond the findings of Krauss [8], who only dif
ferentiates between stable ("Type I") and unstable ("Type II") maximum flow. Krauss 
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Fig. 7. Density profiles for (a,b,e) == (0.2,0.6,1.5) at times 250000, 500000, 750000, and 
I 000 000. Clearly, the interface keeps growing with time. For the system on the left in Fig. 6, we 
obtain a completely stationary interface profile, which also does not extend far into the system 
(not shown). 

mentions "branching", but more or less explicitly assumes that branching goes along 
with unstable maximum flow. In addition, the example of Ref. [8] for "branching" 
«(a, b, 10) = (1,00,1)) in fact has a stable interface as demonstrated in Fig. 6. 

6 Discussion and Open Questions 

There is controversy if cellular automata (CA) models for traffic show a first order phase 
transition,2 a true critical phase transition [15], or none at all [16,17]. The discussion 
was seriously hampered by the fact that no parameter was known to change the possi
bly critical behavior of the system. Our findings, with a different type of model, shed 
new light on this discussion. It is plausible to assume that models with an unstable out
flow interface display a crossover behavior, because any phase separation in the initial 
conditions will spread through the system - in a finite system, there would eventually 
be a macroscopically homogeneous state although there would be structure on the mi
croscopic scale. Conversely, models with a stable outflow interface will display true 
macroscopic phases. Since the different phases are obtained by variations of continu
ous parameters, it should be possible (albeit computationally expensive) to find the line 
in phase space which separates the two regimes. 

Additional simulations show that the stochastic traffic cellular automaton (STCA) 
of Ref. [13] has indeed both an unstable outflow and an unstable interface (Fig. 8 top). 
The so-called cruise control limit of this model [13] also has an unstable interface 
but a stable outflow, although marginally so. We also tested the so-called slow-to-start 
model [14] and found that it has, for the parameters that we tested, an unstable interface 
(Fig. 8 bottom). This puts it in a class separate from Krauss type I, in contrast to the 
original motivation that it would display the same kind of "meta" -stability as a Krauss 
type I model. 

2 In Ref. [10], Wolf reviews evidence for and against true phase coexistence, without making a 
judgment. 
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Fig. S. Density profiles at times 250000,500000,750000, and 1000000 for the stochastic traf
fic cellular automaton (STCA) of Ref. [13] (top) and for the slow-to-start model of Ref. [14] 
(bottom). Clearly, in both cases the interface is non-stationary. 

Wolf, in Ref. [10], describes a so-called Galileo-invariant CA traffic model, where 
he observes a different type of meta-stability than the slow-to-start models. It is open 
into which of our four classes that model belongs. 

In summary, it seems that our findings are finally the starting point of a more 
complete classification of the different models for traffic. Also from an engineer
ing/applications perspective, it is necessary to solve these questions because of their 
consequences for real world applications. For example, the existence of stable high
flow states under noise would mean that it should be possible to stabilize these states in 
the real world. And an unstable outflow interface would imply different interpretations 
of real world data, which are typically averages over I minute or longer. 

An implication of our findings is that, in contrast to earlier claims, outflow is not 
constant in STCA-type models: It is constant only outside the boundary region, which 
however grows to infinity. On the other hand, for both Krauss models of this paper, with 
(a, b) = (1,00) and (a, b) = (0.2,0.6), and noise € small enough, outflow is indeed a 
constant. 

This implies that our theory about breakdown behavior in microscopic models needs 
to be revised. That theory was that there is a characteristic jam outflow, and any ho
mogeneous solution with higher densities would be unstable against large amplitude 
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disturbances, such as stopping a vehicle and releasing it later. For models where the 
outflow is not well defined this is obviously too simplistic. 

In addition, it seems that also for models with stable interfaces the situation can 
be more complicated. Our own simulations show that, essentially, the density between 
jams can be "compressed" in models with continuous variables. This is not discussed 
further here. 

7 Summary 

We have demonstrated that the breakdown of the homogeneous state in stochastic traf
fic models is characterized by two properties: (i) stability or not of the high flow states; 
(ii) stability or not of the outflow interface of jams. This is different from earlier find
ings, where it was assumed that the two go together. This is important, since it will 
allow to characterize the different existing traffic models according to these properties. 
It should also allow to eventually settle the controversy over the nature of the tran
sition from homogeneous to congested flow. Engineering applications should benefit 
from these findings by being able to pick the model type which closest reflects real
ity. And finally, it is an interesting physical question since we are looking at simple 
one-dimensional driven systems which display interesting dynamics and which can be 
analyzed using the methods of statistical physics. 
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Abstract. We describe traffic flows in one lane roadways using a kinetic theory, 
with special emphasis on the role of quenched randomness in the velocity distri
butions. When passing is forbidden, growing clusters are formed behind slow cars 
and the cluster velocity distribution is governed by an exact Boltzmann equation 
which is linear and has an infinite memory. The distributions of the cluster size 
and the cluster velocity exhibit scaling behaviors, with exponents dominated solely 
by extremal characteristics of the intrinsic velocity distribution. When passing is 
allowed, the system approaches a steady state, whose nature is determined by a 
single dimensionless number, the ratio of the passing time to the collision time, 
the two time scales in the problem. The flow exhibits two regimes, a laminar flow 
regime, and a congested regime where large slow clusters dominate the flow. A 
phase transition separates these two regimes when only the next-to-Ieading car can 
pass. 

1 Introduction 

Traffic flows are strongly interacting many-body systems. Therefore, theoret
ical techniques such as kinetic theory and hydrodynamics are useful in de
scribing the rich phenomenology of traffic flows which includes shock waves, 
phase transitions, clustering, metastability, hysteresis, etc. Traffic is typically 
modeled within macroscopic descriptions such as hydrodynamics and kinetic 
theory [1-5] or microscopic approaches, e.g., cellular automata [6-12] and 
car-following models [13-17]. The large body of recent work on the physics 
of traffic flows is surveyed in Refs. [18-20]. 

In this review, we describe how quenched randomness in the car velocities 
leads to formation of clusters in one lane roadways. We assume ballistic mo
tion with infinite memory, namely that each car has a preferred "intrinsic" 
velocity by which it drives in the absence of other cars [21-26]. While the 
emerging behavior is quite similar to that found in stochastic particle hop
ping processes with quenched disorder [27-33], these ballistic motion models 
often admit deeper analytical treatment. Our starting point is an idealized 
no passing flow, where an exact analytical solution is possible, and an exact 
kinetic theory can be constructed [22]. We then treat more realistic general
izations where passing is allowed using approximate kinetic theories [23-26]. 
Our goal is to provide a concise summary where key features are emphasized 
and outstanding open issues are highlighted. 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
© Springer-Verlag Berlin Heidelberg 2003
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2 No Passing Zones 

Our basic traffic model mimics cluster formation (often also called platoon 
formation) in one-lane roadways where passing is forbidden [21,22). In this 
model, each car moves ballistically at its initial velocity until it overtakes the 
preceding car or cluster. After this encounter, the incident car assumes the 
velocity of the cluster which it has just joined. Cars are taken to be size-less, 
and collisions to be instantaneous. We primarily consider spatially homoge
neous situations where the positions and the velocities of the cars are ini
tially uncorrelated. Specifically, cars are distribut.ed randomly in space with 
a concentration Co, and their velocities are drawn from the initial velocity 
distribution Po (v). Remarkably, analytic expressions can be obtained for the 
velocity distribution and the joint size-velocity distribution of clusters. Fur
thermore, it is also possible to describe analytically spatial inhomogeneities 
and even input of cars into the system. 

2.1 The Velocity Distribution 

We first consider the cluster velocity distribution. In this description, only 
the lead car is relevant and trailing cars in a cluster can be ignored. Let 
P(v, t) be the distribution of clusters with velocity v at time t. Initially, all 
cars are lead cars and the cluster (or lead-car) velocity distribution equals 
P(v, t) = Po(v)S(v, t), a product of the initial velocity distribution and the 
survival probability S(v, t). The survival probability is the probability that a 
car with initial velocity v avoids "collisions" with slower cars up to time t, and 
hence, is still moving at the same velocity. Consider a car of initial velocity 
v. To ensure that it would not overtake slower cars of velocity v' < v, an 
interval of size (v - v')t ahead of it must not contain v'-cars initially. For the 
velocity distribution, Po(v), and a Poissonian initial spatial distribution, the 
probability for such an event is exp [-t (v - v')Po(v')). For a car to survive 
to time t, this exclusion probability should be taken into account for every 
v' < v, and taking the product over all possible slower cars yields the survival 
probability, S(v, t) = exp[-t Iov dv'(v - v')Po(v')). Consequently, the cluster 
velocity distribution is found for arbitrary initial conditions 

P(v,t) =Po(v)exp [-t Iov 
dV'(V-V')Po(v')]. (1) 

The process is deterministic (the initial condition is the only source of ran
domness) and given the initial positions and velocities of the cars, the state 
of the system at any later time follows. This is reflected nicely in (1). 

The exact solution (1) satisfies the following Boltzmann equation, 

ap~~,t) = -P(v,t) Iov dv'(v -v')P(v',O). (2) 
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Interestingly, this rate equation is linear in the velocity distribution P(v, t). 
The collision rate is proportional to the relative velocity, v - v', and the initial 
velocity distribution of the slower cars, a signature of the infinite memory in 
the system. This is a unique case where the hierarchy of evolution equations 
corresponding to the velocity distributions terminates at the first order. 

Whereas the steady state of one-lane traffic with no passing is trivial, viz. 
all cars will eventually join a cluster led by the slowest car in the system, 
the time dependent behavior is interesting. We concentrate on the long time 
behavior, which is largely independent of the initial distribution of fast cars, 
as follows from (1). For discrete velocity distributions, the time dependence 
is exponential, and we focus on continuous distributions. In this case, we find 
directly from (1) that both the cluster concentration, c(t) = f dvP(v, t), and 
the average velocity, (v(t)) = c-1 f dv v P(v, t), decay algebraically with time 

JL+1 
c(t) "" t-o. a = JL + 2' 

1 
(v(t)) "" C{3 f3 = -. (3) 

JL+2 

The scaling exponents a and f3 depend only on the small-v extremal statistics 
[34] of the initial velocity distribution, 

Po(v) ~ av!' v --+ 0, (4) 

via the cutoff exponent JL > -1. The two scaling exponents are related by 
a + f3 = 1 as dictated by an elementary mean free path argument: cvt "" 1. 

Since the number of cars is conserved, the average cluster size is inversely 
proportional to the concentration, (m) "" lie, and the size growth law is 
(m) "" to.. In the limit JL --+ 00, the size grows linearly with time. In contrast, 
when JL --+ -1, the size remains roughly constant, since the velocity distri
bution becomes effectively unimodal and collisions become exceedingly rare. 
This qualitative dependence on the form of the initial velocity distribution is 
reminiscent of ballistic annihilation processes, where ballistically moving par
ticles annihilate upon collision [35-38]. The above clustering process can be 
viewed as a ballistic aggregation process that possesses a single mass conser
vation law. The sensitive dependence on the initial conditions is in contrast 
with momentum conserving ballistic agglomeration processes (that mimics 
large scale formation of matter in the universe) where a universal scaling 
asymptotic behavior emerges [39-41]. 

The average velocity is the only relevant velocity scale in the problem and 
asymptotically the velocity distribution follows the scaling form 

(5) 

From (1) and (4), the scaled distribution is 4>(z) = az!' exp( -bz!'+2) , with 
b = al[(JL + l)(JL + 2)]. Therefore, the small-v asymptotics of the initial ve
locity distributions governs not only the scaling exponents but also the entire 
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shape (including the large velocity tail) of the scaling function 4>(z). This 
scaling behavior indicates that at time t, most cars moving initially with 
velocities larger than the typical velocity scale, (v(t)) '" r{3, have already 
joined clusters led by slower cars, while cars slower than this velocity scale 
are still driving with their initial velocity. 

2.2 The Size-Velocity Distribution 

Given the nature of the model, a car is only affected by the initial config
uration of cars ahead of it. This key feature enables solution of the cluster 
velocity distribution and it allows treatment of a more detailed quantity, the 
joint size-velocity distribution. To obtain Pm(v, t), the density of clusters of 
size m and velocity v, it is useful to introduce the cumulative distribution, 
Qm(v, t), the distribution of clusters of velocity v containing at least m cars. 
Knowledge of this cumulative distribution yields the joint size-velocity dis
tribution via differencing, Pm (v, t) = Qm(v, t) - Qm+1(v, t). 

Consider the first nontrivial quantity, Q2(V, t), the probability distribu
tion of clusters of velocity v with at least two cars at time t. This quantity 
is equal to the product of the probability that lead car has survived up to 
time t, P(v, t), and the probability that the car trailing it actually experi
ences a collision prior to time t. Let Xl and Vl be the initial position and the 
initial velocity of the trailing car, respectively. For such a collision to occur, 
the trailing car must be faster than the lead car, Vl > v, and the interval 
separating the two cars must be initially free of other cars. The probability 
for this composite event is the product of the probabilities of each individ
ual event. Given a random (Poisson) spatial distribution, the probability an 
interval is empty is exponential in its length, and the collision probability is 

The fact that the trailing car cannot be slowed down by any other car before 
colliding with the lead car is crucial in obtaining this solution. This solution 
can be generalized to arbitrary cluster sizes. Following the two-car cluster 
case, one simply integrates over all the initial positions and velocities of the 
consecutive cars to eventually collide with the lead car in the cluster to give 

The integration limits reflect the fact that all the colliding cars must be faster 
than the lead car, and the restriction on the integration limits ensures that 
cars are sufficiently close to the lead car so that collisions indeed occur. 

Given the cumulative car distribution, the joint size-velocity distribution 
can be formally obtained. Since (m) '" tOt and (v) '" r{3, we anticipate the 
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following scaling behavior: Pm(v,t):= t{3-2o.w(mro.,vt{3). This indeed holds 
and from (7) one obtains the scaled joint distribution 

w(x, z) = czl.t(x + Z)I.t+l exp [-b(x + z)I.t+2] , (8) 

with c = a2 / (p, + 1). Again only two parameters, a and p, characterizing the 
small velocity characteristics of the initial conditions, are needed to fully de
scribe the asymptotic state of the system. The joint distribution (8) provides 
a comprehensive description of the traffic clustering process. It may be con
sidered as the counterpart of the well-known result for diffusion-controlled 
aggregation in one-dimension [42]. 

Integration of the scaling function with respect to x reproduces the scaled 
velocity distribution ~(z). The complementary scaled size distribution cannot 
be found in a closed elementary form, except for the special case of asymp
totically flat distributions (p, = 0) where both of the single variable scaling 
functions are purely Gaussian. 

2.3 Generalizations 

A natural generalization is to spatially heterogeneous initial velocity distri
butions, Po (x, v). The time and space dependent cluster velocity distribution, 
P(x, v, t), follows from a straightforward generalization of the basic derivation 
in the homogeneous case 

[ lv lx-vlt 1 
P(x, v, t) = Po(x - vt, v) exp - dv' dx' Po (x' ,v') . 

o x-vt 
(9) 

For instance, consider the special case where cars are uniformly distributed in 
the region x ::; 0 while the region ahead is empty. Here, one finds a governing 
length scale x '" vt '" to. with the same exponent a as in (3). This length 
scale characterizes a propagating front of clusters, and the space dependent 
concentration c(x, t) becomes a function of the scaling variable X = xro., 
namely c(x, t) = t-o.C(X). Far from the origin, the scaled density decays 
as C(X) '" X- 1 implying c(x, t) '" x-1 for x » to.. Consequently, the total 
number of clusters in the originally empty region, N (t) = Jooo dx c( x, t), grows 
logarithmically slow with time 

N(t) '" In t. (10) 

This growth law is universal as the dependence on the details of the initial 
velocity distribution is secondary, entering only via the prefactor. 

In summary, a scaling asymptotic behavior characterizes the kinetics of 
clustering in no-passing zones of one lane roadways. The corresponding scal
ing exponents and scaling functions are characterized by the small-velocity 
statistics of the initial velocity distributions. Remarkably, it is possible to 
derive the exact Boltzmann equation in this case. 
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3 Passing Zones 

We now describe the complementary case of passing zones where fast cars can 
pass slow cars. The model we consider is a straightforward generalization of 
the no-passing case. The initial conditions are identical: cars are distributed 
randomly in space with concentration Co and their velocity is drawn from 
the intrinsic velocity distribution Po (v). The characteristic velocity scale is 
taken to be Vo. In the absence of other cars, cars drive ballistically with their 
intrinsic velocity. In the presence of other cars, two competing mechanism 
may cause a change in the car velocity. Collisions lead to slowing down: when 
a cluster overtakes a slower cluster, a larger cluster moving with the smaller 
of the two velocities forms. Passing leads to a velocity increase: every car 
inside a cluster may spontaneously pass the lead car and resume driving with 
its intrinsic velocity. The corresponding passing rate equals a constant, tal. 
This is a significant simplification; in realistic situations only the first few 
trailing cars may be able to pass. 

It proves convenient to introduce dimensionless velocity, space, and time 
variables: vivo -+ v, XCo -+ x, covot -+ t. This rescales the passing rate, 
tal -+ R-l , where 

tpas 
R = - = covoto 

teo I 
(11) 

is the ratio of the passing time tpas = to to the collision time teo I = (COVO)-l. 
We term this fundamental dimensionless quantity the "collision number" and 
denote it R as it is reminiscent of the Reynolds number - the small R limit 
is straightforward and the large R limit is characterized by boundary layers. 

The starting point for kinetic theory is again the cluster velocity distri
bution P(v, t). The approximate Boltzmann equation reads 

ap~~,t) = R-l [Po(v) - P(v,t)]- P(v,t) l v dv'(v - v')P(v',t). (12) 

This evolution equation assumes molecular chaos, namely that the stochastic 
passing events effectively mix the velocities, and therefore, spatial correlations 
can be neglected. This is clearly an approximation, as the collision integral 
does not coincide with the exact collision integral (2) derived in the no
passing case (the R -+ 00 limit). Still, this term reflects the fact that collisions 
occur only with slower clusters and that the collision rate is proportional to 
the velocity difference. The passing term is exact since the concentration of 
slowed down cars with intrinsic velocity v equals Po(v) - P(v, t). 

In contrast with the no-passing case, the process is now stochastic in na
ture and the system approaches a nontrivial steady state. Setting the time 
derivative in (12) to zero we see that the steady state cluster velocity distri
bution P(v) == P(v, t = 00) satisfies the integral equation 

P(v) [l+Rlv dV'(V-V')P(V')] =Po(v). (13) 
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Given the intrinsic velocity distribution this relation gives the final cluster ve
locity distribution only implicitly. In contrast, the inverse problem is simpler 
as knowledge of the final distribution, the observed quantity in real traffic 
flows, gives explicitly the intrinsic distribution. We confirm that in the limit 
R -+ 00, all clusters move with the minimal velocity, while in the limit R -+ 0, 
all cars move with their intrinsic velocity P(v) -+ Po(v). 

The integral equation (13) can be transformed into a differential one us
ing the auxiliary function Q(v) = R-1 + Jov dv'(v - v')P(v'), from which 
P(v) = Q"(v). Thus (13) becomes 

Q(v)Q"(v) = R-1 Po(v). (14) 

The boundary conditions are Q(O) = R- 1 and Q'(O) = O. The auxiliary 
function Q(v) gives a comprehensive description of the steady state. Cal
culation of important quantities such as the flux J requires knowledge of 
G (v), the car velocity distribution. This quantity satisfies 1 = J dv G (v) and 
J = JdvvG(v). Following an involved calculation that requires solution of a 
higher order velocity distribution [23], the car velocity distribution is derived 
explicitly in terms of Q(v) 

Hence, for arbitrary intrinsic velocity distributions, the entire steady state 
problem is reduced to the nonlinear second order differential equation (14). 
Given Q(v), steady state distributions such as P(v) and G(v) can be calcu
lated using the explicit formulas above. 

Except for a few special cases, one can not solve the differential equa
tion (14) analytically. Nevertheless, the formal solution above can be used 
to evaluate generic features of the flow. The dimensionless collision number 
R is extremely useful. For low collision numbers, a perturbation solution in 
powers of R can be constructed, as the steady state differs weakly from the 
initial state. For high collision numbers, a boundary layer analysis is possible 
as sufficiently small velocities are not affected by collisions. These two limits 
are quantitatively analyzed as follows. 

3.1 Low Collision Numbers 

The flow characteristics in the collision-controlled regime, R « 1, can be 
analyzed systematically as a perturbation series in R. For example, the cluster 
velocity distribution and the car velocity distribution read 

P(v) ~ Po(v) [1- R ldv'(v - v')Po(v')] , 

G(v) ~ Po(v) [1 + R 100 dv'(v' - V)Po(V')] . 

(16) 
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Consequently, average quantities such as the flux and the average cluster 
size vary linearly in R in this free flow regime, J = Jo - const x R, and 
(m) = 1 + const x R. The proportionality constant in the case of the flux 
equals the variance in the initial velocity distribution, indicating that the 
larger the initial velocity fluctuations, the larger the reduction in the flux. 

Therefore, weakly interacting "laminar" flows arise in the R ~ 0 limit. 
Technically, the steady state remains close to the initial state and a pertur
bation series in the collision number is possible. Here, the assumptions made 
in our theory are justified, as the cluster sizes are small, and at the leading 
order, a simplified model where all cars in the cluster can pass coincides with 
a more realistic model where only the first few cars may pass. In fact, a ba
sic prediction of the model, namely linear growth of the average cluster size 
with the flux is consistent with empirical data, obtained from observations 
of traffic flows in a secondary rural road in Los Alamos, New Mexico [23]. 

3.2 High Collision Numbers 

The limit of high collision numbers corresponds to dense, congested flows 
where large clusters form. The analysis in this passing-controlled regime is 
more subtle since the condition R Iov dv' (v - v')Po (v') « 1 is satisfied only 
for small velocities. No matter how large R is, sufficiently slow cars are not 
affected by collisions, and P(v) is still given by (16) when v « v*. The 

threshold velocity v* == v*(R) is estimated from RIt dv(v* - v)Po(v) '" l. 
In the limit R ~ 00 limit, statistics of the slowest cars dominate the flow. 

Again, it is useful to consider intrinsic distributions with an algebraic small 
velocity form (4). For such distributions, the threshold velocity decreases with 
growing R according to 

(17) 

One can show that the flux is proportional to this velocity J v*. For 
v » v*, the collision integral in (13) dominates over the constant factor 
and RP(v) Iov dv'(v - v')P(v') '" vJ.t. Anticipating an algebraic behavior for 
the cluster velocity distribution, P( v) '" RU v5 when v » v*, gives different 
answers dependent on whether the cutoff exponent J.L is positive or negative. 
The leading behavior for v » v* can be summarized as follows 

P(v) '" (v/v*)-lOn(v/v*)]-~ { 
(v*)J.t(v/v*)J.t-l 

(v*)J.t(v/V*)~-l 

J.L < 0; 
J.L=O; 
J.L> O. 

(18) 

On the other hand, P( v) ~ Po (v) for v « v*. This shows that the velocity 
distribution develops a boundary layer structure, the size of which vanishes 
in the infinite collision number limit. Inside the boundary layer, the velocity 
distribution is only marginally lower than its initial values, while the bulk 
of the velocities are strongly suppressed. Similar to the threshold velocity 
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v*, macroscopic characteristics of the flow depend algebraically on R. For 
example, the average cluster size is 

J.t < 0; 
J.t = 0; 
J.t > O. 

(19) 

Two distinct regimes of behavior emerge. For J.t > 0, car-cluster collisions 
dominate while for J.t < 0 cluster-cluster collisions dominate. Interestingly, in 
the cluster-cluster dominated regime, (m) '" RCY. with the scaling exponent 
a = (J.t + 1)/(J.t + 2) as in the no-passing case (3). Thus in the passing case the 
cutoff exponent J.t also plays an important role in characterizing the behavior. 
Moreover, the steady state behavior is much richer than that found for the 
clustering kinetics. 

Despite the simplifying assumptions, the model results in realistic behav
ior. The overall picture is both familiar and intuitive: due to the presence of 
slower cars, clusters form and the overall flux is reduced. For heavy traffic, the 
characteristics of the flow are solely determined by the distribution of slow 
cars. A single dimensionless parameter, the collision number R, ultimately 
determines the nature of the steady state. 

4 The Maxwell Model 

While a comprehensive analysis of the steady state velocity distributions is 
possible using the approximate kinetic theory (12), other important ques
tions such as the relaxation toward the steady state and the nature of the 
cluster size distribution [43] remain unanswered. To address these issues we 
consider a further approximation where the collision rate is taken to be uni
form [25,26]. This approximation, known as the Maxwell model, is very useful 
in kinetic theory [44] and it has been recently applied to granular gases as 
well [45-47]. In our case, it allows for a complete exact solution of the time 
dependent behavior, and additionally, it leads to closed evolution equations 
for the cluster-size distribution. 

4.1 Relaxation 

In the Maxwell approximation, the collision rate v - v' in the Boltzmann 
equation (12) is replaced by a constant factor which we set equal to unity. 
The corresponding rate equation for the cluster velocity distribution reads 

ap~~, t) = R-1 [Po(v) _ P(v, t)]- P(v, t) l v dv' P(v', t). (20) 

Again, the analysis is performed via a properly defined auxiliary function, 
Q(v,t) = J; dv'P(v',t). The constant collision rate results in simpler differ
ential equations, that are only first order in the velocity. The analog of (14) 
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is the integrable steady state equation Q(v)Q'(v) = R-l Po(v). The resulting 
steady state properties are governed by R, with a boundary layer structure 
in the large R regime. The quantitative characteristics are somewhat dif
ferent and for example the threshold velocity decays with R according to 
v* '" R-l/(Jl.+l) rather than (17). If, however, the collision rate is properly 
chosen, namely set equal to (v) rather than unity, we recover (17). 

Furthermore, the complete time dependence can be obtained analytically 
by integrating the partial differential equation Qt = R-lQv-QQv. In general, 
the relaxation is exponential P(v, t) - P(v, t = 00) '" !(v)e-t/r(v) , with 
r(v) = R [1 + 2Rlo(v)]-l/2 where Io(v) = Jov dv' Po(v'). The relaxation time 
depends on the velocity and the collision number according to 

{ R v« v*' 
r(v)", [R/lo(v)]l/2 v»v< (21) 

While small velocities are governed by practically fixed relaxation times, large 
velocities are characterized by velocity dependent decay rates. Furthermore, 
a large range of relaxation scales exists, Rl / 2 < r < R, with larger scales 
corresponding to smaller velocities. Further analysis shows that the same re
laxation times underlie the car velocity distribution. We expect that while the 
predictions of the Maxwell model are only approximate, it correctly predicts 
the existence of a spectrum of relaxation time scales, and that the qualitative 
nature of the time dependent behavior generally holds. 

4.2 The Size Distribution 

The size distribution obeys closed evolution equations in the Maxwell model 
and can be solved exactly [25,26]. It can also be used to address the nature 
of the passing mechanism. To demonstrate this we consider the model where 
only the next-to-Ieading car in the cluster may pass and resume driving with 
its intrinsic velocity. From numerical simulations of this model, we find two 
distinct phases. In the laminar regime, clusters are generally small, specifi
cally the cluster size distribution is exponentially suppressed for sufficiently 
large sizes. When the collision number exceeds a certain threshold, an infinite 
cluster is formed, i.e., a finite fraction of the cars in the system are in the 
cluster behind the slowest car. Furthermore, in this jammed phase the size 
distribution of finite clusters has a fat tail close to a power-law, Pm '" m-r , 
with r ~ 2. 

In the Maxwell model framework, the cluster size distribution Pm(t) obeys 
a closed system of rate equations 

m ~ 2, (22) 

dPl -l[ & = R P2 - Pl + c] - CPl. (23) 
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These equations were derived by enumerating all possible ways in which clus
ters evolve. For instance, consider (23). Collisions reduce the density of single 
cars, and the collision rate is clearly equal to c, as it is velocity-independent. 
The escape term in (23) is understood by observing that the rate of return 
of single cars into the system is 2P2 + L:j~3 Pj = P2 - PI + c. Here P2 is 
singled out since passing transforms it into two single cars while an escape 
from larger clusters produces only one freely moving car. 

Similar equations were previously studied in the context of aggregation
fragmentation processes [48-50]. Utilizing the approach of Ref. [48] we find 
that a phase transition occurs at Rc = 1 [26]. For large m, the steady state 
size distribution is 

R< 1, 
R~l. 

(24) 

Hence in the laminar regime, the size distribution decays exponentially in the 
large size limit. In the congested phase, the size distribution has a power law 
tail, and in addition there is an infinite cluster that contains the following 
finite fraction of cars in the system: 

R < 1; 
R>l. 

(25) 

Interestingly, this phase transition is similar to phase transitions in driven 
diffusive systems without passing [28-32]. Furthermore, the formation of an 
infinite cluster is reminiscent of Bose-Einstein condensation [30,49]. 

5 Discussion 

The most important question raised by the above results concerns the validity 
of the "mean-field" Boltzmann equation (12). Although passing is a stochastic 
mixing mechanism that diminishes correlations between the velocities and the 
positions of the cars, such correlations do exist, and it will be interesting to 
determine whether quantitative predictions such as the scaling behaviors (17) 
and (19) are altered by spatial correlations. Similarly, the collision term in 
(22) is written in a mean-field spirit and that may be the reason for the 
discrepancy between the theoretical prediction T = 5/2 and the numerically 
observed value T ~ 2 of the decay exponent Pm '" m- T • 

The primary feature of our model is quenched disorder, which manifests 
itself in the random assignment of intrinsic velocities. Road conditions (con
struction zones, intermittent passing zones, turns, hills, etc.) present another 
source of quenched randomness in actual roads [51], which is ignored in 
our model. Quenched disorder significantly affects characteristics of many
particle systems, especially in low spatial dimensions [52]. We have seen that 
this general conclusion clearly applies to our one-dimensional traffic model. 
Little is known analytically on the influence of the spatial disorder. 
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Finally, one may modify the passing rule so that when a car overtakes 
a slow car, it acquires a new velocity drawn from the distribution Po (v) 
rather than a pre-assigned velocity [53]. This elementary zero-memory model 
remains highly non-trivial even in the collision-controlled limit R -+ 0 where 
clustering can be disregarded. The fate of the system is again determined 
by the behavior of the intrinsic velocity distribution near its lower cutoff. 
If Po (v) vanishes in this limit, the system reaches a steady state, otherwise, 
the system evolves indefinitely. Specifically, for intrinsic distributions with 
an algebraic small velocity tail (4) the long-time asymptotics of the average 
velocity reads 

{
canst 

(v(t)) '" (In t)-l 
tit 

JL> 0; 
JL = 0; 
-l<JL<O. 

(26) 

These results were derived in a simplified Boltzmann framework. In partic
ular, the most interesting behavior in the evolving regime was obtained by 
assuming that as t -+ 00, cars can be divided into two groups, the small group 
of "active" cars which move with velocities v '" 1 and the vast majority of 
"creeping" cars that hardly move at all. We then ignored collisions between 
creeping cars (since their relative velocity is very small) and collisions between 
active cars (since their density is small). Thence, the velocity distribution of 
active cars obeys a linear Boltzmann-Lorentz equation which was solved to 
give (26). Comparison with results of molecular dynamics simulations sug
gests that the mean-field theory description is asymptotically exact. It will 
be interesting to confirm this result rigorously. 

We are thankful to our collaborators Slava Ispolatov and Sid Redner. This 
research was supported by DOE (W-7405-ENG-36) and NSF (DMR9978902). 
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Abstract. We propose a new optimization strategy based on inducing stop-and-go 
waves on the main road and controlling their wavelength. Using numerical simula
tions of a recent stochastic car-following model [11] we show that this strategy yields 
optimization of traffic flow in systems with a localized periodic inhomogeneity, such 
as signalized intersections and entry ramps. The optimization process is explained by 
our finding of a generalized fundamental diagram (GFD) for traffic, namely a flux
density-wavelength relation. Projecting the GFD on the density-flux plane yields a 
two-dimensional region of stable states, qualitatively similar to that found empirically 
[7] in synchronized traffic. The empirical finding of the dependence of the wavelength 
on the average velocity can also be explained using the same approach. 

1 Introduction 

Traffic flow has been a subject of comprehensive study for more than half a 
century, [1-27] due to its theoretical and practical importance. Recently this 
field has attracted much interest, especially after new empirical and theoretical 
studies have shown its clear relation to physical phenomena of current interest, 
such as phase transitions, critical phenomena, nonlinear dynamics, and chaos 
(for reviews see e.g. [1-3]). 

One of the main open questions in this field regards the validity of the basic 
concept of the 'fundamental diagram' [4-6]- a functional relation between the 
flux and the density of cars. This generally recognized relation, used in almost 
every study in this field, was challenged recently by empirical findings of Kerner 
[7,8] indicating that such a fundamental diagram does not exist. Instead, stable 
synchronized traffic states display a two-dimensional region in the density-flux 
plane. Consequently, the wide scattering of data points representing congested 
traffic cannot be attributed only to measurement fluctuations, but also to the 
existence of a range of stable flux values for a given density. The existence of 
a range of flux values gives rise to a possibility of manipulating the system in 
order to achieve the highest possible flux. 

Other empirical observations show that traffic flow demonstrates complex 
physical phenomena, both on macroscopic and microscopic scales. Among these 
experimental findings are: (i) The existence of three phases in traffic flow [9]: 
Free flow, synchronized flow, and traffic jams; (ii) Metastable free flow in some 
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intermediate range of densities, and hysteresis in transitions between free and 
synchronized flow [9]; (iii) Periodic wave motion in stop-and-go traffic, charac
terized by a typical time period (see [10]), and a 'wavelength' (distance between 
two nearest narrow jams) [7]. The wavelength is an increasing function of the 
average velocity [7] for the intermediate range of velocities. 

Recently, a stochastic inertial car-following model that may explain (i)-(ii) 
and other empirical results was proposed [11-13]. The deterministic version of 
the model shows transitions between three phases with increasing the density: 
homogeneous free flow, stop-and-go waves, and congested homogeneous flow. 
Free flow is metastable for some range of densities, leading to hysteresis in the 
transitions to congested traffic. Moreover, multiple inhomogeneous congested 
traffic states coexist in the intermediate regime [11]. These stop-and-go waves 
are periodic for homogeneous systems with periodic boundary conditions, and 
differ in their wavelength. These states correspond to limit cycles in the phase 
space. They can be found analytically near the bifurcation points, and can be 
traced numerically far from this point [12]. Transitions between these states can 
be induced by noise. 

Earlier studies of microscopic car-following models, such as the optimal ve
locity model (OVM) [14], also report on stable congested states corresponding to 
limit cycles in phase space. These limit cycles were found to be universal objects 
[15]. In this model, as well as in other microscopic models such as the Nagel
Schreckenberg (NS) cellular-automata model [16], the flux f does not depend 
on the exact configuration of the congested state, and f is a function only of 
the density p. In general, traffic flow models predict (or assume) a single-value 
or double-value function f(p) - namely a fundamental diagram - unlike the 
experimental findings of a 2D region in the density-flux plane mentioned above. 

In this paper we propose a possible explanation to the experimental findings 
showing that such a fundamental diagram does not exist. Studying the determin
istic version of our model [11] we find a 2D region in the density-flux plane that 
is caused by the existence of a hidden parameter, namely, the wavelength of the 
stop-and-go states. Therefore, the fundamental diagram f(p) has to be general
ized to a density-wavelength-flux relation. We call this relation the generalized 
fundamental diagram (GFD) of traffic. We further analyze the stability of the 
stop-and-go states, and show that the noise stability threshold is a function of 
the wavelength - a function which has a single maximum. The wavelength of this 
most stable state is an increasing function of the average velocity for the inter
mediate range of velocities - qualitatively similar to that found experimentally, 
see (iii) above. 

Finally, we propose a novel optimization strategy, which aims to optimize 
traffic by approaching the highest flux values in this 2D region. Our approach 
is based on inducing stable stop-and-go waves on the main road and controlling 
their wavelength. It is shown that this strategy yields optimization of traffic flow 
when implemented in systems with a localized periodic inhomogeneity, such as 
signalized intersections and entry ramps, in cases of over-saturation. The promis
ing numerical results for optimization are not predicted by common theories. We 
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explain the optimization process using our finding of a GFD, together with the 
finding of the existence of noise stability threshold mentioned above. If approved 
by field experiments, this method would enable to make use of the existing in
frastructure to further optimize congested traffic, especially for high densities 
were congestion cannot be relieved. 

The paper is organized as follows. The car-following model is presented in 
Sec. 2, where the relation to NS-type models is also discussed. In Sec. 3 the GFD 
is derived and a 2D region in the density-flux plane is found. Sec. 4 discusses the 
influence of noise, and a qualitative agreement with the experimental findings 
(iii) above is shown in Sec. 5. The new theoretical results are then applied to 
propose a novel optimization method in Sec. 6. 

2 The Model 

In microscopic traffic model approaches [11-24], traffic is treated as a flow of in
teracting particles. In particular, car-following models [11-15,20-23] are usually 
defined by a set of ordinary differential equations, each of them describing the 
motion of a single car. In inertial car-following models, these equations, which 
are usually of second order, describe the interaction between following cars. This 
interaction is defined by a relation between the acceleration an of the n'th car, 
its headway Llxn, velocity V n, and velocity difference with the car ahead Llvn , 
i.e., an = a(Llxn' Vn, Llvn). Newton's third law is not satisfied for these type of 
interactions, since a leading car affects its follower, but not vice versa. 

We assume [11] that the acceleration of each car is determined by four factors: 

(a) desire to maintain a safety time gap from the car ahead, 
(b) pre-braking if the car ahead is much slower, 
(c) desire not to exceed significantly the speed limit, 
(d) random noise. 

These four assumptions are represented by four corresponding terms in the equa
tions of motion, 

(1) 

In the following we derive each term in a simple way that still maintain 
the essential characteristics of human driving described by assumptions (a)-(d). 
We first consider a single lane homogeneous system with periodic boundary 
conditions, length L, having N vehicles. It is assumed that all drivers have 
the same parameters (identical drivers). Initial conditions can be homogeneous, 
random, or periodic. 

(a) Maintaining safety time gap: To define the first term in the equation 
of motion (1), a(1)(Llxn,vn), let us assume that all drivers wish to maintain 
a safety time gap T from the car ahead when driving in a platoon. This time 
gap T is an estimation of the maximal response time of a driver. A time gap of 
approximately T = 2sec is usually recommanded for safe driving. Maintaining 
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this time gap, a driver can react safely even to sharp braking of the car ahead, 
since that by the end of this time T he starts braking when he is at the same 
position as was the car ahead when it started braking. Thus, the optimal headway 
is 

(2) 

where D is the minimal distance between consecutive cars (car length plus 
bumper to bumper distance). 

Following the above considerations, we can now define a(1) (Llxn). A realistic 
relation between acceleration and headway should have the following character
istics: 

(i) Zero acceleration for the optimal headway: a(l) (Llxn = Llx~) = o. 
(ii) Small headway yield sharp braking: for Llxn « Llx~, a(1)(Llxn) -+ -00. 

(iii) a(1) is an increasing function of Llxn. 

The simplest choice of a(l) (Llxn) that satisfies (i)-(iii) is 

(3) 

where A is a sensitivity parameter (aggressive drivers can be represented by 
relatively high values of A). In contrast to the optimal velocity model [14], where 
the acceleration depends on the difference between Vn and an optimal velocity 
VO(Llxn), here the acceleration depends on the difference between Llxn and the 
optimal headway Llx~(vn). The explicit dependence on the headway Llxn enable 
us to make the model free of frequent collisions for every choice of parameters 
values (see also [21,14]). 
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Fig. 1. a. A plot of the function a(l)(Llxn) given by (3) (solid curve), and of the 
that given by the logarithmic expression (4) (dotted curve). h. The relation between 
acceleration and headway a(l)(Llxn) for the deterministic NS model with V max = 5 and 
Vn = 3 (circles), for the stochastic NS model with the same parameters and p = 0.5 
(squares), for the NP model with the same parameters (full symbols, dashed curve), 
and for our model (3) with the corresponding parameters (thin curve). 
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As a matter of fact, other possible choices of a(l) that satisfies (i)-(iii) can 
also be defined. To find out how our results are affected by the choice of a(l) we 
also consider a simple logarithmic relation, 

( .1Xn) a(l) = Alog .1x~ . (4) 

The functions a(l)(.1xn) given by (3)-(4) are plotted in Fig. 1a. The qualita
tive (and sometimes even quantitative) characteristics of the stable states of 
the model are independent of the exact functional choice of a(l). In both cases 
the solutions are fixed points (homogeneous flow) and limit cycles (stop-and-go 
waves). The range of density values for which homogeneous solution is stable 
is exactly the same in both cases. This is because the slope a{t) (.1x~) is the 
only important property of this function for determining this stability range 
(see [11]), and it is equal to A for both choices of a(l). In addition, our finding 
of the generalized fundamental diagram (Sec. 3) is valid for both choices. There
fore, it can be assumed that the results presented below are independent on the 
exact choice of a(l) that satisfies conditions (i)-(iii). In the following we use the 
function given by Eq. (3). 

(b) Pre-braking: The first term a(l) in (1) might be sufficient when cars 
move in a platoon, so that following cars have approximately the same speed. 
But when a fast car is approaching a much slower car, Le . .1vn < 0 and l.1vn l '" 
Vn+l, this term is not enough (see below). Thus, it is necessary to introduce 
a second term, a(2)(.1vn), in the equation of motion. This term represents the 
additional negative acceleration caused by this negative velocity difference. If 
such a term is not included, a fast car approaching a standing car, for example, 
would start braking only at about time T before crashing into it - which is, of 
course, unrealistic. 

To determine this term, let us define x~ and v~ as the position and velocity of 
the n'th car in the system of coordinates of the n + 1 'th car. Clearly x~ = - .1xn, 
and v~ = -.1vn. We discuss here the case of v~ > 0, and try to estimate the 
negative acceleration a(2) required to reduce v~ to zero while car n is approaching 
the slower n + 1 car, Le. x~ is reduced to the minimal headway D. Assuming 
that this acceleration a(2) is constant, the time of this process is t = .1vn/ a(2). 

Substituting t in - D = - .1xn - .1vnt + ~a(2) t2, one obtains 

a(2) = - 2(.1xn - D) , .1vn < O. (5) 

(c) Speed limit: As in real driving, a car in our model can exceed the 
speed limit. Therefore we denote this speed limit vper ('permitted velocity'). 
The corresponding dissipative third term in (1), a(3), represents the effective 
'repulsive force' acting when the velocity exceeds the permitted velocity. The 
simplest choice of this a term is 

(6) 
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where k is a constant, representing the coupling to the permitted velocity (rela
tively high values of k represent higher 'obedience' to this speed limit). 

(d) Randomness: The randomness in the driver behavior is usually rep
resented by white uncorrelated noise, denoted by rl(x, t) in (1). For numerical 
realization of this type of noise, uniformly distributed random numbers are cho
sen for each car at every iteration. In the following we denote by TJ the amplitude 
of this distribution. According to the central limit theorem, the noise becomes 
Gaussian as the numerical time interval L1t satisfies L1t « T. In this case the 
effective amplitude of the noise is proportional to TJv'LIt. 

We can therefore derive a system of equations representing the motion in this 
model, 

(7) 

where the function Z(x) is defined as Z(x) = (x + Ixl)/2. In the following we 
use this version of the model with parallel updating rule and white noise, unless 
else is mentioned. The numerical solutions presented below are plotted for the 
parameters values T = 2(s), D = 5(m), A = 3(m/sec2 ), vper = 25(m/sec), 
k = 2(sec-1), and a numerical time interval L1t = O.lsec. 

To compare the Nagel-Schreckenberg (NS) model [16] with our model, let us 
determine a(l)(L1xn ,vn) and a(3) (vn) for the deterministic NS model [17]. Since 
the speed limit vper in the NS model is really a maximal velocity, it corresponds 
to (6) with the limit k -+ 00. To find the corresponding a(l) of the NS model, we 
should first define an optimal headway for the NS model. This optimal headway 
is L1x~ = vnT + D - as in (2) - with the parameter values T = 1 and D = 1. 
The reason is that in the deterministic NS model a{1)(L1xn) = 0 for L1xn = Vn, 
implying that this is the optimal headway L1x~. To obtain the function a(l) (L1xn ) 
we recall that in the NS model the acceleration an is equal to 1 for L1xn > L1x~, 
and that the velocity is reduced to L1xn - 1 for L1xn > L1x~. Therefore 

(8) 

for the deterministic NS model (p = 0). The plot of this piecewise linear discrete 
function is displayed in Fig. 1b in circles, and can be compared to a(l)(L1xn ) of 
our model (thin curve). 

For the stochastic NS model (0 < p < 1), a function a(l) (L1xn ) can represent 
the average behavior of cars. Therefore a(l) can be found here by subtracting p 
from the deterministic a(l) in Eq. (8), according to the randomness rule in the NS 
model [16]. Therefore a(l) (L1xn ) remains a piecewise linear function also for the 
stochastic NS model (Fig. 1b, squares). Note that in both the deterministic and 
the stochastic NS models, a(l)(L1xn ) becomes a linear function for Vn = vmax • 

In this case the horizontal part of a(l) (L1xn ) can be replaced with any positive 
function, due to the influence of the maximal velocity term a(3)' 
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Fig. 2. Three different stable stop-and-go states of the same density p = O.03veh/m, 
A = 1m/ sec2 , and vper = 25m/sec. Figs. a-c presents the velocities of all cars of these 
states, which also yield different values of flux f. 8. A = 20veh (f = O.2618veh/sec), h. 
A = 10veh (f = O.2160veh/sec), and c. A = 5veh (f = O.2168veh/sec). d. Headway
velocity diagrams of the three limit cycles in Figs. a-c: A = 20veh (circles), A = lOveh 
(quares), and A = 5veh (triangles). 

For the stochastic Nagel-Paczuski (NP) model [18], however, random braking 
can occur only after braking due to insufficient headway. The corresponding 
function a{l) (.dxn) is therefore a combination of the deterministic NS function 
(8) for .dxn < .dx~ and that of the stochastic NS model for .dxn ~ .dx~ (see 
Fig. 1b, dashed curve with full symbols). Note, that unlike the NS models [16,17], 
both the NP and our model demonstrate metastable free flow (see [18,11]). Note 
also, that unlike the NS models in which aCl) (.dxn) is linear for stable free flow, 
this function is not linear for both NP model and our model. This additional 
nonlinearity seems to be essential for the existence of bistable regime. 

3 The Generalized Fundamental Diagram 

The solutions of the deterministic model (7) for the intermediate density regime 
are characterized by periodic density waves. Simulations of our model show the 
existence of multiple stable states which correspond to limit cycles in the phase 
space. Figs. 2a-c present the velocities of all cars on a road after sufficient re
laxation time, for three different initial conditions. It can be seen that the wave
lengths A of these states (in the vehicle space) is different. Note that the flux of 
these states has also different values (see caption of Fig. 2). 

Our numerical simulations also show the existence of other solutions with 
other wavelengths and flux values than that displayed in Fig. 2a-c. Consequently, 
depending on initial conditions, different stable wave solutions can emerge with 
different distances between neighboring humps and different values of flux. This 
indicates that for intermediate values of densities system (7) has many stable 
periodic (in, e.g., .dxn , .dvn variables) solutions. Hence, in the 2N-dimensional 
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space of variables .dxn , .dvn many attractive limit cycles exist. Three examples 
of these limit cycles are presented in Fig. 2d, for the same states presented in 
Figs. 21l.-c. 

¥ 0.31 
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0·1'80"5~~-;io.·1 ~-:;;CO.1"'"5~--;;0.2 
,:'[vah"l 
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Fig. 3. a. Typical dependence of the flux on the wavelength. The global density is 
p = O.06veh/m, A = 3m/ sec2 , and Vper = 25m/sec. h. Noise stability threshold of the 
stable states displayed in the previous Figure, as a function of the wavelength. 

As implied above, the flux for the limit cycles is not only a function of the 
density, but also depends on the wavelength. A typical relation between the flux 
and the wavelength for some given density is shown in Fig. 3a. As can be seen 
in this figure, the flux-wavelength relation usually has a single minimum. 

Fig. 3a also indicates that similarly to Kerners' empirical findings, here also 
exists a range of possible stable flux values for some given value of density. Note 
that the stable periodic states of the OVM (14) are having the same value of flux 
for a given density (f = f(p) but f ¥ f(>'), see (15)). The same holds for the 
deterministic NS model (16), where for all stable states f depends on p only. For 
our model, however, the flux is not only a function of the density, but also of 
the wavelength of stop-and-go traffic waves, 

f = f(p, >.). (9) 

Thus, the fundamental diagram (flux-density relation) has to be generalized into 
the generalized fundamental diagram (GFD) - a flux-density-wavelength relation. 

To obtain this flux-density-wavelength relation we perform extensive simu
lations of the deterministic model (7) on homogeneous systems with periodic 
boundary conditions, starting from different initial conditions (28). In these sim
ulations, the density of cars can easily be controlled, due to conservation of 
mass. However, controlling the wavelength is more difficult. For this purpose it 
is necessary to start with periodic initial conditions, such as equal initial spac
ing between cars and harmonic dependence of the initial velocity on the car 
indexes. But even this consideration may not be enough, since in the basin of 
attraction of a limit cycle with some wavelength >. does not necessarily include 
the corresponding harmonic initial states. To overcome this difficulty, we also 
use as initial conditions the steady state of some other density with the same 
wavelength, which are rescaled in order to obtain the desired density. 

As a result we derive the generalized fundamental diagram (flux-density
wavelength relation) shown in Fig. 4. This figure presents the flux measured 
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Fig. 4 . The generalized fundamental diagram (GFD) - flux-density-wavelength re
lation for the different states of the deterministic model: stable stop-and-go states 
(surface), stable and unstable homogeneous states (thick and dotted lines, respec
tively). The wavelength is defined as the average distance (in the vehicles space) be
tween centers of two nearest dense regions in stop-and-go traffic. Some curves with 
fixed wavelength (A- 1 = 2/60, 3/60, ... , 12/60veh- 1 ) are projected on the density-flux 
plane (thin curves). The cross-section of the surface for a density constant density 
p = 0.06veh/m is shown in Fig. 3a, demonstrating the typical dependence of the flux 
on the wavelength. 

for the steady states of the deterministic model: stop-and-go waves (surface), 
homogeneous free and homogeneous congested flow (thick lines) . The projec
tion of the surface in Fig. 4 on the density-flux plane (thin curves in Fig. 4) 
provides a two-dimensional region of stable states, qualitatively similar to that 
found empirically [7,8] for synchronized flow. Note that this result is obtained 
even for a deterministic model. Thus, in contrast to the common belief that the 
flux depends only on the density of cars (fundamental diagram), we obtain a 
generalized fundamental diagram (Fig. 4) which shows that the flux depends on 
two variables - density p and wavelength .A. 

4 The Influence of Noise 

In the previous section we have studied the deterministic version of our model, 
with zero noise term in (7) . Nevertheless, real traffic is characterized by the 
presence of noise, mainly caused by some randomness in the behavior of each 
single driver , which is our concern in this Section. Our simulations show that 
even for non-zero noise amplitude, the stop-and-go waves remain stable until 
some threshold amplitude is reached. But some of the limit cycles are more 
sensitive to noise than others. For sufficiently large noise amplitude TJ, the system 
moves from these metastable states to more stable states. An example for such 
transition was demonstrated in [11]. 
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To determine the threshold amplitude of noise, extensive simulations have 
been performed, starting from various initial limit cycles. In these simulations 
the noise amplitude has been gradually increased, starting from 'T/ = O. Every 
increase of the noise was followed by sufficiently large transient and evaluation 
times, during which the average wavelength has been evaluated. The evaluation 
of the wavelength has been performed directly by measuring all velocities, v(n), 
and counting the number of times this function crosses the average velocity 
v. The criterion for supercritical noise (or loss of stability) is the presence of 
wavelength which is different from the initial wavelength for more than 50% of 
the evaluation period. Using this technique, the noise stability threshold 'T/th is 
evaluated for different values of wavelength. A typical relation between 'T/th and 
). is shown in Fig. 3b, for p = 0.06. This figure can be compared to Fig. 3a, 
where the same parameters have been used, and the flux of the same states is 
shown. 
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Fig. 5. a. The average wavelength of the stop-and-go states (in real space) as a function 
of the average velocity. Random initial conditions were applied for different values of 
density, and the A and v were measured after sufficiently long transient time, and 
averaged many iterations of each density. This relation is displayed for the common 
model (7) with A = 3m/sec2 (solid lower curve), A = 1.5m/sec2 (dashed curve), 
A = 0.75m/sec2 (dotted curve), and for the threshold version of the model with A = 
3m/sec2 (solid upper curve). h. The threshold version of the model. The solid curve 
corresponds to the modified function a(l) which includes the threshold in the reaction 
of the driver, given by Eq. (11), A = Im/ sec2 • It can be compared to the unmodified 
expression (dashed curve) with the same value of A. The threshold function (10) is 
displayed in the inset. 

As can be seen in Fig. 3b, intermediate values of wavelengths are the most 
stable in the presence of noise. In contrast, cycles with relatively small and 
relatively large wavelengths are more sensitive to noise, and can be considered 
as metastable states. The practical meaning of this finding is that for a given 
level of noise (below the maximal threshold) only the intermediate part of the 
possible range of wavelength can be found, and the most probable state is the 
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state with the highest value of threshold. This might be the reason to the fact 
that in real stop-and-go traffic there exists a typical value of wavelength [7] (see 
also Sec. 5 below). 

From Figs. 3a-b it follows that the most stable state in the presence of noise, 
denoted by an open circle, has a relatively low value of flux. This fact is one 
of the motivations for the optimization strategy developed in Sec. 6. The opti
mization process, which is based on the flux-wavelength relation demonstrated 
in Fig. 3a, is explained later using our analysis of the different noise thresholds 
of the different states presented here (Fig. 3b). 

5 The Wavelength of Stop-and-Go Traffic 

Stop-and-go traffic is a well-known congested traffic state characterized by peri
odic density waves. This state is characterized by the existence of a characteristic 
time period (approximately 10 minutes, see [10] and references therein). Recently, 
the existence of a characteristic lengthscale, which is a function of the average 
velocity, was also measured for stop-and-go traffic [7]. This wavelength, called 
'Rnarrow', represents the average distance between the narrow jams, and was 
found to be an increasing function of the average velocity of the synchronized 
flow downstream. 

When comparing the experimental findings to the numerical results of our 
model, a qualitative similarity is found. Like the empirical results, the average 
value of the wavelength (starting from random initial conditions) is found to be 
an increasing function of the average velocity (see Fig. 5a). However, the values 
of the wavelength we find are considerably lower than that found by [7]. A better 
quantitative agreement can be achieved using the threshold version of the model 
described below. 

The existence of threshold level of stimulus required for human response is 
a well-known phenomenon, which, in our case, means that the driver does not 
accelerate or brake if the headway Llxn is sufficiently close to the optimal head
way Llx~. In other words, drivers usually accelerate (decelerate) only when the 
difference between the headway and the optimal headway is above (below) some 
positive (negative) value. The realization of this threshold in our model is by mul
tiplying the acceleration term a(1) given by Eq. (3) with a threshold function, 
T(Llxn/Llx~) = T(z), a function that approaches 0 when z = Llxn/Llx~ ~ 1, 
and approaches 1 otherwise. We choose to use the function 

1 s lIs 
T(z) = 2{1+er![y'2(z- ;:)]2{1+erf(y'2(r-z)]}. (10) 

The values of rand l/r determine the upper and lower cutoff values of z, re
spectively, and s is the quality factor of the cutoff. Here we use the parameter 
values r = 0.75 and s = 20. The plot of the function T(z) is displayed in the 
inset of Fig. 5b. The obtained threshold acceleration term 

a(1)(Llxn) = A (1 - ~~:) T(Llxn/Llx~), (11) 



180 E. Tomer, L.A. Safonov, and S. Havlin 

is displayed in Fig. 5b, for A = 1m / sec2 . 

As a result of this modification, the effective A can be close to zero (below 
the threshold) or close to A (above the threshold). Hence, the values of the 
wavelength are expected to grow. As can be seen from Fig. 5a, the average 
wavelength (red curve) is close to that measured by Kerner in real stop-and-go 
traffic (see [7]). 

6 Optimization of Congested Traffic by Wavelength 
Control 

Optimization and control of traffic flow [4,29-34] are usually performed using 
the concept of the fundamental diagram of traffic flow (flux-density relation) 
[4-6]. However, recent experimental studies of Kerner [7,8] indicate that such a 
fundamental diagram does not exist, and that stable synchronized traffic states 
display a 2D region in the density-flux plane. In Sec. 3 we suggest a possible 
explanation to this finding using the GFD, showing that for a given value of 
density, there exists a range of possible flux values representing stable states of 
different wavelengths. 

This new theoretical insight will be applied here, in order to achieve the 
highest possible flux during congestion. For this purpose, a new strategy of opti
mization is proposed here. The strategy is based on inducing stop-and-go waves 
on the main road and controlling their wavelength. Using numerical simulations 
of our stochastic car-following model (7) we show below that this strategy yields 
optimization of traffic flow when implemented in systems with a localized peri
odic inhomogeneity. 

In the following, two types of systems with a localized periodic inhomogeneity 
are considered: (a) signalized intersections, and (b) entry ramps with signalized 
entrances. We focus on cases of over-saturation, i.e., where traffic is congested 
upstream of the inhomogeneities. 

(a) Signalized intersection: Signal optimization theories [4,29-31,33,35] 
are traditionally concerned with optimizing global quantities such as the total 
delay time of all drivers in the system. Our aim here is different - to optimize the 
flux in an arbitrary direction of an intersection. In an oversaturated signalized 
intersection, however, the flux in each direction upstream to the intersection is 
influenced only by the parameters of the traffic signals of this direction. Thus 
we can consider a single direction for simplicity (as, e.g., in [29]). 

In the studied system, traffic lights are placed at position L/2 on a road 
with length L and periodic boundary conditions. The flux f is measured at the 
position of the traffic lights. We assume that during a given portion Pr of the 
total signal periods T, the intersection is occupied by vehicles coming from the 
other directions. The rest of the time in each signal period is divided into three 
parts: Tg and Ty are the durations of the green and yellow lights, and T _ is a 
given additional safety red light period. Thus T = PrT + Tg + Ty + T-. 

The period of yellow light is realized as follows. When the light is changed 
from green to yellow, all simulated drivers upstream of the intersection estimate 
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Fig. 6. Relation between signal period and flux for the values of acceleration noise 
amplitude 1] = 0,0.5,2,5, 10m/sec2 (top to bottom). Traffic lights parameters are Pr = 
1/3, Ty = T _ = 2sec. The total number of cars in the system is N = 400 and its length 
is L = 10km. While according to (12) almost no influence of T on f is expected, the 
numerical simulations of the deterministic model (1] = 0, upper curve) show that f 
significantly increases with T even for large values of T. Moreover, an optimal signal 
period is found when the stochastic model is used (1] > 0 curves). The nine open circles 
correspond to the nine instances shown in Fig. 7. 

the intersection crossing time tn by a linear extrapolation of their position. The 
first car that begins to stop, s, is the first car that is not able to cross before 
the light changes to red, i.e., ts = min{tnltn > Ty}. For this car, Llx in (7) is 
replaced with the distance between s and the traffic lights. The consecutive cars 
follow s and stop according to (7). Due to this procedure cars can still cross the 
intersection during time T y • 

As mentioned above, our aim here is to optimize the flux in a single direction 
of the intersection, without affecting the parameters of the whole complex system 
of roads. Thus we consider Pr to be a given constraint, and explore the relation 
between the flux f and the signal period T. According to common optimization 
theories, the result is expected to be [29] 

f = fa (1 - Pr _ T;) , (12) 

where fa is the constant flux during the green light period. (12) simply expresses 
the fact that the outflow of a single direction is a product of the actual relative 
green light period and fa. Since usually T » L, the flux should be hardly 
influenced by T. 

However, the results of our simulations are different from (12) for both 
stochastic and deterministic models. The typical relation between f and T for a 
given density shown in Fig. 6 shows a much greater influence of T on f than that 
predicted by (12). Apart from trivial flux oscillations which are explained below, 
Fig. 6 demonstrates a monotonic asymptotic increase of the flux f as T grows 
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for the deterministic model 'f} = 0. For the stochastic model 'f} > 0, however, an 
optimal signal period can be clearly seen. In this case, a crossover is observed 
from the deterministic monotonically increasing /(7) to a saturated lower value 
of the flux for large 7. Therefore there exists an optimal signal period that yields 
maximal flux. Such influence of 7 on / is not explained by (12). 
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Fig. 7. a. Space-time diagrams and h. auto-correlation functions of systems with single 
traffic light with parameters values that are similar to that of the nine instances denoted 
by circles in Fig. 6. The position of the traffic light is x = 5km. The major dense (black) 
regions moving upstream in Fig. a are caused by the red light, and the distance between 
such nearest two regions (corresponding to the wavelength) is growing as T grows. The 
grey curves in Fig. b. correspond to 'fJ = 0, the solid curves to 'fJ = 2m/ sec2 , and the 
dashed curves to 'fJ = 5m/ sec2 • Comparison to Fig. 6 indicates that the crossover to 
reduced values of flux in the latter Figure is related to the emergence of small jams, 
which causes loss of the periodicity (see Fig. a) as well as reduced values of the auto
correlation function, acv (t = T) (see Fig. b.) 

In contrast to [31], where the oscillations observed in /(7) have been related 
to degree of synchronization of the green lights in the network, here the oscil
lations are a trivial result of the discrete nature of the flowing media. Since all 
vehicles have the same parameters, the crossing times of the intersection are 
identical in each period. This causes discretization in the average number of 
crossing cars in each period, n, which becomes a staircase function of 7. The flux 
is given by / = n( 7) /7, and hence the magnitude of these oscillations decreases 
with increasing 7. 
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The existence of an optimal signal period can now be explained using our 
finding of the influence of >. on the flux and on TJth. First, it is easy to see that 
the signal period 7 controls the wavelength >. of stable stop-and-go waves that 
are induced by the traffic lights, as >. = V7, where v is the wave velocity [6]. From 
Fig. 3a it appears that in order to increase the flux, >. - and therefore 7 - should 
be increased [37]. For this reason the deterministic model yields a monotonically 
increasing 1(7) (Fig. 6, upper curve). However, for the stochastic model (TJ > 0), 
states for which TJth(>') < TJ become unstable according to Fig. 3b - in particular 
those with relatively high values of >., which in principle should yield higher 
values of flux. The increase of the flux with increasing 7 thus crosses-over to 
lower values due to the instability of the induced waves. The existence of an 
optimal 7 is a result of this effect. 

We can therefore see that the non-trivial flux-wavelength relation is the rea
son for the unexpected behavior of 1 (7). The deviations between the theoretical 
prediction of (12) and the numerical measurements of the deterministic model 
(Fig. 6) can be explained using the GFD. The crossover in 1(7) for the stochastic 
model, and the existence of an optimal 7 are related to the loss of the stability 
of the states with relatively large wavelength due to the noise. (12) can be now 
modified by assigning 10 = 10 ( 7, TJ) . 

To obtain further support of this explanation let us evaluate a measure for 
the periodicity of the flow using single vehicle data collected at the intersection. 
We calculate the auto-correlation function aCv(t) [10] of the velocity function 
v(t') measured at the intersection, 

( ) < v(t')v(t' + t) > - < v(t') >< v(t' + t) > 
ac t = --~~~--~~----~~~~~--~--

v < V(t')2 > _ < v(t') >2 ' (13) 

where a linear interpolation of the discrete function v(t) is used. The brackets 
< ... > indicate averaging over time t'. Displayed in Fig. 7b are the auto
correlation functions for the nine instances of Fig. 7a, respectively. As can be 
seen from this Figure, aCv(t = 7) = 1 for all the TJ = 0 instances, implying that 
the flow for these cases is completely periodic, and that the time period of v(t) 
is exactly 7. A comparison of all instances shown in Fig. 7b to the data in Fig. 6 
shows that the flux approaches the deterministic value as long as aCv(t = 7) :;::;:j l. 
As TJ or 7 are increased, the flow is no longer periodic (acv (t = 7) < 1 in Fig. 7b), 
small jams emerge (Fig. 7a), and the flux becomes lower (Fig. 6). 

(b) Entry ramp with signalized entrance: It is a well-know fact that 
congestion often occurs upstream to entry ramps [9,11,25-27]. A common way 
to relieve congestions in this case is to control the entrances by traffic signals. 
The idea is to prevent congestion by homogenizing the flow - by letting cars 
enter only into low-density regions. Clearly, this method is more efficient for 
intermediate densities rather than for high densities where congestion cannot 
be avoided. In the following we examine the possibility of optimization of such 
congested systems. The traffic light will be used to induce stable stop-and-go 
waves with optimal wavelength on the main congested road. 

The system studied here has periodic boundary conditions and a single entry 
ramp [34,35]. To make this inhomogeneity periodic, we introduce traffic signals 
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Fig. 8. (a) Relation between signal period on the entry ramp and flux on the main road, 
for Pr = 0.7,0.5,0.4,0.2,0.0 (top to bottom), and for noise amplitude 'fI = 2m/sec2 • 

The total number of cars in the system is N = 300, the system length is L = lOkm, and 
the flux is locally measured on the main road at 100m upstream to the on-ramp. Here 
fin = O.lveh/sec and fmax = 0.333veh/sec. (b) A comparison between the optimal 
flux (upper curve) and the flux without the presence of a traffic light (lower curve), as 
a function of 'fl. 

at the downstream end of the entry ramp, and study its effect on the flux on the 
main road. The incoming vehicles are allowed to enter the main road during the 
green light period T9 , and are delayed during the red light period PrT, so here 
T = PrT + T9 • Unlike the signalized intersection where Pr was predetermined, 
here it is one of the optimization parameters, in addition to T. Similar to [25], 
we introduce an exit ramp at a large distance from the entry ramp, so that the 
total number of cars in the system is conserved. The entrance and the exit of cars 
from the ramps are performed in the same manner as in [11]. We focus on cases 
where the average flux of the incoming vehicles fin causes congestion on the main 
road (see [9,26]), but the secondary road is not congested. Since our goal is to 
optimize the flux on the main road without causing congestion on the secondary 
road, we set an upper bound for Pr. This bound is Pr :::; 1 -lin/ fmax, where 
f max is the maximal possible value of the incoming flux, since cars approach the 
queue upstream to the traffic light with rate fin, and this queue is discharged 
with rate fmax during the green light. 

Typical relations between flux and signal period are plotted in Fig. 8a for 
different values of Pr and for TJ = 2m/ sec2 • Note that the curve corresponding to 
an unsignalized entry ramp (Pr = 0) is the lowest, implying that the introduc
tion of a traffic light increases the flux on the main road. Moreover, the increase 
in the flux on the main road is obtained without causing congestion on the sec
ondary road, as we consider only the values of Pr which are below this congestion 
threshold. The relative increase in the flux due to the introduction of a traffic 
light with optimal parameters (Fig. 8b) varies from 1.0% for TJ = lOm/sec2 , 

through 10.0% for TJ = 2m/ sec2 and up to 13.9% for TJ = O. This increase of the 
flux f has even a more significant influence on the growth rate of the congested 
section of highway upstream of the entry ramp, since this rate is proportional [6] 
to l' - f, where l' is the flux upstream to this region. These results suggest that 
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even when congestion of real traffic cannot be relieved, the flux can be increased 
by an optimal signalization of entry ramps to control and stabilize stop-and-go 
waves. 

In addition to the two studied systems, the new optimization approach may 
also be efficient in traffic control systems that are based on varying speed limits 
along the road. In these systems, stop-and-go traffic waves can be controlled [36], 
and therefore can also be optimized using this approach. 

To summarize, this work was motivated by the new experimental findings of 
a two-dimensional representation of synchronized flow in the density-flux plane 
[7,8]. Using a deterministic car following model [11] we are able to show that the 
fundamental diagram has to be generalized to include another variable, the wave
length of the stop-and-go waves. The projection of the generalized fundamental 
diagram (GFD) on the density-flux plane yields a two-dimensional region of sta
ble states, qualitatively similar to that found experimentally for synchronized 
flow. The different states also differ in their sensitivity to noise. The dependence 
of the wavelength of the most attractive state on the average velocity is qual
itatively similar to that found experimentally. Quantitative agreement can be 
also approached by including threshold in the driver's reaction. We use these 
theoretical predictions to propose a novel strategy for traffic optimization, based 
on inducing stable stop-and-go waves yielding the maximal flux. In general, the 
interplay between the wavelength-flux relation (Fig. 3a) and the noise stability 
threshold of the different states (Fig. 3b) determines the optimal wavelength and 
signal period. 

Nevertheless, the encouraging results obtained for the studied systems are 
mostly based on numerical simulations and analytical studies. A careful field 
study is thus necessary to verify the model predictions, especially the generalized 
fundamental diagram, and to test the optimization mechanism. 
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Abstract. In this paper, we first give an overview of stochastic resonance, which has 
gained more research attentions recently. In this phenomena, noise, which is normally 
considered an obstacle to information processing, is treated to have an constructive 
effect causing a resonance with external signals. A particular model which causes "res
onance" with noise and delay is focused. We see how regular dynamical patterns appear 
in this context. We then discuss possible directions where such stochastic resonance 
could be useful. We proceed by considering simple concrete models for computer net
work traffic and pedestrian traffic. 

1 Introduction 

Many natural and artificial systems are associated with noise or fluctuation. 
Issues relating to noise have consequently been a major topic in a variety of fields 
(see, e.g., [1,2]). From the point of view of information processing, noise has been 
considered an obstacle; however, it was recently found or suggested that noise 
can actually be an integral part of biological information processing, leading to 
an active research area named as "Stochastic Resonance" [3-7]. In this paper, 
we try to connect this phenomena of stochastic resonance to traffic problems. 
Preliminary investigations in that direction are presented for a computer network 
traffic model and a pedestrian traffic model. 

2 Stochastic Resonance 

In this section, we first give a qualitative description of stochastic resonance. 
Then, particular models showing resonance with noise and delay, delayed stochas
tic resonance, are discussed. 

2.1 Overview 

I will give an intuitive view of stochastic resonance. More thorough discussion 
on the subject is found in references [3-7]. Typically, biological sensing systems 
have a threshold below which an incoming signal is not detected. In figure I(A), 
such situation is schematically shown. Consider the situation where noise with 
different strength can be added to this signal. Too small amplitude noise does 
not make a sensing system to detect the signal(I(B)), and too large amplitude 
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noise can be sensed, but only as a noise and the nature of the signal is de
stroyed (l(D)). Appropriately tuned noise, however, leads to the detection of 
the qualitative characteristics of the signal (l(C)). We consider this phenomena 
as a resonance by tuning the noise, hence the name stochastic resonance. This 
is only one qualitative picture of stochastic resonance. But, it illustrates the 
point that noise is used constructively for information processing rather than 
destructively as is usually the case. 

(A) 

wv 
(B) 

(D) 

Fig. 1. A qualitative mechanism of Stochastic Resonance. The solid line means thresh
old of detection. 

2.2 Delayed Stochastic Resonance 

Delay is a factor which is also important in traffic problems as well as in other 
fields [8- 13]. Here we give more detailed account for a special case of stochastic 
resonance. In these models, we do not have an incoming signal. Instead, delay in 
feedback or interaction is used. We term this phenomena as "delayed stochastic 
resonance" . 
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Single Unit Model Let us first discuss a very simple single unit model [14], 
which is defined by three parameters, p, q, and r (Figure 2(A)). X(t) is the state 
at time steps t and the formal definition is given by the conditional probabilities 
as follows: 

P(X(t + 1) = +IIX(t - r) = -1) = p, 

P(X(t + 1) = -IIX(t - r) = -1) = 1- p, 

P(X(t + 1) = +IIX(t - r) = +1) = 1- q, 

P(X(t + 1) = -IIX(t - r) = +1) = q. 

Hence, the transition probability of the model depends on its state at r steps in 
the past and is a special case of delayed random walks [15,16]. 

(A) l-q (8) 

q p 

l-p 

Fig. 2. (A) Schematic view of binary model. (B) A ring network 

We randomly generate X(t) for the interval t = (-r, 0). Simulations are 
performed in which parameters are varied and X(t) is recorded up to 106 steps. 
From the trajectory X(t), we construct a residence time histogram h(u) for 
the system to be in the state -1 for u consecutive steps. Some examples of 
histograms and X(t) are shown in Figure 3 (q = 1 - q = 0.5, r = 10). We note 
that with p « 0.5, as in Figure 3(A), the model has a tendency to switch or 
spike to the X = 1 state after the time step interval of r. But the spike trains 
do not last long and result in a small peak in the histogram. For the case of 
Figure 3(C) where p is closer to 0.5, we observe less regular transitions and the 
peak height is again small. With appropriate p as in Figure 3(B), spikes tend to 
appear at interval r more frequently, resulting in higher peaks in the histogram. 
This change of peak height in histograms which reaches maximum (Figure 3(D)) 
at an appropriate noise level is one way to characterize stochastic resonance. It 
turns out that this histogram h( u) can be obtained exactly in the steady state. 

h(u) - (p! q)U(p: q)2 (1 ~ u < r), 

h(u) = (-q-V(-P-)(I- q) (u = r), 
p+q p+q 

h(u) = (_q_)U(p)2 (u > r). 
p+q 

(1) 

(2) 

(3) 
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Also, by differentiating equation (2) with respect to p, we can derive the resonant 
condition for the peak to reach maximum height as 

q = pT. (4) 

Choosing an appropriate p is equivalent to "tuning" noise with other pa
rameters appropriately fixed. In this sense, our model shares a feature of the 
stochastic resonance. 

(A) 0.03 

0.02 0.5 

h(u) X(t) 
0.01 0 40 60 P 10 o t 

-0.5 

5 10 15 20 -1 I-- '-

U 

(B) 
0.03 1 

0.02 0.5 

h(u) X(t) 
0.01 2 4 60 0 1 o t 

-0.5 

15 20 -1 -
u 

(C) 

0.03 1 

0.02 0.5 

h(u) X(t) 
0.01 

-0.5 

15 20 -1 

u 

(D) 
0.035 

0.03 

h('t) 

50 
(x 0.01) 

Fig. 3. Residence time histogram and dynamics of X(t) as we change p. The values of 
p are (A) p = 0.005, (B) p = 0.05, (C) p = 0.2. The solid line in the histogram is from 
the analytical expression given in equations (1-3). Also, in (D) we show a plot of peak 
height by varying p. The solid line is from equation (2). The parameters are T = 10, 
q = 0.5. 
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Network Model The next model we consider is a I-D ring network of M binary 
units (Figure 2(B)). The state Xi(t) of the ith unit at time step t is either -lor 
1. The interaction is assumed to be only one way, and the conditional probability 
of transition for the ith unit depends on the state of i -1 th unit at r steps earlier 

P(Xi(t + 1) = +IIXi - 1(t - r) = -1) = p, 

P(Xi(t + 1) = -IIXi - 1(t - r) = -1) = 1 - p, 

P(Xi(t + 1) = +IIXi-l(t - r) = +1) = 1 - q, 

P(Xi(t + 1) = -IIXi- 1 (t - r) = +1) = q, (5) 

where p and q are probability parameters and the M th unit is connected to the 
1st unit (a ring) (Figure 2(B)). 

Typical behavior of a unit in the network with M, r, and q fixed and p varied 
is shown in Figure 4 (A) (B) (C). We again see that regular spiking patterns 
appear with tuned p. To see this behavior more clearly, we construct a residence 
time histogram h(u) for a unit to be in the state -1 for u consecutive steps as in 
the single unit case. Some corresponding examples of the histograms are shown 
in Figure 4, where we fix M, r, and q, but changes p. The same phenomena as in 
the single unit model is observed. With p small, as in Figure 4(D), the model has 
a tendency to switch or spike to the X = 1 state after the time step interval of r. 
But the spike trains do not last long and result in a small peak in the histogram. 
For the case of Figure 4(F) where p is too large, we observe less regular transitions 
and the peak height is again small. With appropriate p as in Figure 4(E), spikes 
tend to appear at the interval 8 = M (r + 1) - 1 more frequently, resulting in 
higher peaks in the histogram. This is what we mean by stochastic resonance. 
As in the single unit case, we can treat this model analytically. As mentioned, 
the peaks occurs at 8 = M(r + 1) - 1, and the histogram is given as follows: 

h(u) = o.2f3u (0:::; U < 8) 

= Q++f3s (u = 8) 
= Q!_Q~-=-S-l) f3(2s-u) (8 + 1 :::; u :::; 28) 

= Q!_Q~U-=-8-1) (28 + 1 :::; u), 

where a = Ph, f3 = ptq and 

Q++ = 0.2 + (1 - p - q)M (o.f3) 

Q+_ = o.f3 - (1 - p - q)M (o.f3) 

Q __ = f32 + (1 - p - q)M (o.f3). 

From this we can again derive the resonance condition as 

q = M(r + l)p. 

(6) 

(7) 

(8) 

The way the peak hight h( 8) changes with p is shown in Figure 5. The maximum 
height is given at the resonant condition above. 
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The main notable point with this network model as well as in the single unit 
model is , that we do not need to have explicit oscillator to produce a rhythmic 
dynamical behavior. The delay in the interaction with the tuned stochasticity is 
sufficient. 

(A) (D) 

X(t) h(u) O. OOB 

0 . 006 

" U 

(Bl (E) 

X(I) h(u) o. ooe 

0.006 

" U 

(C) 
(F) 

X(t) h(u) 
0. 008 

0 . 006 

" U 

Fig. 4. Typical dynamics of the model with the corresponding histograms. The pa
rameters are M = 4, T = 5, q = 0.04, and (A) (D) p = 0.0005, (B)(E) p = 0.0016, and 
(C) (E) p = 0.01. 

0.00 6 

h(s) 

Fig. 5. The change of the peak height as we change p. The parameters are M = 4, 
T = 5, q = 0.24. Note the maximum height is given at p = 0.01 obeying the resonant 
condition. 
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3 Traffic Models 

We now briefly discuss our preliminary results of stochastic resonance in the 
context of traffic models. 

3.1 Computer Traffic Network Model 

The phenomenology of the nature of computer network traffic has commanded 
much attention recently. Analysis, simulations and experiments based on such 
concepts as "phase transitions" and "self-similarity" are active research top
ics (see e.g. [17-19]). This paper also addresses the phase transition nature of 
computer network traffic [20]. Our main focus, however, is not so much on under
standing the nature of traffic itself, rather we propose an autonomously adaptive 
probabilistic routing strategy to "ease" the phase transition point of the network 
traffic into a congestion state. 

Model The network architecture considered in the model consists of nodes 
placed as a two-dimensional lattice (Figure 6). It is a square with N nodes 
(routers) on each side and N 2 nodes as a whole. Packets are generated and 
destroyed on nodes on the boundary of the lattice (squares in the figure), but 
not on inner nodes (circles). Inner nodes only forward packets received from 
neighbor nodes. A node on the boundary generates a packet according to the 
Poisson arrival with A and sends it to a destination node selected randomly 
among the nodes on the boundary (including itself). Each node has a receiving 
queue of unlimited length through which packets are forwarded to the destination 
and then destroyed. 

Nnodes 

Fig. 6. Network architecture 

During each unit time, each node goes through the following process in or
der to forward packets. It picks a packet from the head of its queue, decides to 
which node among its neighbors it will forward the packet, and then puts it at 
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the end of the queue of the selected node. The next node is selected so that the 
packet is delivered to the destination along the shortest path. If more than one 
candidate of the next node exist, a strategy is needed to select the recipient. 
In our simulation we consider two strategies. One of them makes the decision 
deterministically, which we call "deterministic routing", and the other does so 
probabilistically, which we call "probabilistic routing". With deterministic rout
ing, the node among the candidates to which the least number of packets has 
been forwarded so far is selected as the next node. 

The probabilistic routing strategy we propose and compare with this de
terministic routing is given by introducing a particular form of "randomness". 
When we have multiple routes A and B based on the destination address, we 
assign the probability to choose a route A or B by the following equation: 

-(3XA 
P( A) _ ----::=e __ ;:-;-;

- e-(3XA + e-(3XB ' 

e-(3XB 

PCB) = (3 , 
e-(3XA + e- x B 

1 = peA) + PCB), 

(9) 

(10) 

(11) 

where fJ is a parameter. XA and XB are the number of packets the router has 
already sent in the direction A and B. 

The characteristics of these routing strategies are "autonomous" and "adap
tive" . They are autonomous as their routing choice is made without any reference 
to or interaction with other routers. And they are adaptive as a routers routing 
choice changes based on its past choices and hence time. 

We now note a couple of points about this probability function. First, we note 
that the main difference with the deterministic routing is that even if XA > XB, 
there is some probability of choosing and sending a packet to A. Second, we can 
recover the deterministic model by letting fJ --+ 00. Also, if we set fJ = 0, we have 
a completely random choice of A and B, i.e., A and B will be chosen with equal 
probability of 0.5 regardless of XA and XB. Hence, fJ is a control parameter which 
determines the degree of randomness of choice. This is analogous to the concept 
of "temperature" in statistical physics [21]. (To be more precise, fJ corresponds 
to the inverse temperature.) 

This relates to the main motivation for introducing the form of selection 
probability function given above. In statistical physics, a similar expression arises 
in "canonical ensembles" and is computationally often realized by the Monte 
Carlo method [22]. From the experience of phase transitions appearing at some 
model magnetic systems at a "finite temperature" (Le., a suitable amount of 
randomness ) with the Monte Carlo method, we can infer that the above type of 
selection probability function can affect the phase transition point in computer 
network traffic as well. In the next section, we see that this is indeed the case 
and with suitable choice of randomness (fJ), we can shift the transition point to 
ease the onset of the congestion phase. 
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Simulation results We quantify network traffic congestion by the average 
"lifetime" of a packet (L), which is the average time between the sending and 
receiving of a packet. (Averages are taken over packets.) 

(0) 

(b) 

(c) 

Fig. 7. Phase transition behavior with deterministic routing measured in average life
time of a packet (L} as we vary packet creation rate A. The system size is varied as 
N = (a)15, (b)25, (c)35. 

In Figures 7, we show the behavior of (L) as we change the creation rate A 
of the packet using the deterministic routing. The simulation is performed with 
various system sizes of N, and the system is run up to time step 10,000. The 
phase transition behavior is clearly observable as A increases beyond a "critical 
rate", Ac. This transition into the congestion phase is sharper with increasing 
size as in other physical systems showing phase transitions. 

We now compare the deterministic routing with the proposed probabilistic 
routing. One such example is shown in Figure 8. We can see that the onset 
of phase transition is moved to higher A showing that the model network with 
probabilistic routing can tolerate more packets before going into a congestion 
phase. 
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Fig. 8. Comparison of the phase transition behavior of the deterministic (A) and the 
probabilistic ((3 = O.OOS)(B) routing for (L). The system size is N = 20. 

To examine the effect of randomness for this shift of phase transition point, 
we plot in Figure 9(A) the phase transition points as a function of (3. We see that 
we need to choose (3 appropriately (~ 0.01 in Figure 9(A) ) to have a desired 
phase point shift. 

For individual routers, the deterministic routing appears to be the most bal
anced way of sending packets to the next router. Use of the probabilistic rout
ing strategy means that this balance is sometimes intentionally upset. The fact 
that easing of the phase transition point takes place nonetheless means that an 
emergent collective behavior of routers is playing a crucial role in deciding the 
congestion nature of the network. 

To gain more insight into the collective behavior of the model, we investigate 
how the phase transition point changes when only a portion of the routers have 
the probabilistic routing and others operate using the deterministic routing; a 
representative example is shown in Figure 9(B). 

.-0.1 • • • 

. . . 
0.08 •• 

.... . . 

(A) 

(B) 

Proportion of probabilistic routers (%) 

Fig. 9. Change of "critical rate", Ac as (3 is varied for the probabilistic routing. The 
system size is N = 20. Change of critical rate, Ac as the proportion of the probabilistic 
routers is varied in the system. The system size is N = 20 and (3 = O.OOS. 
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We see that the critical points of phase transition change non-linearly and 
show saturation as a function of the proportion of probabilistic routers. From a 
system design point of view, this response shape indicates a possibility of fault 
tolerance: the effectiveness of the system does not deteriorate appreciably until a 
certain proportion of routers becoming non-probabilistic. This non-linear shape 
together with phase transition behavior suggests that the collective behavior of 
the model is not simply an aggregation of the effect of individual routers. Rather, 
the interaction among routers, which is indirectly mediated by packets passing 
through, is playing a role in the collective behavior of the model system. 

3.2 Pedestrian Model 

Among the pedestrian models, which have gained much attention recently, a 
counter flow model [23] is studied here. Our result is very preliminary, but shows 
an indication of stochastic resonance of flow in the reverse sense. We mean by 
"reverse sense" that with tuned "noise" the pedestrian flow shows the worst case 
of total grid lock. 

Pedestrians are randomly placed on a two dimensional rectangular lattice of 
size (W x L) = (150 x 400). The boundary condition is periodic on all sides 
(torus). We consider two sets of N = 9000 pedestrians. One set tries to move to 
the right and the other to the left on the lattice. We set (Sr, Sl) as parameters 
for them to step sideways. At each time step, a pedestrian is chosen to move one 
step to one of its four neighboring site by the following rules. 

• If no one is in front of you in the direction you are heading, he moves one 
step forward. 

• Otherwise, he looks at both his right and left sides. 
• If only right (left) side is open and Sr > 0 (Sl > 0), he moves to the open 

site. 
• If both sides are open, he moves to the right and left site with the probabil

ities Pr = Srs.;SI and p" == Sr~SI· 
• If neither site is open, he does not move. 

With this setting, we performed computer simulations. We obtained the fol
lowing preliminary results. 

• (Sr, Sz) = (1.0,0.0). This is the situation where only forward or to the right 
moves are allowed. We typically observe low flow, but not a grid lock, of 
pedestrians. 

• (Sr, Sl) = (1.0,0.3). The left moves are now allowed. However, we typically 
observe a grid lock situation with no flow. 

• (Sr, Sl) = (1.0,0.8). The more left moves are taken. Now, we do not see any 
congestion and they are in free flow. 

The above result is an indication that we have a stochastic resonance in the 
reverse sense: with tuned probability of side stepping, the worst case of no flow 
situation appeared. More investigations are needed for understanding of this 
phenomena. 
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4 Discussion 

We have considered here a possible connection of stochastic resonance and traffic 
models. This type of effort is just at the beginning state. We expect, however, 
that such approach can be useful to investigate congestion problems in various 
traffic systems. 
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An Interpretation of a Traffic Engineer on Vehicular 
Traffic Flow 

M. Koshi 

Nihon University, EXTEC, UBE Bldg. 9th Floor, 3-7-2 Kasumigaseki, Chiyoda
ku, Tokyo 100-0013 ,Japan 

Abstract. The present paper focuses on capacity of tunnels and sags on motorways. Free 
flow becomes congested due to speed reduction caused by sudden change of light condition 
at tunnel entrances or by unrecognized increase of gradient at sags combined with drivers' 
behavior that they do not shorten their car-following spacing corresponding to the speed re
duction, resulting in reduction of flow rate of successive vehicles. The free flow to con
gested flow breakdown takes place at the flow rate level of around 3,000 vph per two-lane 
(one direction). Once congestion queue is formed, the capacity value is determined by driv
ers' behavior of departing from the queue at its front-end. This departure flow rate is in the 
range of 2,200 to 2,700 vph per 2-lane and varies depending on time during which the 
driver has been caught in the queue, light condition (day or night) and some other factors. 

1 Free Flow and Congested Flow 

It is a well-known fact that there are two states of vehicular traffic flow, free flow 
and congested flow. 

Traffic flow takes the form of free flow when there is no influence of capacity 
restriction of a bottleneck in the downstream section. The characteristics of the 
flow (flow rate or volume as well as speed) on a road section depends on the in
flow from the upstream section and the geometry of the section in question. 

Traffic flow takes the form of congested flow in a queue which is formed on 
the upstream section of a bottleneck. The volume of the congested flow is equal to 
the capacity of the bottleneck regardless of the traffic demand arriving at the up
stream tail of the queue. 

Bottlenecks are such sections or spots of road where the capacity is lower than 
at the upstream sections as well as at the downstream sections. Stop lines (signal
ized or non-signalized), diverging as well as merging areas, weaving sections, 
tunnel entrances and sags (road sections of increasing vertical gradient) are typical 
examples of bottlenecks. 

A queue is formed when traffic demand or inflow volume exceeds the capacity 
of the bottleneck. The queue keeps to grow in length as long as the traffic demand 
exceeds the bottleneck capacity and decreases in length when the traffic demand 
becomes lower than the capacity. Congested flow can only be observed in such 
queues. 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
© Springer-Verlag Berlin Heidelberg 2003
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As far as the author has leamed, any simple homogeneous section of road has 
never been a bottleneck, i.e., traffic flow never switches by itself from free flow to 
congested flow just by chance at an arbitrary spot on a stretch of simple homoge
neous road section. This is perhaps because in reality it is practically impossible to 
feed traffic into a simple homogeneous section up to its saturation level of free 
flow without causing bottleneck phenomenon on the upstream merging areas. 

2 Capacity of Bottlenecks 

Capacity values of bottlenecks are determined by various aspects of drivers' be
havior depending on the types of bottlenecks. 

Signalized stop line capacity depends on green light split and saturation flow 
rate which is departure flow rate from a stopped queue given a "go" signal. Capac
ity of a "stop" controlled stop line depends on rate of acceptable gaps in the major 
flow of traffic. Capacity ofmergingldiverging areas and weaving sections depends 
on lane-selection, lane-changing and gap-acceptance behavior of drivers in a com
plex manner. 

Capacity values and traffic flow phenomena at tunnel entrances and sags are 
quite interesting and suggestive for understanding drivers' behavior. Let us take a 
closer look at them in the following sections. 

3 Capacity of Free Flow at Tunnel Entrances and Sags 

Tunnel Entrances 

Drivers tend to reduce their speed slightly when they enter a tunnel due to the 
sudden change of light conditions but partly don't reduce their car following spac
ing because they are not fully conscious about the speed reduction and because 
they tend to need longer car-following spacing in tunnels than outside of tunnels 
for the same speed as shown in Fig. 1. This driver behavior brings about reduction 
of flow rate (or inverse of time headway) of successively following vehicles. 
When a long platoon passes vehicles in the tail part of the platoon are forced to re
duce their speed to a large extent or even come to complete stop due to accumula
tion of the flow rate reduction of the preceding cars. When traffic volume reaches 
approximately 3,000 pcU/2-lane the next platoon tends to arrive before the slow 
moving or even stopped vehicles of the preceding platoon are cleared. This trig
gers congestion at tunnel entrances. 
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Fig.1 Speed-spacing Relationships Inside and Outeide of Tunnel 
Kobotoke Tunnel . Chuo Motorwey. Vehicle detector Data (ref. 1) 

Sags 

Drivers tend to reduce their speed unconsciously at sags due to gradual increase 
of gradient when the road alignment is such that the existence of the sag is not eas
ily visible to the drivers. When speed is reduced, the drivers tend not to duly re
duce their car-following spacing because they are not fully aware of the speed re
duction. 
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Fig.2 Time-space Trajectories ofVehtcles Just befoll! the start of Congestion 
Hatano Sag, Tomei Expre&sway. Aerial Photo Observation, 1991 

(ref.4) 

Figure 2 shows the trajectories of vehicles just before the start of congestion at 
a sag. Vehicles # 35 to # 70 are those who triggered congestion. Fig. 3 shows the 
typical examples of speed-spacing trajectories of those vehicles. Trajectory type 1 
means that the rate of flow increases due to the speed reduction whereas type 2 
does not cause any significant change in flow rate and type 3 results in flow rate 
reduction. Out of 36 vehicles from # 35 to # 70, 27 vehicles (75%) behaved as 
type 3 whereas 4 (11 %) and 5 (14%) did as type 1 and 2, respectively. It is shown 
in Fig. 3 that accumulation of flow rate reduction brings about break down of free 
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flow. The breakdown of free flow takes place when the free flow volume exceeds 
approximately 3,000 pculh/2-lane. 
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Fig .3 Typical Examples of Speed-spacing Trajectories 

of Vehicles #35 to #70 in FIg.2 (ref.4) 

4 Flow Rate Reduction after Breakdown of Free Flow 

Flow rate after breakdown of free flow becomes equal to the rate of departure 
from the queue at its front end. 

Figures 4 and 5 show typical examples of motorway tunnel congestion. Fig. 4 
shows speed and volume at Tsuburano Tunnel entrance on August 13, 1988 and 
Fig. 5 shows the same variables at the same site on the same day but two years 
later, in 1990. 
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It can be seen in Fig. 4 that free flow breaks down at volume of level A and the 
speed drops down to approximately 20+K.m/hr taking a transition period of Tt and 
then becomes relatively stabilized until the end of congestion during Tc. The vol
ume also drops down to level B after the transition period Tt and further down to 
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level C afterwards. Both speed and volume are still changing, however, even dur
ing the relatively stabilized period Tc. The transition period Tt was approximately 
an hour in 1988 congestion whereas it was about two hours in 1990 congestion. 

TlUburEo TIInDel (Aupst 13. 1990) 
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Pi,. 1. 

Figures 6 and 7 show time during which vehicles have been caught in the queue 
(TIQ, Time In the Queue) vs. departure flow rate of the vehicles. Figs. 6 and 7 
correspond to the congestion shown in Figs. 4 and 5, respectively. Vehicles in 
Group 1 are those which depart during Tc in Figs. 4 and 5 and most of those in 
Group 2 are vehicles which depart during Tt (transition period) in Figs. 4 and 5 
and the rest of vehicles in Groups 2 are those which depart just before disappear
ance of congestion. 

It is found from Figs. 6 and 7 that (1) transition flow from breakdown of free 
flow to stabilized congestion depends on TIQ of the departing vehicles rather than 
the absolute time after the breakdown, (2) the transition takes place when TIQ is 
up to approximately 10 minutes and (3) the departure flow rate still keeps slightly 
decreasing as TIQ increases even in the region ofTIQ is over 10 minutes. 
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These phenomena come totally from drivers' behavior. Drivers tend to loose 
more their tension in following cars ahead as they have been caught in the queue 
longer. Particularly during fIrst ten minutes in the queue the decrease of drivers' 
tension is much quicker than after 10 minutes ofTIQ. 

After the transition period Tt has elapsed, vehicles depart the queue with ex
tremely low rate of acceleration and the drivers do not realize that they are depart
ing the queue and entering free flow condition. Fig. 8 shows an example of speed 
profIle of floating test car runs. It is seen that approximately 2 km is needed to ac
celerate from 20 kmIhr to 60 kmIhr. 



An Interpretation of a Traffic Engineer on Vehicular Traffic Flow 205 

Kobotoke Tunnel 

CJ' 

80 
o · 
fa: 

I .... 
E: 

40 llJi 

I 
, , . 

(I.) 0 
45 44 43 42 41 40 39 38 37 

DislanCe [ki1opo~] 

J:'ig.~ Speed Profiles of Hoating Runs in Tunnel Entrance 
Congestion. (ref.3) 

It is a well-known fact that there is a discrepancy in car-following behavior and 
accordingly in Q-K-V relationships between free flow and congested flow. 
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Figures 9 and 10 show examples of speed-spacing relationship which were ob
served in real flow and experiments by test cars. In the experiments the test drivers 
showed continuous speed-spacing relationships through free and congested condi
tions whereas in real flow drivers tend to take longer spacing in the congested 
condition than the continuous relations resulting in a discrepancy between free and 
congested conditions. 
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Fig .10 Speed-Spacing in Car Following Experiment 
Chuo Motorway (ref.4) 

It is the author's estimation that ordinary drivers in real flow have basically 
continuous speed-spacing relationships but as TIQ increases in congested flow 
they loose their intension to keep following closely to the cars ahead and increase 
their spacing. 

5 Effect of Light Condition on Departure Flow Rate 
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Figure 11 shows that departure flow rate from congestion which started at night 
increases remarkably at sunrise in the morning. Fig. 12 is TIQ vs. the departure 
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flow rate expression of the same congestion. Fig. 13 shows TIQ vs. departure flow 
rate of congestion at the same site as in Fig. 11 but only during daytime. 
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Figure 14 is an overlap of Fig. 12 and Fig. 13. Estimated daytime capacity val
ues are significantly higher than nighttime values as shown in Fig. 14. 

Figure 15 shows increase in departure flow rate of tunnel congestion at sunset. 
Due to the tunnel illumination drivers have better light conditions in the tunnel 
than in the open section after sunset resulting in higher departure flow rate. 
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6 Synchronization Between Lanes in Congested Conditions 

It is a well known fact that vehicular flow tends to oscillate in tenns ofQ-K-V and 
the oscillation in the parallel lanes often synchronize with each other. 
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Fig. 16 Speed Profile of Individual Lanes 
(1 min. ave. speed) (ref.2) 
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The author's hypothesis is that oscillation itself may be generated when the de
parture flow rate from the front end of the low-speed platoon is larger than the ca
pacity of the bottleneck. The author also assumes that synchronization between 
lanes may be caused mainly by lane changing from slower lane to faster one. 
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Fig. 17 Speed Correlation Between Lanes (ref.2) 
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Figure 16 shows speed profile of the two parallel lanes at different spots in a 
congested flow. It is seen that the amplitude of oscillation is not large at the im
mediate upstream of the bottleneck. 

Figure 17 shows correlation of speeds between the lanes at different spots in a 
congested flow. It can be seen that synchronization becomes clearer as the up
stream distance from the bottleneck increases. 

7 Concluding Remarks 

(1) The characteristics of vehicular traffic flow is determined totally by drivers' 
behavior such as speed-spacing of car following and lane selection/changing. 

(2) Dynamic speed-spacing relationships when accelerating particularly deter
mines departure flow rate from a queue or capacity of sag and tunnel bottle
necks and is affected by time during the driver is caught in the queue, light 
conditions and probably some other factors as well. 

(3) Congested flow is the flow in a queue which is formed in the upstream section 
of a location-specific bottleneck. Traffic flow does not switch from free flow 
to congested flow by itself at an arbitrary spot on a stretch of a simple homo
geneous road section. 

References 

1. M. Koshi, Traffic Phenomena in Expressway Tunnels, IATSS Review, International 
Association of Traffic and Safety Sciences, Vol. 10, No.1, 1984.3. 

2. M. Koshi et. aI., A Study of the Phenomena of Congested Traffic Flows, Journal of In
frastructure Planning and Management, Japan Society of Civil Engineers, No. 306, pp. 
59-69,1981.2. 

3. M. Koshi et. al., A Study on Congestion Phenomena at Tunnels and Sags on Motorways, 
Journal of Infrastructure Planning and Management, Japan Society of Civil Engineers, 
No. 458/IV-18, pp. 65-71,1993.1. 

4. J. Xing and M. Koshi, A Study on the Bottleneck Phenomena and Car-Following 
Behavior on Sags of Motorways, Journal of Infrastructure Planning and Management, 
Japan Society of Civil Engineers, No. 506/IV -26, pp. 45-55, 1995.1. 



Congestion Induced by Bottlenecks in Two-Lane 
Optimal Velocity Traffic Flow Model 

S. Tadakil, M. Kikuchi2 , K. Nishinari3 , Y. Sugiyama4 , and S. Yukawa5 

1 Computer and Network Center, Saga University, Saga 840-8502, Japan 
2 Cybermedia Center, Osaka University, Toyonaka 560-0043, Japan 
3 Department of Applied Mathematics and Informatics, Ryukoku University, Ohtsu 

520-2194, Japan 
4 Division of Mathematical Science, City College of Mie, Tsu, Mie 514-0112, Japan 
5 Department of Applied Physics, University of Tokyo, Bunkyo 113-8656, Japan 

Abstract. The optimal velocity (OV) model is one of car-following traffic flow models, 
which can reproduce some of observed features. The model is discretized to define the 
coupled map traffic flow model based on optimal velocity functions (CMOV model). 
Based on the CMOV model, the effect of noises and traffic bottlenecks are discussed. By 
introducing a simple set of lane-changing rules, the traffic flow on two-lane expressways 
with a bottleneck is observed. 

1 Introduction 

Physical understanding of the traffic flow on expressways has been improved 
mainly based on mathematical models and their computer simulations. Most of 
models describe the traffic flow on one-lane expressways. They seem to succeed 
to describe some fundamental features of traffic flow phenomena. Most of real 
expressways, on the contrary, have more than two lanes. To compare simulation 
results with observational data, traffic flow models for multi-lane expressways 
should be constructed. 

The traffic flow on real two-lane expressways shows some interesting phe
nomena, which are not observed on one-lane expressways. The first is a reverse 
lane usage phenomenon. Usually drivers are requested to run on the slow lane 
(the left lane in Japanese expressways) and are allowed to run on the fast (right) 
lane only for overtaking. The observed data, however, show that the flow on the 
fast lane exceeds the one on the slow lane [1]. The second is the synchronized 
flow, in which the average velocity on the fast lane is very close to the one on 
the slow lane during congestion [2,3]. 

There are mainly three types of traffic flow models. Macroscopic models 
have bases on hydrodynamic or gas-kinetic descriptions. Microscopic models are 
cellular automaton models and car-following models. The Optimal Velocity (OV) 
traffic flow model [4-6], which is a one of car-following models, has succeeded 
to describe the phase transition from a freely-moving phase to a jam phase by 
changing the traffic density. We have proposed a new simulation model, Coupled 
Map traffic flow model based on Optimal Velocity functions (CMOV model) [7-
9], by discretizing the original OV model. 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
© Springer-Verlag Berlin Heidelberg 2003
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In this paper, the CMOV model and the simulation results with the model are 
briefly summarized. The model is extended to be applicable to two-lane express
ways by introducing a simple set of lane-changing rules. We discuss simulation 
results for two-lane expressways by comparison with real observational data. 

2 Optimal Velocity Model and Coupled Map Model 

The optimal velocity model is one of car-following traffic flow models [4-6]. In 
car-following traffic flow models, a driver controls his car according to stimuli 
from the preceding car. The essential idea the OV model introduced is the op
timal velocity function Voptimal. A driver accelerates or deccelerates his car to 
tune the speed to the optimal (safety) velocity Voptimah which depends on the 
headway. In the OV model, the position Xn of the nth car obeys the second order 
differential equation: 

(1) 

where Llxn = Xn-l - Xn is the headway distance to the preceding car, and 0: is 
the susceptibility. The index n to distinguish car is omitted hereafter. 

The form of the OV function can be chosen arbitrarily under some conditions. 
For realistic cases, we can use the following form: 

) Vmax [ (LlX - d) ] Voptimal (Llx = -2- tanh w + C • (2) 

Parameters in Eq. (2) can be selected to fit observed data for the headway
velocity relation (see Table 1) [4,5,10]. 

Table 1. Parameters in the OV function 

Parameter value 

d 25m 

w 23.3m 

Vmax 33.6m/sec 

c 0.913 

LlXmin 7.02m 

The OV model can reproduce some observed features for the traffic flow on 
one-lane expressways. The simple form of the model, moreover, enables us to 
discuss some analytically exact solutions [11,12]. Because the model is described 
with a set of differential equations, however, the sequence of cars should be fixed 
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as an initial condition. We need some modification to apply the OV model to 
realistic simulations. 

We had introduced the Coupled Map traffic flow model based on Optimal 
Velocity functions (CMOV model) by discretizing the original OV model [7,8]. 
The aim of the discretization is not to integrate the differential equations nu
merically but to make a new model applicable to various realistic simulation 
situations. The CMOV model is defined as follows: when the headway distance 
.1x is sufficiently large, the position x and velocity v of a car are updated as 
follows: 

x(t + .1t) = x(t) + v(t).1t, 

v(t + .1t) = v(t) + a [Voptimal (.1x(t)) - v(t)].1t. 

(3) 

(4) 

The time step .1t is a fixed parameter. To avoid rear-end collisions and backward 
motions of cars, cars are forced to stop if the headway distance .1x is less than 
the minimum value .1xmin. Namely for .1x < .1xmin (3) and (4) are replaced 
with 

x(t + .1t) = x(t), 

v(t + .1t) = o. 
(5) 

(6) 

These conditions, however, correspond to traffic accidents and are hardly used 
in simulations. 

One of the most important improvements upon the OV model is that the 
CMOV model allows us to change the sequences of cars. The CMOV model, 
therefore, enables us to simulate the traffic with open boundary conditions, where 
new cars are injected from an entrance to the tail of the sequence of cars and 
ejected from an exit. Moreover we can construct two-lane models with the CMOV 
model. 

3 Congestion on One-Lane Expressways 

First we observe congested states on one-lane expressways with open boundaries 
with the CMOV model. The setup for simulation is shown in Fig. 1. The system 
consists of three segments: the left and right parts are for relaxation, whose 
lengths are L1 and L 2 , respectively. The middle part with length Lobserve = lkm 
is used for measurements. 

Lobserve 

Fig. 1. The setup of an one-lane expressway with open boundaries. 
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The system has no car at the initial state. From the left side, the upper 
stream, a car is injected every second with some probability if the distance 
between the left end and the tail of the sequence of cars is larger than LlXmin. 
The initial speed of the injected car is zero. 

The occurrence of the traffic jam is recognized in the headway-velocity plane. 
In the original OV model and the CMOV model under a periodic boundary 
condition, a closed trajectory called a hysteresis loop is observed as an evidence 
of the jam flow. 

If there is no bottleneck in the system, an injected car just catches up the 
preceding car and maintains the speed. Therefore the congested flow does not 
occur. In the headway-velocity plane, the trajectory of an injected car does not 
show a loop structure. 

50 v (m/sec) 

40 

30 

20 

\0 

O~ ______ ~ ______ ~_ 
4x(m)i° 

Fig. 2. The values of the headway and velocity of a test car for !noise = 0.3. 

To observe congested states, we introduce a multiplicative noise term into 
(4). 

v(t + Llt) = [v(t) + 0: {V optimal (Llx(t)) - v(t)} Llt] (1 + fnoise~) , (7) 

where ~ E [-0.5,0.5] is a uniform random variable and the noise level is given by 
a parameter fnoise. The multiplicative form of the noise is a reasonable choice, 
because the errors are enhanced in the high speed region and suppressed in the 
low speed region. 

Figure 2 shows the trajectory in the headway-velocity plane of a test car for 
f noise = 0.3. The loop structure is clearly shown. The headway shortage created 
by the noise propagates upstream and induces the congested traffic flow. We call 
this the noise induced congested flow. 

The density is observed as the number of cars in the segment Lobserve in 
Fig. 1 par length. The time average of the density increases as the square of the 
noise level fnoise (Fig. 3). 
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Fig. 3. The average density of cars increases as the square of the noise level. 

4 Model for Two-Lane Traffic 

One of the advantage of the CMOV model is the flexibility in the sequence of cars. 
Rule-based behavior such as lane-changing can be introduced into the CMOV 
model. A model of two-lane expressways can be constructed by introducing a 
set of lane-changing rules into the CMOV model. 

Lane-changing rules consist of various elements. They have never been dis
cussed well based with observational data. Moreover, lane-changing behavior 
depends on traffic regulations and driving customs. So it is difficult to construct 
a general set of lane-changing rules (13). Here we introduce a simple and reason
able set of lane-changing rules. 

(a)Move to Fast Lane 

v 
Slow Lane ---,---,------

a:;n-vf a:;n-vp ~ 

(b )Move to Slow Lane 

Vf a:;n-vp ~e 
--,--------1----

a:;n-v a:;n-vo I ~ 

/'.xl 
f I 

/'.x I 
p I 

Fig. 4. Lane-changing rules for moving to the fast lane (a) and moving to the slow 
lane (b) . 

We introduce a set of asymmetric lane-changing rules to describe the traffic 
flow on expressways. Each car on the slow lane tries to move to the fast lane for 
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overtaking if it can not run at the desired speed because of short headway. Each 
car in the fast lane tries to move back to the slow lane if it can run at the desired 
speed or faster than the current speed in the slow lane. If the lane-changing is 
safe, the car really changes the lane with some probabilities. These lane-changing 
is synchronously preformed for all cars on the slow lane first and on the fast lane 
second at each time step before the motion described by (3) and (4). 

The lane-changing rule for moving to the fast lane is shown in Fig. 4(a). 
Consider a car running with the speed v on the slow lane. If the headway Llx 
is not enough (Llx < LlXsafe), the car wants to move to the fast lane. The lane
changing is allowed if the lane-changing is safe (Llx f > D (v), D (v) is a function 
to measure the safe distance from a current speed). If all conditions mentioned 
above are satisfied, the car changes the lane with a probability Pup' 

The lane-changing rule for moving to the slow lane is the same with those for 
moving to the fast lane except one additional rule (Fig. 4(b)). The probability 
for moving to the slow lane is Pdown. The additional rule is introduced because 
on expressways drivers are requested to run on the slow lane and are allowed to 
run on the fast lane only for overtaking. If the slow lane is clear (Llxp > LlXclear) 

and the lane-changing is safe, the car moves to the slow lane independently of 
the headway Llx. 

The rule mentioned above contains many parameters. In the simulations 
discussed here, we use the following values: 

LlXsafe 

D(v) 

and Pup = 0.8 and Pdown = 0.5. 

w 
=d+ 2 , 

= d + w (_v _~), 
Vrnax 1 

(8) 

(9) 

(10) 

In addition to the parameters included in the set of lane-changing rules, 
two parameters are introduced to the model. The first is named an acceleration 
factor !overtake. A driver changing lane to the fast lane wants to overtake the 
preceding car on the slow lane. He will accelerate beyond his usual desired speed 
for overtaking. Therefore all cars on the fast lane assumed to change their original 
desired speed to !overtakeVrnax during running on the fast lane. The second is the 
variety 8 of desired speed. The values of desired speed are assumed to distribute 
uniformly in [(1 - 8/2)vrnax , (1 + 8/2)vrnax]. 

Figure 5 shows the schematic view of the simulated system with two lanes. 
To observe the congested flow, a road segment with speed limit is installed into 
the right half of the segment L2. In the segment with speed limit, the desired 
speed Vrnax for all cars is reduced to rvrnax (r :::; 1). At an observation point, 
the flow (the number of cars passing the point) and the average speed during 5 
minutes are recorded according to the observational data for real expressways. 

First we observe the lane-usage characteristic for 8 = 0.4, !overtake = 1.2 and 
r = 0.5. The lane-usage characteristic is a ratio of the flow on the fast or slow 



Congestion Induced by Bottlenecks 217 

tniectiondl--' ----+-l-------I;bect;on 

Observation point Speed Limit 

Fig. 5. The setup of a two-lane expressway with open boundaries. 
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Fig. 6. The lane-usage characteristics for 8 = 0.4, !overtake = 1.2 and r = 0.5. 

lane to the total flow: 

qi 
ri = , 

qfast + qsiow 
i E {qfast, qfasd· (11) 

In the traffic regulation assumed in the lane-changing rules, all drivers are 
required to run on the slow lane and are allowed to run on the fast lane only for 
overtaking. The simulation result (Fig. 6) shows that the flow on the fast lane 
exceeds the one on the slow lane in the high-flow region. The reverse lane usage 
is reproduced. 

Figure 7 shows the fundamental diagram, the density-flow relation. The re
gion in the left side of the peak corresponds to the freely moving phase. The 
right region corresponds to congestion. The flow on the fast lane shows rather 
sharp peak than on the slow lane. 

5 Comparison with Observed Data 

To compare the simulation results with the real traffic flow, we show some ex
amples of observational data. The observational point locates at 170.64 km from 
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Fig. 7. The fundamental diagram for d = 0.4, !overtake = 1.2 and r = 0.5. 

Tokyo on Tomei Expressway linking Nagoya with Tokyo. The traffic flow was ob
served on lanes bound for Tokyo. There is Nihonzaka Tunnel 2km downstream. 
The data was taken on 2nd August 1996 by Japan Highway Public Corporation. 
At the observational point, a pair of induction loop coils is installed and observe 
the number of car passing the point and the average speed for 5 minutes. The 
average density is calculated with the flow divided by the speed. 

200 (al 150 (b) 
Au . 2 Aug. 3 Au. 2 Aug . 3 

150 

c 
'e 100 
~ 

50 

o 
00:00 06 :00 12:00 18:00 00:00 

100 
::; 
o 
€ 
] 
::. 50 

o~ __ ~~~~~~~~~ 
00:00 06:00 12:00 18:00 00:00 

Fig. 8. The time sequence of (a) the flow and (b) the speed observed on 2nd Aug. 
1996. The solid and broken lines correspond to the values on the fast and slow lanes, 
respectively. 
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Figure 8 shows the time sequence ofthe flow and the speed. The flow (Fig. 8(a)) 
on the fast lane always exceeds the one on the slow lane. The time sequence of 
the speed (Fig. 8(b)) shows the clear transition from the freely-moving state to 
the congested state. On the contrary to the behavior of the speed, any significant 
changes do not occur in the behavior of the flow at the transition. 

The time sequence of the speed during congestion shows strong correlations 
between the flow on the fast and slow lanes. The speed on the slow lane is larger 
than the one on the fast lane during congestion against expectations. 
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Fig. 9. The lane-usage characteristic. 

As seen in the time sequence of the flow (Fig. 8), the reverse lane usage can 
be observed in the lane usage characteristic (Fig. 9). The transition from the 
normal lane usage to the reverse one occurs at the lower total flow than in the 
simulation (Fig. 6). 

6 Summary and Discussion 

We introduced the coupled map traffic flow model based on optimal velocity 
functions by discretizing the original optimal velocity model. By temporal dis
cretization of the optimal velocity model, we can introduce a set of lane-changing 
rules to the coupled map traffic flow model. We employ a set of simple and in
tuitive lane-changing rules. 

The model is applied to an open-boundary two-lane expressway. The simula
tion can reproduce some macroscopic features , such as the fundamental diagram 
and the lane usage characteristics. The reverse lane usage, especially, can be 
reproduced by the simulation. Namely the flow on the fast lane exceeds the one 
on the slow lane. 
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One of the key issues for the reverse lane usage is the distribution of the 
desired speed Vrnax • We can observe that cars with higher desired speed prefer to 
run on the fast lane as expected. It is stressed that the variety of desired speed 
8 and the acceleration !overtake on the fast lane is necessary to reproduce the 
reverse lane usage in the simulation. The importance of the variety of cars was 
also discussed by Treiber and Helbing [14]. 

The simulation, however, does not well reproduce some of the observed 
feature in congestion. The flow on both lanes enter the congested state syn
chronously in the simulation as observed in real data. Even in congested states, 
however, the velocity on the fast lane is larger than the one on the slow lane. The 
acceleration factor !overtake affects to keep the difference of the velocity between 
lanes. 
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Abstract. The optimal velocity (OV) model of traffic flow is extended such that the 
driver receives the information not only from the preceding vehicles but also from many 
other vehicles including vehicles that follow. We investigated in the linear approxima
tion the damping behaviour of disturbance imposed on the uniform flow. 

1 Introduction 

We extend the original optimal velocity (OV) model [1] 

d2xn [( ) dXn] 
dt2 = a V LlXn - dt ' (1) 

to the following form, 

~Xn [( dXn] 
dt2 = a V LlXn+k+,"', L1Xn+l, LlXn , LlXn-l, ... ,LlXn-k_) - dt ' (2) 

where Xn (n = 1,2",,) is the position of the nth vehicle, LlXn = Xn+l-Xn is the 
headway of nth vehicle, V(LlX) is the optimal velocity and a is a constant called 
sensitivity which has dimension of inverse of time. In (2), LlXn+k+, ... ,LlXn+1 are 
headways ofthe vehicles ahead ofthe nth vehicle and LlXn-l, LlXn-2,"', LlXn-k_ 

are headways of the vehicles behind the nth vehicle. 
We call foward looking (FL-OV) model [2,3] for k+ > 0, k_ = 0, and back

ward looking (BL-OV) model [4] for k+ = 0, k_ > ° . 
All models are assumed to have the same uniform flow solution when they 

have the same headway, that is 

V(b, .. " b) = V(b), (3) 

for arbitrary b . 

2 Linear Analysis 

We study the linear stability of uniform solution Xn = 00+ V(b, b, ... , b)t. Suppose 
Yn is the small deviation of Xn . The linearized equation of Yn is 

k+ 

Yn = a[ L fkLlYn+k - Yn] n = 1,2,3"", (4) 
k=-k_ 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
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where LlYn+k = Yn+k+1 - Yn+k is the perturbation of the headway, 

a 
Ik = a V(LlXn+k+,"',LlXn,"',LlXn-L)ILlx=b (5) 

LlXn+k 

is the gradient of OV function. The periodic boundary condition is assumed. The 
solution of (4) is expanded by the modes expi(nO - wt) with 0 = 27rj/N, j = 
0,1,2,3, ... , N -1, where N is total number of vehicles. The differential equation 
(4) is reduced to the algebraic equation of w 

k+ 

-w2 =a[ L Idexpi(k+l)O-exPikO}+iw] (6) 
k=-k_ 

The sign of 1m w determines the stability of flow. If 1m w > 0 (1m w < 0) flow 
is unstable (stable) and if 1m w = 0 flow is marginal. (6) and 1m w = 0 gives 
the relation between a and O. 

[L~;;;'-L IdsinkO - sin(k + l)O}f 
a(O) = -=----.k----------''-

Lk;;;'-k_ Id cos kO - cos(k + I)O} 
(7) 

If a(O) > a (a(O) < a), the corresponding modes are unstable (stable) and 
if a(O) = a the corresponding modes are marginal. ac = {max a(O)} is called 
critical sensitivity. 

(3) and (5) give the subsidiary condition 

k+ 

L Ik = V'(b) (8) 
k=-k_ 

It is easy to see the two sets of parameters {a, Ik} and {Aa, -Xlk} (-X > 0) are 
equivalent each other. So instead of (8) we can set 

(9) 

3 Set of the Most Stable Parameters 

In FL-OV models of k+ = "', k_ = 0 and L Ik = 1, the set of parameters 

1 
IK = IK-1 = IK-2 = ... = 10 = -- (10) 

",+1 

gives the smallest critical sensitivity 

ac = 2/(", + 1). (11) 

In the other words parameters (10) are the solution of minimax problem of a(O). 
We call (10) the most stable parameter set. For the parameters (10), a(O) is 
written as 

a(O) = 1 + cos('" + 1)0 
",+1 

(12) 



Widely Extended Optimal Velocity Model of Traffic Flow 223 

Figures 1 and 2 show diagrams of (12) for r;, = 1 (ac = 1) and r;, = 2 (ac = 
2/3) . From these figures we can be convinced that (10) minimizes the critical 
sensitivity . 
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Fig. 1. '" = 1 ,h = 10 = 1/2: The circle Fig. 2. '" = 2 , h = h = 10 = 1/3 : The 
shows the critical sensitivity ac = 1 . The circle shows critical sensitivity ac = 2/3. 
instability occurs at both fJ = 0 and fJ = Dashed line shows a(fJ) with parameters 
7r. The instability at fJ = 0 (long wave h = 0.15 h = 0.50 10 = 0.35 which 
mode) is known in the original OV model. give a local minimum value of ac = 0.77. 
That at fJ = 71' (short wave mode) is new, 
which is reported first by Sawada [3] . 

In the BL-OV model with k+ = 0, k- = 1, we find 

1 
ac = 10 - 1/2 ' 

(13) 

where 'E Ik = 10 + 1-1 = 1. ac can have any small value for a large positive 
value of 10. We can not define any parameter set which gives the smallest critical 
sensitivity. 

4 Damping Behaviour of Disturbance 

We assume disturbance in the uniform flow at t = ° 
< 8Yn8Ym >= €18 nm , < 8vn8vm >= €28nm , < 8Yn8vm >= € 38nm, (14) 

where 8Yn and 8vn are disturbances of position and velocity, respectively. < . . . > 
represents statistical average. For simplicity we discuss the case of €2 = €3 = ° 
hereafter. We examine two test functions 

D(t) = L < Yn(t)2 >, (15) 
n 

and 
(16) 

n n 
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in the linear approximation. Figs. 3 and 4 show D(t) and E(t) for two models: 
the BL-OV model of f -1 = -0.5, fo = 1.5 and the FL-OV model of fo = 
0.5, II = 0.5, where we set a = 2. 
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Fig. 3. D(t): Solid and dashed lines cor- Fig. 4. E(t): Solid and dashed lines cor
respond to the BL-OV and the FL-OV respond to the BL-OV and the FL-OV 
model respectively. model respectively. 

From Fig. 3 and Fig. 4 we find 

1. The amplitude D(t) of the BL-OV model is smaller than that of the FL-OV 
model. 

2. The maximum value of E(t) of the BL-OV model is larger than that of the 
FL-OV model, but E(t) of the BL-OV model damps faster than that of the 
FL-OV model. 

In more complicated models, the backward looking has the same effect as above. 
To see this, we investigate a hybrid of the FL-OV and the BL-OV models k+ = 
1, k_ = 1. We set f-l = -0.5, fo = 1.0, II = 0.5. We compare this model to the 
FL-OV model k+ = 2, k_ = 0 of the most stable parmeter set fo = II = h = 
1/3. For these two models we set sensitivity a = 4. Fig. 5 and Fig. 6 represent 
D(t) and E(t) of these models. In Fig. 6, we can see the damping behaviour of 
the hybrid model is improved. To see global features, we study the time integral 
of test functions. 

ID(t) = lot D(t')dt', IE(t) = lot E(t')dt'. 

Figures 7 and 8 show ID(t) and IE(t) for the hybrid model and the FL-OV 
model of the most stable parameter set. 

In Fig. 7 we see the damping of the disturbance of position in FL-OV model 
is very slow. 

5 Summary and Discussion 

We proposed a wide extent ion of the OV model, which includes the FL-OV 
model where the driver obtains the information only from the preceding vehicles, 
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the BL-OV model where the driver obtains information from the vehicle right 
ahead and from the vehicles behind and the hybrid model. We investigated 
the damping behaviour of the small disturbance imposed on the flow in the 
linear approximation. It is found that the FL-OV model (k+ = 1) and the BL
OV model (L = 1) show different damping behaviours. The disturbance of 
the velocity in the FL-OV model is small at the cost of the large disturbance 
and the slow damping of position. The disturbance of the position is small and 
the damping of position is fast in the BL-OV model at the cost of the large 
disturbance of velocity. We found that the damping behaviours in the hybrid 
model (k+ = k_ = 1) and the FL-OV model (k+ = 2) have the same property. 
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Abstract. Linear and non-linear stabilities of single-lane traffic flow have been fairly well 
studied; stable, metastable and unstable states can be well defined. However, stability of 
multi-lane flow is much less understood. In this paper, we study the effects of the relaxation 
time in car acceleration/deceleration equation,and of the number of lanes on the stability to 
unsteady disturbance. Multi-lane flow is less sensitive to the strength of the disturbance; 
once a weak disturbance causes a triggering lane change, that induces successive distur
bances and lane changes, eventually resulting in randomly fluctuated flow. The road capac
ity is influenced mainly by the value of the relaxation time. 

1 Introduction 

The stability of traffic flow is important from the viewpoint of understanding fun
damental physical characteristics of the system. The linear stability of single-lane 
traffic system can be theoretically analyzed and the corresponding criterion can be 
obtained in a closed form. Bando et al. [1] formulate the linear stability criterion 
which is applicable to an optimal velocity (OV) model of any form. The state of 
single-lane traffic is subdivided into 'stable,' 'metastable' and 'unstable' ones. 
The word 'metastable' implies that the system is stable for weak disturbance, but 
unstable when its amplitude exceeds a critical value [2,5]. In the metastable states, 
a peculiar wave propagation behavior can appear; a small disturbance at first 
propagates downstream almost as an acoustic wave, then goes back to downstream 
with an increased amplitude as a compressive shock wave ('boomerang effect,' 
[3,4]. Sasoh [14] studies the effects both of the relaxation time and of the strength 
of the disturbance on single-lane traffic flow. The critical strength in the metasta
ble state is determined as the function of the relaxation time. 

Intensive works on multi-lane traffic [10,12,13,16] have resulted in better un
derstanding its basic characteristics including the existence of the so-called 'syn
chronized' state [6,7,11]. However, the stability of multi-lane flow, in particular to 
unsteady disturbance, warrants further investigations to generalize the phenomena. 
Here, we try to input new insights on the stability of multi-lane traffic flow. 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
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2 Multi-Lane Car-Following Model 

Here, we conduct a car-following simulation in order to understand the impacts of 
microscopic processes on macroscopic phenomena. The detail of the methodology 
of the present study is presented elsewhere [14,15]. We employ right-sided traffic. 
All quantities are dimensionless. The coordinate in the travel direction and that in 
the transverse one are designated by x and y , respectively. The length and width 

of car is neglected. The lane width is set to unity. Each car is labeled by a set of 
sequential numbers (i,j) (i ; temporal sequential number in Lane j counted 

from the entrance). The velocity components on x and y coordinates are desig

nated by u and v, respectively. 

2.1 Equation of Motion 

2.1.1 Along Lanes 

We use Bando et al.'s OV model [1] with a modification term being added to 
avoid unrealistic collisions [14]. 

du U(Ax)-u 

dt r 

U = f(Ax) 
f(oo) 

f(Ax) = tanh(Ax-¢) + tanh¢ + a(_I ___ I_) 
Axnl Axn2 

Ax(i, j) == x(i + 1, j) - x(i, j) 

(1) 

(2) 

(3) 

(4) 

Here, t, U and Ax designate time, effective optimal velocity and headway re
spectively. In (1) to (3), the car serial numbers (i,j) is omitted for simplicity. In 

(1), r acts as the characteristic relaxation time of the car accelera
tion/deceleration. In the right-hand side of (3), the sum of the first and the second 
term correspond to the original OV model of Bando et al; the third term is the cor
rection for avoiding unrealistic collision. ¢, a, n1 and n2 are set to 2, 0.1, 2 and 4, 
respectively. 
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2.1.2 Lane Change Rule 

A car labeled (i, j ) is motivated to change the lane as necessary reaction to the 

frontal car motion if the following condition is satisfied. 

[A] and ([B) or [e]} (5) 

[A] (6) 

[B) u(i + I,}) -u(i,}) ~ AUe < 0 (7) 

[C] u(i + I,}) ~ue (8) 

where Axe and AUe have respective constant values. 

Another criterion for the motivation of lane change (spontaneous lane change) 
is expressed as 

min{lx(i,}) - x(i',)')I] b da } ~ max(Axs ,Ax(iJ) ane ouo ry (9) 

where i', )' are the serial index number in the lane to which the car is chang

ing. 
The lane change can be completed only if the headway in the new lane is kept 

larger than a critical value, Ax[, during the whole lane change period. 

min{IX(i,})-X(i',j')llanebOUOdary}>Ax[, O<Ax[ <Axs (10) 

If either (5) or (9) is satisfied, and if the inequality (10) is also satisfied, the car 
starts changing the lane. If changes to both lanes are possible, one to transfer is 
randomly selected with an even probability. If the inequality (10) is not satisfied 
before the lane change motion starts, the car adjusts its speed in order to wait for 
the condition to be satisfied: 

du = min{Eq. (1), ao} , ao=const<O. 
dt 

(11) 

The absolute value of the lane change speed is set to constant (=vo). If the condi

tion of the inequality (10) becomes violated after the lane change motion starts, 
the car goes back to the center of the current lane with the same absolute speed as 
of vo. 
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Fig. 1. X - t diagram of single-lane flow. 

3. Alleviation of Non-Linear Disturbance 

Figures I and 2 show x - t diagrams of single lane and three-lane flows, respec
tively, under the same condition of ( .. , M )=(3,1); a disturbance is generated by the 
leading car's stop-and-go motion in Lane 1 during 10 < t < 10+ M . This condition 
corresponds to a linear instability state in the single-lane flow. In the single-lane 
flow (Fig. I), since the disturbance is rather weak, a traffic jam is formed after a 
delay. The disturbance begins to propagate as an acoustic wave. Then, the ampli
tude of the wave grows up, and eventually it makes transition to a compression 
shock wave. Therefore, the trajectory of the wave goes once forward and then 
back. This behavior is named as the 'boomerang' effect by Helbing [3]. Behind 
the compression shock, the car velocities vanish. After a while the cars re-start, 
forming an expansion shock wave. [14,15] . Between these two shocks, the cars 
experience traffic jam. 

Figure 2 shows X - t diagrams of the three-lane traffic flow. Such a serious 
traffic jam formation as appearing in the single-lane flow is not observed in the 
presented time frame. 
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Fig. 2. x - t diagram of the first lane of three-lane flow. 
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In Fig. 3, variations of the decrease in the number of cars N , which passed the 
location ofx =860, from the equilibrium value Ne are plotted. In the single lane 

case N starts to drop from Ne at the moment of the arrival of the compression 

shock wave. Past the expansion shock wave, the car flux becomes slightly larger 
than the equilibrium value. 

In the three-lane flow N drops earlier. Yet, the decrease in N becomes 
smaller than that of the single-lane flow. Therefore, in this case the instability in 
the single lane flow is alleviated by adding the extra-lanes. 

4 Effect of Relaxation Time 

Figure 4 shows the time variation of the number of cars which pass the location of 
x =860. Clear dependence of N on '(' is seen. For '(' =2, N deviates from Ne 

only slightly. With increasing '(', the decrease in N from Ne becomes increased. 

On the other hand, the effect of !1t is almost negligible. With !1t =3, N starts to 

drop from Ne earlier because the flow experiences the stronger disturbance. 

However, once the flow is fluctuated, the effect of the strength of the triggering 
disturbance become negligible. 
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Fig. 4. Time variation of N for different '(' and !1t . 
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5 Conclusion 

Multi-lane flow is more robust against unsteady-disturbance than the single-lane 
flow is. Once even a weak disturbance induces lane change, the strength of the 
triggering disturbance becomes less important. The relaxation time is influential to 
the effective flow capacity in both cases. 
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8-Figured Hysteresis Loop of OV Model 

T. Nishi and D. Takahashi 
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Abstract. In this paper, we studied about an extended version of optimal velocity 
(OV) model, which was originally proposed by Bando et al. [1] We used a '2-step func
tion' as an OV function and obtained an 8-figured hysteresis loop in phase space. We 
also succeeded in obtaining the similar hysteresis loop using a smoother OV function. 

1 Introduction 

Optimal Velocity(OV) Model, which was first proposed by Bando et al. [1], has 
been studied by many researchers. OV model is based on the following general 
formula. 

(1) 

where n denotes a car number, Xn a position of n-th car and V(L1xn) an OV 
function depending on a headway L1xn. 

The original OV function is constructed with a hyperbolic tangent function 
which reflects characteristics of human driving. Sugiyama defined OV function 
by a step function and derived an exact solution [4]. 

In this paper, we analyze a traffic flow producing from an OV function using 
'2-step function' made by superposition of two-step functions. Then we obtain 
an orbit of hysteresis loop in phase space. Since the figure of orbit is like a shape 
of character 8, we call this orbit '8-figured hysteresis loop'. Such type of solution 
is not usually observed for OV functions including only one point of inflection. 

In Sect. 3, we show numerical results about this hysteresis loop and discuss its 
stability. In Sect. 4, we show a necessary condition to obtain an exact solution of 
this loop. In Sect. 5, we modify 2-step function, use a continuous function using 
hyperbolic tangent function, and examine whether 8-figured hysteresis loop is 
stable or not. 

2 2-Step OV Function 

We use an OV function named 2-step function defined by 

(L1x < dmin ) 

(dmin :S L1x < d max ) 

(dmax :S L1x) 
(2) 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
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Its graph is shown in Fig. 1. In numerical experiments, we use a periodic bound
ary condition in space. When the car density is near 0.5, we often observe an 
orbit in phase space as shown in Fig. 2. Since the shape of the orbit is like a 
character 8, we call it 8-figured hysteresis loop. This loop means that there is 
two jam phase, one is strong (v = 0) and the other is weaker (v = Vmid). Figure 

velocity velocity 

dmin d max 

Fig. 1. 2-step function Fig. 2. 8-figured hysteresis loop 

3 shows orbits of cars, which trace the hysteresis loop. We can observe three re
gions. One is the region where cars are not moving at all. We call this region 'jam 
region'. Second is the region where cars are running in the maximum speed vmax . 

We call this region 'free driving region'. And the last is the region where cars 
are running in the middle speed Vmid. We call this region 'slow driving region' . 

Fig. 3. Orbit of cars Fig. 4. I-step function 

These three regions are quite stable and coexist for a long time. Slow driving 
region exists between jam and free driving ones. Each car changes its own region 
as jam ~ slow driving ~ free driving ~ slow driving ~ jam. The number 
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above the arrow corresponds to Fig. 2. This configuration is stable for a long 
time though it is not permanent and breaks in the end. 

The existence of 8-figured hysteresis loop cannot be observed numerically 
when we use a monotone increasing OV function with only one point of inflection. 
Moreover, we cannot observe for I-step OV function described in [4]. Figure 4 
shows orbits of cars for I-step function to compare with Fig. 3. 

3 Stability of 8-Figured Hysteresis Loop 

Next we discuss the stability of the solution. We search numerically the value 
range of drnax , drnin where 8-figured hysteresis loop appears. The range is shown 
in Fig. 5. 

(2.813. 1.287) 

dmin 

i 
dmax+dmin=4 

2.756. 1.216) . ,.. dmax 

Fig. 5. The value range where 8-figured hysteresis loop appears 

We also checked how long the hysteresis loop exists stably for each drnax , drnin. 

Its results are shown in Fig. 6. Since it takes about 400 in time for each car to 
go around the circuit, the hysteresis loop exists for more than 10 laps. 

~ d max 
1.222 1.225 1.227 1.232 1.237 1.24 1.245 1.246 

2.76 5000 4900 4700 X X X X X 
2.763 5500 5200 5000 4800 4200 X X X 
2.768 X 5700 5400 5200 4800 4300 3900 3900 
2.773 X 6600 6300 6000 5500 4800 4300 4200 
2.787 X X X X 7100 5000 4500 4400 

Fig. 6. Time range for hyseteresis loop to exist 

The reason why the loop breaks is supposed as follows. Figure 7 shows snap
shots of car positions when the loop is stable and when begins to break. When 
hysteresis loop breaks the free driving region (v = vrnax) and the strong jam 
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region (v = 0) become larger, and the weak jam region (v = Vrnid) shrinks. Then 
only jam region and free driving region are dominated, on the other hand slow 
driving region disappears, and the hysteresis loop orbit becomes another type of 
orbit as shown in Fig. 8. 

Fig. 8. Break of hysteresis loop 

4 Necessary Condition for 8-Figured Hysteresis Loop 

Next we show the necessary condition to obtain the stable 8-figured hysteresis 
loop. First we assume that a steady solution exists and it makes a general hys
teresis loop shown in Fig. 9. Moreover, let us assume the whole configuration 
of cars moves at a constant speed VSys in circuit. Under these assumptions, we 
can caluculate the amount of inflow and outflow at the point corresponding to 
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LlxJ, a, b, LlXF. These amounts must satisfy the following equation to form the 
steady solution. 

Velocity 

..1XJ a b ..1XF 

Fig. 9. Steady solution 

V(LlxJ)-VSyS _ V(LlXF)-VSys _ V(a)-vsyS _ V(b)-vsys 
LlxJ - LlXF - a - b (3) 

Since we have V(LlxJ) = 0, V(LlXF) = Vrnax , V(a) = V(b), we obtain the 
following equations. 

a=b 
LlXF (V(a) - V(LlxJ)) + LlxJ (V(LlXF) - V(a)) 

V(LlXF) - V(LlxJ) 
LlXF' V(LlxJ) - LlxJ . V(LlXF) 

LlXF - LlxJ 

(4) 

(5) 

To obtain a steady solution of 8-figured hysteresis loop, a and b must be the 
same. Therefore, the theoretical exact solution of the 8-figured hysteresis loop 
needs strict condition, a = b, and we consider the instability of numerical results 
is due to this condition. 

5 Continuous 2-Step Function 

OV functions in previous sections are of piecewise-linear type. Next we use a 
continuous OV function and verify the existence of the hysteresis loop numeri
cally. The continuous OV function is defined by hyperbolic tangent functions as 
follows; 

1[ aLlxn -2 bLlxn -4 2] V(Llxn) = - tanh + tanh + tanh-
2 € € € 

(6) 

If we take a limit € --t +0, we derive equation (2) from (6). Graphs are shown 
in Figs. 10 and 11 for different € values. 

By taking appropriate value for a and b, we again obtain 8-figured hysteresis 
loop for the range of € ::; 0.7. An example of the loop is shown in Fig. 12. 8-
figured hysteresis loop appears when density is 0.5. Orbits of cars are shown in 
Fig. 13. This 8-figured hysteresis loop lasts till 7000.0 in time. 
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0.5 

Fig. 10. Continuous OV Fig. 11. Continuous OV 
function with c = 0.5 function with c = 0.001 Fig. 12. 8-figured hystere

sis loop for c = 0.7 

Fig. 13. Orbits of cars for continuous 2-step function 

6 Conclusion 

In this paper, we used an OV function with 2-step function and showed an orbit 
of 8-figured hysteresis loop is stable for a long time in phase space. The orbit may 
put a new light on the dynamics of traffic flow. We also showed a similar type 
of loop is stable using a continuous OV function. Though we have not shown 
above step-type OV function is valid for a real traffic, we can consider the detail 
of OV function effects a global car configuration. 
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Abstract. From mass data of the Japanese highway traffic, we see the behavior of the 
traffic flow in Japan. Especially, we focus our attention on the multi-lane phenomena. 
For two-lane traffic, detailed time series of traffic variables are shown. Daily behavior 
of time series with a traffic jam event is discussed. In addition space-time plots of the 
jam is also considered. For three-lane traffic, we discuss a role of the middle lane. As a 
result, it changes according to the traffic volume. 

1 Introduction 

Following the previous article [1], we see observational aspects of Japanese high
way traffic. In order to forecast and control behavior of vehicular traffic, develop
ment of good simulation models is inevitable. For a general purpose we require 
a physical microscopic dynamical model of the traffic flow. Its validity should 
be checked by the consistency with the real observation. In this sense, an obser
vation of the real traffic is crucial for the theoretical consideration. In addition, 
from a physical point of view, the observation is also important in finding new 
interesting phenomena. 

The authors have a lot of observational data of Japanese highway traffic. The 
data were observed at about one hundred points through one year on Japanese 
highways in 1999. They consist of the time series of traffic variables which are 5 
minutes averaged flow and velocity per lane [2]. 

In this article we focus our attention on new features of multi-lane traffic. We 
will see the observational results of two areas of multi-lane highway. One is the 
Tomei highway with two lanes near Nagoya. Another one is the Meishin highway 
with three lanes near Kyoto. For the Tomei highway, we will see detailed time 
series of traffic variables and space-time plots of traffic jam. For the Meishin 
highway, we will discuss the role of the middle lane. 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
© Springer-Verlag Berlin Heidelberg 2003
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Fig. 1. Observational area: The Tomei highway from Okazaki IC to Nagoya IC. Gray 
triangles represent the observational points. 

2 Two-Lane Traffic 

First, we look the results of two-lane traffic. Especially, we see the traffic from 
Okazaki IC to Nagoya IC area, shown in Fig. 1. In the following results, obser
vations were done for the vehicles which move from the lower right to the upper 
left in this map. Gray triangles represent the observational points, at where a 
loop coil detector is built in each lane. They are labeled by "kilo post" which 
is the distance measured in kilometers from the origin of this highway, that is, 
Tokyo. In this area some parking or service areas exist. Four interchanges are 
also jointed to the highway in this area. 

It is known that a bottleneck exists near the 316 kilo post. The origin of the 
bottleneck is composite, but one of the important factors is a sag of the highway. 
When a traffic jam appears in this area, its front is formed around 316 kilo post 
frequently and it grows behind there. 

2.1 Typical Jam Event: Time Series of Velocity 

Typical time series of velocity are shown in Fig. 2. Each figure corresponds to 
time series for one day. The origin of the horizontal axis is the midnight of 26th 
November 1999. The vertical axis represents the averaged velocity with the unit 
of km/h. If the traffic flows on the figure from the left to the right and downward 
are considered as a sequel, then the upper left figure shows the upper stream of 
the traffic and the lower right one is the lower stream of the traffic. A green line 
corresponds to the data of passing lane and red one shows the data of traffic 
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Fig. 2. Typical time series of velocity. Traffic flows from the left to the right and the 
up to the down in the sequel of figure. The data for 26th November 1999 are plotted. 
A red line corresponds to the data of the traffic lane and a green one corresponds to 
one of the passing lane. 

lane. From, for instance, the figure of the 296.44 kilo post we can see the clear 
slowdown of velocities. This is a traffic jam. Similar slowdown is also observed 
in the figures from the 298.43 to the 316.23 kilo posts. But, in the figure of the 
318.35 kilo post, such behavior is hard to recognize. This fact reflects that the 
bottleneck exists near the 316 kilo post and the jam is formed from there to the 
upper stream. 
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In addition, the duration of such regions becomes longer closer to the bottle
neck. This phenomenon will be clearly seen in a space-time plot of the time series 
discussed later. The fluctuation of velocity observed in the slowdown period also 
becomes smaller closer to the bottleneck. This dependence of fluctuation may 
be caused by the stability of the traffic jam. Near the bottleneck the jam might 
be stable, but far from the bottleneck the jam is not so stable or even rather 
unstable. Because of this the fluctuation becomes larger. 

2.2 Detailed Time Series: Daily Behavior of Two-Lane Traffic 
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Fig. 3. Detailed time series of (a) velocity at the 302.93 kilo post, (b) density at the 
302.93 kilo post, (c) flow at the 302.93 kilo post, (d) velocity at the 309.62 kilo post, 
(e) density at the 309.62 kilo post, and (f) flow at the 309.62 kilo post. 

Next let us see the detailed behavior of traffic variables. Typical time series of 
velocity, density, and flow are shown in Fig. 3. Density was not observed directly. 
Thus we calculate the density k from the velocity v and the flow q as k = q/v. 
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These plots are taken from typical two kilo posts where jam regions appear. 
The units of velocity, density, and flow are km/h, vehicles/km, and vehicles/h, 
respectively. 

First, we look the time series of velocity (Figs. 3(a) and (d)). As shown in 
the preceding section, the jam period is clearly observed on both figures. In the 
case of (d), the velocity of the traffic lane (red line) is higher than the one of the 
passing lane (green line) in the jam period in contrast to outside of the jam. This 
reversing of the velocity is sometimes observed in our data. Such phenomenon 
is dependent on the traffic regulations. In Japan, a vehicle moving in the traffic 
lane can overtake one in the passing lane legally, staying in its lane. Thus the 
reversing of the velocity is possible. Outside of a jam the velocity is steady. The 
velocity in the passing lane is almost larger than the one of the traffic lane. This 
is natural because large vehicles like trucks must move in the traffic lane with a 
slower legal velocity than the other vehicles in Japan. 

From these figures, we can clearly recognize two stages in the daily behavior 
of two-lane traffic in which a jam is observed. The first one is a free flow stage 
which is characterized by a high averaged velocity and its difference between two 
lanes. The second is a jam period. It can be distinguished by a low velocity and 
less difference between two lanes. We call this state of the traffic as in the jam 
stage. 

An additional structure of the free flow period can be found in the time 
series of density shown in Figs. 3(b) and (e). In these figures the free flow period 
can be separated into additional two periods: the first one is occurring from the 
midnight to the morning of the corresponding day. It can be distinguished by 
the density difference between the two lanes and by the lower densities than 
in the other regions. We call the state of the traffic as in the free flow stage. 
Another period is characterized by the almost same densities in the two lanes. 
In addition, the values of the density is slightly larger than the ones of the free 
flow period. We call the state of the traffic as in the middle flow state. In other 
words, in the early morning, the role of two lanes is obviously specialized. On 
the other hand, in the middle flow stage, differentiation of the role of lanes is 
not clear. The two lanes are qualitatively equivalent. 

In the period corresponding to the jam stage of velocity, we find an precursor 
of jam, especially in Fig. 3(b). Precisely speaking, this precursor is appearing 
in the free flow region of the time series of velocity. A similar structure is also 
found just behind the jam region. We call these states of the traffic as in the pre 
or post jam state. These structures are not clearly seen in another time series 
of the density shown in Fig. 3(e). From other observations, these structures are 
often found near the not fully developed jam structure. They are seen in the jam 
structure with large velocity fluctuations. 

Corresponding time series of flow is shown in Figs. 3(f) and (g). In the free 
flow period, similar behavior of the density time series is observed. A remarkable 
feature is appearing in the precursor of the jam and the structure just behind 
of the jam period. In these structures the flow becomes larger than in the other 
stages. 
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Table 1. Characteristics of the daily behavior of two lanes traffic: "diff." means that 
a difference between the lanes is clearly recognized. 

I free How middle How pre/post jam jam 

velocity high, diff. - low, less diff. 

density diff. less diff. larger largest 

How diff. less diff. largest low 

To shortly summarize, daily behavior of two lane traffic can be separated 
into five stages. They are the free flow, the middle flow, the pre jam, the jam, 
the post jam stages. These features are characterized as shown in Table 1. For 
the free flow stage, traffic can distinguished by the high velocity and difference 
between traffic and passing lanes in velocity, density, and flow. On the other 
hand, in the middle flow stage, the difference becomes smaller in the density 
and the flow time series. But, in this stage, there are no notable features in the 
time series of velocity. The pre and post jam stages are quite similar. In these 
stages, the flow becomes larger than in the other stages. In the jam stage, the 
flow and velocity become relatively smaller. 

Here we see that the daily behavior can be classified into several stages. It 
is not clear whether these stages are corresponding to physical phases, since 
the present situation is dynamically generated and, in addition, it is strongly 
dependent on the boundary condition of the injection and ejection of the vehicles. 
If they are phases, we can reproduce the present behavior by a simulation of two 
lane traffic in circular roads under a fixed density condition [3]. But such behavior 
has not been reproduced up to date. This is a future challenge of two-lane traffic 
simulations. 

2.3 Space-Time Plots 

The present data were observed at every two kilo meters. Thus we can get 
information of space-time behavior of the traffic flow. The resolution of space
time data is about 2 kilometers by 5 minutes. With some interpolation techniques 
we get the space-time plots of typical jam event shown in Fig. 4. This jam event 
is same as the one of Fig. 2. The horizontal axis represents the kilo post with 
a unit of about 2 km. The ticks 1 and 14 correspond to the 296.44 and 324.61 
kilo posts, respectively. The vertical axis expresses the time measured from the 
midnight of 26th November 1999 to 1 a.m. 27th November 1999. The unit of the 
vertical axis is 5 minutes. A rectangular blank represents lack of data because 
of errors of the traffic detector. In each figure vehicles move from the upper 
left to the lower right. We can see bluish stripes with almost same gradients in 
these figures in the early morning, especially in Fig. 4(c). These stripes express 
the trajectory of freely moving vehicular bunches. The line shown in Fig. 4(c) 
corresponds to a trajectory with velocity of about 110 km/h. 
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Fig. 4. Space-time plots of density, velocity, and flow on the 26th November 1999 
from the 296.44 kilo post to the 324.61 kilo post. Original resolution is about 2 kilo 
meters by 5 minutes. This figure is plotted with an interpolation technique. A blank 
represents the error of detector. The units of color scales of density, velocity, and flow 
are vehicles/km, km/h, and vehicles/h, respectively. 
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Fig.6. Space time plots of the Tomei Highway: Other jam events observed on 6th 
August 1999, 2nd November 1999, 17th December 1999, and 24th December 1999. 



252 S. Yukawa et al. 

Look at the afternoon of that day. We can see the red regions in Figs. 4(a) and 
(b). They are representing the high density and the low velocity, respectively. 
Therefore, we can regard these regions as traffic jams. We can recognize that the 
bottleneck exists near 10 or 11 from these figures . These ticks are corresponding 
to 316.23 and 318.35 kilo posts. Magnifications of the jam structure is shown in 
Fig. 5. The origin of the time is now taken to be 15 p.m. 26th November 1999. 
Other conditions of plotting are same as the ones of Fig. 4. 

In Fig. 5 we find clear internal structures of the jam pattern. Especially, both 
in the density and the velocity portraits, it is seen that a congested region of 
reddish color and an uncongested one of greenish color appear periodically. In 
addition, such regions propagate the traffic flow with almost the same velocities. 
This velocity is the same as the one of the growing tail of jam. We can calculate 
it as -12kmjh from the figures. In the flow portrait (Fig. 5(c)), the pre and post 
jam stages are clearly seen as reddish regions. In this picture the traffic jam is 
not clearly observed. It is only recognized as a low flow region. 

We also calculate the velocity of the vanishing tails of the jam as 16kmjh 
from the figure. This velocity is dependent on the injection condition of the traffic 
flow. Thus, we expect that the velocities of vanishing tails are different event by 
event. Actually, we can observe different velocities as shown in Fig. 6. On the 
other hand, the velocities of the growing tails are almost the same, because they 
are dependent on the properties of the bottleneck, not the injection conditions 
of the traffic. 

3 Three-Lane Traffic 
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Fig. 7. Observational area: Meishin highway from Ryuuoh Ie to Kyoto Higashi Ie. 
From Rittoh Ie to Seta Ie the highway has an additional one lane. Thus from the 
459.21 kilo post to the 466.94 kilo post we can observe the behavior of three-lane 
traffic. 

Next, we see results for three-lane traffic. The observational area is shown in 
Fig. 7. In this area the highway, the Meishin highway, has a three-lane part. From 



Observational Aspects of Japanese Highway Traffic 253 

Rittoh IC to Seta IC, an additional one lane exists. In this region, we can observe 
the behavior of the three lanes traffic. In the following results, observations were 
done of the traffic flowing from the right (450.99 kilo post) to the left (476.22 
kilo post). It is already known that two bottlenecks exist near the 453.1 kilo post 
and the the downstream of the 476.22 kilo post. 

First, we look at space-time plots of traffic variables in Fig. 8. The daily 
behavior of the traffic flow on the 20th July 1999 is shown. Conditions of plotting 
are the same as ones of Fig. 4. Congested regions are observed near the two 
bottlenecks. The region near the downstream of the 476.22 kilo post is a jam, 
because characteristic internal structures of jam are recognized. This jam even 
extends into the three lanes area. The region near the 453.1 kilo post is also 
jammed. 

Next, we see detailed time series. Especially, we focus our attention on the 
three-lane behavior of the traffic flow. In Fig. 9, daily behavior of three-lane 
traffic is shown. The top figure corresponds to one of the densities, the middle 
one to one of the flows, and the bottom is corresponds to the velocity. This ob
servation was done at the 461. 77 kilo post on the 20th July 1999. The red, green, 
and blue lines correspond to the outer, middle, and inner lanes, respectively. In 
Japan the outer and middle lanes are traffic lanes. And the most inner lane is a 
passing lane. 

Let us consider the role of the additional lane from these figures. At first, 
we can see the several spikes in the density and velocity time series. The spikes 
near 16:00 represent an actual traffic jam. Another spike near 11:30 is not a jam, 
because the flow is actually zero at the same time. 

In the region from midnight to the early morning, which region corresponds 
to the free flow stage of the daily behavior of two-lane traffic, we can observe 
that the densities of the outer and middle lanes are almost the same. For the 
flow, its situation is also the same. In the velocity time series, on the other hand, 
such behavior cannot be recognized. These facts show that the middle lane and 
the outer lane play the same quantitative role in the stage of low traffic volume. 

Even though the quantitative behavior of these traffic states is similar, the 
tendency of the traffic variables density and flow is not similar between the 
middle lane and the traffic lane. Rather the behavior of the passing lane is 
similar to the middle lane in the free flow stage. The density and the flow of the 
passing lane are increasing from 6:00 to 10:00 in the same manner as the ones 
of the middle lane. 

In contrast, for the regions corresponding to the pre and post jam regions, 
the qualitative behavior of the variables are similar between the middle lane and 
the passing lane. In addition, even the quantitative behavior of these two lanes 
is also the same. In those regions, the outer lane is different from the other two 
lanes. It is remarkable that the velocity of the outer lane is not so down in these 
regions, in contrast to the middle and passing lane. At the same time, the density 
is not so high. It shows that the outer lane is less sensitive to the change of the 
traffic volume. 
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Fig. 8. Space-time plot of the Meishin Highway: (a) density, (b) velocity, and (c) flow 
behavior is shown. Observations were done on the 20th July 1999. The observational 
region is from the 450.99 kilo post to the the 476.22 kilo post. From the 459.21 kilo 
post (tick 5) to the 466.94 kilo post (tick 9), an additional one lane exists. 
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Fig. 9. Detailed time series of density, flow, and velocity at the 461. 77 kilo post. The 
observation was done on the 20th July 1999. The red, green, and blue lines are corre
sponding to the outer, middle, and inner lanes. 

We summarize the role of the middle lane as follows: In the free flow, the 
middle lane is the same as the traffic lane quantitatively. It is also the same as 
the passing lane qualitatively. In the pre and post jam stages, the middle lane is 
similar to the passing lane both in qualitative and quantitative aspects. From the 
traffic volume point of view, we can say the followings: For lower traffic volume, 
the middle lane is the same as the traffic lane quantitatively. But, for higher 
traffic volume, the role of the middle lane becomes the one of the passing lane. 
Thus, the role of the middle lane is dependent on the traffic volume. 
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4 Summary 

In this article, we see the observational aspects of Japanese highway traffic. 
Especially, we looked two observational areas in detail: For a two-lane part of 
the Tomei highway, detailed time series of daily behavior of two-lane traffic has 
been discussed. As a result, we found five stages oftraffic state in daily behavior. 
But it is unclear whether these stages are real phases of traffic flow. In addition, 
space-time plots of jam events and jams themselfs are shown. From these figures, 
internal structures of traffic jam are clearly observed. 

For three-lane traffic, we have discussed the role of the middle lane from 
detailed time series of the traffic variables. As a consequence, we find that the 
character of the middle lane is variable. At the lower traffic volume, the middle 
lane plays a similar role to the traffic lane quantitatively. On the other hand, 
qualitative behavior of the middle lane, such as hourly incremental trends, is 
quite resembling the one of the passing lane. For the higher traffic volume, the 
middle lane behaves like the passing lane both from quantitative and qualitative 
points of view. 

Here we have discussed only observational results. There is no theoretical 
interpretation nor computational study. We should develop such investigations 
based on mass traffic data analysis. Simulations of multi-lane traffic is now in 
progress by the authors. 
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1 Introduction 

Recent development of physics-based mathematical modelling of highway traffic 
has brought us to a new stage of research. For example, reproduction of overall 
shape of the q-k diagram, which itself has once been a big challenge, is now 
one of the least requirements that any good model should achieve. The interest 
for physicists has been shifted to deeper understanding of traffic behavior such 
as details of the instability near the capacity and spatio-temporal structures of 
traffic jams. Understanding them is, without doubt, important also for traffic 
controls in future. 

Now that physics-based models have matured so that their practical use for 
real-time traffic simulations is within reach. What we really need is vast traf
fic data taken at several different situations on highways. Importance of the 
observed data at this stage is two fold: First, in order to make models more 
suitable for practical use by, for example, tuning some adjustable parameters or 
taking new effects into account, numerical simulations should be compared with 
real traffic flows in detail. Second but not least, in order to distinguish phenom
ena universal to traffic flow in general and ones particular to some situations 
or regulations, which differ from country to country and from place to place, 
we need to compare traffic data taken at several different places and under sev
eral different situations such as bottlenecks of different types. Especially, in the 
case of real multi-lane traffic, traffic behavior would be affected strongly by the 
details of the regulations and the types of bottlenecks. 

So far, traffic data have been analyzed mainly from the viewpoints of traffic 
engineering. Traffic data analyzed and reported by physicists are still in a limited 
number from only a few contries, such as Germany and Korea [1]. We need much 
more. In this paper we introduce our data analysis project. In the following, we 
present some traffic data taken at several points on highways in Japan. The data 
are provided by the courtesy of the Japan Highway Public Corporation. A part 
of data has already been published as a booklet [2]. Here we focus our attention 
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to spatial variations of long-time properties such as the q-k diagrams and power 
spectra of fluctuations in flow and velocity. A detailed analysis is still in progress 
so that the main purpose of this paper is just to show some examples of the data. 

2 Setting 

A Pair of loop coils, which are separated by 7 meters, are installed at every 2 
kilometers of every highway in Japan by the Japan Highway Public Corporation. 
It records passing of vehicles over the loop coils and measures their velocity. 
Normally, the number of vehicles and their average velocity in every 5 minutes 
are recorded and archived. Thus, row data we can get are time serieses of 5 
minutes averages of flow and velocity at each location. 

Currently, we have got data for one year taken in 1999 at about 100 different 
locations in mid-western Japan, some of which are consecutive along the highway 
so that we can analyze spatial variations of the traffic flow. Among what we show 
in the following is data only of one month, i.e. from Aug. 1999 taken at Tomei 
expressway bound for Tokyo near the Nagoya interchange. The data shown were 
taken at 5 consecutive locations at 316.23, 318.35, 320.37, 322.38, and 324.61 
km measured from Tokyo. There are three potential traffic bottlenecks in that 
region: the Togo-Miyoshi interchange, the Togo parking area, and the Nagoya 
interchange located near the 316 km point, 318 km point, and 325 km point from 
Tokyo, respectively. In mid-August we have heavy traffic conjestions here and 
there in Japan, because many people move for spending the summer vacation. 
Occurence of heavy conjestion is actually seen in the traffic data in this region 
as we will see in the following. 

As for the traffic regulations, the legal maximum velocity on highways in 
Japan is normally 100km/h. In case of two-lane traffic, the outer lane is the 
driving lane and the inner lane is used for passing. 

3 q-k Diagrams and Power Spectra 

Figure 1 shows the q-k diagrams both for the driving lane and for the passing lane 
at the 5 consecutive points mentioned above. It should be noted that the density 
k is not a quantity measured directly by the loop coils but it is calculated from 
the flow and the average velocity. Effects of heavy conjestions are clearly seen. 
Moreover, the spatial development of the conjestion can be read by comparing 
the q-k diagrams for consecutive points. In the present case, the effect of the 
heavy conjection is observed just downstream of the Nagoya interchange and 
gradually weakened along the highway bound for Tokyo. The difference between 
the driving lane and the passing lane is particularly noticeable; the instability 
near the maximum capacity is much clearer in the passing lane. The spatial 
variation of the q-k diagrams like this contains rich information conpared with a 
q-k diagram taken at one location alone. It will be useful especially in improving 
mathematical models. 
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Fig.!. q-k diagrams for 5 consecutive points near Nagoya bound for Tokyo. From top 
to bottom the diagrams represent the data taken at 316.23, 318.35, 320.37, 322.38, 
324.61 km points from Tokyo. The left column is for the driving lane and the right for 
the passing lane. The abscissa represents the density k in unit of [vehcles/km], and the 
ordinate the flow q in unit of [vehcle/hour]. 
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Fig. 2. Power spectra of fluctuations in flow recorded in 5 minutes taken at the same 
points as Fig.1. Left column is for the driving lane and right for the passing lane. The 
abscissa represents frequency f in unit of 1/5min. Slopes which indicate 1/ f and 1/ f2 
are also shown as references . 
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Fig. 3. Power spectra of the fluctuations in the average velocity in 5 minutes taken at 
the same points as Fig.I. The left column shows data of the driving lane and the right 
of the passing lane. The abscissa represents the frequency f in unit of 1/5min. The 
slopes which indicate 1// and 1//2 are also shown as references. 
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Next, we show power spectra of the fluctuations. Power law, or so-called 1/ f 
fluctuation, in highway traffic was first reported in 70's by Musha and Higuchi [3]. 
After that, however, power-law fluctuations have been discussed mostly by the
oretical or numerical studies [4] and so far only a report of the observation by 
Wagner and Peinke has been an exception as far as we know [5]. Since the work 
by Musha and Higuchi was based on only a few hour's observation, much longer 
observations have been demanded. Figure 2 plots the power spectra of the fluc
tuations in the flow. Data for the same period and the same 5 points as above 
are shown. The power spectra become white at high frequencies. On the other 
hand, clear power-law behaviors are seen in both lanes in a lower frequency range 
corresponding to a length of about half an hour to about half a day. The range 
varies slightly from place to place. In spite of the long-time (one month) averages 
that were taken, power spectra are still scattering heavily so that the only thing 
we can say at present about the power law is that its power lies between -1 and 
-2. We plot two lines having slopes 1/ f and 1/ P just for references. 

Figure 3 shows the power spectra of the fluctuations in the average velocity 
for the same 5 points as before. We can see power-law behavior again. But the 
frequency range where the power-law decay is observed seems to differ more dra
matically from place to place. Interestingly, power-law behavior is most clearly 
seen at 326.14 km point, which is closest to Nagoya interchange. Detailed anal
ysis on this power-law behavior is left for future work. 

So far, we have shown some examples of long-term traffic behavior. Intensive 
data analysis has just been started so that results will be published in a near 
future. Some aspects of short-time traffic behaviors observed in the traffic data 
we have are described in the next paper in this proceedings. 
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Abstract. The local occupation probability method is shown to be useful to analyze the 
traffic flow in the cases that there are bottlenecks on roads. Concrete examples of the re
sults obtained by making use of this method are presented for the effects of a single bottle
neck on a one-dimensional road and for a crossing of two one-dimensional roads whereas 
the maximum velocity is an integer m in general (m>O). 

1 Introduction 

The rule-184 model of Wolfram has been often used in the cellular automaton 
(CA) studies of traffic flows, where each car is supposed to move forward by one 
cell, when possible, in a unit time [1]. This model has been extended to the cases, 
where cars can move forward by the maximum m cells, when possible. This ex
tended model is sometimes called the Fukui-Ishibashi model [2]. 

To evaluate the flow in these model, Wang et al. introduced the probability Pi 
that the i site is occupied by cars or, in other words, the fraction of the time when 
the i site is occupied [3,4]. They could successfully obtain the flows in various 
cases by evaluating Boolean correlation functions. 

The purpose of the present paper is to apply this method, which we call, for the 
time being, the local occupation probability method, to the bottleneck and the 
crossroad problems. 

2 Bottleneck Problems in the Multi-Unit Velocity Cases 

Let us defme the problem. Suppose cars on a one-lane circuit can move forward 
by the maximum of m cells when possible. The phrase "when possible" means that 
the cars may move only d cells if d, the empty space in front, is smaller than m. 
On the circuit there is a gate, which is opened with the probability r (see Fig. 1 for 
the location of the gate and the way of numbering cells). 

Let us denote the density of the cars, i.e., the ratio of the number of cars and the 
total number of sites on the circuit, as p. If P is very small, there will be no effect 
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of the gate and the flow will be mp. On the other hand, if the density is very high, 
again there will be no effect of the gate, because then the jam appears here and 
there, irrespective of the operation (opening and closing) of the gate, and there the 
flow is given as I-p. Therefore, the essential problem in this case is to evaluate the 
flow for the intermediate density. 

-3 -2 -1 0 1 2 3 

Bottleneck 

Fig. 1. The bottleneck between sites 0 and I. 

We consider the one-dimensional cyclic road, whose length is L, and the gate is 
located between the sites 0 and 1. Suppose that the maximum velocity is m and the 
probability of opening the gate is r. In front of the gate the jam is formed, and so 
the probabilities that the sites i (i < 0) are occupied are all the same; 

PJ = ........... = P-I = Po, (1) 

where J, indicating the length of the jam, depends upon the overall car density. 
After passing through the gate, the cars run freely and there will appear a se

quence of occupation probabilities of the period m. By simple considerations we 
fmd the relations between Po and Pi as [5], 

m-i+l pi=POr , 1 <i<m. (2) 

Among these quantities, the conservation of the probability must hold, i.e., 

Po + ............ + Pm = l. (3) 

From (2) and (3) it is seen that 

Po = 1/(1 + r + ....... + yffi) (4) 

The flow f is given as the product of the average density after the gate and the 
maximum velocity, i.e., in the present case it is equal to 

Ji, = 1 - Po = r (1 - yffi)/(I - yffi+l) (5) 

(b: bottleneck). 
Thus, the lower critical density for the jam caused by the bottleneck is obtained 

from 

Ji,=mp, 

and the upper one follows from 

Ji, = 1-p. 

For m=I the length of the jammed part J is obtained from the relation that 

(6) 

(7) 
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Jpo + (L - J)Pl = Lp . (8) 

It is easy to see that at the lower critical density the jam length is zero as it 
should, and at the upper one the jam extends to all the length L. These are all con
sistent with the previous fmdings [6]. The flow is shown in Fig. 2 as the function 
of the density for the cases m=3 and r= 0.5. 

Fig. 2. The fundamental figure for m = 3 and r = 0.5. The solid line shows 3p, 
r (1- r 3) / (1- r 4), 1- p from the low density side. 

3 The Crossroads 

The crossroad can be regarded as a kind of a bottleneck, where the eastbound cars 
disturb the flow in the northbound cars and vice versa. The difference from the 
case studied in the previous section is that in the ordinary bottleneck the distur
bance is probabilistic, while on the crossroad the disturbance will be periodical. In 
spite of this difference, we can also apply the local occupation probability method 
to the crossroad problems. 

The model is shown in Fig. 3, where the eastbound and the northbound cars 
cross at the crossing point denoted with O. The local occupation probabilities for 
the eastbound and the northbound cars are expressed with Pi and qi, respectively, 
where i indicates the site. 
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Fig. 3. Two crossing roads. Pi and qi denote the local occupation probabilities. 
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Fig. 5. The phase diagram for the case mx = my =2. The flows Ix and /y are presented as lfx , 
/y). 

The purpose here is to show the phase diagrams of the flow as functions of the 
eastbound and the northbound car densities, p and q, for the cases that the maxi
mum velocities of the eastbound and the northbound cars, mx and my, respectively, 
are equal, i.e., mx==nly=m. It is known that in such cases a phase diagram consists 
of eight regions, though they can be classified into five by considering the symme
try (Fig. 4). In the region I the cars in both direction form the free flow, in the re
gion II the cars with low overall density disturb the traffic on the other direction, 
and in the region III the jam is formed mostly by other cars in the same direction. 
In the region IV even the flow in the direction of a low car density cannot be free, 
and the region V is very special in the sense that the flows in both directions are 
the same. 

The concrete expressions of the flow in each region are indicated in the phase 
diagram for m=l (Fig. 4) and m=2 (Fig. 5), though regarding the concrete mathe
matical procedures the readers are referred to Ref. 7. It is seen that as m increases 
the region V shifts to the lower density side. 

4 Concluding Remarks 

In this paper we have shown that the local occupation probability method is a use
ful method to analyze the traffic flow in the cases that there are bottlenecks on 
roads. The obtained results for concrete examples are presented for the effect of a 
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single bottleneck on one-dimensional roads and that of the crossing of two one
dimensional roads when the maximum velocity is an integer m in general (rn>O). 

It is needless to say that this method can be used in analyses, regarding the bot
tleneck effect, of the effect of multiple bottlenecks on roads and, regarding the 
crossroad problems, of the effect of the crossing point on the phase diagrams in 
the case of an asymmetric velocities, i.e., mx > my. Studies on these problems are 
now under progress and will be published elsewhere shortly. 
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Abstract. While existing telematics services largely focus on improving mobility and com
fort, an upcoming generation of car-centric services will target vehicle and driver safety. 
Future vehicles will serve as sensors and actuators - and they will be connected by commu
nication links. In new services, information communicated from outside the vehicle or ob
tained from an adaptive map database will be used as an additional sensor for driver assis
tance - and potentially at one point for vehicle control. Utilizing higher positioning 
accuracy and reduced communication latency, telematics will enable new safety applica
tions ranging from alerting the driver about an imminent danger to active interference into 
the vehicle controls. Examples of such services are hazard warning or collision avoidance. 
Most of those applications require a sense of the environment of the vehicle as well as in
formation about the traffic ahead including cross-traffic. Telematics extends on-board sen
sors, permits to communicate intentions, and facilitates road courtesy. It opens the path to 
an application domain which we call cooperative driving. Traffic adaptive behavior and 
harmonious driving can solve the conflict of safety and efficiency in dense traffic. Coopera
tive driving is the ultimate behavior in traffic. It means to gather information and share it 
with other drivers, to adapt to the surrounding traffic and environment conditions, to inter
act with other traffic participants in a solution-oriented way, and to obey traffic rules and 
regulations. The most prominent goals of cooperative driving are to increase traffic safety 
and traffic flow. 

1 The Vision 

In the 50's and 60's visions came up reaching from automated road traffic to "fly
ing cars". These visions were inspired by the progress made in electronics and 
computer technology. Not all these dreams have come true as a view on nowadays 
traffic shows, but some of them have come closer to reality than ever. Communi
cation units and chip set for GPS (Global Positioning System) have become small, 
cheap, and are available off the shelf. Portable phones and map-based vehicle 
guidance systems have become very popular. On the vehicle side, ftrst assistance 
systems such as Adaptive Cruise Control (ACe) were developed and entered the 
market in the last two years. Well equipped with environment sensors and drive
by-wire functions, these cars can act as sensors and actuators in traffic. Now the 
point has come where connectivity of vehicles can be foreseen as a standard vehi
cle feature and substantial vehicle functions can be improved by or based on 
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communication and telematics. Autonomous driver assistance systems for auto
matic cruising, lane keeping, and lane changing up to collision mitigation or 
avoidance will be melted together with navigation and communication. New func
tions of cooperative driving will arise, which will lead to more safety and effi
ciency on the roads of the future. Thus, the vision of vehicle-supported coopera
tive traffic is no longer an unreachable goal. 

Accident statistics [1] from the German Ministry of Transportation show that 
87.4% of accidents with injured persons on German roads in 1999 were caused by 
drivers. 26.7% were caused by driving too fast and too close (with respect to the 
situation where the accident occurred). 25% of the accidents were caused by right 
of way violation or entry, exit and turning mistakes. Further 11.5% happened be
cause of wrong lane usage, or wrong overtaking or passing by. So more than 63% 
of the accidents could have been avoided or mitigated by proper and earlier reac
tion of the drivers. Cooperative Driving will assist the driver by advance informa
tion and maneuvering aid. 

Traffic safety and traffic efficiency seem to be two contrary goals in traffic. 
Where safety asks for large headway and low speed, highly efficient dense traffic 
means fast and close driving. Traffic research especially in the field of traffic 
phases (Fig. 1) led to a new understanding of traffic dynamics and enabled new 
methods of forecasting congestion patterns [2,3,4,5,6,7,8,9]. 

Flow rate, q 

(free) 
q max 

o 

Synchronized 
flow 

Density, p Pmax 

Fig. 1. Sketch from B. S. Kerner showing the synchronized flow as a third phase in traffic. 

New results in traffic research show a large potential for improvements in traf
fic flow. In [10] it is figured out that undisturbed fast and dense traffic flow is 
about 1.5 times higher than the outflow of a traffic jam. Stabilizing flow and 
damping of disturbances in dense traffic by harmonious driving can improve traf
fic flow, because there are still reserves, which are wasted today through unhar
monious driving. 

A study from the German Bundesanstalt fUr StraBenwesen (BASt) showed that 
about 85% of all road accidents are based on misjudgment, distraction and sleepi
ness of the drivers. Road accidents caused an economic loss of about DM 68 bil-
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lion in 1998 in Germany. In a ADAC study traffic jams on the German Autobahn 
are caused in 33% by accidents, in 31 % by construction sites, and in 32% by too 
much traffic. The economic loss is estimated at DM 200 billion per year. Coopera
tive driving will not only serve the driver, but will lead to a considerable economic 
benefit by traffic safety and improved traffic flow. 

The idea of cooperative driving is not all that new and earlier research pro
grams already addressed this theme. Our work started in 1988 in the 
PROMETHEUS Project (Subproject Copdrive) and was presented as part of the 
Common European Demonstrator CED 4 in Munich. Cooperative driving maneu
vers such as lane changes were carried out with manually operated radio loca
tion/orientation and communication. GPS was not available at that time. During 
the course of the project, the focus changed towards registration and communica
tion of warning messages. In the PROMOTE Project Chauffeur heavy trucks were 
coupled via distance sensors and vehicle-to-vehicle communication. The telematic 
coupling enables stable following control with short headway. In Japan, the 
AHSRA Project investigates coordinated driving through infrastructure-based 
communication and inter-vehicle communication, where we have successfully 
participated in the SmartCruise21 Demo in Tsukuba in November 2000. 

2 Introducing Cooperative Driving 

Cooperative driving is the ultimate behavior in traffic. It means to gather informa
tion and share it with other drivers, to adapt to the surrounding traffic and envi
ronment conditions, to interact with other traffic participants in a solution-oriented 
way, and to obey traffic rules and regulations. We distinguish three levels of co
operative driving: (1) cooperative information, where drivers know everything go
ing on around them, even things they cannot sense themselves; (2) cooperative 
traffic flow, where cars synchronize their drive for higher traffic efficiency, better 
fuel economy, and collision avoidance; (3) cooperative maneuvering, where more 
complex driving situations, e.g., at intersections, are resolved. 

Driving cooperatively means to gather information about weather and traffic 
trough onboard sensors, refme it by algorithms, and share it with others. Drivers 
and assistance systems have to understand the physics of traffic. They must inter
act with others in a solution-oriented way and obey traffic rules and regulations. 
Cooperative vehicle systems need a holistic view of the environment, and have to 
adapt to the surroundings. They have to behave well in given traffic situations, and 
to understand their options. Our aim is to implement vehicles that have a sense of 
traffic and can, thus, either support their drivers in behaving cooperatively and 
traffic-adaptive or act cooperatively themselves. 

The benefits of Cooperative Driving (Fig. 2) are shown by the following trian
gle of foresight, intent and courtesy. 
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Fig. 2. Benefits of Cooperative Driving. 

Telematics adds to the information of the driver and the onboard sensors of a 
vehicle by extending the information horizon of the vehicle through communica
tion. This foresight (Fig. 3) enables drivers and assistance systems to react earlier 
and adapt to the traffic around them. 
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In dense traffic and complex maneuvering situations early communication of 
intentions leaves other traffic participants more time to react by shifting the start
ing point of the reaction forward. 

To exercise road courtesy is the law (e.g., German Road Traffic Regulations, 
StVO§ 1 Basic Rules): (1) The participation in road traffic requires permanent cau
tion and respect for each other. (2) Every road user needs to act such that no other 
road user is jeopardized, harmed, or more than absolutely necessary restricted or 
troubled. 

Cooperative driving has the potential to improve traffic climate more 
than any other measure. 

3 Technical Elements of Cooperative Driving 

Key elements of cooperative driving are connected vehicles, located vehicles, and 
service centers. Cooperative vehicles must be connected to other vehicles and to 
service centers as well as to infrastructure information systems. 

Therefore, communication is the most crucial component of cooperative driv
ing. Connected vehicles have a big advantage compared with isolated vehicles. 
While isolated vehicles can only sense the obvious and control their own action, 
connected vehicles have non-sensible information from far ahead and about driv
ers' intentions at their disposal. This enables negotiation and coordination of ac
tions. 

A connected vehicle serves as a remote sensor and remote actuator. But remote 
information - at least for the time being - is not a substitute for on-board sensors. 
The most attractive use of telematics is to complement other sensors, either for 
calibration or for redundancy. The connected vehicle as a remote sensor makes 
vehicle-generated data about drivers' intentions, vehicle status and motion, and 
about the environment available to other vehicles and service centers. Safety
relevant information can be communicated directly to other vehicles in the vicin
ity. Traffic and weather-related information will be collected as "floating car data" 
in service centers and be distributed from there - potentially a new business. 
Based on the available information, the connected vehicle works as a remote ac
tuator where recommendations are carried out by the driver, when he is in the 
loop, or by the vehicle controller, when an emergency situation leaves no room for 
manual intervention. This enables warning and information systems well beyond 
today's driver assistance systems. 

The second key element of cooperative driving is the located vehicle. The con
nected vehicle needs to know its position relative to infrastructure and relative to 
other vehicles. Advanced maps and high-precision position sensing are the basic 
techniques. Positioning provides the reference frame for cooperative driving. As 
loosely-located vehicles have only a general sense of the environment, drivers or 
other sensors have to provide fme tuning and adjustments. Precisely-located vehi
cles have precise lane information and location of other vehicles and obstacles and 
can, thus, execute maneuvers on a very high level of confidence. 
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The third key element is the service center. Telematics services can deduce lo
cation iriformation from vehicles, and provide location-based traffic and position
aware safety information to vehicles. Service centers connect vehicles to other ve
hicles over time and space: Without a critical mass of equipped vehicles in a given 
area, information will be lost and ,forgotten' over time. While distributed informa
tion is attached to time, i.e., to vehicles in the vicinity and action affects cars in the 
vicinity, central information is attached to a certain space rather than just time and 
will potentially affect cars at any range. A service center is a repository for his
torical information and data deduced from many vehicles. 

4 Applications of Cooperative Driving 

The first level of cooperative driving is cooperative or advance information, where 
drivers know everything going on around them, even things they cannot sense 
themselves, potentially ahead of time, and can condition themselves to react more 
quickly and in a better and safer way. In this level, systems for optimal driving 
strategy are developed, with respect to traffic and weather situations such as low 
speed ahead because of overtaking trucks or reasonable speed reduction because 
of icy roads, snow, or fog. 

The second level is cooperative or harmonious traffic flow. This means to avoid 
detrimental behavior, where cars synchronize their drive for higher traffic effi
ciency, better fuel economy, and collision avoidance. The development of systems 
for this level is closely connected to the results of traffic theory and research. 
Driver assistance systems must behave in traffic like experienced drivers. Human 
drivers normally show a traffic-dependent behavior. They observe the actual traf
fic situation around them and adapt their driving strategy to traffic flow and den
sity and to changes of both. They adjust their following behavior and their choice 
of lane. Therefore, driver behavior in traffic has to be investigated in respect to the 
surrounding traffic and must be transformed in rules and control strategies. 

The quality of virtual drivers depends strongly on the quality of their traffic in
formation. By means of onboard sensors, information about speed and distance of 
vehicles on neighboring lanes is available. By use of this information, driving of 
assistance systems can be adapted to the local traffic situation. A forecast that ex
tends the visibility range of the driver, is reached by inter-vehicle communication. 
This forecast enables safe and comfortable driving with low emissions and less 
fuel consumption. A system called onboard traffic monitor uses sensor and com
munication information combined will calculate the local traffic situation an the 
situation ahead with the help of an onboard traffic state estimator. The adaptive 
vehicle (Fig. 4) becomes an important basic system for the future and is essential 
for harmonious driving. 



Cooperative Driving: Taking Telernatics to the Next Level 277 

Fig. 4. Adaptive Vehicle. 

If communication and driver assistance systems are used to improve traffic 
flow, one must come from macroscopic considerations to microscopic conclu
sions. The analysis of single vehicle data, especially of speeds and time gaps, is 
necessary in order to get a better understanding of following behavior and cluster
ing effects. 

Cooperative and harmonious traffic flow (Fig. 5) offers new chances for the 
stabilization of high traffic flows and for the absorption of critical, local distur
bances. Through the use of sensors, connectivity, and positioning and through 
their intelligent combination, an improvement of comfort, traffic performance, and 
safety can be achieved in dense traffic. Research work in the field of traffic
adaptive driving started in 2000 [11] and is now carried out within the INVENT 
Program, funded by the German Ministry of Education and Research. First sys
tems are aiming for improved merging procedures at bottlenecks and for the 
damping of stop&go waves. Starting with information systems, this work will end 
in adaptive adjustment of intelligent cruise control systems. 

Experiments in real traffic would be dangerous and too expensive, so the de
velopment of cooperative and adaptive systems has to be done in the first stage in 
virtual reality. Traffic simulation is essential for a better understanding of the ef
fects caused by new systems. Because traffic is an active multi-particle system, 
traffic-adaptive systems will change macroscopic properties of traffic by their 
modified microscopic behavior. Research in this field will be an important task for 
the future. 
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The third and highest level of cooperative driving is cooperative maneuvering -
which brings all of the above together. Here, more complex driving situations, 
e.g., at intersections, are resolved and drivers/cars negotiate their driving maneu
vers for higher road safety and road efficiency. Examples for cooperative maneu
vering are manifold. Assistance systems for interweaving of traffic streams on 
highways at on- and off-ramps and at lane drops are investigated. Safe lane change 
must be possible even if the sight is limited. Finding the right timeslot when mak
ing a left turn and showing that one is waiting for a long time already and that help 
would be appreciated needs communication of intentions. Cooperative systems 
must know the traffic rules which affect the right of way, zipping at bottlenecks or 
passing at obstacles. Cooperative vehicles will communicate to the succeeding ve
hicles that one intends to pass or turn or that it is safe to pass and provide informa
tion about oncoming traffic. Assistance in crossing of streets and safe crossing at 
complex intersections is the most complex goal. 

5 Some Metrics 

Most important influence factors for establishing cooperative driving are commu
nication latency and frequency, positioning accuracy, and required penetration. 

Looking at the communication latency, we fmd volatile information about ob
stacle positioning and vehicle maneuvering which must be directly communicated 
within milliseconds. Safety-relevant information on the nearby area should also be 
communicated fast and directly. Dynamics of viscid information about road and 
weather conditions as well as traffic situation lays in the area of minutes and can 
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be communicated by service centers. Information that is more stagnant such as 
road layout and vehicle dynamics can be updated at a monthly rate. 

Control applications for collision avoidance and path optimizing need a very 
high positioning accuracy of about O.lm. Alarm applications need accuracy in the 
meter range and information applications require only a rough positioning accu
racy of about 10m. The next development steps of the GPS Constellation will pro
vide the framework for alarm systems in the 2006-2008 time frame, and for con
trol application in the 2012-2015 time frame. 

Communication latency vs. positioning accuracy defmes the Position-Aware 
Safety Systems (PASS) application space (Fig. 6). 
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Fig. 6. Position Aware Safety Systems. 
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While advance information systems can be established with only some vehi
cles, especially when information centers are used, harmonious driving needs 
many vehicles to show an effect on traffic flow. The necessary penetration rate for 
cooperative maneuvering is very high. Most vehicles must be equipped with 
communication when maneuvering shall increase safety on the road. It is obvious 
that the demand for standardization increases with the penetration level. Because 
of complexity and availability reasons we will start with advance information and 
end with cooperative maneuvering. 
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6 Conclusion 

Research work has started in the area of cooperative driving, but fundamental 
challenges remain. Communication systems, world models, and assistance sys
tems have to be further developed. Drivers need predictable and liable systems as 
"little helpers" and they need always to know who is responsible for what their 
cars do. Taking care of the human-machine interface is essential for successful 
systems in the market. And a legal framework for new systems with such a high 
impact on traffic has to be generated. So, we do not have efficient and accident
free traffic soon - but we come a lot closer! 
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Modeling of Vehicular Behavior from Road Traffic 
Engineering Perspectives 

H. Ozaki 

Department of Civil and Environmental Engineering, Toyo University, Kawagoe, 
350-8585, Japan 

Abstract. This paper studies modeling of vehicular behavior from the view of road traffic 
engineering. Bottleneck phenomena at roadways are described by several observed facts. 
Simulation studies are presented with modeling of car-following behavior and human fac
tors to show reproduction of the bottleneck phenomena and their improvements by ITS ap
plications. 

1 Introduction 

Road traffic engineering needs modeling. It needs more knowledge of road traffic 
flow to realize preferable road designs and traffic controls with less real trial-and
error basis. Reliable models that are acquired through analyses can be applied to 
next sites. 

Requirements of models from the road traffic engineering are two-fold. Models 
should be accurate enough to describe real world to be applied for engineering 
purposes. They should also be easy to handle with observable parameters to sup
port decision-makings on selection of alternative plans. 

This paper discusses modeling of vehicular behavior. Special interest is given 
to the capacity bottleneck phenomena at homogeneous roadway sections. 

2 Capacity Bottlenecks on Roadways 

Capacity bottlenecks phenomena appear where traffic demand exceeds roadway 
capacity. These phenomena may reasonably occur at intersections or merging sec
tions where several streams of traffic sum up above the roadway capacity. The 
other natural examples would be lane-drop sections or lane closures where road
way capacity locally decreases compared with the upstream sections. 
However, there also exist very unreasonable bottlenecks at homogeneous road
way sections. The typical sites are vertical alignment sags and long tunnels. 
There are two phases observed at these bottleneck sites. The sites trigger the 

breakdown of flow or occurrence of congestion. They also are characterized as 
where the heads of congestion queue persist. 
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Fig. 1 illustrates vehicles' trajectories on the space-time plane. It is collected at 
Hadano sag section on Tomei Expressway when the breakdown of flow takes 
place. Sag sections tend to reduce the speed of vehicles by the increase of gradi
ent. Facing the deceleration oflead vehicles, some following vehicles try to absorb 
disturbance of flow by reducing their headways, but others do not resulting in the 
occurrence of decelerating wave which propagates upstream. 
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Fig. 1. Breakdown of flow observed at Hadano sag section, (Xing 1992). 

Once breakdown of traffic flow occurs, very low capacity is observed during 
congestion. According to the observation, capacity falls as low as 2,500 to 2,800 
vehicles per hour (vph) per two-lane at Japanese expressway. Moreover, capacity 
tends to decrease, as queue grows longer. 

Another point is low acceleration of vehicles from the head of congestion 
queue. Several kilometers are needed for speed recovery. 
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Fig. 2. Speed profiles collected by a test vehicle at Nakano sag section. 
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Fig. 2 compares three speed profiles collected by a test vehicle along ten kilo
meters where Nakano sag section locates at 62 kilo-post (kp) on Chuo Express
way. The series of speed data of three runs are collected about one hour time in
terval during congestion. It shows how the head of congestion queue and speed 
recovery profile are stable. 

Fig. 3 shows a clearance-speed trajectory of the test vehicle along the ten kilo
meters stretch observed by one of the three runs. During stop and go operation 
along the first three kilometers, speed of the vehicle is bounded as high as 40 to 50 
km/hr levels. Going through the bottleneck sag, the vehicle speed reaches 80 to 
100 km/hr after slow acceleration. 
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Fig. 3. Clearance-speed trajectory of the test vehicle (First run). 
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Fig. 4 is a schematic view of vertical alignment of Hadano sag, which locates at 
47 kp on Tomei Expressway. Vertical gradients change from -2.6% to -0.3% and 
500 meters of gradient curve is inserted for 2.3% increase, which should be mild 
enough for the road design standard. There are three vehicle detectors installed 
along the roadway. They locate at 47.5 kp, 46.6 kp, and 45.9 kp. 



284 H. Ozaki 

---I~~ Direction of flow 

-0.30% 

47.5 kp (' ') 46.6 kp 45.9 kp 
t Gradient CW'Ve * * . . 

48 47.5 47 46.5 46 45.5 

Distance from Tokyo : km 

Fig. 4. A schematic view of vertical alignment of Hadano sag. 

Fig. 5 shows the four-hour time series of I-minute volumes (two lanes for one 
direction) collected at the three detectors. Before 14 o'clock, I-minute volumes 
fluctuate, which is characterized as random arrival of traffic flow. However, after 
about 14 o'clock when the congestion starts, I-minute volume at every detector 
becomes very stable. Since there are neither entrances nor exits along the sag, vol
umes at the three detectors appear reasonably the same. 
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Fig. 5. I-minute volumes at three detectors on Hadano sag. 
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Figs. 6(a)-(c) illustrate I-minute lane-by-Iane volumes at the three sites. Fig. 
6(a) is observed at 47.5 kp, the entrance of vertical gradient curve. Fig. 6(b) is at 
46.6 kp, the exit of vertical curve, and Fig. 6(c) is observed at 45.9 kp, further 
downstream. Comparison of the three figures, one may fmd the following. 
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Fig.6(a). I-minute Iane-by-Iane volumes observed at 47.5 kp. 
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Fig.6(b). I-minute lane-by-Iane volumes observed at 46.6 kp. 
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Fig.6(c). I-minute lane-by-Iane volumes observed at 45.9 kp. 
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- Before congestion occurs, more vehicles use the passing lane. The flow rates 
on the passing lane fluctuate and are sometimes very high. On the contrary, usage 
of the shoulder lane is less and rather stable. 

- Very high rates of one-minute flow are temporally observed on the passing 
lane at 46.6 kp (the exit of the sag) before the start of the congestion. 

- At around 14 o'clock, a very dense vehicular platoon arrives at 47.5 kp, which 
is estimated to cause the breakdown of flow at the sag. 

- After congestion develops, rates of flow on both lanes become similar and 
stable. Lane change actions gradually take place at downstream of the sag. 

Fig.7 compares I-minute average speeds at the three sites. It shows that after 
congestion occurs, speed is very stable and site dependent. 
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Fig. 7. I-minute average speed at the three sites. 

Following are the summaries of several facts learned from various observations 
on Japanese expressways. 

- Sags with mild enough gradient change tend to become capacity bottlenecks. 
However, congestion hardly occurs at sags where change of gradient can be easily 
perceived. 

- There is slight difference in queue discharge flow among lanes, which implies 
that lane changes are less around the bottlenecks. 

- Capacity gradually decreases after captured for long period. It is estimated 
that the period of time caught in the queue has some effects on the capacity reduc
tion at the bottleneck. 

- Good lighting atmosphere improves capacity, which is observed at bottleneck 
tunnels after sunset. It is also observed that at bottlenecks sags capacity becomes 
larger after sunrise. 

- Another interesting phenomena is observed at clearance works after accidents. 
Accidents may produce bottleneck also at an opposing direction. This is consid
ered to be related by the drivers' "looking aside at-site". 

All those observations indicate that there are some human factors related to the 
bottleneck phenomena at homogeneous roadway sections. Since drivers' percep-
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tion to identify vertical gradient change is not reliable at mild enough sag sections, 
they might drive as they would do on level sections. There may be some delay in 
fmding gradient increase. 

If we consider the drivers' perception to estimate speed or spacing inside tun
nels, lighting condition should affect miss-estimation. It would also be reasonable 
to estimate that drivers' actions to follow lead vehicles fall into unintentional de
lays to react by looking aside at accident sites, and some may lose intention to 
keep proper headway to their lead vehicles after captured into congestion for long 
time period. 

3 Modeling of the Phenomena 

This section describes the hypothesis of driver's factors that effect bottleneck phe
nomena at homogeneous roadway sections. Then it is applied with a proposed car
following model to simulate traffic flow around vertical alignment sag. 

Car-following behavior has been extensively studied since 1950's. It has been 
proposed a notable car-following model, called "GM model", which describes the 
acceleration of the follower as relational to relative speed [1]. 

where 
VF = speed of the follower, 
VL = speed of the leader, 
S = spacing between the follower and the leader, 
T 1 = reaction time lag to relative speed, and 
a, 1, m are parameters. 

(1) 

Koshi et al. pointed out that desired speed or spacing should be considered on 
actual car-following behavior and they are more effective at congested situations 
around bottleneck sections [2]. 

Considering the so many previous studies, Ozaki proposed an elaborated car
following model for level roadway sections [3]. It has three terms to describe the 
followers' acceleration as (2). 

The three terms imply response to relative speed, response to deviation from 
the target spacing, and adjustment to follow the behavior of the lead vehicle, re
spectively. In effect, (2) appears that two terms are added to the model (1) . 

• 
VF (t) = VFl (t) + VF2(t) + V F3(t) (2) 

(3) 
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• 1 • 
VF3(t+T3)=cS'--h ·VL(t) 

[Set )] 

where, 
j(VF) = function of target spacing when the speed offollower is VF , 

T 2 = reaction time lag for response to deviation from the target spacing, 
T 3 = reaction time lag for response to lead vehicle, and 
(J,o,n, h are parameters. 

(4) 

Parameters of the model are calibrated with observed data collected on con
gested situations on the level roadway. 

3.1 Influence of Vertical Gradient 

Considering the facts observed at roadways, it is hypothesized that drivers delay 
their adjustment to mild enough vertical gradient change. This hypothesis is mod
eled by that drivers are able to adjust the vertical gradient 8 where they drove at 
time T grad before. It is modeled that optional deceleration term (5) is added to the 
elaborated car-following model (2) at time t as: 

- g [ sin8(t) - sin8( t - T grad) ] 

where, 
g = acceleration of gravity, 
8(t) = vertical gradient at the point vehicle passes at time t and 
T grad = delay in adjusting to vertical gradient. 

(5) 

Along the constant gradient section, this term is not effective. At sag section, 
since the gradient gradually increases along the gradient curve, this term reduces 
the output of acceleration by the car-following model (2). 

3.2 Simulation Study-l 

The purpose of the simulation study is to confIrm whether the modeling of hy
pothesis induces persistent capacity bottleneck at sags. 

The simulation starts with the initial vehicle that enters a sag section which 
models Hadano sag on Tomei Expressway with constant 30 kmIhr. Then it starts 
acceleration to the assigned fmal target speed. The positions of the start of the ac
celeration are controlled by three cases; entrance and exit of the gradient curve, 
and center of the two positions. The fmal target speed is either 60, 90, 120 kmIhr. 
All the rest followers are assumed identical; they follow their leaders according to 
the elaborated car-following model with delayed compensation of the gradient 
curve increase by fIve seconds. 

Input conditions of the simulations are summarized as Table 1. 
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Table 1. Input conditions of simulation study-I. 

Items 
Roadway 
A sag 

Arrival flow 
Initial vehicle 

Input conditions 
I-lane with no overtaking 
2.3% gradient increase 
500m gradient curve 
uniform, 1500 vph, 30 kmlhr 
accelerates from the sag 
V I Target (target final speed) = 60, 90, 120 kmlhr 
XaStart (position of acceleration start)= 

Entrance, Middle, Exit of gradient curve 
Followers the elaborated car-following model 
Compensation lag T grad = 5 seconds 

3.3 Simulation Result-1 

Trials of simulation result in that the head of congestion queue and queue dis
charge flow become stable. It is also confirmed that vehicles uniformly start ac
celeration from the sag. 

The results are found to be independent on the behavior of initial vehicle. Fig. 8 
shows a comparison of the speed profiles of 500th followers. Three profiles, al
though they may not be distinguished, are simulated under target speed of the ini
tial vehicle is either 60, 90, or 120 kmIhr. 
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Fig. 8. Comparison of the speed profiles of SOOth followers. 
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4 Application of ITS 

Since the bottleneck phenomena at homogeneous roadway section are related with 
human factors, services of intelligent transport systems (ITS) may assist to allevi
ate the problems. One of the possibilities would be assistance of drivers' operation 
by intelligent cruise-assist vehicles. 

Cruise-assist vehicles can maintain target speed or target time headway to keep 
flow rate at car-following operation by precise measurements at real time basis for 
less reaction time lags. It may also be achieved by inter-vehicle conununication if 
information of lead vehicles is provided to followers at real time. It would attain a 
good support for human limitation on perception and operation [3]. 

4.1 Simulation Study -2 

This section presents a study on the introduction of cruise assist vehicles to allevi
ate sag bottleneck phenomena [6]. 

Simulations at a sag section are tried with random participation of cruise assist 
vehicles among unequipped normal vehicles by human operation. 

Cruise-assist vehicles are assumed to try to follow the leader by 1.6-second tar
get headway. The simulations aim to study the possible occurrence of the conges
tion. The arrival vehicles form platoons of 80 vehicles that enter the sag section 
with constant speed of 80 kmIhr. 

Table 2 is the sunnnary of input conditions of the simulations. 

Table 2. Input conditions of simulation study -2. 

Items ---
Roadway 
A sag 

Input conditions _-;:-:-__ 
I-lane with no overtaking 
2.3% gradient increase 
500m gradient curve 

Arrival flow 2000 vph average, 80 kmlhr 
25 sets of platoon (80 vehicles) + gap 

Speed limit 80 kmlhr 
CA vehicles target headway = 1.6 sec 

target speed = 80 kmlhr 
penetration rate = 0,20,40,60,80,100% 

Normal vehicles the elaborated car-folIowing model 
Compensation lag T grad = 5 seconds 

4.2 Simulation Results -2 

The trials of simulations resulted that a sag bottleneck still appears under low 
penetration rate of cruise-assist vehicles. However, total breakdown of flow is al
leviated by the growth of penetration rate. Figs. 9(a) and (b) show the speed pro
fIles of a vehicle along the way. With low penetration rate of 20%, there still per-
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sists capacity bottleneck at the sag, however with higher penetration rate of 40%, 
only the slight reduction of speed is observed. 
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Fig. 9(a). Speed profile of a sampled vehicle with penetration rate of 20%. 
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5 Conclusion 

In this paper, purposes and some example applications on the modeling of road 
traffic flow is reported relating to the capacity bottleneck phenomena. It is con
cluded as follows: 

1) Road traffic engineering needs usable models with several requirements and 
purposes. 

2) Congested flow is generated by reasons at downstream bottlenecks where 
demand exceeds capacity. 

3) Sags or tunnels can be exceptional bottlenecks on homogeneous roadway 
sections, where human factors have effects. 

4) Bottleneck phenomena at sags are regarded due to the misperception & de
layed reaction to vertical gradient increase, and are simulated by car-following 
models with additional deceleration of delay on gradient compensation. 

5) Medium rate of penetration of cruise-assist vehicles hopefully has good pos
sibility to alleviate sag bottlenecks 

Further research on traffic flow should be explored both from theoretical and 
practical point of views. 
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ITS and the Revolution of Automobiles 

Y. Noguchi 

Toyota Motor Corporation 

Abstract. In this paper we discuss, how cars, roads and information are going to change 
oneself and consequently, what kind of revolutions the society would receive. Further we 
show how Toyota is going to cope now and in the future with the rapidly changing world. 

1 General Discussion 

First, the market size related to Intelligent Transport Systems (ITS) in Japan is 
shown in Fig. 1. As shown in the bar graph, the service market is expected to ex
pand substantially from year 2000. The market will double it's size every 5 years, 
and in 2005, 330 thousands new jobs are supposed to be created, and furthermore 
in 2015, 1 million 70 thousands new jobs will be offered. 

Fig. 1. Market Size ofITS Related Information; Communication Area of Japan. 

Notable fact is that the market size of services surpasses the size of the system 
market and the in-vehicle devices market. As a whole, the accumulated market 
size until 2015 will be 60 trillion yen. And as much as 100 trillion yen economy 
ripple effect is expected. 

The first stage of automobile performance history was the improvement of the 
fundamental performances such as driving, steering and stopping. And it pro
gressed in the improvement of comfort. Recently, emphasis is put on safety and 
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environment aspects. And hereafter, the age comes when information performance 
of automobile is required. In other words, the car changes it's role from the status 
symbol to an indispensable moving space. Eventually, the day will come when 
everything we do at home can be done in the car. 

ITS (Intelligent Transport System) is the next generation of transport systems 
as a whole. It is expected to solve the current transport problems brought by auto
mobiles. The cars and roads will be equipped with information and communica
tion systems. ITS is expected to solve problems like traffic accidents, traffic jams 
and environmental pollution with the help of intelligent cars and intelligent roads. 

The following three aspects are considered to be the main features of ITS. 
First is about the social and public aspect, the enhance of convenience and 

comfort by solving the various problems caused by automobiles. 
Second is about the product aspect, providing more competitive vehicles with 

higher functionality. 
Third is about the new business aspect, the exploration of new businesses by 

developing systems of high-level usage. 
In the 21 st century information performance in addition to safety, environmental 

friendliness and driving performance, is very important. Information performance 
will not be solved or improved by the car itself. The concerted relationship be
tween cars and road infrastructure is essential. 

Figure 2 shows 5 major areas where Toyota is involved in the ITS business. 
The first field is Car Intelligence (center of the chart). Here intelligence is given 

to the car itself. 

ITS Business Field 

Fig. 2. 

The second field is Car Multi-media (upper left of the chart), showing the busi
ness development based on car navigation systems. 

The third area is about Facilities (lower left part), dealing with ETC and its ex
panded services. 

The fourth field is about Logistics (lower right part), aiming to a more effective 
transportation of goods and vehicle operation management. 
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The last part is about Transport (upper right part), dealing with new regional 
public transport systems. 

2 The Car Intelligence 

The development steps giving more functions to the car are shown in Fig. 3. The 
vertical axis shows the level of traffic management while the horizontal axis 
shows the level of social infrastructure. Higher level of traffic management and 
higher level of social infrastructure will make the car itself more intelligent or lead 
to autonomous and more intellectually powered car. In other words, the car itself 
changes from the current status to a car that gives information to the driver, assists 
the driver, and guides itself depending on the surrounding traffic condition. 

Fig. 3. 

One of the most notable products of Car Intelligence that was already intro
duced in the market is Radar Cruise Control launched in 1996. When a car that is 
running with preset speed (determined by cruise control), is going to overtake a 
slower moving car, the cruise control unit calculates the distance between the cars 
by radar and decelerates the car speed to follow the car in front with constant dis
tance. If the car in front leaves the driving lane of the car, the following vehicle 
accelerates to the original speed. This is called a clever intelligent auto cruise con
trol. It is well accepted by the customers and more than 50,000 units were sold up 
to now. 

The product called "Back Guide Monitor" was launched last January. This sys
tem not only shows the backward view, but also tells the driver how to steer trying 
to park the car. It is very convenient to those who are not good at parking cars. 
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3 Car Multimedia 

The car navigation sales recently increased dramatically in Japan. Last year, alone 
I million 950 thousand units were sold, and accumulated sales have reached 7.8 
million pieces. This is the world's highest penetration rate. 

The accumulated sold number of Vehicle Information and Communication Sys
tems (VICS) that provides road and traffic information to the car navigation sys
tems, reached 2.8 million units. Now each car navigation out of two is equipped 
with VICS. It has become very popular and familiar. 

The system image of Monet (Mobile Network) is shown in Fig. 4. Since 1997 
various information for car drivers have been provided on demand and in real 
time. Latest information is provided responding to the user's request on the moni
tor screen or by voice through a digital mobile phone. 

"Live view" of the roads, "weather forecast", "restaurant guide", "e-mail" and 
"parking guide" are typical current services of Monet. Internet is also accessible. 
The basic contents were substantially enriched compared with the original one at 
the beginning. 

Fig. 4. Monet (Mobile Network). 

Emergency Reporting Systems or so called Mayday Systems provide informa
tion like the location of the car or the driver ID in case of the explosion of the air
bag or by pressing a button automatically to the rescue center that then informs the 
police or fire department. This is done irnrnediately after traffic accidents or cases 
like that. 

In several oversea markets, this kind of service is already in operation by or
ganizations. In Japan, related governmental agencies and private companies are 
preparing to introduce similar services, and the Japan Mayday Service Co. Ltd 
was established and launched its service last September. Toyota participates in this 
company as a major equity owner. 
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4 Facilities 

In this field, the infrastructure plays a major role. ETC or Electronics Toll Collec
tion used on the expressways is a typical example. Fig. 5 shows the image of ETC 
systems used on highways. Automatic toll collection of the traffic fee is executed 
by communication between tollgates and vehicles. Actually more than 35% of the 
high way congestions take place at the toll plazas. The system is expected to re
duce traffic jam, exhaust emission and other pollution around the tollgates sub
stantially. 

System Image 

Fig. 5. ETC (Electronic Toll Collection System). 

ETC is a rather new system in Japan. The system has just started. But some 20 
countries mainly in Europe and North America already use this system. Also in 
Asian countries as Malaysia, China and Singapore have already started the ser
vice. But the norms of the system have not been standardized yet. For example, 
there are many frequencies for the communication and furthermore there are ac
tive and passive methods even at the same frequency. Besides, there are tag 
method and IC card method as onboard equipment as well. Consequently, it is re
quired to install specific onboard equipment for each to pass the different gates 
smoothly. A unification of standards for a common usage has now become the ur
gent task that has to be solved. ISO is investigating the standardization of the 
norms, and it is expected that 5.8 GHz frequency would be the international stan
dard. 

The introduction of ETC in Japan will proceed and cover 75 percent of the traf
fic on the highway in 2003. The time will come soon when almost all toll plazas 
will be equipped with ETC. 

Toyota's on-board units and roadside systems are shown in Fig. 6. Two types 
of on-board units are provided, a built-in-type and a retrofit-type. The infrastruc
ture has been developed as well, resulting in total systems with high performance 
and high reliability. 
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On-board Unit/Road Infrastructure 

-~~~ 

Fig. 6. ETC (Electronic Toll Collection System). 

5 Logistics 

Transportation efficiency of commercial vehicle is decreasing year by year while 
the amount of traffic jams is increasing. And consequently, transportation costs 
become a big burden for the society. On the other hand the demand or volume of 
transportation is expected to grow continuously. So, it is considered as one of the 
world's urgent problems to be solved. To fmd a revolutionary solution is consid
ered to be our responsibility. 

Our taxi operation control system is shown in Fig. 7. It combines communica
tion and car navigation. It is named TIME-t, which stands for Toyota Intelligent 
Mobility Enhancement for taxi, and was launched 3 years ago. 

At the taxi dispatch center, the system perceives the location and operation 
condition of each vehicle and delivers the most appropriate car to the customer, or 
the center leads the vehicle to the most appropriate road so that the customer will 
not have to wait too long. Consequently, it provides merits to customers, taxi 
companies and taxi drivers. 

The followings effects occur after introducing our system at a Taxi Cab Com
pany in Toyota city. 

• Increase of efficiency of reception and cab delivery operations. 
• Time saving : 35% 
• Efficiency improvement : 2.5 times 

(35 deliveries to 90 deliveries per hour) 
• Decrease of man power in the delivery center 

(17 persons to 9 persons) 
• Increase of safety and customer service. 

• Substantial decrease of accidents, and decrease of waste of time. 
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TIME·t INTELLIGENT MOBILITY ENHANCEMENT for TAXIS 

Fig. 7. High Performance Vehicle Motion Management System. 

The system shown at Fig. 8 is called TIME-d (TIME for delivery). The purpose 
of this system is to increase the efficiency of the operation circle by utilizing 
communication. The operation circle includes all points between merchandise de
livery and fee collection. This system was introduced to increase the efficiency of 
filling up merchandises in automatic venders 3 years ago. 

Fig. 8. Intelligent Mobility Enhancement for Delivery. 

By TIME-d, the driver is informed about the inventory condition of the vender 
machine by PHS, and all he has to do is filling up, when he reaches the automatic 
vender. Sales data are automatically sent and collected and further more even a 
production plan can be created. 

The following effects raised by a local Coca Cola Bottler who is actually using 
the system. 

• Improvement of operation : + 17% 
• Increase of vender machine units per driver: + 27% 
• Increase of sales by better stock management. 

Another similar system called TIME-w is provided by Toyota. Here "w" means 
welfare. It connects welfare facilities and delivery vehicles by cellular communi-
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cation, and makes it possible to send and return persons to and from facilities 
smoothly, safely and comfortably. 

At the facility, operators can locate the vehicle and receive information about 
the condition of the persons in the vehicle at real time. So they are able to instruct 
immediate changes of routes or give appropriate treatments according to condition 
changes of the persons. The system is actually being used at a welfare facility for 
older people in Toyota city. 

TIME-b is also another similar system. Here "b" stands for bus. To support the 
community buses, this intelligent bus location system was developed and now is 
in operation. At the bus stop, the customer can easily see where the next bus is and 
how long it takes until its arrival. Moreover the system responds to the customer's 
phone inquiry at the bus stop and tells him the information by synthetic voice, so 
that he does not have to wait long even in hot summer, cold winter or in heavy 
rain. 

Figure 9 shows a system distributing the built cars. Communication devices are 
positioned in the carrier trucks. The operation control center and the distribution 
center are networked. By this system, dynamic control of both, carrier trucks and 
loaded vehicles is realized. In this way, the system provides efficient, high level 
distribution. It is only an example. Toyota provides similar systems to various in
dustries and businesses, and contributes in an efficient, sophisticated distribution. 

Fig. 9. Distribution System. 

6 Transport 

New transport systems by utilizing ITS have been developed. Today many new 
transport systems that should be suitable for the next generation are investigated 
actively in the world. "Intelligent Multi-mode Transit System (lMTS)" and "EV 
Commuter Shared Use System" have been developed as new types of public 
transport systems for the purpose of improving the entire transport systems. 

The system image ofIMTS is shown in Fig. 10. It includes the merits of trains 
and buses. It is designed for economic and flexible public transport systems for 
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medium range and medium volume traffic. In this system, the vehicles automati
cally drive in platoons on the dedicated road in the main-lane like trains on the 
rail, while on ordinary roads the driver manually drives each vehicle. It is a com
pletely new concept traffic system, used in two ways. 

System Concept 

2 2 2 

Fig. 10. Intelligent Multimode Transit System (MTS). 

Wide range usage such as access to the airports or other towns and inter city 
transport in rural areas is expected to be effective. For example, it is considered 
useful by traffic measures in the area of the Expo 2005 that will be held in the 
Aich Prefecture. 

IMTS has a cost advantage over other new traffic systems. Construction costs 
of other new traffic systems are said to be 4 to 5 billion yen per kilometer. On the 
other hand, those of IMTS are estimated to be 1 to 2 billion yen depending on the 
situation. In addition, ordinary mass production buses can be used for IMTS. So, 
concerning the vehicle itself, IMTS is half to one third less expensive than the us
age of trains. Also, by changing the unit number of convoys in busy periods and 
idling periods such as in the morning or evening, IMTS can save operation cost 
without reducing the operation frequency and convenience. 

The vehicle goes along the road lane automatically, sensing the magnetic nails 
embedded in the road. Driving information of the vehicle ahead is transmitted to 
the following vehicles by vehicle-to-vehicle communication technologies. Also, 
relative speed and distance between the vehicles are calculated. By these systems, 
the entire convoy goes smoothly without clashing. Stop, departure or separating 
the vehicles in a convoy is operated by the direction of the control center and 
communication between the road and the vehicles. 

Various experiments have been conducted in our R&D facilities in Higashi-Fuji 
since 1998. IMTS proceeded to actual use in April 2001. In Awaji Island IMTS is 
now in operation. Like these examples, IMTS has been developed based on Toy
ota's technologies that have been acquired in the course of pursuing the develop
ment of the intelligent car. 

Figure 11 shows the shared personal commuter system called "Crayon". It util
izes a small electric vehicle for a personal commuter. The operation experiment 
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started using two passengers EV called "e-com" which was exhibited at the Tokyo 
Motor Show in 1997. The system was introduced to leave free cars in the specific 
area such as sight seeing places, business zones and so on. Also, a shared use of e
com has been introduced in a suburban area of Tokyo as a project of the Ministry 
ofIndustry and Trade (currently Ministry of Economy, Trade and Industry) since 
January 200l. 

Fig. 11. Crayon - Image of Use. 

7 Mitigation of Traffic Congestion 

As referred earlier, the efficiency of transportation is decreasing substantially be
cause of traffic congestions and transportation costs have become a big burden to 
society. A Solution for the problem especially in the urban area is an urgent mat
ter. In order to contribute much more to the mitigation of traffic congestions, the 
three key technologies, which have been developed by Toyota, should be pointed 
out. 

The first one is the technology of traffic forecast. This means, more informative 
information for the drivers; 

1) W ill the congestion get worse or better? 
2) How long will it take to get through the congestion? 
In order to accomplish these requirements, it is important to improve static and 

dynamic information and develop a simulation technology based on these 
information (Fig. 12). To do this, a closer public/private cooperation and de
regulation such as openness for various information are indispensable. 
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----
Fig. 12. Traffic Prediction Method. 

The second one is the so-called network navigation. This concept consists of 
the optimum route guidance executed by infrastructure side such as an information 
service provider. Such a provider always has to have updated map database, many 
static traffic related information, and gather plenty of dynamic information from 
various sources. Then a forecast of traffic phenomena is possible. This must result 
in better solutions for flow disperse and congestion mitigation. The private sector 
should devote the technical development and the public sector should make in
formation to be open to society. 

The third one is TDM (Traffic Demand Management) including capable infor
mation. For the better traffic flow dispersion, not only space but also the time-axis 
consideration is needed. To do this, a seamless information service at home, at the 
office and at kiosks as well as in the automobiles is essential. And obviously its in
formation should be accurate, fresh and reliable. It makes traffic demand shift on 
the time axis, and helps inter-modal transportation as a whole. 

In addition, it is considered that the application of the above mentioned tech
nology for commercial vehicles is much more effective to improve traffic, because 
the logistics of commercial vehicles is one of the causes for urban traffic conges
tion, while the demand of the goods transportation will surely increase. In addition 
in the urban area in particular, the concept "inter-modality" would be the best can
didate to provide smart solutions of traffic related problems. 

8 Effects Brought by ITS 

Various efforts which were referred earlier and positive attitude of both, govern
ment offices and private sectors for the development of ITS will have fruitful re
sult in 2010. The achievement of the projects shown in Fig. 13 and ITS will spread 
widely in the society and furthermore will change society substantially. 
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Fig. 13. Comprehensive Plan for the Promotion of ITS. 

What will ITS bring to the society? Four major areas, according to the VERTIS 
which is now ITS-Japan and if various themes of ITS penetrate and spread in the 
society, the following situations will be realized. 

First, in the area of safety: Mortal traffic accidents will be reduced to half of the 
current level in 30 years. 

Second, in the area of smooth traffic: Traffic jams will be reduced to one fifth 
of current level in 20 years. 

Third, in the area of environment: Fuel economy of vehicles will be improved 
by 15 percent, C02 emission will be reduced by 15 percent, and also NOx in the 
city zone is expected to be reduced by about 30 percent in 30 years. 

Fourth in the area of new business: It is expected that new industries will create 
about 60 trillion yen in the next 20 years. 

9 Closing 

Although there are many problems to be solved, the 21 SI century is believed to be 
the one of dreams where the problems are solved one by one. These problems, in
ternational or domestic, government matters or private matters should be solved 
for the purpose of realizing a truly affluent traffic society. 
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Abstract. Within the area of transport telematics, systems like adaptive cruise control sys
tems (ACC-Systems), early warning systems, etc. are developed or improved. Recently 
ACC-Systems are launched into the market, so the penetration rate will increase in the fu
ture. ACC-Systems were researched very detailed by using microscopic models or by field 
tests with a limited number of equipped vehicles. The expected impact of this systems on 
the traffic flow was shown by microscopic analysis for different penetration rates. Because 
macroscopic models are able to simulate the traffic within real time, these models are used 
within model based traffic management systems instead of microscopic models. But macro
scopic models cannot model the effect of systems with vehicles using adaptive cruise con
trol, which have an direct effect on microscopic variables. What we are missing now are 
methods for modelling the impacts of such systems on the traffic flow on the level of mac
roscopic modelling to be able to consider these impact within traffic management systems. 
In this contribution an existing macroscopic traffic flow model will be extended with suit
able macroscopic terms to be able to consider the impact of these systems on the traffic 
flow. 

1 Introduction 

Adaptive Cruise Control (ACC) concepts have been widely developed during the 
past decade and are launched into the market by only a few car manufacturers. 
The main objective of these concepts are the enhancement of driving comfort. 
That means from the view of the driver, a ACC-System has to keep automatically 
a desired distance to the car in front. To give a safety feeling to the driver the dis
tance should depend on the speed. To reach this aim the driver has to give a de
sired time headway 00, which will be used to calculate a speed dependent distance 
to the car in front. 

A ACC-Radar device measures the distance to the car in front and calculates 
the time headway 8=dx v -J. Then the ACC-System adapts by acceleration or de
celeration the determined time headway 8 to the given time headway 80. But 
maximum acceleration and deceleration are, because of comfort aspects, limited to 
+2 ms-.? and -3 ms-J• Therefore the ACC-System is at current time only useable for 

1 The contribution was done at Technical University Hamburg-Harburg, Denicke Str. 17, 
21073 Hamburg 
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free motorway traffic with v>40 kmh-'. Because detailed analysis of the ACC
System is not intention of this paper the calculation of relative speed and relative 
distance to the car in front etc. are not given in detail. 

I{<H lilr -sysl em 

Fig. 1.1. Concept of the ACC-System. 

The ACC-System harmonises the distance between vehicles and as an indirect 
effect the safety within the traffic is increases. But harmonising the distances be
tween the vehicles means also the changing of driver behaviour within the traffic 
flow. It means further that traffic flow will be influenced if several vehicles are 
equipped with such a system. That means in another words, that the ACC-System 
has a direct impact on the driver's behaviour such as the driving distance, the ac
celeration, ... (and other microscopic indicators) and each change in the driver's 
behaviour or in the microscopic indicators causes changes in the behaviour of the 
vehicle collectives such as the traffic density, the traffic volume, ... (and other mac
roscopic indicators). 

IDD 
----------------
10lJ ~ 

Fig. 1.2. Influencing the traffic flow by several ACC equipped vehicles. 

The two parameters 80 (the given time headway) and E (penetration rate: per
centage of equipped vehicles within the whole traffic) reflect the impact of the 
ACC-System on the traffic flow. 

In previous studies with the aid of different traffic simulation models, the ef
fects of the ACC on driving behaviour, acceptance and safety were studied de
tailed. In these studies also the effects on the traffic flow at high penetration rates 
were researched detailed by simulations. However less attention has been paid 
considering the effects of these systems within future traffic management systems 
for the case of increasing penetration rates. 

Because macroscopic models can simulate the traffic flow within real time, 
these systems are used within model based traffic management systems like in 
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model based dynamic speed limitation systems on motorways. Microscopic mod
els are not applicable within such on-line control systems, because they require 
high computing resources and the computing speed depends on the number of ve
hicles within the simulation network. Because there exists no macroscopic model, 
which can simulate the impact of ACC-Systems on the traffic flow, the goal of 
this contribution is to extract the impact of ACC-Systems on the traffic flow and 
to describe the impact at the macroscopic modelling level. 

The adaptive cruise control systems however cannot be modelled directly on 
the level of macroscopic modelling, because these systems have an direct effect on 
microscopic variables like distance behaviour, vehicle speed, vehicle acceleration 
/ deceleration, which cannot be modelled direct within macroscopic models. But 
changes within microscopic variables causes changes in the fundamental diagram, 
which is the base of most macroscopic models. The caused changes in the funda
mental diagram were shown in previous studies. 

In this contribution an existing macroscopic traffic flow model (SIMONE -
SImulation of MOtorway NEtworks) will be extended with suitable macroscopic 
terms to be able to consider the impact of these systems on the traffic flow on 
macroscopic level. This model is used currently within traffic management sys
tems at Rhein-Main-Area and at the northern of Munich in Germany. 

Because data are needed to analyse the macroscopic impacts of ACC-Systems 
and because there is no possibility to get data with high penetration rates from 
field sites, a microscopic model (MIKROSIM) was used to generate such data by 
microscopic simulations. Because the used microscopic model has to provide the 
possibility of realistic (detailed) reproduction of acceleration / deceleration proc
ess, a Wiedemann based microscopic model is used here. 

2 U sed Traffic Flow Models 

2.1 Microscopic Traffic Flow Model (MIKROSIM) 

MIKROSIM was developed at the department of automation and control theory at 
the University Hamburg-Harburg for simulating inner-urban street networks. The 
model is based on the linear car following model of Wiedemann. The model is 
based on the assumptions, that 
- the process of traffic is given as a sequence of situations, 
- each driver in a given situation has several action alternatives, which can create 

different subsequent situations, 
- each driver selects under considering his intention an alternative course of ac

tion, 
- The model of Wiedemann is limited to single-lane motorways without track 

switching possibility. This model was extended by lane changing possibilities 
for roadways with n-Ianes, so that traffic can be modelled more realistically. 
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2.2 Macroscopic Traffic Flow Model (SIMONE) 

SIMONE was developed at the department of automation and control theory at the 
University Hamburg-Harburg for fast simulations of motorway networks. The 
model is based on the non-linear model of Payne. On the basis of the continuity 
equation of traffic, Cremer developed an empirical relationship for the temporal 
course of the average speed on motorways (2). 

For modelling a motorway, the selected motorway section is divided into sev
eral sections, the so-called segments, with a length of several hundred meters. 
Within these segments traffic conditions are regarded as homogeneous. With the 
aid of the average traffic density, average speed and traffic volume the traffic on 
the respective segment is characterised. For the characterisation of the traffic on 
the total regarded motorway section, these variables are evaluated for all segments 
within this motorway section. 

For the description of the temporal course of traffic in a segment two dynamic 
relations in time-discrete form are used. The fIrst one is the continuity equation of 
traffic 

ci(n+l) =ci(k) + :. [Qi_l(k)-Qi(k)+ri(k)-si(k)]. 
I 

(1) 

This equation means, that the number of vehicles in the regarded segment 
changes during the time interval kT S t S (k + I)T only with the number of on

coming and off going vehicles from the ramps (T is the simulation time step and k 
is the index for the current time step). This is the continuity equation in time
discrete form. 

The second dynamic equation is an empirical relationship for the temporal 
course of the average speed 

(2) 

in the segment i with the constants 
• Relaxation constant [s] indicates the time, which a driver collective re

quires, in order to adapt its driving behaviour to the surrounding traffic 
density, 

u Sensitivity factor [veh.2/km] indicates, the sensitivity of the model to re
act to the foreseen traffic density, 

Ie Reducing factor [veh./km] reduces the strong influence of too low values 
of traffic density, 

V(cJ Speed-density relationship. 
The traffic volume is calculated as a weighted average value at the end of the 

segment by using of the average density and average speed in the neighboured 
segments 

(3) 
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whereby a (0 S; as; 1) is a further model parameter. 

In nearly all macroscopic models, so also in SIMONE, the assumption is made, 
that in the stationary state of traffic the average speed is a function of the density -
speed-density characteristic or VC-characteristic: 

(4) 

with the model parameters 
VI average free speed at free traffic flow, at c::::(), 
Cmax maximal average traffic density at congestion, 
/, m Parameters, which restrict the form ofVC-characteristic, 
UJ Restriction of the free average speed at speed limitations. 

In the literature different forms of the VC-characteristics or the fundamental 
diagrams are known. Thereby it is differentiated between single and multi-phase 
diagrams. The traffic simulation model SIMONE exhibits a single-phase 
fundamental diagram. 

3 Macroscopic Modelling of the Impact of ACC-Concepts 

3.1 Limits of Analytical Approaches 

For this the following differential equation system should be considered (equation 
of the ACC-System) 

d d 
mear -vet) = K2 -dx(t) - K1dx(t) + K1v(t).9o, 

dt dt 

d 
- dx(t) = V n+l (t) - v(t) , 
dt 

with mear mass of vehicle, 
v(t) vehicle speed, 
vn+lt) speed of vehicle in front, 
Kf, K2 damping factors of ACC-System 

for n vehicle with the conditions 
- 100 % of vehicles are equipped with ACC-Systems 
- speed range of ACC-System is {O, vmaxl 
- there are no lane changing manoeuvres. 

(5) 

(6) 

The stationary state (balance state for t -7 oc) of the differential equation system 
is then given by (all derivatives are zero) 

dx = v(t)8o and v(t) = vn+! (7) 



310 C. Demir 

Traffic density is reverse proportional to the distance between the vehicles 

(8) c=---
lear + dx lear + v.90 

Converting this equation to v it follows 

1 lear v=-----. 
c.9 o .90 

(9) 

To avoid non realistic values for v at very low traffic densities the following limi
tation for v will be introduced 

for v > VI 

for v S VI . 

F or the traffic volume the following equation is still valid 

q = vc. 

(10) 

(11) 

Both, average speed and traffic volume are given in the following figures for a 
density range of [0,200 veh./km] and for 00 = 0.6 sec. (for one lane). 

"'.:'-" -------------, 

"':-) ---::'::"---=:--~-=~.lOO C1t..) ---:,,~") ---!""))---:,""~:-, -----l!I 

rraf'!c denSity Iw;h Ikm} 

Fig. 3.1. The impacts of ACC-Systems on the VC-diagramm and on the fundamental dia
gramm. 

The analytical modelling approach is limited because 
it can only considered traffic scenarios with 100 % penetration rate 
lane change manoeuvres cannot be considered 
real system behaviour of ACC (only useable for [vo, vmaxl with vO »0) cannot 
be considered 
real traffic goes into congested state before reaching the stationary state of con
troller (ACC-System) 
Because it is not possible to derive the impacts of ACC concepts on the traffic 

flow by using analytical methods, a simulation based modelling approach is used 
here. 
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3.2 Simulation Based Modelling Approach 

Because analytical approaches are not suitable here, traffic data, including ACC 
impacts, are needed to analyze the impact of ACC on macroscopic variables (traf
fic density, average speed, traffic volume). But ACC was recently introduced, so 
there are no traffic data available, which includes high penetration rates, which is 
needed for impact analysis. Therefore the mentioned microscopic model is used as 
real traffic environment, to generate the required traffic data. 

For this the algorithms (5) and (6) of the ACC-System are integrated into the 
microscopic model. Appropriate traffic scenarios are defmed, which include tran
sitions (free flow -7 congested flow, congested flow -7 free flow) and simulated 
with different combinations of (8o, e). Macroscopic variables/indicators will be es
tablished and the dependencies of the macroscopic indicators from 00 and e will be 
determined. The approach is shown in the following flow diagram. 

Define an appropriate traffic scenario, which 
includes transitions (free flow ~ congestedflow) 

and (congested.flow ~.free flow) 
I • • I Microscopic simulation of defined scenario I ~. Microscopic simulation of defined 

with different combinations of (9 0 ,&) scenario without ACC-System 
I I • Establishing of macroscopic indicators which 

influenced by (9 0 ,&) .,. 
Determination of the dependency of the 

established macroscopic parameters 
from (9 0 .&) by using of microscopic 

simulation results ... 
Optimisation of the determined parameter 

Fig. 3.2. Simulation based modelling approach. 

3.3 Generating of Traffic Data with ACC-Systems by Microscopic 
Simulation 

I 

Because ACC systems were developed only for motorway traffic, these systems 
are switched off automatically for the inner-city street network. This happens in 
that way, that the systems are switched off at speeds less than 40 kmIh. That 
means, that these systems are also not applicable within congestion's on motor
ways. In the case of switching off, the driver is warned optically or acoustically, in 
order to take over the driving manoeuvre. 
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In order to prevent that the ACC controller is switched on and off permanently, 
if the regarded vehicle oscillates around this velocity, here a hysteresis is intro
duced. For example the ACC controller is switched on, if the speed is larger than 
vo+ 1 [km/h] and switched off, if the speed is smaller than vo-l [km/h]. 

In the following, simulation results with different equipment degrees E and time 
headways 80 will be generated, to get a wide base for the further analysis. 

Penetration rate ofvehic1es E [% 
Time headway's Do [sec.] 

Table 3.1. ACC parameter for the simulation scenarios. 

At the selection of the simulation scenarios great importance was attached to 
the dynamic processes (free flow, congested flow, transition from free to con
gested or from congested to free flow) within the traffic flow, so that the funda
mental diagram could be generated as completely as possible. 

In the Fig. 3.3 it is determined, that low equipment degrees do not have sub
stantial effects on the dynamics of the traffic flow or on the relations between the 
macroscopic traffic variables, independent of the time headways of the ACC con
troller. At higher equipment degrees and small time headways the rate density 
characteristic is in so far modified that at higher traffic densities higher average 
speeds are possible. This becomes apparent in the fundamental diagram (Fig. 3.3) 
as an increase of the maximum traffic volume of the measurement point or as an 
increase of the road capacity. At larger time headways the average speeds are less 
than that at the scenario without ACC controller. This becomes again apparent in 
the fundamental diagram as a reduction of the road capacity (Fig. 3.3). 
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MIKRJACC ~ 0.6soo 
MIKRJACC 6 3.0sec 
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Fig. 3.3. Fundamental diagram at lower and higher penetration rates (10%,100%). 

The efficiency of the road is thus increased by the adjustment of smaller time 
headways or smaller following distances and reduced by the adjustment of larger 
time headways. The ACC controller caused increas or decreas of the road effi
ciency leads to the situation, that the congestions dissolve faster or more slowly 
than on normal conditions without ACC controllers. 

The analysis of the microscopic simulations has given the following results: 
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- The ACC-System has no impact on the average speed within the free traffic 
flow 

- The ACC-System has no impact on the maximum traffic density within conges
tions 

- The ACC-System changes directly the average following distances between the 
vehicles and therefore indirectly the traffic volume 

- The ACC-Parameters (time headway and penetration rate) cause not only a lin
ear but also a non-linear change of the traffic density 
The basis of modelling traffic flow on the macroscopic level is the fundamental 

diagram. This describes the collective driver behaviour of the individual driver
vehicle-units. That means, that each modification in the behaviour of the driver
vehicle-units becomes apparent in a modified fundamental diagram. Since the 
ACC systems imply a direct modification of the distance behaviour of the individ
ual driver-vehicle-units, this can be considered macroscopically by using a new or 
an adapted fundamental diagram. The distance behaviour of the individual driver
vehicle-units is shaped thereby by the time headway and the modification degrees 
of the collective distance behaviour is shaped by the penetration rate of all vehi
cles. A very low penetration rate of (I %), e.g., compared with a penetration rate of 
(80%), would cause no substantial modification of the collective distance behav
iour or also the fundamental diagram. 

The VC characteristic is certainly described by the average traffic density, 
maximum traffic density within congestion and by the average speed for free flow. 
Microscopic investigations showed that the ACC systems have neither with low 
nor with high equipment degrees effects on the average speed for free flow vehi
cles. Also the maximum traffic density within a congestion is not influenced by 
using the ACC controller, because the system is switched of automatically in stop 
and go traffic and also within congestions. The following distances between the 
vehicles are reduced or increased by the application of the ACC controller, de
pending on the adjustment of the time headways. The average following distance 
of the vehicles is reverse proportional to the average traffic density, so that the 
traffic density for smaller time headways is increased and reduced for larger time 
headways. This effect is considered here by the introduction of the parameter iii. 
The adjusted time headways cause in connection with the penetration rate of the 
ACC controller not only a linear, but also a non-linear modification of the traffic 
density. Experimental investigations showed that the non-linear correlation be
tween the traffic density, maximum traffic density and the average speed can be 
described exponential. Therefore a second parameter li2 is introduced here into the 
analytical description of the fundamental diagram to describe the non-linear influ
ence of the ACC controller on the quotient between traffic density and maximum 
traffic density. 

(12) 
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3.4 Parameter Optimization 

The parameters J11 and J12 are optimised for each ACC parameter set, which is 
given in the Tab. 3.1, with the aid of microscopic simulation results. As quality 
functional here the mean square error was selected 

1 1 S-l K-l 
gC!4.,f.12)=-- L L «v/k)-v/k))2+a(q/k)-q/k)i), 

S N j=1Jk=O 
(13) 

in order to reduce the deviations between the macroscopic simulation results and 
the real traffic data - produced with MIKROSIM - to a minimum. The parameter 
thereby means: 
v/kJ real measured (within microscopic model) local speeds at the k-th time 

step andj-th segment, 
v j (k) within macroscopic model estimated local speeds at the k-th time step and 

j-th segment, 
q/k) real measured (within microscopic model) local traffic volumes at the k

th time step and betweenj-th and (j+l)-th segment, 
qj (k) within macroscopic model estimated local traffic volumes at the k-th time 

step and betweenj-th and (j+l)-th segment 
a Balancing factor between different error ranges of values for average 

speed and traffic volume, 
K Number of simulation time steps, 
S Number of segments within the considered road section. 

The balance factor was determined by pre-simulations and analysis of real data 
for the parameter v and q as a =0.0008 by Cremer and is also used within the cur
rent optimisation. 

After the optimisation of the parameters J11 and J12 for each individual ACC pa
rameter set £ and °0 , these parameters can be represented as functions J11 = f( °0, £) 

and J1?= f( Om £) of the ACC parameters. 
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Fig. 3.4. 3 dimensional graph of the parameter sets of 111 and 11,. 
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The analytic form of these functions can be finally determined by two
dimensional interpolation and can be represented as follows 
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(14 

with 111ki from the Tab. 3.1 and 

112(~,E)=P2(~,E)= ± fLtLfl1~i (15) 
k=O i=O 

with l1~i from the Tab. 3.1. 

3.5 Simulation Results 

After the determined polynomials l1iOo' £) and 112(00, £) were integrated into the 
macroscopic model SIMONE, simulations with the ACC parameter oo=0.6sec., 
00=2.0sec., £=30% and £=70% were evaluated as an example scenario. The results 
are given as follows 
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Fig. 3.5. Simulation results for Do=O.6sec. and Do=2.0sec. 

At smaller time head ways an improvement of the traffic conditions - faster 
dissolution of congestions - is already obtained with small to middle penetration 
rates. A further increase of the penetration rate does not give a substantial gain 

At larger time headways, with low penetration rates, less improvement of the 
traffic conditions occurs. This can be explained by the fact that on the average the 
kept time headways - of the normal driver - are not substantially influenced by 
low penetration rates and the vehicles equipped with ACC controller have less in
fluence on the harmonisation of traffic flow. With high penetration rates however 
the average value of the time headways increases, so that, due to the slower reac
tion of the vehicles among themselves the dissolving of traffic jams lasts longer. 
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4 Conclusion 

ACC-Systems will come up more and more with new cars into the market, so the 
impact on the traffic flow will increase with increasing penetration rates (increas
ing number of ACC-equipped vehicles within the traffic). These impacts are ana
lysed very detailed with different penetration rates by using microscopic models. 

Because microscopic models (with detailed reproduction of the accelera
tion/deceleration process) are not appropriate to be used for model based on-line 
traffic control systems (e.g. variable speed adaptation on motorways), macro
scopic models are used for such systems. But there exists no macroscopic model, 
which is able to model the impact of ACC-Systems on the traffic flow. 

In this contribution an existing macroscopic model was extended to consider 
indirectly the impacts of ACC concepts on the macroscopic level of traffic flow 
modelling. The simulation results of the extended macroscopic model show that 
modelling the impact of ACC-Systems on the traffic flow could be done without 
great deviation to simulations at the microscopic level. 

Simulation results also show, that lower time headways increase the traffic flow 
rate and higher time headways decreases the traffic flow rate. Until a certain pene
tration rate the traffic flow rate is increasing and higher penetration rates give no 
more benefit. 

Optimisation capabilities exist, e.g., within the validation process of the ex
tended model with data sets (including ACC-Systems) from field sites. 
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A Cellular Automaton Model for Dynamic 
Route Choice Behavior in Urban Roads 
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Abstract. Traffic flow of cars making trips from an origin (0) to a destination 
(D) on two-dimensional two-way roads is studied using a cellular automaton model. 
The crossings are at every Cr site in the square lattice road and drivers turn at the 
crossing in order to arrive at their destination through the shortest route from the 
present position. As for driver, two kinds of drivers are defined. When they can't 
advance through the shortest route by the congestion on the road, (1) the dynamic 
driver immediately changes the advancing direction at the crossing and (2) the 
static driver does not change the direction to keep the shortest route, but finally 
changes the route after waiting for Ts time-steps. The traffic flow is simulated by 
the CA model of these road systems, and effects of the route-choice behavior of the 
drivers on the occurrence of a traffic jam are investigated. It has been found that 
the static drivers become the seeds for the global jam even if they are less and the 
supply of traffic information to the drivers can avoid the occurrence of the global 
jam by the encouragement of detours around the congestion. 

1 Introduction 

For traffic flow on a two-dimensional city road, Biham et al. [1] have proposed 
a one-lane CA model with two kinds of cars advancing perpendicularly to each 
other. Their model has a phase transition of the first order type between the 
free moving phase and the jam phase. Cesta et al. [2] have extended the 
model by the introduction of stochastic turns of the cars. Honda et al. [3] 
have proposed a bi-directional traffic model on two-dimensional two-lane city 
roads with four kinds of cars able to turn stochastically to three directions 
and found a sort of continuous transition. In the present study, we propose 
a deterministic traffic model with cars making a trip in the two-dimensional 
area of a two-lane road network and apply two kinds of drivers with different 
route-choice behavior, in order to investigate the effects of the route-choice 
and the supply of traffic information on the traffic flow. 

2 Model 

Two-way urban roads are expressed by a two-dimensional two-lane square 
lattice. The crossings are at every Cr sites in the W x W square lattice. Two 
cars advancing to the opposite direction can be contained in a cell. A crossing 
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can contain two cars as well. The driver begins a trip from an origin (0), i.e. 
an arbitrary site in the two- dimensional lattice to a destination (D) which 
is LJ.Dx and LJ.Dy (-W x :::; LJ.Dx :::; W x and - W y :::; LJ.Dy :::; W y) apart 
from the origin. The cars advance obeying the rule-184 CA model (Fig. 1). 
The drivers turn at a crossing in order to arrive at the destination through 
the shortest route from the present position. When deviations of the present 
position of the car from the destination are denoted as LJ.x and LJ.y for x
and y-directions, respectively, the turning rule of the car at the crossing is 
defined as follows. 

When LJ.x > LJ.y, the driver chooses routes in order to decrease the de
viations by the order of (!)x-direction, @y-direction, and @-y-direction or 
@stays there if he can't go ahead (Fig. 2). As for driver, two kinds of drivers 
are defined in the system; 

(1) dynamic driver (Nd: number of the driver, waiting time at the cross
ing:Ts=O) who immediately changes advancing direction at the crossing when 
he can't advance through the shortest route because of congested road. 

(2) static driver (Ns: number of the driver, waiting time :Ts>O) who does 
not change the direction to keep the shortest route, but finally changes the 
route by order of (!)-@ after waiting for Ts time-steps. The static driver 
behaves ini the same manner as the dynamic driver when Ts = O. On the 
roads, cars are driven by the dynamic driver or/and the static one. The ratio 
of the number of dynamic drivers to the total number of drivers is defined as 
Dr=Nd/(Nd+Ns). 
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0 1\ ... 
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Fig. 1. CA urban roads. 

3 Simulation and Results 

Turning ru1cs at crossiDg 

When ilz> ily, 
driver cbooIes routes 
in ftlIIowiDg order; 
I) Route(D ~ 
2) Route ~ (j) 
3) Route~ .... If--=-----....I--
4) Slay there 

Fig. 2. Turning rule at the crossing. 

The traffic flow is simulated in the two-dimensional lattice of W =36 with 
periodic boundary condition and the origin 0 and destination D of the trip 
are randomly set on the road within Wx=Wy=36. Cars start from the origin 
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and go to the destination through the square lattice road. When a car arrives 
at the destination, the car disappears from the road and a new car appears 
in an arbitrary site. Thus the number of cars is conserved. 

First, the car density dependency of the the mean velocity of the cars for 
various waiting times Ts( =0-6) in a road system, where the distance between 
the crossings Cr is unity, is simulated and shown Fig. 3. In the low-density 
region of the car, the dynamic car (Ts=O) moves freely with velocity=l by 
quick turning at the crossing. Whereas, the velocity of static cars waiting for 
non-zero time-steps (Ts>O) decreases linearly as the density increases. When 
the density is over a critical density, the mean velocity decrease abruptly and 
the traffic flows go into congested states. For dynamic car with Ts=O, the 
local jam appears here and there in the road system and the mean velocity 
is not zero, whereas the congested state becomes a global jam with a small 
velocity for cars with Ts>O. 
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Fig. 3. Mean velocities of cars of various waiting times Ts (=0-6). 

Next, the effects of the various distances Cr between the crossings are 
studied. When all drivers are static ones (Ts=oo) and their density increases, 
the traffic flow transits to a global jam and the mean velocity of the cars 
abruptly goes to zero like a first-order phase transition (Fig. 4(a)). The tran
sition density becomes lower as Cr becomes smaller. When all cars are the 
dynamic ones, the velocity for Cr>3 decreases gradually and the road system 
does not go down to the global jam (Fig. 4(b)). 

Next, when both types of drivers are driving the cars, velocities and traffic 
flows of both drivers have been studied. They are shown in Fig. 5 for various 
ratios Dr of the dynamic driver and Cr=4. The velocity of the dynamic 
driver is larger than that of the static driver in every Dr (Fig. 5(a)). When 
the drivers are all dynamic, they advance keeping away from traffic jam and 
the global jam is prevented. If static drivers (Ts=oo) appear in the drivers 



322 M. Fukui, T . Yosida, and H. Oikawa 

static driver : or. =00 

~~ j 

: , , 
0 .8 , 

I i , , : , , f .~0.6 
g en. ~ , , I , 

Oi 
;. 0.4 

0 .2 

o 
o 

1 

0.8 

, f : 
, 

, , , 
I , I , , I 

' I 
, .. , I I . ' , , , ' ... 

0.2 

dynamic driver 

~. 

~ 
~:c.:. 

'I -.::. 

! 
.CI'- 2."" .. 4 

lIer· 6 lQ;:,.111 

I congestion 
! 
1 , 
I 
I 

O" d . 0.6 en81ty 
0.8 

; I 

+Cr=2 
-Cr=4 .. . XCr=6 

'~0.6 
~ 

, .... ;;:: . . . . ;(Cr=12 

.... : .. ~ .. . , . .. :."'-- ~AI. ! ,- . . 0.4 

...... wo.", .~ . .. . ~':. '~40 . 

I 

I 

j-- -
I- i-
1- -
t- -

, 

0.2 . ".~~ k 
~ 

0.2 0.4 0.6 0.8 
density 

Fig. 4. Velocities of (a) static cars and (b) dynamic cars on the urban road with 
various distances (Cr=2,4,6,12) between the crossings. 

pool, they produce a deadlock on the road and the traffic jam appears. The 
static drivers induce the global jam even if they are less, because they become 
the seeds for the jam. 

The relative traveling time and the number of cars of both drivers arriving 
at the destination in the case of Ts=4, Dr=O.5, and Cr=l are shown in 
Fig. 6. The relative traveling time is defined in comparison with the time 
needed by a car for the journey in the free flow. In the low-density region 
under the jam transition, the relative traveling time of the dynamic driver is 
smaller than that of the static one (Fig. 6(a)) and the arrival number at the 
destination is also larger for the dynamic car than for the static ones (Fig. 
6(b)). The results indicate that the dynamic driver can successfully arrive at 
the destination by avoiding the congestion. In the high-density region above 
the jamming transition, no differences are found for both the traveling time 
and the arrival number of both drivers. 

When the ratio Dr of dynamic driver varies at a fixed total density p=O.2 
with Cr=l and Ts=4, the variations of velocities and relative traveling times 
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Fig. 5. Individual velocities and total flows of both drivers for various ratios Dr 
and Cr=4. 

are shown in Fig. 7. Here, the total density p=O.2 is fixed at a density below 
the jamming transition if Dr=O.5, as indicated in Fig. 6. The results show the 
fact that a jam does not occur and the traffic flow can increase in the road 
system, if the ratio of the dynamic drivers Dr increases, whereas the jam does 
occur if the ratio of the dynamic drivers Dr decreases. This indicates that the 
supply of traffic information to the drivers may be effective in a traffic flow 
management. 

We have simulated the traffic flow in the urban roads expressed by a 
CA model with the route-choice behaviors, where cars make trips from an 
origin to a destination in the two-dimensional two-way roads. Two-types of 
drivers: a static and a dynamic driver, behaving differently when turning at 
the crossing on the road. (1) the dynamic driver who immediately changes 
its advancing direction at the crossing when he can't advance through the 
shortest route because of a congested road. (2) the static driver who does 
not change the direction to keep the shortest route, but finally changes the 
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Fig. 7. Velocities and relative traveling time for various ratios Dr at a fixed total 
density p=0.2, Cr=1 and Ts=4. 

route after waiting for Ts time-steps. Drivers turn at a crossing in order to 
arrive at the destination through the shortest route from the present position. 
Simulations on the velocity of the cars, the relative traveling time, and the 
number of arriving cars have been performed in the various ratios of two 
kinds of drivers and densities of cars. the effect of the route-choice behaviors 
of the drivers on the traffic is investigated. It has been found that the traffic 
flow is improved, when the ratio of the dynamic driver increases. The static 
driver becomes the seed for the global jam even if he is less and the supply of 
traffic information to the drivers can avoid the occurrence of the global jam 
by encouraging of detours around the congestion. 
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Abstract. The paper reports laboratory experiments on a day-to-day route choice game 
with two routes. Subjects had to choose between a main road M and a side road S. The ca
pacity was greater for the main road. 18 subjects participated in each session. In equilib
rium the number of subjects is 12 on M and 6 on S. Two treatments with 6 sessions each 
were run at the computerized Laboratory of Experimental Economics at Bonn University 
using Ratlmage [1]. Feedback was given in treatment I only about own travel time and in 
treatment II on travel time for M and S. Money payoffs increase with decreasing time. The 
main results are as follows: Though mean numbers on M and S are very near to the equilib
rium, fluctuations persist until the end of the sessions in both treatments. The Fluctuations 
are smaller under treatment II. The effect is small but significant. The total number of 
changes is significantly greater in treatment I. Two response modes can be observed: A di
rect response mode reacts with more changes for bad payoffs whereas a contrary response 
mode shows opposite reactions. Subjects' road changes and payoffs are negatively corre
lated in all sessions. 

1 Introduction 

Understanding individual travel behaviour is essential for the design of Advanced 
Traveler Information Systems (ATIS), which provide real-time travel information, 
like link travel times [2,3]. However, the response of road users to information is 
still an open question [4-6]. Moreover it is not clear whether more information is 
beneficial [4]. Drivers confronted with too much information may become over
saturated in the sense that information processing becomes to difficult and users 
develop simple heuristics to solve the problem [7]. 

Drivers may also overreact to information and thereby cause additional fluc
tuations. Thus, the behaviour of the drivers has to be incorporated in the forecast 
[4,5,8]. ATIS can reduce fluctuations only if behavioural effects are correctly 
taken into account. 

The Literature reports a number of experiments on route choice behaviour 
[5,6]. Here we focus on the route choice in a generic two route scenario, which al
ready has been investigated in the literature [9,10]. However our aim is to present 
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experiments with a large number of periods and with sufficiently many independ
ent observations for meaningful applications of non-parametric significance tests. 

If one wants to investigate results of day-to-day route choice which can be 
transferred to more realistic environments, it is necessary to explore individual be
haviour in an interactive experimental set-up. Does behaviour converge to equilib
rium? Does more feedback reduce fluctuations? What is the structure of individual 
responses to recent experiences? Our experimental study tries to throw light on 
these questions. 

2 Experimental Set-Up 

Subjects are told that in each of 200 periods they have to make a choice between a 
main road M and a side road S for travelling from A to B. They were told that Mis 
faster if M and S are chosen by the same number of people. No further information 
was given to the subjects. The number of subjects in each session was 18. The 
time 1M and Is depends on the numbers nM and ns of participants choosing M and S, 
respectively: 

tM = 6+2nM 

ts=12+ 3ns· 

The period payoff was 40 - t with t = tM if M was chosen and t = ts if S was 
chosen. The total payoff of a subject was the sum of all 200 period payoffs con
verted to money payoffs in DM with a fixed exchange rate of 0.015 DM for each 
experimental money unit. One session took roughly one and a half hours. All pure 
equilibria of the game are characterized by nM = 12 and ns = 6. 

Two treatments have been investigated. In treatment I the subjects received 
feedback only about the time on the road chosen after each period. In treatment II 
feedback was provided about both times. Six sessions were run with treatment I 
and six with treatment II. 

3 Equilibrium Predictions and Observed Behaviour 

Figure 1 shows the number of participants on the side road S as a function of time 
for a typical session of treatment II. 

It can be seen that there is no convergence to the theoretical equilibrium. There 
are substantial fluctuations until the end of the session. The same is true for all 
sessions of both treatments. The overall average of numbers of participants on S is 
very near to the equilibrium prediction. The standard deviation of the session av
erage from 6 is never greater than 0.17 and it is only 0.07 on the average. The 
fluctuations can be measured by the standard deviation of the number of partici
pants choosing S per period. This standard deviation is between 1.53 and 1.94. In 
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view of these numbers one can speak of substantial fluctuations in each of the 12 
sessions. 

The fluctuations are a little larger under treatment I than under treatment II. The 
effect is significant. The null-hypothesis is rejected by a Wilcoxon-Mann
Whitney-Test on the significance level of 4.65 % (one sided). 
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Fig. 1. Number of participants on S [a typical session of treatment II]. 

The game underlying the experiment has many pure strategy equilibrium 
points. In all of them the number of participants on the side road is 6, but the set of 
players who choose S can be any set of 6 players. The multiplicity of pure strategy 
equilibria poses a coordination problem which may be one of the reasons for non
convergence and the persistence of fluctuations. Feedback on both travel times vs. 
feedback on only own travel time has a beneficial effect by the reduction of fluc
tuations, but this effect is relatively small. 

The fluctuations are connected to the total number of road changes within one 
session. The Spearman-rank-correlation between the total number of road changes 
and the standard deviation of the number of participants per period on S is 0.795. 
This is significant on the level of 1 % (one sided). The total number of road 
changes under treatment I is greater than under treatment II. A Wilcoxon-Mann
Whitney-Test rejects the null-hypothesis only on a very weak significance level of 
8.98 % (one sided). 

Under treatment I subjects who mainly choose only one of the roads feel the 
need to travel on the other road from time to time in order to get information on 
both roads. Under treatment II there is no necessity for such information gather
ing. This seems to be the reason for the greater number of changes and maybe also 
for the stronger fluctuations under treatment I. Table 1 presents an overview of the 
data for Experiment I and II. 
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number of players on number of road 
5 changes Yule coefficients Q 

mean std. dey. mean std. dey. mean std. dey. 

- session I 01 6.02 1.814 5.08 2.298 0.214 0.654 - session I 02 5.91 1.691 3.87 1.865 0.373 0.592 c 
CP 
E session I 03 6.01 1.849 5.16 1.934 0.277 0.525 
'i: session I 04 5.85 1.748 5.19 1.931 0.191 0.603 CP c.. session I 05 6.10 1.810 5.28 2.391 0.313 0.584 >< 
W session I 06 6.03 1.793 4.35 2.083 0.332 0.542 

treatme t I 5.98 1.784 4.82 2.084 0.283 0.585 

= session 01 5.98 1.640 3.99 2.001 0.365 0.591 - session 02 6.05 1.584 3.68 2.039 0.374 0.536 c 
CP session 03 5.99 1.530 3.67 2.091 0.308 0.552 E 
'i: session 04 6.10 1.935 5.19 2.320 0.271 0.584 
CP c.. session 05 6.06 1.631 4.67 2.480 0.246 0.738 >< 
W session 106 6.17 1.692 4.44 2.044 0.122 0.557 

treatment II 6.06 1.669 4.27 2.163 0.281 0.597 

Tab. 1. Overview of the data for Experiment I and II. 

4 Response Mode 

A participant who had a bad payoff on the road chosen may change his road in or
der to travel where it is less crowded. We call this the direct response mode. A 
road change is the more probable the worse the payoff is. 

The direct response mode is the prevailing one but there is also a contrarian re
sponse mode. Under the contrarian response mode a road change is more likely 
the better the payoff is. The contrarian participant expects that a high payoff will 
attract many others and that therefore the road chosen will be crowded in the next 
period. 

change stay 
payoff < 10 c s - -

payoff> 10 c+ s+ 

Tab 2. 2x2 table for the computation of Yule coefficients. 

The equilibrium payoff is 10. Payoffs perceived as bad tend to be below 10 and 
payoffs perceived as good tend to be above 10. Accordingly we classified the re
sponse of a subject as direct if the road is changed after a payoff smaller than 10 
or not changed after a payoff greater than 10. An opposite response is classified as 
contrarian. Table 2 shows the numbers of times in which a subject changes roads 
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(c. for a payoff below 10 and c+ for a payoff above 10), or stays at the same road 
(s. for payoff below 10 and s+ for a payoff above 10). 

For each subject such a 2x2 table has been determined and a Yule coefficient Q 
has been computed as follows. 

The Yule coefficient has a range from -1 to + 1. In our case a high Yule coeffi
cient reflects a tendency towards direct responses and a low one a tendency to
wards contrarian responses. 

In each of four sessions, one of them in Treatment I and three in treatment II, 
there was one player for whom no Yule coefficient could be determined since 
these four subjects never change roads. These subjects are not considered in the 
evaluation of Yule coefficients. 

Evidence for the importance of both response modes can be found in the distri
butions of Yule coefficients within a session. If the two response modes were not 
present in behaviour one would expect distributions of Yule coefficients concen
trated around o. However the number of subjects with extreme Yule coefficients 
below -0.5 or above +0.5 tends to be greater than the number of subjects with 
Yule coefficients in the middle range between -0.5 and +0.5. A Wilcoxon one 
sample test supports this alternative hypothesis by rejecting the null-hypothesis 
that none of both numbers tends to be greater than the other, on the significance 
level of 1 % (two sided). 

If one classifies subjects with Yule coefficients above +0.5 as direct responders 
and subjects with Yule coefficients below -0.5 as contrarian responders, then one 
receives 44 % direct responders, 14% contrarian responders and 42% unclassified 
subjects. 

5 Payoffs and Road Changes 

In all sessions the number of road changes of a subject is negatively correlated 
with the subject's payoff. Even if subjects change roads in order to get higher 
payoffs, they do not succeed in doing this on the average. This suggests that it is 
difficult to use the information provided by the feedback to one's advantage. 

6 Conclusion 

The study has shown that the mean numbers on both roads tend to be very near to 
the equilibrium. Nevertheless, fluctuations persist until the end of the sessions in 
both treatments. This is of particular interest in view of the fact that the experi
ments run over 200 periods which is unusually long and should be enough to show 
a tendency of convergence to equilibrium, if there is one. 
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Feedback on both road times significantly reduces fluctuations in treatment II 
compared to treatment I. However the effect is small. There is a significant rank 
correlation between the total number of road changes and the size of fluctuations. 
In treatment I road changes may serve the purpose of information gathering. This 
motivation has no basis in treatment II. However road changes may also be at
tempts to improve payoffs. The finding of a negative correlation between a sub
ject's payoff and number of road changes suggests that on the average such at
tempts are not successful. 

Two response modes can be found in the data, a direct one in which road 
changes follow bad payoffs and a contrarian one in which road changes follow 
good payoffs. One can understand these response modes as due to different views 
of the causal structure of the situation. If one expects that the road which is 
crowded today is likely to be crowded tomorrow one will be in the direct response 
mode but if one thinks that many people will change to the other road because it 
was crowded today one has reason to be in the contrarian response mode. We have 
presented statistical evidence for the importance of the two response modes. 
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Abstract. The impact of global traffic light control strategies for city networks is 
analyzed in a recently proposed cellular automaton model. The model combines basic 
ideas of the Biham-Middleton-Levine model for city traffic and the Nagel-Schreckenberg 
model for highway traffic. The city network has a simple square lattice geometry. All 
streets and intersections are treated equally, i.e., there are no dominant streets. 

1 Introduction 

Nowadays mobility is regarded as one of the most significant ingredients of a 
modern society. Unfortunately, the capacity of the existing street networks is 
often exceeded. In urban networks the flow is controlled by traffic lights and 
traffic engineers are often forced to question if the capacity of the network is 
exploited by the chosen control strategy. One possible method to answer such 
questions could be the use of vehicular traffic models in control systems as well as 
in the planning and design of transportation networks. For almost half a century 
there were strong attempts to develop a theoretical framework of traffic science 
(for an overview see [1-3]). 

In this paper we analyze the impact of global traffic light control strategies, 
in particular synchronized traffic lights, traffic lights with random offset, and 
with a defined offset in a recently proposed cellular automaton (CA) model 
for city traffic. Chowdhury and Schadschneider [5,6] combine basic ideas from 
the Biham-Middleton-Levine (BML) [7] model of city traffic and the Nagel
Schreckenberg (NaSch) [8] model of highway traffic. In order to take into account 
the more detailed dynamics of the NaSch model, they extended the BML model 
by inserting finite streets between the cells. On the streets vehicles drive in 
accordance to the NaSch rules. 

2 Model 

As one can see from Fig. 1, the network of streets build a N x N square lattice. 
All intersections are assumed to be equitable, i.e., there are no main roads in 
the network where the traffic lights have a higher priority. In accordance with 
the BML model streets parallel to the x-axis allow only single-lane east-bound 
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Fig. 1. Snapshot of the underlying lattice of the model. In this case the number of 
intersections in the quadratic network is set to N x N = 16. The length of the streets 
between two intersections is chosen to D - 1 = 4. 

traffic while the ones parallel to the y-axis manage the north-bound traffic. The 
separation between any two successive intersections on every street consists of 
D -1 cells. The traffic lights are chosen to switch after a fixed time period T. The 
length of the time periods for the green lights does not depend on the direction 
and thus the "green light" periods are equal to the "red light" periods. In addi
tion to the ChSch model [5], we improved the traffic lights by assigning an offset 
parameter to everyone (see [9] for an detailed explanation). This modification 
can be used for example to shift the switch of two successive traffic lights in a 
way that a "green wave" can be established in the complete network. 

In analogy to the NaSch model the speed v of the vehicles can take one of the 
Vmax + 1 integer values in the range v = 0, 1, ... , vmax . The dynamics of vehicles 
on the streets is given by the maximum velocity V max and the randomization 
parameter p of the NaSch model which is responsible for the movement. The state 
of the network at time t + 1 can be obtained from that at time t by applying the 
following rules to all cars at the same time (parallel dynamics) : 

• Step 1: Acceleration: Vn -+ mine Vn + 1, Vrnax) 

• Step 2: Braking due to other vehicles or traffic light state: 
Case 1: The traffic light is red in front of the n-th vehicle: 

Vn -+ min(vn, dn - 1, Sn -1) 
- Case 2: The traffic light is green in front of the n-th vehicle: 

If the next two cells directly behind 
the intersection are occupied 

Vn -+ min(vn,dn -l,sn -1) 
else Vn -+ min(vn,dn -1) 

• Step 3: Randomization with probability p: Vn -+ max(vn -1,0) 
• Step 4: Movement: Xn -+ Xn + Vn 

Here Xn denotes the position of the n-th car and dn = Xn+1 - Xn the distance 
to the next car ahead (see Fig. 1). The distance to the next traffic light ahead 
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is given by Sn. The length of a single cell is set to 7.5 m in accordance to the 
NaSch model. The maximal velocity of the cars is set to Vmax = 5 throughout 
this paper. Since this should correspond to a typical speed limit of 50 kmjh 
in cities, one time-step approximately corresponds to 2 sec in real time. Note, 
that Case 2 of Step 2 is modified slightly in comparison to [6]. Due to this 
modification, a driver will only occupy an intersection if it is assured that he can 
leave it again. This is done to avoid the transition to a completely blocked state 
(gridlock) that is undesireable when exploring high densities. 

3 Strategies 

In order to improve the overall traffic conditions in the considered model different 
global traffic strategies are investigated. At this point it has to be taken into 
account that there are no dominant streets. This makes the optimization much 
more difficult and implies that the green and red phases for each direction should 
have the same length. For a main road intersection with several minor roads the 
total flow usually can be improved easily by optimizing the flow on the main 
road. 

3.1 Synchronized Traffic Lights 

0.3 oj ---~---~-------, 

0.25 

0.15 

o---op =O.OS,NxN '" 1, 0.100 
D------£I p ... 0.70, NxN .1, 0 .100 
+----+ P .0.05, NxN '" 100. 0 '" 100 
o--·-op_O.70, NxN = 100. 0= 100 

0.1 0'-------::::50----'00--

T 

0.2 

0.15 

0.1 
0- -Op_o.OS,NxN_1DD,D_100,random 
»-'lCp .. o.OIi,NxN.100,O .. 'OO.synchrolizacl 
13- -Qp_O.7,NxN .. 1DQ,D.1DD,nondam 
~-Op_a.7,NxN .. 1DD.O .. 100.synchl1lllized 

150 0.05 0'-----~50 ----,~OO---·-,-J,50 

Fig. 2. Left: The mean flow strongly oscillates in the case of synchronized traffic lights. 
A small mini network segment shows the same dynamics like a large network. Right: A 
random shift in the switching leads to a more flexible strategy, e.g., without oscillations. 
The mean flow is remarkable higher in comparison to synchronized traffic lights. 

The typical dependence between the time periods of the traffic lights and the 
mean flow in the system is shown in Fig. 2 (left) for synchronized traffic lights. For 
low densities one finds a strongly oscillating curve with maxima and minima at 
regular distances whereby the optimal traffic states are determined by the travel 
times between the intersections. The traffic light cycle time corresponding to the 
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maximum system flow is equal to Tmax = D/2vjree.1 Similar oscillations can be 
even found at very high densities. It is further interesting that if considering a 
"mini network" with only one single intersection the same results are obtained 
as for large networks. In [9] it is shown that a simple phenomenological approach 
based on the description of the dynamics in such a "mini network" is capable to 
explain the impact of the cycle times in very good agreement with the numerical 
results even for large networks. Moreover it is very interesting that although 
the vehicle movement is stochastic (NaSch model) and the mean density on the 
streets in the network fluctuates, there is no local conglomeration of vehicles in 
the network leading to remarkable deviations in the flow in comparison to the 
idealized "mini network" where the density on the streets is fixed (see Fig. 2 
(left) ). It seems that the signalized intersections of the model interact with the 
density fluctuations in a way that the vehicles are equally distributed in the 
network. Also for high densities one can find a strong dependence of the mean 
flow in the system for the chosen cycle times (see Fig. 2). Obviously for high 
densities this dependence is not caused by free flowing vehicles, but determined 
by the movement of jams. The fraction of time the green light is not blocked by 
a jam controls the overall flow. 

3.2 Random Offset Strategy 

In this section we want to point out that switching successive traffic lights with 
a random shift can lead to a more flexible strategy, e.g., without oscillations. 
Moreover, in contrast to a system with synchronized traffic lights a random shift 
between the intersections can lead to a remarkable higher global system flow. 
To give an insight into the effects induced by the random offset we depicted the 
throughput in the network in dependence of the cycle times in Fig. 2 (right). 
Obviously the strong oscillations found in the curves corresponding to the syn
chronized strategy are suppressed by the randomness in the switching. Thus the 
random offset strategy leads to a smoothed curve which is very useful when ad
justing the optimal cycle times in a network. For free-flow densities the random 
offset strategy outperforms the synchronized strategy for relatively low cycle 
times because unfavorable states (states with minimal global flow) are avoided 
by the randomness. However, at high densities the oscillations are suppressed in 
a similar manner as for the low density case. Hence, as for low densities, this 
strategy gives an improved flexibility when adjusting optimal cycle times in the 
network and an improved overall flow in a wide area. 

3.3 Green Wave Strategy 

For the "green wave" strategy the individual offset parameter that is assigned to 
every intersection is used to implement a certain time delay between the traffic 
light phases of two successive intersections. This delay can be constituted in the 
whole network [9]. To quantify the improvement obtained by the "green wave" 

1 Vfree = Vmao: - p is the velocity of free-flowing vehicles. 
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Fig. 3. The global flow is plotted for the "green wave" strategy and compared to a 
system with synchronized strategy. The left diagram shows the free-flow case of the 
system while in the right diagram the influence of the green wave strategy in the high 
density state is plotted. 

strategy the overall network flow is plotted against the cycle time (see Fig. 3) and 
compared with the synchronized strategy. The left diagram corresponds to the 
free-flow case of the system. Obviously, the green wave strategy with a properly 
chosen offset parameter shows reasonable improvements over the strategy with 
synchronized traffic lights. The optimal "green wave strategy" is to adjust the 
time delay such that the first vehicle tresspassing an intersection will arrive at the 
next one exactly when it switches to green. The corresponding optimal delay time 
is given by Tdelay = D /v/ ree . In this way, the "green wave" strategy is capable to 
pipe all the vehicles through the streets as if there is only one intersection left in 
the system. This agreement to a system with only one intersection but an equal 
total street length is demonstrated in Fig. 3 for low as well as high densities. By 
definition no "green wave" can be established at high densities, but a suitable 
offset in the switching between successive traffic lights can lead anyhow to an 
improved flow. Obviously the dynamics for high densities is governed by the 
motion of large jams that move oppositely to the driving direction. The optimal 
system state would be reached if a jam moves backward from one intersection 
to the one before and blocks it while the traffic light is red anyway so that 
afterwards moving vehicles (outflow of the jam) can take advantage of the green 
phase as much as possible. For high densities the optimal delay time is equal to 
Tdelay = D/vjam.2 

4 Summary and Discussion 

We have analyzed the ChSch model which combines basic ideas from the Biham
Middleton-Levine (BML) model of city traffic and the Nagel-Schreckenberg (Na
Sch) model of highway traffic. In our investigation we focused on global traffic 

2 Vjam is the velocity of backwards moving jams. 
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light control strategies and tried to find optimal model parameters in order to 
maximize the network flow. For this purpose we started with the original formu
lation of the ChSch model where the traffic lights are switched synchronously. 
It is shown that the global throughput of the network strongly depends on the 
cycle times, i.e, one finds strong oscillations in the global flow in dependence of 
the cycle times for low as well as for high densities. In order to allow a more flex
ible traffic light control the ChSch model was enhanced by an additional model 
parameter. This new parameter is assigned to every intersection representing a 
time offset, so that the traffic lights are not enforced to switch simultaneously 
anymore. Consequently to avoid the strong oscillations we analyzed a network 
where traffic lights are switched at random. It is shown that the strong oscilla
tions are completely suppressed by randomness. Thus the random offset strategy 
can be very useful if a control strategy is required which is not very sensitive to 
the adjustment of the cycle times. This is in particular the case if the density 
on the streets is strongly fluctuating. The random offset strategy outperforms 
the standard ChSch model with synchronized traffic lights at low densities for 
small cycle times and at high densities for all cycle times. An explanation for the 
profit at high densities is the fact that some parts of the network are completely 
jammed while in other parts of the network the cars can move nearly undis
turbed. This additional gain due to the inhomogeneous allocation of vehicles 
indicates that an autonomous traffic light control based on local decisions could 
be more effective than the analyzed global schemes. Moreover a two dimensional 
"green wave" is implemented with the help of the offset parameter. The "green 
wave" gives much improvement to the flow in comparison to the synchronized 
strategy and the random offset at low densities and has even an incisive impact 
on the throughput at high densities. Although the "green wave" strategy is ca
pable to give a strong improvement, the dependence between flow and the cycle 
time found in the original ChSch model remains. 
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Traffic Flow Analysis Based on Multiagent 
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1 Introduction 

In recent years, in line with the greater use of automobiles, traffic congestions 
have frequently occurred on city streets and on highways due to the effects of in
creases in traffic volume, the greater complication of the road system, the opera
tional mistakes of drivers, etc. This has been taken up as a serious traffic problem 
In order to discuss methods of solving this problem, research and developmental 
work on traffic flow simulators by computer is being carried out. However, the 
dynamics of vehicles and their driver's characteristics, which are important factors 
for any traffic flow analysis, have not been considered sufficiently enough in the 
past. In this study, we propose, as an intermediate model between macroscopic 
models and microscopic ones, an analytical technique based on multiagent, which 
allows for the consideration of the driver characteristics, vehicle dynamics in com
plex traffic flow as shown in Fig. I. 

2 Modeling of Traffic Condition by Multiagent 

2.1 Agent-Oriented 

The artificial life system is a study simulating biological activities in computers. 
In this study, the agent is considered as a kind of artificial life system Its property 
is defined as follows: "An agent selects and executes its actions autonomously in 
accordance with its accumulated rules as knowledge relative to its own environ
ment (region); moreover, in case two or more agents are present within the same 
region, each agent exists independently of any other, and there exist no global rule 
that dictate the actions of all the agents; any global behavior obtained as a result is 
of a spontaneous nature."· By using the new technique, it is possible to give differ
ent rules to each vehicle (personality) and determine its actions autonomously un
der the knowledge accumulated in accordance with the environment surrounding 
the vehicle. 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
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Vehicle dynamics 

Fig.I. Scope of our study. 

2.2 Application to the Road Traffic System 

The concept of a road traffic system expressed by multiagent is shown in Fig. 2. 
The traffic flow system defmed as multiagent is classified into road agent and ve
hicle environment. The road agent shows road forms. The vehicle agent is classi
fied into the driver and the vehicle characteristic. The vehicle characteristics are 
composed of a weight, a length, breaking and acceleration performance, which are 
defmed for each vehicles. The driver agent has a field of vision in front and in the 
rear and, if other vehicle agents enter its field of vision, it can obtain information 
concerning them. The relationship between the driver agent, the vehicle agent, and 
the road agent is shown in Fig. 3. 

3 Design of Agents 

3.1 Vehicle Agent 

The vehicle agent has a total of nine characteristics: total vehicle weight, total ve
hicle length, vehicle width, vehicle height, cross section, air drag coefficient, en
gine performance, braking capability, and control delay. In order to use a traffic 
flow simulator to express a traffic flow, it is necessary to take into consideration 
the acceleration characteristics and the deceleration characteristics of all the vehi
cles on the scene. In particular, the acceleration and deceleration characteristics of 
a large vehicle are different from those of an ordinary car, and they are anticipated 
to exert a strong influence on the traffic flow. This proposed simulator carried out 
the modeling of the engine characteristics of both a normal vehicle and a large
size Vehicle. The driving force characteristics of the normal and large-size vehi
cles thus modeled are indicated in Fig. 4 and Fig. 5. It should be pointed out here 
that although the driving characteristics in these figures are altered by gear ratios, 
this modeling operation used simplified models that would show the characteris
tics in continuous lines. In this modeling, the driving velocity and maximum driv
ing force of each vehicle are defmed in terms of the relationship between the rota
tional speed and torque of the engine. 



Fig.2. A traffic flow expression by 
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The vehicle agent passes the output of the driver agent through a low-pass filter 
and then calculates, on the basis of the operational load, the driving force and the 
braking force outputted according to the velocity at that point in time. In addition, 
the vehicle agent calculates the acceleration (or deceleration) from the running re
sistance and driving force (or braking force) and determines the velocity. It then 
hands over the velocity information thus obtained to the road agent (refer to the 
lower side of Fig. 6). 

3.2 Driver Agent 

The driver agent has a total of seven characteristics, namely the current distance to 
a vehicle ahead, the current driving velocity, the distance to the target vehicle, the 
front view range, the rear view range, the control delay. In the actual driving of a 
vehicle in traffic, the distance to a vehicle ahead varies depending on the traffic 
regulation in force. Here, the distance to the target vehicle was given as a function 
of velocity determined from actual measurement values. 

The relation between the vehicle agent and the driver agent is illustrated in Fig. 
6. The driver agent checks to see whether a vehicle ahead is present in its field of 
vision or not, and depending on the presence or absence of such a vehicle, it 
makes an appropriate selection from among possible actions, namely control of 
speed, control of the distance to the vehicle immediately ahead, and lane change, 
and executes the selected action. The changing of lane is carried out after it passes 
a comprehensive judgment on relations between the velocities of the own vehicle, 
the vehicle immediately ahead, the vehicle immediately behind, target velocity, 
distances to other vehicles, etc. The acceleration or deceleration relative to the tar
get velocity is controlled by means of PID control, and consideration is here given 
to the reaction delay of the driver. The operational load (acceleration operation 
load and braking load) outputted by the driver agent is handed over to the vehicle 
agent which calculates the acceleration force and deceleration force. 

4 Influence on the Traffic Flow of the Driver's Characteristic 

4.1 Outline of Simulation 

The purpose of this simulation is to examine whether difference in the front view 
range of the driver influences traffic flow. The conditions for this simulation are 
listed in Fig. 7 and Table 1. Vehicle #0 is a vehicle at rest. Vehicle #2 and #3 were 
given the characteristics of a large-size vehicle, while all the other vehicles were 
provided with those of an ordinary vehicle. An investigation was carried out for 
two cases: front view range of 100m and 300m. 
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4.2 Result of Simulation 

The mean velocity of the traffic flow as a whole is shown in Fig. 8. It is clear from 
Fig. 8 that the effect of this deceleration affected vehicles in the back to such an 
extent that the mean velocity of the flow rate as a whole was severely influenced. 
In addition, it was made clear that by securing a wider front view range, this effect 
can be made milder. 

alpha 

Driver action 

Fig.6. Control of vehicle agent. 

• Moving direction 
Fig.7. Initial location of the vehicles. 
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Table 1. Simulation condition. Front view range 300[m] 

Headway Velocity 
Target 

velocity 
[m] [m's] [ro's] 

#0 --- 0.0 0.0 
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Fig.S. Mean velocity of traffic flow. 
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5 Application to Urban Traffic 

Our simulator has analyzed traffic flow on the straight lane. However, it is neces
sary that the traffic flow simulator can analyze traffic flow in urban areas in order 
to treat various traffic conditions. Consequently, the road agent should be modi
fied. The vehicle agent and cross agent are defined as new agent and are combined 
with the road agent. The relation of these agents is shown in Fig. 9. 

5.1 Remodeling of Road Agent 

The road agent shown in Fig. 9 consists of three areas (the outflow area, the mov
ing area and the inflow area). The outflow area and the inflow area have their own 
state index. The outflow area changes its state index into zero when the vehicle 
agent enters the outflow area. In this way, the outflow area shifts the vehicle agent 
to the cross agent. The inflow area changes its state index into zero when the cross 
agent requests the entering of the vehicle agent into the inflow area. In this way, 
the inflow area obtains the vehicle agent from the cross agent. The behavior of the 
moving area is the same as the one of the existing road agent. 

5.2 Remodeling of Vehicle Agent 

The vehicle agent is modified under the consideration of the new road agent. This 
means that the vehicle agent can enter into the road agent or cross agent when 
these state indexes are zero. 

Cross agent 

Request 0 entering Observe state 

Inflow 
area 

Outflow 
area 

Cross Inflow 
agent area 

Fig.9. Action of agents. 

Moving area 

Cross 
agent 



Traffic Flow Analysis Based on Multiagent 343 

5.3 Modeling of Crossing Agent 

The cross agent has its own state index. The cross agent changes its state index to 
zero when the state index of the outflow area is set to zero. In this way, the cross 
agent allows the vehicle agent to exit from the outflow area. And then, the cross 
agent communicates with the vehicle agent located in the next target road, re
quests the entering of the vehicle agent into the inflow area. 

6 Conclusions 

In this paper, an agent-oriented method of expressing traffic environments and the 
modeling of driver characteristics and vehicle characteristics were shown, and the 
basic features of the newly developed traffic flow simulator were examined. As a 
result, the following facts were made clear: 

( 1 ) It was possible to express the characteristics of each vehicle and its driver in 
a traffic flow by means of agents. 

(2) By carrying out simulations, it was made clear that the proposed technique 
makes it possible to grasp the driving conditions of each vehicle and thereby 
to evaluate its safety in an actual traffic environment. 

(3) It was shown that the driving conditions of each vehicle are substantially af
fected by its front view range and, in turn, affect the mean velocity of the 
traffic flow as a whole. 

References 

1. Y. Nishi, Structural Analysis based on Multiple Agents, Proceedings of JSME Annual 
Meeting, JSME 1999 (in Japanese). 

2. Nishizoe et aI., An Attempt at Structural Analysis Using Multiagents, Transactions of 
the Japan Society of Mechanical Engineers, No.99-1, 79-80. 

3. Tsunashima et aI., Traffic Flow Analysis By Multiagent, 5th International Symposium on 
Vehicle Control, 505-509 (2000). 



Traffic Forecast Using a Combination of 
On-Line Simulation and Traffic Data 

R. Chrobok, A. Pottmeier, J. Wahle, and M. Schreckenberg 

Physics of Transport and Traffic, Gerhard-Mercator-University Duisburg, 
Lotharstr. 1, 47048 Duisburg, Germany 

Abstract. In this contribution an approach to traffic forecast using a micro-simulator 
is presented. In order to provide network-wide information about the current traffic 
state a cellular automaton traffic flow model is combined with measured data. The 
framework is applied to the freeway network of North Rhine-Westphalia (NRW), where 
data from about 3,500 inductive loops are available and provided on-line minute by 
minute. 

1 How Do We Forecast? 

: .. ~.~~: -I ~ I-EJore ... , 
heuristics I -----.. ..... 

(a) (b) 

Fig. 1. (a): Schematic sketch of the forecast procedure. The input to the simulator 
are current and historical data, which are provided in form of heuristics. Using both 
forecast is carried out. (b): Part of a road in a cellular automaton model. 

There are many different ways for predicting traffic conditions. In general, the 
prognosis horizon is the first and most important parameter, since it determines, 
which procedure proves as the most effective forecast method. A second impor
tant detail is the input data, i.e., the number and the location of the sources of 
the data. Different approaches have been proposed in the past. Neural networks 
often are used for predicting traffic flow, speed data or travel times up to 15 
minutes. To forecast traffic jams, spatial correlations can be used taking into 
account the dynamics of a moving jam [1]. For a useful long-term prediction the 
current traffic data loose their weight and it is more important to use experience 
about the past, so-called heuristics, in form of a statistical data base consisting 
of traffic time series [2]. 

Coupled with current and statistical data the use of on-line simulations sup
plies the possibility of both: short- and long- term forecasts of a whole network. 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
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To receive the current traffic state data are coupled directly with the simula
tion. To obtain a first prognosis the simulation has to be performed faster than 
real-time. Thereby, the main problem is to consider the traffic demand at the 
boundaries of the network in the simulation. Therefore, the collected data is an
alyzed statistically to consider traffic states in form of heuristics that are useful 
for predictions. So, with regard to traffic forecasts the simulation tool serves as 
a connector of the current with the historical data (Fig. 1 (a)). 

2 Simulation Model 

2.1 Principle of On-line Simulation 

The starting point for each traffic forecast should be information about the cur
rent traffic state in the whole network. Unfortunately, in most urban areas and 
freeway networks data are only available from separate points in the network. 
The common sources of information are inductive loops or video detection de
vices which provide data permanently. However, all information provided is local. 
Note that an exception to this rule are floating car data (FeD). 

Our approach to provide network-wide information is to connect the local 
data with a micro-simulator. Thus, information can be derived for those regions 
which are not covered by measurements. The local traffic counts are combined 
with the network structure under consideration of realistic traffic flow dynamics. 
This is the basic idea of on-line simulations: Local traffic counts serve as input 
for traffic flow simulations to provide network-wide information [3]. 

2.2 Basic Model 

Since the simulator is based on on-line data the model employed should be 
efficient. Due to their design cellular automaton models are very effective in 
large-scale network simulations [3-5]. 

Models which reproduce the dynamic phases of traffic are still under debate. 
Thus the original cellular automaton by Nagel and Schreckenberg [6] is used in 
a first version of this simulator. For completeness, the definition of the model is 
briefly reviewed. The road is subdivided in cells with a length of .:1x = P;~ = 
7.5 m/veh, with the density of jammed cars Pjam ~ 133 veh/km (Fig. 1 (b)). 
Each cell is either empty or occupied by only one vehicle with an integer speed 
Vi E {O, ... , vmax }, with Vmax the maximum speed. The motion of the vehicles 
is described by the following rules (parallel dynamics): 

R1 Acceleration: Vi -+ min(Vi + 1, vmax), 
R2 Deceleration to avoid accidents: v~ -+ min( Vi, gap), 
R3 Randomization: with a certain probability p 

do v~' -+ max(v~ -1,0), 
R4 Movement: Xi -+ Xi + V~'. 
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The variable gap denotes the number of empty cells in front of the vehicle at 
cell i. A time-step corresponds to Llt ~ 1 sec, the typical time a driver needs to 
react. 

The first two rules (Rl, R2) describe a somehow optimal driving strategy, 
the driver accelerates if the vehicle has not reached the maximum speed Vmax and 
brakes to avoid accidents, which are explicitly excluded. This can be summed 
up as follows: drive as fast as you can and stop if you have to! However, drivers 
do not react in this optimal way: they vary their driving behavior without any 
obvious reasons, reflected by the bmking noise p (R3).1t mimics the complex in
teractions between the vehicles and is also responsible for spontaneous formation 
of jams. 

3 Network 

A crucial point in the design of every simulator is the representation of the road 
network. Like in other simulators the network consists of basic elements: links 
and nodes. A node is either a connection between two links or a sink/source at 
the boundary or an on/off-ramp. At the sources vehicles are added with regard to 
input data. On the sinks the cars are simply removed every time step. Links are 
directional elements representing the roads of the network that connect nodes. 

Combining these elements mentioned above it is possible to build complex 
structures of freeway networks like junctions or intersections. The data used for 
the network stems from the NW-SIB, a GIS system provided by the state of 
North Rhine-Westphalia. Table 1 shows the design parameters. 

Table 1. The network of North-Rhine Westphalia 

Area 34.000 km2 

Inhabitants 18.000.000 

On- and off-ramps 830 

Intersections 67 

On-line loop detectors 3.500 

Other loop detectors 200 

Overall length 2.500 km 

4 Incorporation of Historical Data 

The simulations describe the dynamics in a network but are lacking information 
about the boundaries. Especially for forecasts, reasonable data has to be incor
porated. Therefore, heuristics will be used to predict the flow of the sources. 
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In order to develop heuristics for traffic forecast, i.e., experience about recur
rent events, historical data have to be analyzed. Therefore, it is useful to classify 
certain days and events in categories. Two different characteristics can be distin
guished: daily and seasonal. Seasonal differences appear, e.g., due to school holi
days. Additionally, there are daily differences: on working days a sharp morning 
peak is found which is absent on Sundays or holidays. Besides there are special 
unpredictable events. 

In order to classify days, the daily traffic demand, i.e., the flow of vehicles 
vs. time, has to be investigated. Therefore, the flows per minute In(t) at a 
certain time t are accumulated. Then the data are summed over all classified 
days Ndays(t) and this result is divided by Ndays(t): 

E:~is(t) In(t) 
Jdem(t) = N. ( ) . 

days t 
(1) 

One advantage of this procedure is the opportunity to analyze even days with 
an incomplete set of data. The resulting traffic time series are subdivided in 
eight classes, taking into account the different demand during the weekdays. 
Figure 2 (a) shows the daily traffic demand of two example classes. On Friday 
you can see a morning peak and a broaden afternoon peak that are missing on 
Sundays. 
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Fig. 2. Traffic flow J vs. time. The data are stemming from an inductive loop on the 
BAB 1 at kilometer 278.1. (a) The data of two special days and the corresponding 
classified days. It is quite obvious that the data is useful for long-term predictions. (b) 
Periodic fluctuations can be seen on the mean daily traffic demand (MDTD). The high 
peaks belong to Fridays, the low dips to the weekends. Christmas and New Year's eve 
cause the two lowest dips in December. The 14 days moving average shows the seasonal 
fluctuations. 

In general the highest number of vehicles during one day is measured on 
Fridays, a little bit more than on Mondays. Thesdays, Wednesdays and Thurs
days are very similar, and the lowest number of cars is measured on Saturdays, 
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Sundays and holidays. These facts determine the periodic fluctuations in Fig
ure 2 (b). Also the two very low dips due to Christmas and New Year's eve can 
be seen. 

The 14 days average shows the seasonal differences: a region of low traffic 
in the second half of December followed by an arising traffic flow during the 
first half of the year with a small dip in April due to school holidays and the 
maximum in May. All these results are in good agreement with the observations 
made considering urban traffic in [2]. 

5 Forecast Considering Special Events 

Similar to holidays or long vacations, there are sometimes special events which 
influence traffic patterns drastically. Because heuristics lack the influence of the 
current situation whereas short-term-predictions do not take into account the 
experience and the knowledge about previous events, both methods are combined 
in the following. 

As short-term forecast method the smoothing averaged traffic flow of the last 
recent minutes Jc(to) is used. For all prognosis horizons Llr the predicted traffic 
demand Jpred(tp) at the time tp is the sum of the average demand Jdem(tp) of 
the sample class and the difference of Jc(to) and Jdem(tp) weighted with k (2). 
to is the point in time when the prognosis is made. 

(2) 

with 
LlJ(to) = Jc(to) - Jdem(tO), 

k = {1] (1 - L1~':aJ ' if 0 < Llr ~ Llrmax 
o , if Llr > Llrmax 

Llr = tp - to. 

Obviously, for Llr > Llrmax the heuristics is used as forecast. The factor 
1] is a coefficient determining the relevance of the current and historical data 
respectively. Reasonable is 0 < 1] < 1; for 1] = 0 only the sample graph is used, 
for 1] = 1 the prognosis curve starts at the current value. 

In order to test this model for extreme values, data from the day of the solar 
eclipse has been chosen to demonstrate the quality of the model. Results are 
depicted in Fig. 3. There is a large anomaly of the traffic flow, which can not 
be predicted by heuristics. However, the combination of the short-term-forecast 
with the heuristics improves the quality of the prediction obviously. 

6 Summary 

In this paper a framework for performing forecasts with on-line simulations has 
been presented. The heart of the simulator is a microscopic traffic flow model 
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Fig. 3. The irruption of the traffic flow during the solar eclipse as an example for 
the combination of short-term- and long-term-forecasting. The current data loose their 
influence at a prognosis horizon LlTmax. There it merges with the curve of the heuristics. 
The combination of both methods offer an improved prediction. 

which is supplemented by the network structure and real-world traffic data stem
ming from about 3,500 loop detectors of the freeway network of North Rhine
Westphalia. 

To get heuristics that are useful for forecasts a statistical analysis has been 
presented considering daily and seasonal differences. Taking special events into 
account a method is proposed, that combines current with historical data to 
supply both: short and long term prediction. 
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On-Ramp Control 
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Abstract. We study the phase transition on a highway induced by the fluctuations of 
on-ramp flow. The highway traffic is provided by a hydro dynamical model. We analyze 
the characteristics of perturbations to induce congestion near an on-ramp. The phase 
boundary is obtained. A scaling relation is revealed. We also analyze the time evolution 
of the local density profile. Conventional control mechanisms to regulate the on-ramp 
flow are examined. A new control scheme is proposed to suppress the congestion. 

1 Introduction 

The study of traffic flow near on-ramps of a highway system has revealed a rich 
spectrum of phenomena and attracted research interests from physicists recently 
[1-5]. On the section of a highway without ramps, the well formed traffic jams 
always propagate in the upstream direction while near an on-ramp a new type 
of congestion appears. The traffic jams seem to be confined. They move back 
and forth around the ramp with the same structure. Or the congestion may 
extend with time, but always have one end fixed at the ramp. Or they may 
even stay motionless. The current theoretical research is then focused on the 
characteristics of this new type of congestion [6-10]. To physicists, the highway 
traffic is basically a one-dimensional many-body system with strong correlations 
among vehicles. The system is driven far from equilibrium, where the steady 
states are characterized by non-vanishing flows. The congestion is taken as a 
non-trivial phase transition resulting from the instability of the system. In the 
paper, we study the hysterestic phase transitions induced by the fluctuations of 
on-ramp flow. The highway traffic is simulated by a well calibrated hydrodynamic 
model [11-13]. The resultant phase diagram is presented in the next section. 
The characteristic of the fluctuations is analyzed. In section 3, we study the 
time evolution of density profile in the emergence of congestion. Various control 
schemes aimed to suppress the congestion are discussed in the final section. 

2 Phase Diagram 

In the hydrodynamic model of highway traffic, the system is described by the 
following partial differential equations, 

( OV Ov) P 20P 02V 
P ot + v ox =:;: [V (p) - V] - CO ox + J-t ox2 ' (1) 

c::: + :x (pV) = qi(t) ¢(x). (2) 
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These two equations are analogous to the Navier-Stokes equation and the con
tinuity equation, respectively. The highway traffic is described by the local 
density p(x, t) and the local velocity v(x, t). The traffic flow is understood as 
q(x, t) = p(x, t) v(x, t). The intrinsic properties on the main highway are pre
scribed by the safe-velocity functional V(p) and three parameters: T, Co, j.t, which 
are constants related to the effects of relaxation, anticipation, and dampening, 
respectively [11-13]. The on-ramp flow is denoted by qi(t) with a spatial distri
bution ¢(x) localized at x = O. In this work [14], we perform extensive numerical 
simulations over a system of 60 km highway with an on-ramp right in the middle 
(position x = 0). 

When the vehicle density is small, the highway traffic is a homogeneous flow. 
In the upstream (x « 0), the safe velocity is achieved and the flow q(x, t) is 
a constant denoted by qup' The on-ramp flow qrmp provides a small transition 
layer near the ramp, which transforms the upstream flow into the downstream 
flow. In the downstream (x > > 0), the safe velocity is also achieved and the 
flow is simply (qup + qrmp). The system is then specified by two parameters: the 
upstream flow qup and the on-ramp flow qrmp-

When the vehicle density increases, the congestion becomes one of the stable 
solutions. The transitions between the homogeneous flow and the congestion 
can be triggered by fluctuations of the on-ramp flow. We study the criterion of 
perturbations to induce such transitions. The system is prepared to start with 
a homogeneous flow specified by two parameters: qup and qrmp- To simulate the 
inflow of a large number of vehicles within a short period, the perturbations are 
prescribed in the following form, 

to < t < to +.::1t 
otherwise. 

(3) 

The perturbations are characterized by two parameters: .::1q and .::1t, which spec
ify the height and duration of the extra on-ramp flow, respectively. The initial 
time to is irrelevant as we start from a stationary state. 

The induced phase transitions from the homogeneous flow to the congestion 
can be observed within a certain range of (qup, qrmp). The phase diagram is 
shown in Fig. l(a). When quP + 1.2 qrmp < 2060 vehicles per hour (veh/hr), the 
homogeneous flow is the only stable solution. The perturbations always decay 
with time. When qup > 2060 veh/hr, the congestion will not be confined to the 
ramp. The effects of an on-ramp become insignificant. When qup + qrmp > 2300 
veh/hr, the homogeneous flow becomes unstable. The congestion can be induced 
by a very small perturbation. Within these boundaries, the transitions can be 
induced when the perturbations are large enough, i.e., with a given .::1t, a low 
bound of .::1q is required to trigger the transition. This critical value is denoted 
by .::1qc, which depends on quP' qrmp, and .::1t. We further observe that within 
the region 2060 veh/hr < qup + qrmp < 2300 veh/hr and qup < 2060 veh/hr, 
the critical value .::1qc is scaled with the downstream flow (qup + qrmp). i.e., .::1qc 
depends only on .::1t and the combination (qup + qrmp). The results are shown 
in Fig. l(b). The critical height .::1qc decreases with the increase of both the 
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downstream flow (qup + qrmp) and the duration Llt. It is also observed that 
Llqc scales approximately with ,,;;s:t at a fixed (qup + qrmp). Thus the quantity 
(Llqc ,,;;s:t) scales approximately with (qup + qrmp). 
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Fig. 1. (a) Phase diagram in the (qup , qrmp) plane. The scaling region is shown by black 
dots; the non-scaling region is shown by the grey dots. (b) Critical extra flow Llqc as 
a function of downstream flow (qup + qrmp) for various values of qup. The parameter 
Llt = 5 min. 

Outside the scaling region, the phase transitions can still be observed within 
the region of qup + qrmp > 2060 veh/hr and qup + 1.2 qrmp < 2060 veh/hr. 
Such small region can also be expressed as qrmp < 2060 - quP < 1.2 qrmp. In 
such cases, the critical value Llqc depends on quP and qrmp separately. When quP 
approaches 2060 veh/hr, the phase transitions can only be triggered with a small 
range of qrmp. As quP decreases, a much wider range of qrmp is supported. As 
the downstream flow is less than in the scaling region, the congestion can only 
be induced by a Llqc larger than in the scaling region, which can be taken as 
the manifestation of boundary-induced phase transitions [17]. In contrast , the 
instability in the scaling region is mainly determined by the downstream flow. 

3 Density Profile 

Next, we consider the time evolution of density profiles in the emergence of 
congestion. The congestion near the on-ramp is caused by the inflow of a large 
amount of vehicles within a short period. With naive expectation, the appearance 
of traffic jams is attributed to the incapability of the main highway in dissipating 
the extra flow from the on-ramp. The extra on-ramp flow and the congestion 
are then expected to appear simultaneously. However, this naive expectation is 
valid only within the small range of non-scaling region, i.e. , quP + qrmp < 2060 
veh/hr and qup + 1.2 qrmp > 2060 veh/hr. The lower bound of the extra flow 
Llqc is quite large in these cases. When quP is large, the congestion appears to be 
stationary; when qup is small , the congestion expands to the upstream as time 
evolves. 



354 D. Huang 

In the scaling region, i.e., 2060 < qup + qrmp < 2300 veh/hr, the congestion 
can be induced by a much smaller tJ.qe. In such cases, quite contrary to the naive 
expectation, the traffic jams appear much later in time than that of the extra 
inflow. Delay of more than one hour is often observed. The typical results are 
shown in Fig. 2(a). Right after the extra inflow, a small traffic jam appears and 
propagates away from the ramp to the downstream. The traffic jam enlarges 
slowly and the speed of propagation is decreasing. At a certain time, the traffic 
jam turns around and propagates upstream, i.e., moving back to the on-ramp. 
The traffic jam enlarges quickly and a huge congestion is induced when it moves 
across the on-ramp. When the extra flow is only slightly larger than tJ.qe, the 
small traffic jam can propagate a long distance before its turning around. The 
appearance of the congestion is then delayed to a much later time. In contrast, 
when the extra flow is less then tJ.qe, the phase transition will not be induced. We 
can still observe the small traffic jam moving away from the ramp downstream. 
In such cases, the traffic jam propagates with a slowly increasing speed but 
decreasing amplitude. And it just disappears in a later time. The qup-dependence 
is similar to the cases of the non-scaling region. When qup is large, the congestion 
is observed to oscillate back and forth around the ramp; when quP is small, the 
congestion expands upstream as time evolves. 

(a) 

d"na ty 

20 

(b) 

Fig.2. (a) The typical density profile p(x, t) in the scaling region. The parameters: 
qup = 1800 veh/hr, qrmp = 310 veh/hr, L1q = 420 veh/hr, L1t = 5 min, and to = 30 
min. (b) The on-ramp is closed for 1 minute at t = 60 min. 

In the non-scaling region, a well formed traffic jam can not be sustained in 
the main highway, neither upstream nor downstream. The congestion can only 
emerge right at the ramp. In the scaling region, the traffic jams still can not be 
sustained upstream while they can be developed downstream. The congestion at 
the ramp can be related to a well formed traffic jam downstream. Thus the same 
phase transition can also be triggered by a traffic jam caused by fluctuations 
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downstream. As the traffic flow further increases, the traffic jams can also be de
veloped upstream when quP > 2060 veh/hr. Then the congestion will no longer 
be confined to the vicinity of the on-ramp. The traffic jams developed down
stream always move upstream. They just move across the on-ramp smoothly 
without inducing significant effects. The congestion caused by the extra inflow 
from on-ramp will soon move away from the ramp upstream. 

4 Discussions 

In this paper, we study the emergence of congestion induced by fluctuations of 
the inflow through the on-ramp. The congestion is not caused by random fluctu
ations. A definite type of perturbations is required to trigger the transitions. An 
extra flow within a short time is necessary, which is characterized by two param
eters: Llq and Llt. To induce the congestion, the extra flow must be larger than 
the critical value Llqc, which then depends on quP' qrmp, and Llt. It is interesting 
to note that the criterion for a phase transition is not directly associated with 
the number of vehicles in the extra flow, which is equal to (Llqc Llt). We observe 
that the quantity (Llqc VL1t) scales with the downstream flow (qup + qrmp). At 
the same downstream flow, a larger number of vehicles is required when the 
perturbation has a longer duration. The scaling also implies that the same extra 
flow will induce the congestion at a smaller qrmp when quP is larger. 

The congestion is induced, not spontaneously emerged. Within a wide range 
of flows, both the free flow and the congestion are stable. Thus appropriate 
control mechanisms can be employed to suppress the traffic jams. From the phase 
diagram of Fig. l(a), the highway is free of congestion when qup + 1.2 qrmp < 
2060 veh/hr. With a larger upstream flow qup, the on-ramp flow qrmp should be 
restricted to a smaller value. The conventional on-ramp control is carried out 
by setting up a traffic light at the ramp before the intersection with the main 
highway. The traffic light switches periodically to red and green. By allocating 
different times to red and green phases, the average value of the on-ramp flow 
can be easily restricted. With the operation of the traffic light, the phase diagram 
is the same as shown in Fig. l(a) with the parameter qrmp denotes the average 
value of the on-ramp flow. In the non-scaling region, the phase transitions must 
be triggered with a very large value of Llqc. Mathematically, it is correct, but 
impractical in reality. If we consider only the phase transitions in the scaling 
region, a softer restriction of quP+ qrmp < 2060 veh/hr will guarantee the highway 
to be free from the congestion. The operation of the traffic light should depend 
on the upstream flow. With the increase of quP' one should decrease qrmp by 
allocating more time to the red phase. To increase the capacity of a highway, 
one should find the way to limit the maximum value of the inflow fluctuations. As 
the downstream flow increases, the critical value Llqc decreases. The congestion 
is easier to induce and the highway becomes more unstable. On the other hand, 
if one could limit the value of Llqc, the restriction can be pushed toward the 
limit of qup + qrmp < 2300 veh/hr. 
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The above control scheme based on the phase diagram is a conservative one. 
The highway traffic is maintained at the status where the congestion is impossible 
to emerge. The traffic flow is kept under a certain upper bound. Thus the capacity 
of a highway is limited. l,From the study of the density profile, we propose a new 
control scheme to eliminate the congestion more effectively. The small traffic 
jam propagating downstream with a decreasing speed can be taken as an early 
symptom of the later emerging congestion. By closing the on-ramp for a short 
period, say 30 seconds, the small traffic jam can be totally eliminated. Thus the 
congestion will not appear. The typical results are shown in Fig. 2(b). In this 
scheme, the timing is important. When the traffic jam is still developing and 
propagates downstream, it can be eliminated by closing the on-ramp shortly. 
When the traffic jam is well developed and starts to propagate upstream, it 
can only be eliminated by closing the ramp for a much longer period, say 10 
minutes. Once the congestion appeared at the ramp, closing the ramp will no 
longer be an option. Usually, it will take more than half an hour to dissipate 
the congestion at this stage. In this scheme, closing the on-ramp temporarily 
provides an effective way to suppress the formation of congestion. The on-ramp 
is open until the symptom of congestion appeared. Then the ramp is closed for 
a short period. Thus the traffic flow on the highway can be supported at a much 
larger value. With the advance of Intelligent Transportation Systems (ITS), the 
highway traffic will be monitored more carefully. This makes the scheme possible. 
Whenever a small traffic jam propagating downstream with a decreasing speed 
is detected, closing the on-ramp temporarily will keep the highway free from 
congestion in a later time. 
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Abstract. We study the effects of tollbooths on the traffic flow. Various types of 
toll collection are examined, which can be characterized either by a waiting time or a 
reduced speed. The phase separation results in a saturated flow, which is observed as 
a plateau region in the fundamental diagram. The effects of lane expansion near the 
tollbooth are examined. The full capacity of a highway can be restored. Besides the 
numerical results, we also obtain analytical expressions for various quantities. 

1 Introduction 

Recently, traffic problems have attracted considerable attention from physicists 
[1,2]. The highway traffic is basically a many-body system of strongly interacting 
vehicles. The emergence of congestion can be taken as a phase transition in a 
one-dimensional nonequilibrium system [3]. l.From our daily experience, traffic 
jams occur more often near a tollbooth than in other parts of the highway. In 
this paper, we investigate how the presence of tollbooths affects traffic flow. The 
tollbooths on a highway serve two purposes: to collect tolls and to regulate the 
flow. Besides to increase revenue for governments, road pricing is also considered 
to be one of the most efficient approaches to reduce congestion and has been 
investigated currently by both economists and transportation researchers [4]. In 
the following, we will focus on the effects in regulating the traffic flow. 

In this paper, we study the traffic flow and the phase transition in the pres
ence of tollbooths. We simulate the traffic flow on a single lane highway by using 
the Nagel-Schreckenberg model [5]. The cellular automaton approach has suc
ceeded in reproducing realistic features of highway traffic. The model will be 
briefly reviewed in the next section. Different types of toll collection will be im
plemented. The effects of the conventional lane expansion near the tollbooth will 
be studied in Section 3. The conclusions are summarized in the last section. 

2 Model 

In the basic model, the one-dimensional highway is divided into L sites. Each 
site can be either empty or occupied by a vehicle with an integer speed v E 
{O, 1, ... vmax } where Vmax is the speed limit. With periodic boundary condi
tions, the number of vehicles is conserved. At each time step, the configuration 
of N vehicles is updated by the following four rules, which are applied in parallel 
to all vehicles. The first rule is the acceleration. If the speed of a vehicle is lower 
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than Vmaz , the speed is advanced by one. The second rule is the slowing down 
due to other vehicles. If a vehicle has d empty sites in front of it and a speed 
larger than d, the speed is reduced to d. The third rule is the randomization, 
which introduces a noise to simulate stochastic driving behavior. The speed of a 
moving vehicle (v ~ 1) is decreased by one with a braking probability p. In the 
fourth rule, the position of a vehicle is shifted by its speed v. Iterations over these 
simple rules already give realistic results. The model contains three parameters: 
the maximum speed Vmaz , the braking probability p, and the average density 
P = N / L. To simulate the real traffic on highway, the distance between two sites 
is set to 7.5 meter; the update time-step is 1 second. The speed limit Vmaz = 5 
corresponds to 135 km/hr. The braking probability p = 0.5 provides the reason
able fluctuations. The single lane highway has the maximum flow fmaz ~ 0.32 at 
the density P ~ 0.08, which corresponds to a maximum flow of 1200 vehicle/hr 
at a density of 10 vehicle/km. 

A selected site is designated as the tollbooth, on which each vehicle has 
to stop and pay the toll. We study three different types of conventional toll
collection. In case (a), a driver pays the toll by cash and has to wait for change 
and the receipt. It takes about 10 seconds for each vehicle to wait on the toll
booth. In case (b), a driver just hands over the prepaid ticket. Without waiting 
for change and the receipt, the process can be finished by 1 second. In case (c), 
with the electrical toll system (ETS), the vehicle is not required to stop but can 
pass the tollbooth with a reduced speed of about 30 km/hr. In the simulations, 
a waiting time ofTw = 10 is assigned to case (a) whenever a vehicle occupies the 
site of the tollbooth. Similarly, in case (b), a waiting time of T w = 1 is assigned. 
In case (c), a reduced speed of Vr = 1 is enforced when the vehicle passes the 
tollbooth. The numerical results are shown in Fig. 1(a). The effect of a tollbooth 
can be easily observed as the plateau in the fundamental diagram. The three 
different types of toll collection give qualitatively the same result. The presence 
of a tollbooth sets the traffic flow to a saturated value in the middle range of 
the density. Case (a) gives the lowest value of the saturated flow and case (c) 
the highest one. When the traffic flow is less than the saturated flow, either in 
the very low density or the very high density region, it follows the fundamental 
diagram without a tollbooth. 

When the density is low, vehicles move freely and independently. The pres
ence of a tollbooth will not reduce the traffic flow. When the density increases 
over a critical value Pel, traffic jams begin to emerge. A phase separation is 
observed. The drivers experience the congestion before the tollbooth; after pass
ing the tollbooth, vehicles move freely. As the density continues to increase, the 
traffic flow remains in the saturated value fs. The vehicle queue before the toll
booth increases accordingly. The phase separation disappears when the density 
further increases over the critical value Pe2. The traffic jams become dominant. 
The traffic flow decreases with the increase of density. The effects of a tollbooth 
become negligible again. 

Within the plateau region, the behavior of the local densities can be well 
described by the Maxwell construction of the first order phase transition. The 
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Fig.1. (a) The fundamental diagram for various types of toll collection. Parameter 
L = 2000. (b) Saturated flow /. as a function of waiting time Tw. The analytical 
results from Eq. (1) are shown by the solid line. 

following analytical expressions can be obtained, 

1-p 
is = (Tw + 1)(1 - p) + 1 ' 

(1 - p)(vmax - p) 
Pel = (Tw+ 1)(1-p)+1' 

(Tw + 1)(1 - p) 
Pe2 = (Tw + 1)(1 - p) + l' 

(1) 

(2) 

(3) 

The numerical results can be well described, see Fig l(b). When Tw is small, the 
overestimate of is is related to the overestimate of traffic flow in the mean-field 
approximation of. The length of vehicle queues before the tollbooth can also be 
calculated analytically. The presence of a tollbooth introduces a first order phase 
transition when the density reaches a critical value. Long vehicle queues appear 
before the tollbooth. As the phase transition is a thermodynamical property of 
the bulk, the appearance of traffic jams before the tollbooth also reflects the 
property of the whole lattice. As shown in the above equation, the solution Lq is 
always proportional to L. Thus the length of a vehicle queue is not measured by 
the number of sites, but by the fraction of lattice. With a given density above 
the critical one, the vehicle queue occupies a fixed fraction of the lattice, i.e., on 
a larger lattice appears a longer vehicle queue. 

In cases where vehicles are not required to stop on the tollbooth, as in case 
(c), a reduced speed of Vr ~ 2 has only negligible effects on the fundamental 
diagram. It is interesting to observed that the case of Vr = 1 is very similar to 
the case of Tw = O. However, the saturated flow in the former is slightly less 
than that of the latter. 
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As a single tollbooth already saturates the traffic flow, the presence of more 
tollbooths has only negligible effects on the fundamental diagram. The distribu
tion of the tollbooths is irrelevant, provided the distance between two tollbooths 
is not too close, say less than 10 sites. The traffic flow is controlled by the den
sity. Beyond the critical density, the total length of a vehicle queues is fixed, 
with fixed density and the lattice size. However, the length of a vehicle queue 
before each tollbooth is mainly determined by the initial configuration. 

3 Lane Expansion 

The presence of a tollbooth sets an upper bound to the traffic flow. The saturated 
flow is much less than the maximum capacity of the highway, especially in case 
(a). To restore the full capacity of a highway, conventionally two tollbooths per 
lane are set up to enhance the traffic flow. The system configuration is shown 
in Fig. 2(a). Near the tollbooths, the single lane highway is divided into two 
branches. On each branch, a tollbooth is set up. After the tollbooths, the two 
branches merge into a single lane. Parameter M denotes the length of the lane 
expansion. The length of the single-lane part of the highway becomes (L - M). 
The global density is still denoted by p = N / L, where N is the number of 
vehicles. The resultant traffic flow is shown in Fig. 2(b). With naive expectation 
and comparing to Fig. l(a), the saturated flow should be doubled, as in case 
(a). In cases (b) and (c), the maximum flow is restored since the saturated flow 
shown in Fig. l(a) is larger than a half of the maximum. 

(a) 

M sites 
II( )i 

2 Tollbooths 

(L - M) sites 

-WithoutToIItooth 
Without lMIe Exponslon 
(c) v,.1 

• (b) Tw .1 
o (0) Tw .10 

O+-~~~~~~~~-+ 

o 0.2 0.4 0.6 0.8 

Density 

Fig. 2. (a) System configuration of the lane expansion near the tollbooths. (b) The fun
damental diagram with lane expansion for various types of toll collection. Parameters 
M = 100 and L = 1900. 

In case (a), a plateau is still observed in the fundamental diagram. As the 
height of the plateau is doubled, the width of the plateau is shortened. We denote 
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the average density on the single-lane part as Ps. The average densities on the 
separated two branches are equal and denoted as Pb. The numerical results are 
shown in Fig. 3(a), which can be well described by mean-field approximation. 
In the extreme densities, very low or very high, both Ps and Pb increase linearly 
with the increase of p. However, in the low density phase, we have Ps > Pb while 
in the high density phase, we have Ps < Pb. In the middle range of density, their 
behavior can be further divided into two portions. In the first portion, the vehicle 
queueing is confined within the separated branches; as P increases, Ps remains 
constant while Pb increases quickly. In the second portion, the vehicle queue is 
extended into the single lane highway; as P increases, Ps begins to increase again 
while Pb remains constant. 

(b) 

0.8 0.8 

... 
"- 0.6 - ~ _ 0.6 

~ ~ 

'" .'" i!! 0.4 
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'f C 0.4 

0.2 0.2 P. (P) 
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0'~~+-~+---~--1-~-+ 
0.2 0.4 0.6 0.8 o 0.2 0.4 0.6 0.8 

Density (p) Density (p) 

Fig. 3. ps and Pb as functions of p, parameters M = 100 and L = 1900. The analytical 
results for p. and Pb are shown by the solid line and dotted line, respectively. (a) The 
case of Tw = 10. (b) The case of Tw = 1, or Vr = 1. 

In cases (b) and (c), the maximum flow is restored. The effects of the toll
booths can be neglected. There is no phase separation. The free flow in the low 
density region transforms into the congestion phase in the high density region 
directly. The numerical results are shown in Fig. 3(b), which can also be well 
described by the analytical results. Similarly, we have Ps > Pb in the low den
sity region and Ps < Pb in the high density region. In the transition region, Pb 
increases much faster than Ps does, which can be well approximated by a con
stant Ps and an linearly increasing Pb. The underestimate of Pb in the middle 
range of density is attributed to the overestimate of traffic flow in the mean-field 
approximation. 
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4 Conclusions 

The setup of a tollbooth influences the traffic flow significantly. As no vehicles 
are allowed to bypass the tollbooth, the effect is not short ranged but can extend 
to the whole lattice especially when periodic boundary conditions are enforced. 
The tollbooth is characterized either by a waiting time T w or a reduced speed 
V r , determined by whether a vehicle were required to stop on the tollbooth. For 
Vr ;:::: 2, the traffic flow is unaffected. On the contrary, even T w = 0 will reduce 
the traffic flow significantly. The tollbooth serves as a bottleneck on the highway 
and the traffic flow is limited to a saturated value. For extreme densities, the 
effect of the tollbooth can be neglected. In the middle range of density, a plateau 
is observed in the fundamental diagram. Similar effects had also be reported for 
the highway with defects [6]. The synchronized flow near the on-ramp is another 
example, where the traffic flow remains constant with the increase of density [7]. 
Even the pedestrian flow reveals the same effect [8]. As a single tollbooth has 
already saturated the traffic flow, increasing the number of tollbooth has only 
negligible effects. 

As the tollbooth represents a bottleneck, the reduction of traffic flow can be 
effectively restored by lane expansion near the tollbooth. With the conventional 
two tollbooths per lane, the maximum flow can be fully restored for Vr ;:::: 1 
or T w ;:::: 3. Lane expansion also serves as a buffer to maintain the maximum 
flow over a wider range of density. The traffic flow in the high density region is 
enhanced accordingly. 

References 

1. D. Chowdhury, L. Santen, and A. Schadschneider, Phys. Rep. 329, 199 (2000). 
2. D. Helbing, H.J. Herrmann, and M. Schreckenberg (Eds.), Traffic and Granular 

Flow '99, New York: Springer Verlag, 2000; 
M. Schreckenberg and D.E. Wolf (Eds.), Traffic and Granular Flow '97, New York: 
Springer Verlag, 1998; 
D.E. Wolf, M. Schreckenberg, and A. Bachem (Eds.), Traffic and Granular Flow, 
Singapore: World Scientific, 1996. 

3. V. Privman (Ed.), Nonequilibrium Statistical Mechanics in One Dimension, Cam
bridge University Press, Cambridge, 1997. 

4. KA. Small, Transportation 19, 287 (1992); 
P. Ferrari, Transportation Research, B29 357 (1995); 
H. Yan and W.H.K Lam, Transportation Research A30, 319 (1996). 

5. K Nagel and M. Schreckenberg, J. Phys. I (France) 2, 2221 (1992); 
M. Schreckenberg, A. Schadschneider, K Nagel, and N. Ito, Phys. Rev. E51, 2939 
(1995). 

6. D.W. Huang, Chin. J. Phys. 36, 553 (1998); 
M. Bengrine, A. Benyoussef, H. Ez-Zahraouy, and F. Mhirech, Phys. Lett. A253, 
135 (1999). 

7. B.S. Kerner and H. Rehborn, Phys. Rev. Lett. 79, 4030 (1997); 
B.S. Kerner, Phys. Rev. Lett. 81, 3797 (1998); 
B.S. Kerner, J. Phys. A 33, L221 (2000). 

8. Y. Tajima, K Takimoto, and T. Nagatani, Physica A294, 257 (2001). 



Networks / Internet 



Packet Transport and Load Distribution in 
Scale-Free N etwor ks 

K.-1. Goh, B. Kahng, and D. Kim 

School of Physics and Center for Theoretical Physics, Seoul National University, 
Seoul 151-747, Korea 

Abstract. We study a problem of data packet transport in scale-free networks whose 
degree distribution follows a power-law with the exponent 'Y. We define load at each 
vertex as the accumulated total number of data packets passing through that vertex 
when every pair of vertices sends and receives a data packet along the shortest path 
connecting the pair. It is found that the load distribution follows a power-law with the 
exponent a ~ 2.2(1), insensitive to different values of'Y in the range, 2 < 'Y ::; 3, and 
different mean degrees, which is valid for both undirected and directed cases. Thus, 
we conjecture that the load exponent is a universal quantity to characterize scale-free 
networks. 

Complex systems consist of many constituents such as individuals, substrates, 
and companies in social, biological, and economic systems, respectively, showing 
cooperative phenomena between constituents through diverse interactions and 
adaptations to the pattern they create [1,2]. Interactions may be described in 
terms of graphs, consisting of vertices and edges, where vertices (edges) repre
sent the constituents (their interactions). This network approach was initiated 
by Erdos and Renyi (ER) [3]. In the ER model, the number of vertices is fixed, 
while edges connecting one vertex to another occur randomly with certain prob
ability. However, the ER model is too random to describe real complex systems. 
Recently, Watts and Strogatz (WS) [4] introduced a small-world network, where 
a fraction of edges on a regular lattice is rewired with probability Pws to other 
vertices, and compared its properties with those of real-world networks such as 
actor networks, power grid networks, and the neural network of C. Elegans. More 
recently, Barabasi and Albert (BA) [5-7] introduced an evolving network where 
the number of vertices N increases linearly with time rather than fixed, and a 
newly introduced vertex is connected to m already existing vertices, following 
the so-called preferential attachment rule. The number of edges k incident upon 
a vertex is called the degree of the vertex. In the BA model, the probability for 
the new vertex to connect to an already existing vertex is proportional to the 
degree k of the selected vertex. Then the degree distribution PD(k) follows a 
power-law PD(k) '" k- i with 'Y = 3 for the BA model, while for the ER and WS 
models, it follows a Poisson distribution. Networks whose degree distribution 
follows the power-law are ubiquitous in real-world networks such as the world
wide web [8-10], the Internet [11-13], the citation network [14] and the author 
collaboration network [15] of scientific papers, and the metabolic networks in 
biological organisms [16]. On the other hand, there also exist random networks 
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such as the actor network whose degree distribution follows a power-law but 
has a sharp cut-off in its tail [17]. Thus, it has been proposed that the degree 
distribution can be used to classify a variety of diverse real-world networks [17]. 
The power-law behavior implies absence of a characteristic scale, so that net
works following a power-law in the degree distribution are called scale-free (SF) 
networks [18]. In SF networks, one may wonder if the exponent 'Y is universal in 
analogy with the theory of critical phenomena; however, the exponent 'Y turns 
out to be sensitive to the detail of network structure. Thus, a universal quantity 
for SF networks is yet to be found. 

A common feature between the WS and SF networks would be the small
world property that the mean separation between two vertices, averaged over 
all pairs of vertices (called the diameter hereafter), is shorter than that of a 
regular lattice. Even for small values of pws in the WS model, the diameter 
d scales with the number of vertices N logarithmically as in the ER random 
graph; d ~ logN [19]. For SF networks, the diameter also shows the small-world 
behavior. For example, the diameter of the world-wide web is proportional to 
logarithm of the total number of web-pages [8]. Even more, for the metabolic 
networks in biological organisms, the diameter is independent of system size, 
i.e., the number of vertices, making the biological organisms react to changing 
external conditions as quickly as possible [16]. As a whole, diameters of many 
complex networks are small, allowing objects transmitted through the network 
such as neural spikes on neural network, or data packets on Internet, to travel 
from one vertex to another quickly along the shortest path. The small-world 
property in SF networks results from the presence of a few vertices with high 
degree. In particular, the hub, the vertex whose degree is the largest, plays a 
dominant role in reducing the diameter of the system. Since the role of the hub 
in transport is much more dominant, compared with the contribution by the 
normalized degree, we study topological feature of shortest paths between two 
vertices. The transport from one position to another is mainly carried along the 
shortest path(s) between them. When a data packet is sent from one vertex to 
another through SF networks such as Internet, it is efficient to take a road along 
the shortest path between the two. Then vertices with higher degrees should be 
heavily loaded and jammed by lots of data packets passing along the shortest 
paths. To prevent such Internet traffic congestions, and allow data packets to 
travel in a free-flow state, one has to enhance the capacity, the rate of data 
transmission, of each vertex to the extent that the capacity of each vertex is 
large enough to handle appropriately defined "load." 

In this manuscript, we define and study such a quantity, which we simply 
call load, to characterize the transport dynamics in SF networks. To be specific, 
we suppose that a data packet is sent from a vertex i to j, for every ordered 
pair of vertices (i, j). For a given pair (i, j), it is transmitted along the shortest 
path between them. If there exist more than one shortest paths, the data packet 
would encounter one or more branching points. In this case, we assume that the 
data packet is divided evenly by the number of branches at each branching point 
as it travels. A simple example of defining the load due to a unit packet transfer 
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Fig.!. The load at each vertex due to a unit packet transfer from the vertex i to 
the vertex j (from j to i). In this diagram, only the vertices along the shortest paths 
between (i,j) are shown. 

between a given pair (i,j) is depicted in Fig. 1. Note that the contribution to 
the load from the path i --t j may be different from that of j --t i even for 
the undirected network. Then we define the load f.k at a vertex k as the total 
amount of data packets passing through that vertex k when all pairs of vertices 
send and receive one unit of data packet between them. Here, we do not take 
into account the time delay of data transfer at each vertex or edge, so that all 
data are delivered in a unit time, regardless of the distance between any two 
vertices. However, the result we obtained is valid even for the case when data 
travel with constant speed, so that the time delay of data transfer is propor
tional to the distance between two vertices. We pay attention to the probability 
distribution of the load for various SF networks. We find numerically that the 
load distribution Pdf.) follows a power-law Pdf.) '" f.-f>. Moreover, the expo
nent <5 >=::;j 2.2 we obtained is insensitive to the detail of the SF network structure 
as long as the degree exponent is in the range, 2 < 'Y ::; 3. When 'Y > 3, <5 
increases as 'Y increases, however. The universal behavior is also valid for di
rected networks, when 2 < {'Yin,'Youd ::; 3. Since the degree exponents in most 
of real-world SF networks satisfy 2 < 'Y ::; 3, the universal behavior is interesting. 

We construct a couple of classes of SF networks both in the static and evolv
ing ways. Each class of networks includes a control parameter, according to the 
degree exponent. First, we deal with the static case. There are N vertices in the 
system from the beginning, which are indexed by an integer i (i = 1, ... , N). 
We assign the weight Pi = i-a to each vertex, where a is a control parameter 
in [0,1). Next, we select two different vertices (i,j) with probabilities equal to 
the normalized weights, Pi! 2:k Pk and Pj / 2:k Pk, respectively, and add an edge 
between them unless one exists already. This process is repeated until mN edges 
are made in the system. Then the mean degree is 2m. Since edges are connected 
to a vertex with frequency proportional to the weight of that vertex, the degree 
at that vertex is given as 

(1) 
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161,-~~~~~~~~~~~~~~~~ 

Fig. 2. Plot of the normalized load l;j 2:k lk versus vertex index i in double logarithmic 
scales for the scale-free networks with different degree exponents 'Y = 2.25 (x), 2.5 (D), 
2.75 (+), and 3.0 (<». The solid line is the linear fit and has a slope -0.80. Simulations 
are performed for N = 10,000 and m = 2 and all data points are averaged over 10 
configurations. 

where Lj kj = 2mN. Then it follows that the degree distribution follows the 
power-law, PD(k) "-' k-', where 'Y is given by 

'Y = (1 + 0:)/0:. (2) 

This is a generic scaling noticed by Dorogovtsev et al. [20]. Thus, adjusting the 
parameter 0: in [0,1), we can obtain various values of the exponent 'Y in the range, 
2 < 'Y < 00. 

Once a SF network is constructed, we select an ordered pair of vertices (i, j) 
on the network, and identify the shortest path(s) between them and measure 
the load on each vertex along the shortest path using the modified version of the 
breath-first search algorithm introduced by Newman [21]. We have measured the 
load £i for the networks with various 'Y. It is found numerically that the load £i 
follows the formula, 

£i 1 
Lj£j "-' Nl-~i~' (3) 

with (3 = 0.80(5). This value of (3 is insensitive to different values of the exponent 
'Y in the range, 2 < 'Y ~ 3 as shown in Fig. 2. The total load, Lj £j scales as 
"-' N 2 log N. This is because there are N 2 pairs of vertices in the system and 
the sum of the load contributed by each pair of vertices is equal to the distance 
between the two vertices, which is proportional to log N. Therefore, the load £i 
at a vertex i is given as 

£i "-' (N log N)(N /i)~. (4) 

From (4), it follows that the load distribution scales as Pdf) "-' £-6, with c5 = 
1 + 1/ (3 ~ 2.2(1), independent of'Y in the range, 2 < 'Y ~ 3. Direct measure of 
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Fig. 3. Plot of the load distribution Pdf) versus f for various 'Y = 2.25 (x), 2.5 (0), 
2.75 (+) and 3.0 (<» in double logarithmic scales. The linear fit (solid line) has a slope 
-2.2. Simulations are performed for N = 10, 000 and m = 2 and all data points are 
averaged over 10 configurations. Inset: Plot of PL (f) versus f for different m = 2,4 and 
6, but for the same 'Y = 2.5. 

Pdf) also gives 6 :::::J 2.2(1) as shown in Fig. 3. We also checked 6 for different 
mean degrees m = 2,4 and 6, but obtained the same value, 6 :::::J 2.2(1) as shown 
in the inset of Fig. 3. Thus, we conclude that the exponent 6 is a generic quantity 
for this network. However, for 'Y > 3, the exponent 6 depends on the exponent 'Y 
in a way that it increases as 'Y increases. Eventually, the load distribution decays 
exponentially for 'Y = 00 as shown in Fig. 4. Thus, the transport properties of the 
SF networks with 'Y > 3 are fundamentally different from those with 2 < 'Y :::; 3. 
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Z 

Fig. 4. Plot of the load distribution Pdf) versus f in double logarithmic scales for 
'Y = 4 (<»,5 (+), and 00 (0). The dotted line having a slope -2.2 is drawn to compare 
the data with the case for 2 < 'Y :::; 3. Simulations are performed for N = 10, 000 and 
m = 2 and all data points are averaged over 10 configurations. 
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10 

Fig. 5. Plot of the load distribution Pdf) versus f for the evolving model. The data 
are obtained for 'Y = 2.25 (x), 2.5 (0),2.75 (+) and 3.0 (0). The fitted line has a slope 
-2.2. 

This is probably due to the fact that for 'Y > 3, the second moment of FD(£.) 
exists, while for r ::::: 3, it does not. Note that (1) and (4) combined give a scaling 
relation between the load and the degree for this network as 

£. '" kCr- 1)/(c5-1). (5) 

Thus, when and only when r = 8, the load at each vertex is directly proportional 
to its degree. Otherwise, it scales nonlinearly. 

We generate SF networks in an evolving way according to the method pro
posed by Kumar et al. [22], which is similar to the method proposed by Simon 
in 1955 in their idea [23,24]. The stochastic rule includes two ingredients, the 
duplication and the mutation. At each time step, a new vertex is introduced and 
it creates m edges connecting to existing vertices by the following rule: Select an 
existing vertex randomly. Associated with it are m vertices to which edges were 
added previously at its creation. Add an edge to the selected vertex or to anyone 
of the associated vertices with probability PK and 1 - PK, respectively. Repeat 
this m times. The network generated in this way exhibits a power-law in its de
gree distribution, where the degree exponent is given by r = (2 - PK )/(1- PK). 
The BA model is the case when PK = 0.5. Through this model, we also obtain 
the load exponent 8 ::::i 2.2 for different values of the degree exponent in 2 < r ::::: 3 
as shown in Fig. 5, which confirms the previous result. The load-degree scaling, 
(5), is also satisfied. 

Next, we consider the case of directed SF network. The directed SF net
works are generated following the static rule. In this case, we assign two weights 
Pi = i-aout and qi = i-ain (i = 1, ... , N) to each vertex for outgoing and incom
ing edges, respectively. Both control parameters (lout and (lin are in the interval 
[0,1). Then two different vertices (i,j) are selected with probabilities, pd LkPk 
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Fig. 6. Plot of the load distribution Pdf) versus f for the directed case. The data are 
obtained for h'in,')'oud == (2.1,2.3) (0), (2.1, 2.7) (+), (2.5, 2.7) (0) and (2.5, 2.2) (x). 
The fitted line has a slope -2.3. 

and qj / Lk qk, respectively, and an edge from the vertex i to j is created with 
an arrow, i -+ j. The SF networks generated in this way show the power-law in 
both outgoing and incoming degree distributions with the exponents 'Yout and 
'Yin, respectively. They are given as 'Yout == (l+aout)/aout and 'Yin == (l+ain)/ain. 
Thus, choosing various values of aout and ain, we can determine different expo
nents 'Yout and 'Yin. Following the same steps as for the undirected case, we obtain 
the load distribution on the directed SF networks. The load exponent 8 obtained 
is ~ 2.3(1), as shown in Fig. 6, consistent with the one for the undirected case, 
also being independent of 'Yout and 'Yin in 2 < {'Yout, 'Yin} :::; 3. Therefore, we 
conjecture that the load exponent is a universal value for both the undirected 
and directed cases. 

Now we examine the system-size dependent behavior of the load at the hub, 
£h for the static model. According to (4), £h behaves as £h '" N1. 810g N in the 
range, 2 < 'Y :::; 3, while for 'Y > 3, £h increases with N but at a much slower 
rate than that for 2 < 'Y :::; 3 as shown in Fig. 7. That implies that the shortest 
pathways between two vertices become diversified, and they do not necessarily 
pass through the hub for 'Y > 3. That may be related to the result that epidemic 
threshold is null in the range 2 < 'Y :::; 3, while it is finite for 'Y > 3 in SF 
networks, because there exist many other shortest paths not passing through 
the hub for 'Y > 3, so that the infection of the hub does not always lead to the 
infection of the entire system. Thus, epidemic threshold is finite for 'Y > 3 [25]. 

We also study the topological feature of shortest paths between two vertices 
by introducing the "involving number" defined as follows [26]. First we define 
a set, composed of the vertices on the shortest path(s) from one position to 
another. Then, since there are N(N - 1)/2 pairs of vertices, the same number 
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Fig. 1. Plot of the system-size dependence of the load at the hub versus system size N 
for various, = 2.2 (0), 2.5 (0),3.0 (0),4.0 (x), and 00 (D.). The solid line is N1.BlogN 
and dotted lines have slope 1.70 and 1.25, respectively, from top to bottom. Simulations 
are performed for m = 2 and all data points are averaged over ten configurations. 

of sets exist in the system. Among them, we are interested in the amount of 
different sets a certain vertex j belongs to. This number is called the involving 
number Pj , and the normalized involving number 7r j is defined as 7r j == Pj / L:I PI 
for each vertex j. In particular, the involving number at the hub Ph is found 
numerically to scale as Ph '" N 2 , while the total involving number summed over 
all vertices is found numerically to scale as L: j Pj '" N 2 10g N (see Fig. 8). So the 
normalized involving number at the hub 7rh = Phi L: j Pj behaves as'" 1/ 10gN, 
decaying much more slowly, compared with the normalized degree decreasing 
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3 r..P./N2 
J J 

2 
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N 

Fig. 8. Semi-logarithmic plot of Ph/N2 (0) and L":j Pj /N2 (D.) versus the system size 
N for the BA model. 
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Fig. 9. Involving number distribution PI (7r) for the BA modeL The dashed line has a 
slope -2_2, being a guide to the eye_ 

as "" N-O.5 in the case of the BA model [18]. Therefore, the contribution of 
the hub to shortest paths is much larger than the naive estimate based on the 
normalized degree at the hub, O(I/VN) as noticed before for the BA modeL Fig_ 
9 shows the involving number distribution PI(7r), showing a power-law behavior, 
P1 (7r) "" 7r-"1/ with TJ ~ 2.2_ 
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I 

Fig. 10. Plot of the load distribution PL(f) versus load f for the small-world network. 
Simulations are performed for system size N = 1,000, and average degree (k) = 10, 
and the rewiring probability pws = 0.01, averaged over 500 configurations. Inset: Plot 
of the average load (<», diameter (+), clustering coefficient (0) versus the rewiring 
probability pws. All the data are normalized by the corresponding values at pws = 0_ 
Dotted lines are guides to the eye. 
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Finally, we mention the load distribution of the small-world network of WS 
which is not scale-free. It is found that its load distribution does not obey a 
power-law, but shows a combined behavior of two Poisson-type decays resulting 
from short-ranged and long-ranged connections, respectively, as shown in Fig. 
10. We also find the average load, l(pws) == (liN) L:i Ci(pws), as a function 
of the rewiring probability Pws decays rapidly with increasing pws, behaving 
similar to the diameter in the WS model, as shown in the inset of Fig. 10. 

In conclusion, we have considered a problem of data packet transport on 
scale-free networks generated according to preferential attachment rules and in
troduced a physical quantity, load {Cd at each vertex. We found that the load 
distribution follows a power-law, PdC) '" C-6, with the exponent 6 ~ 2.2(1), 
which turns out to be insensitive to the detail of the network structure when 
the degree exponent is in the range (2,3]. Moreover, it is also the same for both 
directed and undirected cases within our numerical uncertainties. Therefore, we 
conjecture that the load exponent is a generic quantity to characterize scale-free 
networks. Since the degree exponents are in the range 2 < 'Y ::; 3 for most of 
real-world scale-free networks, the universal behavior we found in this range may 
have interesting implications to the interplay of their structure and dynamics. 
We also find that the load scales linearly with the degree only when 'Y = 6. For 
'Y > 3, however, the load exponent 6 increases as the degree exponent 'Y increases, 
and eventually the load distribution decays exponentially as 'Y -+ 00. However, 
since the scale-free networks for 'Y > 3 are fundamentally different from those for 
'Y ::; 3, the universal behavior observed in 2 < 'Y ::; 3 could be taken as a generic 
nature of the scale-free networks. 

This work is supported by grants No.2000-2-11200-002-3 from the BRP pro
gram of the KOSEF. 
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Phase Transition of Three-Directional 
Traffic-Flow in 2D Network 

Y. Honda 

Dept. Computer Sciences and Systems Engineering, Muroran Institute of Technology, 
Muroran, 050-8585, Japan 

Abstract. A traffic-flow model with objects moving towards three directions is inves
tigated by numerical simulations and the mean-field approach. This traffic-flow. model 
includes four kinds of objects in two-dimensional network, each chooses one of three 
directions to move. Average velocity and flow are calculated and phase transitions are 
observed increasing the density of objects. It is found that there are three kinds of 
traffic jams in a range of density of objects just above the critical value. 

1 Introduction 

Traffic-flow problems are important subjects not only in the field of transporta
tion on freeways or city roads but also in the field of packet flow in computer 
networks. In the traffic-flow problems, the nature of a phase transition between a 
free-moving phase and a traffic-jam phase has to be clarified from the viewpoint 
of the statistical physics for a non-equilibrium system. 

A cellular automaton (CA) is one of the useful tools to describe traffic-flow 
models [1]. Biham et al. [2] have proposed a CA model in order to describe the 
traffic flow of two kinds of cars in a two-dimensional network of city roads; it 
is called the BML model here after. The BML model has a discontinuous phase 
transition between the free-moving phase with lower density of cars and the 
traffic-jam phase with higher density of cars. A typical configuration of cars in 
the traffic-jam phase has a shape like a herringbone (see Fig. l(b) in Ref. [3]). 
Since in the BML model, the cars do not change their moving direction, Cuesta 
et al. [4] introduced a probability of changing the direction. The discontinuous 
phase transition is observed in this model, too. 

These models for two-dimensional traffic flow have two kinds of cars. We have 
recently proposed a traffic-flow model with four kinds of cars [3]. In contrast with 
models with two kinds of cars, we have found a sort of continuous transition 
between the free-moving phase and the traffic jammed phase. We have noticed 
that core configurations of cars play an important role to bring a traffic-jam; 
those core configurations are different from the herringbone type configuration 
in the BML model. In our previous study [3], we assume a two-way traffic on 
each pair of two lanes; the cars are able to move towards only a fixed direction 
on each lane. We do not permit a two-way traffic on one lane. Then we have 
found that the core configurations are never dissolved. 

In the present paper, The word "object" instead of "car" is used, since an 
object can move backwards according to rules given in section 2. In contrast to 
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the previous model [3], the two-way traffic on one lane is permitted in the present 
model. Any core configuration for a traffic jam does not appear in the present 
model. It is found that there is a continuous phase transition whose behavior is 
different from that in the previous model given in Ref.[3] . 

In section 2, a three-directional traffic-flow model is described. In section 3, 
numerical results are shown for average velocities and the fundamental diagram. 
In section 4, a critical density of objects is estimated by considering a stability 
of an interface of a cluster. Section 5 is devoted to a summary of the present 
study. 

2 A Traffic-Flow Model with Objects Moving Towards 
Three Directions in a Two-Dimensional Network 

The square lattice is considered as a network in which objects move. A site 
of the square lattice is denoted by r = (x,y) , where x E {1,2,"',L} and 
y E {I, 2" " , L}; L is a linear size of the square lattice. Each object can occupy 

Fig. 1. Square lattice with four kinds of moving objects. 

a site of the lattice as shown in Fig. 1, but can not be located on a bond between 
sites. In the present study, the two-way traffic on a bond is considered instead 
of the one-way traffic; for example an object can move from the west to the east 
or from the east to the west on the same bond. 

Four types of objects are considered, namely a-type, ;3-type, J,t-type and v
type, on the square lattice. Objects of a-type try to move towards the west with 
a probability 1 - 6 - ",(, towards the south with a probability ",(, and towards 
the north with a probability 6. Objects of ;3-type try to move towards the south 
with a probability 1 - 6 - ",(, towards the east with a probability ",(, and towards 
the west with a probability 6. Objects of J,t-type try to move towards the north 
with a probability 1- 6 - ",(, towards the west with a probability ",(, and towards 
the east with a probability 6. Objects of v-type try to move towards the east 
with a probability 1- 6 - ",(, towards the north with a probability ",(, and towards 
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the south with a probability 8. Arrows attached to triangles mean directions to 
which the object is possible to move. 

If a site to which an object tries to move is empty and a traffic signal permits 
that movement, the object can move to the site. If a site to which an object 
tries to move is occupied by another object or a traffic signal does not permit 
that movement, the object can not move to the site. There is a possibility that 
two objects simultaneously try to move into the same site from different sites. 
In this case, we select one of these two objects to move to the site with the same 
probability for each. 

In order to describe microscopic equations of motion, we introduce four 
Boolean variables a~, 13:', JL~ and v:' according to the type of objects. For ex
ample, an object of JL-type at a site r and at time step t is denoted by JL~ = 1. 
We introduce an auxiliary variable I\;~ E {O, 1,2,3, 4} whose value means a state 
of occupancy at site r and at time t as follows: 

(1) 

Using these variables, a microscopic equation of motion for an object of JL type 
is expressed as follows: 

(2) 

(3) 

(4) 

(5) 

where 8,.,3 is Kronecker's delta and a = 1 - a for a Boolean variable a. :i: and fJ 
mean unit vectors in x and y direction, respectively. e:. E {O, I} and O~ E {O, I} 
are random variables that determine the direction in which an object tries to 
move. Frequencies for e:. and 0:' are given in Table 1. The value of the Boolean 
variable at means the state of traffic signals at time step t. When at = 1, 
movement of objects is permitted from the north to the south or in inverse 
direction. On the other hand, when at = 0, movement of objects is permitted 
from the west to the east or in inverse direction. 81-; .. 1 = 1 means that the object 
of JL-type has to stay at site r at time step t + 1. 
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Table 1. 

e; 8; Frequency 
o 0 (1-,- 8) 
o 1 8 
1 0 , 
1 1 0 

Microscopic equations for another type of objects are constructed by giving 
attention to the type and directions to which they try to move. For example for 
St;;'l, in rhs of (3) we replace IL; by v;', at by ift, ift by at, r + iJ by r + X, r - x 
by r+iJ and r +x by r -iJ, respectively. For M~;;.t, in rhs of (4) we replace IL~_y 
b t b t b t b -t -t b tAb A A Y v .. _"" IL .. -", Y v .. +y , IL .. +", Y v"_y , a Y a ,a ya, r - y y r - x, r - x 
by r + iJ and r + x by r - iJ, respectively. Likewise, we can obtain microscopic 
equations by such replacements for st+1 St+1 Mt+1 and Mt+1 0:,'" /3,"" Q','" (3,1' . 

When M;'+1 > 0, 1'£' E {O, 1, 2, 3, 4} is a random variable whose frequency 
distribution P(K,I) is defined as follows: 

1: Mt+1 + 1: Mt+1 + 1: Mt+1 + 1: Mt+1 P(K,I) = UI<',1 0<," UI<',2 /3,.. UI<',3 p".. UI<',4 11," 
M;+1 

(6) 

The frequency distribution means that One of two objects moves to the site with 
probability 1/2. Note that a multi-occupation of One site is not permitted. 

3 Results of Numerical Simulations 

Numerical simulations are carried out by using the microscopic equation of mo
tion described in previous section. A periodic boundary condition is assumed 
in all of the present simulations. Average velocity and flow are calculated from 
the numerical simulations. The total number of objects is expressed by N. We 
assume that the number of objects of each type is N/4. The density of objects 
n is defined as follows: 

N 
n = £2. 

In the present study, the velocity of objects v(t) is defined as follows: 

v(t) = 2~ L {(a;+1 - a;)2 + (,8;'+1 - ,8;')2 
.. 

(7) 

(8) 
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This velocity corresponds to the total number of objects which move in a time 
step from t to t + 1. Time averages are calculated as follows: 

1 ™ 
(v)t = T _ T L v(t), 

M r t=TI+l 

(9) 

where TM and Tr mean maximum time step and initial time step of observations, 
respectively. Tr = 10000 is used in order to obtain equilibrium states and TM = 
50000 in order to calculate the time averages. Moreover, an average over initial 
configurations is taken as follows: 

R 

(v) = L(v),. (10) 
i=l 

In the following, we set R = 50 for the calculation of the velocity and the 
flow. 

In the present study the flow of objects f(t) is defined as follows: 

f(t) = nv(t). (11) 

Average values of the flow are calculated in the same way as in (9) and (10). 
The meaning of the flow is the number of moved objects per site. 

Figure 2(a) shows results for the velocity as a function of the density of 
objects in the case of L = 64 and 'Y = 6. We find a phase transition between the 
free-moving phase and the traffic-jam phase for 0 < 'Y < 0.5. In this parameter 
range, increasing the value of 'Y, the density of objects at the transition point 
increases. In contrast to this parameter range, for 'Y = 0.5 there is no phase 
transition. 'Y = 0.5 means that objects can move only in two directions. 

In Fig. 2(b), average values of the flow are shown as functions of the density 
of objects. For every value of 'Y, the flow becomes maximum at transition points 
of the density of objects. Note that the velocity and the flow have finite values 
even in the traffic-jam phase. This property is different from that for the model 
with one-way traffic [3]. 

In Fig. 3, results for (f)t are shown in detail. There are three branches of the 
flow in a range 0.4 ;S n ;S 0.6 which are pointed out in (b), (c) and (d), respec
tively in Fig. 3. By observing some snap shots of the configuration of objects 
it is found that the branch denoted by (b) corresponds to a zero-dimensional 
cluster, (c) to a one-dimensional cluster and (d) to a two-dimensional cluster. 

4 Discussion for a Phase Diagram 

Let us estimate the critical density of objects nc as a function of 6 and 'Y, by 
considering a stability of an interface of the zero-dimensional cluster as shown 
in Fig. 4. Assuming that the zero-dimensional cluster forms a circle with radius 
R and the shaded area is occupied by objects of type v, (see Fig. 5) the length 
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Fig. 2. (a) Average value of the velocity (v) as a function of the density of cars n. 
(b) Average value of the flow (f) as a function of n. These results are obtained from 
simulations for L = 64. 

of the interface between inside and outside of the cluster becomes 7rf" for the 
shaded area. We concentrate our attention only on the shaded part. Objects in 
the interface are depicted by small open circles attached to short arrows. 

At first let us estimate the number of objects which break away from the 
interface of the cluster. Objects on an upper part of the interface (shown by (a) 
in Fig. 5) can go outside of the cluster by moving towards a direction shown by 
the arrow with a probability '"Y. Then the number of objects which try to break 
away from the interface (a) is given by 7rf'"Y. On the other hand, the number of 
objects which try to break away from the interface (b) is given by 7r4R8. Therefore 
their total number Nb is denoted as follows: 

(12) 
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Fig. 3. Calculated values of the flow for J = I = 0.4. Each symbol corresponds to 
result with a different initial configuration of objects. 
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Fig. 4. A snap shot of the configuration of objects for L 
n = 0.12. 
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Because just outside of the cluster, the density of objects is close to n, only a 
fraction (1- n) of Nb is permitted to move to the outside of the cluster. The true 
number of objects which can break away from the interface is given by Nb(l-n). 

Now let us estimate the number of objects which try to attach to the interface 
of the cluster. We denote the number of objects of type a, (3, J..L and 1/ which try 
to attach to the interface by Na,a, Na,(J, N a,11 and Na,v, respectively. Concerning 
the objects of type a, the fraction which tries to attach to the interface is given 
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Fig. 5. A schematic representation of a zero-dimensional cluster of objects. Shaded 
area occupied by objects of type v. (a) denotes an upper part of an interface for type 
v and (b) a lower part. 

by ~ ~')' + ~ ~<5. Hence, Na,a is expressed as follows: 

(13) 

Concerning the objects of type /3, the fraction which tries to attach to the inter
face is given by ~')' + ~~(1 - <5 - ')'). Hence, N a,j3 is expressed as follows: 

7rRn 
Na ,j3 = (1 - <5 + ')')16" (14) 

With respect to the objects of type j.L, the fraction which tries to attach to the 
interface is given by ~<5 + ~ ~(1 - <5 - ')'). Hence, Na ,/" is expressed as follows: 

7rRn 
Na,/" = (1 + <5 - ')')16" (15) 

With respect to the objects of type v, the fraction which tries to attach to the 
interface is given by ~(1- <5 - ')') + ~ ~(<5 +,),). Hence, Na,v is expressed as follows: 

7rRn 
N = (2 - <5 - "V) -. a,v I 16 (16) 

A situation where the value of Nb(l - n) equals Na,a + N a,j3 + N a,/" + Na,v 
corresponds to nco Therefore the value of nc is approximated as follows: 

(17) 

There are two factors which can cause difference the between approximated 
values and simulated values. One of them is an effect of the zero-dimensional 
cluster on the density of objects n. By forming a cluster, the true density of the 
objects n' outside of the cluster should be smaller than n. This factor affects 
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Nb(l - n),so that the approximated value of nc should increase by this factor. 
For system size L -t 00, keeping R finite, this factor should vanish. 

The second factor is an effect of the shape of the interface. In the present 
argument, the shape of the interface is assumed to be a circle and every object 
at the interface has the possibility to break away from the cluster. However, 
some of the objects can not break away from the interface, because the true 
shape of the interface is different from a circle. In Fig. 6, a real configuration 

" 8 

7 

6 

5 

4 

3 

2 

1 

" 8 7 6 5 4 3 2 1 

Fig. 6. A true configuration of objects at an interface of a cluster whose radius is 
eight . A shaded area means an inside of the cluster. Circles denote objects which can 
break away from the cluster towards the north. Crosses denote objects which can not 
break away from the cluster towards the north. 

of objects at an interface with R = 8 is shown as an example. A shaded area 
means an inside of the cluster. Circles denote objects which can break away from 
the cluster towards the north. Crosses denote objects which can not break away 
from the cluster towards the north. There are six objects at the boundary which 
corresponds to the interface (a) in Fig. 5. Among them three objects can not 
break away from the cluster towards the north. The parameter b denotes the 
fraction of objects which can not break away from the cluster by this factor. In 
the case of a cluster with radius eight we have b = 0.5. For a cluster of R = 20 
the critical density of objects is reached. In fact, we check up the value of b for 
up to R = 20. In Fig. 7, values of b are shown as a function of R. The smallest 
value of b is 0.357 for R = 19. In real situations of the present traffic-flow model, 
b takes a value in a range 0.357 ;S b ::::: 1. 
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Fig. 7. Values of b as a function of radius of cluster. A broken line denotes an average 
b = 0.440. 

Because of this factor, the value of Nb(1 - n) is modified to be Nb(1 - n)b. 
Then the approximated value of nc should be modified to n~ as follows: 

I (6+'Y)b 
nc ::: 1 + (6 + 'Y)b' 

(18) 

In Fig. 8, we show the value of n~ calculated by (18) as a function of 6 in the 
case of 'Y = 6 and obtained results from simulations. The solid line denotes the 
value of n~ with b = 1 which is the largest value of b. The dotted line corresponds 

1=8 
0.8 

0.6 

_0 
c: 

0.4 

0.2 

0.1 0.2 

1>=1 --
b=O.357 -

Results of simulations •. --.---. 

0.3 0.4 0.5 

Fig. 8. The values of n~ as a function of d in the case of'Y = d. The solid line shows 
the calculated value by (18) with b = 1. The dotted line corresponds to b = 0.357. 
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to b = 0.357 which is the smallest value in a range 1 ~ R ~ 20. It is found that 
critical densities n~ obtained by simulations are within a region bounded by 
b = 1 and b = 0.357. 

5 Summary 

In the present study, a traffic-flow model with objects moving towards three 
directions on a two-dimensional network is proposed. Two-way traffic on the 
square lattice is assumed in this traffic-flow model. From numerical simulations, 
it is found that there are three kinds of structures of traffic-jams. This property is 
different from that the traffic-flow model with a one-way traffic [3] exhibits. The 
phase diagram is roughly understood by considering a stability of an interface 
of clusters. 

The determination of an accurate boundary of the phase diagram and a 
properties of the phase transition are left as interesting problems. 
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Abstract. We focus on the physical mechanism of phase transition between non
congested and congested phases in Internet traffic. We analyze the simplest model 
of packet transport protocol called stop-and-wait, which is an element of widely-used 
TCP /IP protocol. Our simulation clarifies that the stop-and-wait protocol can repro
duce the same phase transition as appears in actual Internet traffic. The most important 
result is that the exponent of power-laws at the critical point has the same value as one 
in real traffic trace. We also show that a simpler model, which omits feedback control, 
shows a phase transition behavior, but, the power law exponent is different from the 
observed one. Our simulation clarifies the minimal network topology for generating l/f 
fluctuation when using the stop-and-wait algorithm. 

1 Introduction 

The Internet is becoming an essential tool in our daily lives, and more than 108 

hosts are currently connected to this computer network. It is obviously the most 
complicated artificial object in the history of mankind. It is known as a totally 
open system with autonomous properties because it is not based on any central 
control. 

The Internet consists of two types of nodes and links connecting them. One 
type of nodes is called hosts which are located at the peripheral leaves of the 
Internet corresponding to the computers that people use usually. From the view
point of information flow, hosts are both sources and sinks of information. The 
other type of nodes is called routers which are responsible for delivering infor
mation from a sender host to a receiver host. 

When a sender host transmits some information to a receiver host, the in
formation is sent as a number of packets and they pass through routers along 
the path from the sender to the receiver. Each router has a data table called the 
routing table containing information about the receiver addresses and neighbor
ing routers. Because each packet has a header that includes both the sender's 
and receiver's addresses, routers can find the next hop router (or host) of the re
ceived packet by using its header information and the routing table. The routing 
table is periodically autonomously reconstructed by the communication with the 
neighboring routers. Unlike telephone networks in which a connection takes sole 
possession of a line, routers and links are always shared equally by all related 
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hosts in the Internet, namely there are no special packets - they are treated in 
the same manner. 

When an enormous number of packets arrive at a router, a jam occurs like 
in highway traffic or granular flow. The special property of the Internet is that 
some packets are dropped at jammed routers in the worst case. Because of such 
properties, the macroscopic view is better for explaining the dynamics of Internet 
traffic than a view focusing on individual user behaviors. There have been many 
studies of the statistical characterization of Internet traffic. It has been shown 
that the fluctuation of traffic density in the Internet is well modeled by the 
self-similar property (Le., long-range dependency), deviating clearly from the 
Poisson property (short-range dependency) [5,6,2,1]. Recently, Takayasu et al. 
showed that network traffic behavior is characterized by the phase transition 
between non-congested and congested phases [9,8,3]. They found that the self
similar property appears when the mean traffic flow density is close to the critical 
density, while the network behavior is well modeled by the usual Poisson property 
when the flow density is low. 

Although observational studies have proved the occurrence of the phase tran
sition, its mechanism has not been clarified. Takayasu et al. pointed out that even 
in the simplest situation of a single buffer, self-similar fluctuation can occur at 
the critical point. However, they reported that the exponent of the power law of 
the single buffer model, -0.5, was different from the observed one, -1.0. Fukuda et 
al. focused on the effect in Ethernet, which is widely used in local area networks 
[4], and clarified by numerical simulation that Ethernet can reproduce the l/f 
fluctuation with exponent -1.0 at the critical point. They also pointed out that 
the essence of the l/f fluctuation of Ethernet is the exponential backoff effect 
for avoiding packet collisions. The Ethernet model is useful for explaining the 
network's l/f behavior in a local area network, but the phase transition has also 
been observed in wide area networks. Therefore, we need a more general model 
to explain the l/f behaviors of a wide area network. 

In order to elucidate the minimal model of phase transition in a wide area 
network, this paper focuses on the effect of the widely used TCP /IP protocol. 
TCP is designed for reliable and efficient communication between sender and 
receiver hosts, and is based on a feedback control to adjust to the current network 
condition [7]. Since TCP itself is a mixture of several control algorithms, it is 
difficult to clarify the effect of TCP as a whole. Thus, we concentrate on the 
effect of feedback control called the stop-and-wait algorithm as the essence of 
TCP /IP by using simple computer simulation. 

First we show that the stop-and-wait protocol can reproduce the same sta
tistical behavior including the exponent as the observed one. Next, we show that 
the exponent of the power law changes from -1.0 to -0.5 when we modify the 
feedback control. Finally, we clarify that the essence of pure l/f fluctuation is in 
the mutual correlation among three routers with feedback control and does not 
depend on the network topology. 
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2 Simulation Model 

2.1 Simplified TCP 

The TCP algorithm consists of several basic control algorithms to achieve the 
efficient communication. The main ones are: 

• window-based flow control per connection 
• retransmission algorithm 
• transmission rate controls (such as slow start and congestion avoidance) 

It is difficult to clarify the role of each component in the phase transition be
haviors because the whole TCP is very complicated. In this paper, we focus on 
the most basic component of TCP; the window-based flow control contains a 
feedback effect, and we omit the effect of the last two algorithms because we 
have shown that they do not play essential roles in the phase transition. 

In the TCP algorithm, basically the sender transmits packets to the receiver 
when the sender receives an acknowledgment packet from the receiver for pre
viously sent packets. We pay attention to this acknowledgment algorithm and 
introduce a simple feedback control algorithm called the stop-and-wait algo
rithm. In this algorithm a sender transmits a packet only when it receives an 
acknowledgment packet responding to the sender's previous packet. Namely, only 
one packet or one acknowledgment packet can exist in the network at a time for 
each connection. 

2.2 Simulation setup 

Node 

Node 3 

Fig. 1. Network configuration. Circles indicate nodes (three hosts and a router). Gray 
boxes indicate senders and receivers. 

We consider a network consisting of three hosts and one central router de
noted by circles and transmission links connecting them (denoted by solid lines) 
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as shown in Figure 1. Gray boxes indicate senders and receivers at the host 
and dotted lines indicate connections among the senders and receivers. In this 
example, four connections are established. There are two connections between 
the Nodes 1 and 2, one between the Nodes 2 and 3, and one between the Nodes 
1 and 3. The reason we treat this simple network topology is to minimize the 
effect of a complicated network topology. 

We assume that buffer sizes of nodes and the router are infinite, so that 
no packet loss occurs. Each packet in the connection travels from the sender 
node to the receiver node passing through the router and the node's buffers. 
At each time step, every node tries to establish new connections with a certain 
probability. This probability (which we call the connection arrival rate r) is the 
control parameter in phase transition studies. It is important that the connection 
creation event is temporally independent of others. When the trial succeeds, the 
new connection generates a data packet in the next time step. If there is a 
connection that received an acknowledgment packet or if it is newly established 
in the previous time step, the sender nodes put the next data packet into the 
buffer of the corresponding node. Also, when nodes and the router have packets 
in their buffers, they transfer the oldest packet in the buffer to the node or 
router. When a host receives a data packet, it generates an acknowledgment 
packet in the next time step. On the other hand, when the received packet is an 
acknowledgment packet, it generates the next data packet in the next time step, 
except when the acknowledgment is for the last data packet, in which case the 
connection is finished. We set the number of transfered packets in a connection 
to 20. It should be noted that because of an infinite buffer sizes in the nodes, 
the buffer length is expected to diverge when the connection arrival rate is too 
high. 

Our simulation was done 20 times for each parameter value. Each run was 
executed for 1,310,720 simulated time steps. We focused on the density fluc
tuation of the number of packets transfered from the Router to Node 1 with 
granularity of 20 time steps. Thus, the result in each case is a time series of 
65,536 data points. 

3 Simulation Results 

3.1 Stop-and-Wait Algorithm 

Figure 2 shows the relationship between connection arrival rate (r) and the 
number of finished connections (c). c linearly increased for r smaller than 3.7. 
This range corresponds to the non-congested phase. On the other hand, we 
can find a decrease of the number of finished connection for the region over 
r = 3.7 corresponding to the congested phase. This figure clearly indicates that 
the network traffic produced by the simple stop-and-wait algorithm showed a 
phase transition between non-congested and congested phases with the critical 
point around r = 3.7. 

To clarify the statistical property of traffic we analyzed the produced traffic 
density fluctuation by using congestion duration distribution analysis and power 
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Fig. 2. Number of finished connection. 

4 4.5 

spectrum analysis. Figure 3 shows the congestion duration distribution of the 
three regions: non-congested phase, congested phase, and the critical point. The 
congestion duration length is defined as the consecutive number of congestion 
states (i.e. states having values larger than a certain threshold) multiplied by 
the bin size in traffic density fluctuation. It is well-known that the cumulative 
distribution of congestion length follows the power-law distribution P(> L) ex: 
L -a when the connection arrival rate is at the critical point. From this figure, we 
actually find that the distribution is approximated by a power law distribution 
at the critical point. It should be noted that the slope in the log-log scale is close 
to -1.0 which is consistent with the actual traffic analysis shown in Figure 4 

As confirmed from Figures 3 and 4 the stop-and-wait simulation and real 
observation give consistent results not only at the critical point but also in 
both non-congested and congested phases. When the connection arrival rate was 
smaller than the critical value, the distribution decayed exponentially as a typical 
non-congested phase behavior. In the congested phase the distribution deviated 
from the power law of exponent -1.0, showing a plateau-like behavior. 

Figure 5 shows the power spectra of the traffic density fluctuation produced 
by the stop-and-wait algorithm. The three plots correspond to the non-congested 
phase, the congested phase, and the critical point. Like the result of conges
tion duration analysis, the power spectrum followed the power law distribution 
S(J) ex: I-a at the critical point with an exponent approximately -1.0. In the 
non-congested phase the power spectrum deviated from the power law distribu
tion but it was characterized nicely by a white-noise spectrum. 
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Fig. 5. Power spectrum of the stop-and-wait algorithm. 

These results are completely consistent with the actual traffic's power spec
trum, so we can conclude that the stop-and-wait algorithm extracts the essential 
mechanism of phase transition in the Internet traffic. 

3.2 CBR Algorithm 

In order to clarify the characteristics of the stop-and-wait algorithm, we per
formed a simulation based on the no-feedback algorithm called the CBR (Con
stant Bit Rate) algorithm. In the stop-and-wait algorithm, the sender node trans
mits a packet to the receiver node only when the acknowledgment packet for the 
previous packet is received. In CBR algorithm, the sender transmits packets to 
the receiver at a fixed time interval after a connection is established. Namely, 
there are no acknowledgment packets in the CBR algorithm. This algorithm 
cannot adapt to the current network status because it cannot change the packet 
transmission rate. We set the packet interval and the number of packets to trans
mit in a connection to 5 time steps and 20 packets, respectively. 

The lines plotted in Figure 6 represent the power spectra of the traffic traces 
reproduced by CBR algorithm. We observe that the power spectrum changed 
from white noise to the power law as the connection arrival rate reached the 
critical value. Above the critical point, the flow density from the router was 
always saturated at the maximum level, because the buffer length of the router 
tended to diverge. Thus, we omit the plots above the critical point. Figure 7 
indicates the cumulative distribution of congestion duration produced by the 
CBR algorithm. It is clear that the plotted line is close to a power law with 
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exponent of -0.5 at the critical point though the plot decays exponentially below 
the critical point. 

The important difference between the stop-and-wait and the CBR algorithms 
is the exponent of the power law. At the critical point, the slope of the plotted 
line for the CBR algorithm is approximately -0.5, not -1.0. Phase transitions 
characterized by the power-law with exponent of -0.5 are known to occur for 
a single buffer with Poisson input traffic. Namely, the phase transition behavior 
of the traffic fluctuations reproduced by the CBR algorithm can be recognized 
as being produced when passing through the single buffer in the router. 

3.3 Effect of 'fraffic Symmetry 

Finally, we performed an extra simulation based on the stop-and-wait algorithm 
in order to determine the effect of traffic symmetry. Here, we restricted the direc
tion of connection as shown in Figure 8, namely no connection was established 
between the Nodes 2 and 3 while connections appeared in the paths between 
the Nodes 1 and 2 and the Nodes 1 and 3 with equal connection arrival rate 
r. Figure 9 shows the power spectrum of this asymmetric case, and Figure 10 

", -- ", - ---- -..iI' _-
Node ~ 

~----~ 

Node 2 

Node 3 

Fig. 8. Network configuration (2) . Connections are not allowed between the Nodes 2 
and 3 in this configuration. 

shows the cumulative distribution of congestion duration. In both figures, the 
plotted lines are approximately power laws with exponent -0.5 at r = 2.48, the 
estimated critical point. We also checked a simpler topology having two nodes 
and one router, and found that the power law exponent at the critical point was 
-0.5. These simulation results indicate that the phase transition mechanism of 
the asymmetric case is the same as that of the two-node case and the essence 
of the l/f fluctuation is due to the effect of other packets inserted into a packet 
stream because there are three nodes. 
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4 Discussion 

Let us review our simulation results. First, we performed numerical simulations 
focusing on the effect of traffic control between the hosts. When the hosts de
ployed the stop-and-wait algorithm based on feedback control, the aggregated 
reproduced traffic behavior is completely consistent with the actual traffic be
haviors. On the other hand, in the case of non-feedback control like the CBR 
algorithm, the exponent of power law at the critical point differed from the ob
served one. Because of the fact that TCP which is based on a feedback algorithm 
is more widely used in the current Internet than the CBR type non-feedback al
gorithm, we can conclude that this feedback effect plays an essential role in 
characterizing actual network traffic behaviors. In particular, it is important to 
note that l/f fluctuation appears without assuming any long-range dependence 
for input traffic. 

We also found that the exponent at the critical point changed to -0.5 when 
the connection arrival was asymmetric. Although the host used feedback control, 
we expected its phase transition behaviors to be identical to the single buffer 
case or the CBR algorithm case. Thus, we know that the most important point 
is the triangular correlation among three hosts by using the feedback control. 
The detailed analysis of the asymmetric case is an important subject for future 
work. 

Finally, let us discuss the meaning of different exponent values for the Internet 
traffic. Figures 4 and 7 demonstrate that the occurrence probability of a large 
congestion is directly affected by the value of the exponent. We consider that a 
smaller probability of a large congestion is better for the network. Namely, an 
exponent of -1.0 is better than -0.5. Thus, a well-controlled network using the 
stop-and-wait and Ethernet should be better than a network controlled by the 
CBR algorithm from the view of network performance. 

5 Conclusion 

We performed computer simulations in order to find the minimal model of 
phase transition in Internet traffic. Our results indicate that the feedback con
trol among the nodes is the key factor for reproducing realistic network traffic 
behaviors. At the critical point, the exponent of the power law distribution was 
approximately -1.0 without assuming any long-range dependence like power-law 
file size distributions. When nodes used non-feedback control like the CBR algo
rithm or when the number of active nodes was two, the exponent became close 
to -0.5, implying that a very large congestion occurred with a high probability. 
From the viewpoint of avoiding a large congestion, equivalent weights for the 
nodes and their feedback control are recommended. 

In this paper, we neglected the effect of file sizes, but the file size distribution 
in real web traffic is known to follow a power-law distribution. In other words, 
input traffic in real systems is strongly correlated. Therefore, we should analyze 
such effects of correlated input traffic. Also, further analysis is needed to clarify 
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the effect of asymmetry in the network as this is now known to enhance the 
occurrence probability of large congestion. 
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Abstract. A microscopic description of packet transport in the Internet by using a 
simple cellular automaton model is presented. Therefore we introduced a generalized 
exclusion process which allows to study travel times of the particles ('data packets') 
along a path in the network. Computer simulations reveal the appearance of a free flow 
and a jammed phase separated by a (critical) transition regime. The power spectra are 
compared to empirical data for the RTT (Round Trip Time) obtained from measure
ments in the Internet. We find that the model is able to reproduce the characteristic 
statistical behavior in agreement with the empirical data for free flow and congested 
phase. Moreover the model shows, as observed in reality, critical behavior (1/ I-noise) 
for paths with critical load. 

1 Introduction 

Nowadays computer networks playa decisive role in various fields of information 
transport. Especially the Internet has become a popular media for communica
tion and the exchange of information. The enormous increase of data transfer 
caused by the growing demand leading to decreasing transfer rates makes it 
necessary to understand the basic properties of data transport for planing new 
connections and optimizing the usage of the existing resources. The evaluation 
of the statistical properties of real data measurements like the time-series of the 
round trip times (time a data packet needs to travel from a source to a desti
nation host and vice versa) [1-4] or the load of a single router [5,6] is the basis 
for an effective analysis of the basic mechanism of data transport in the Inter
net. Moreover there are investigations on the social aspects of Internet and the 
"human factor" in the system [7]. A useful instrument in physics for analyzing 
time-series is the investigation of the power-spectra, which show in the case of 
the Internet for different paths characteristic dependencies, i.e., Iff-noise, first 
presented by Csabai [1] and later by Takayasu et al. [2,8]. 

2 Model 

In the Internet traffic data files are divided into small data packets of a definite 
size. These data packets move, for fixed source and destination hosts, due to the 
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structure of the Internet transportation protocols (TCP lIP), along a temporally 
fixed route. Therefore the transport between two specific hosts can be viewed as 
a one-dimensional process. In order to reproduce the statistical characteristics of 
Internet traffic we introduce a simple microscopic cellular automaton model with 
open boundary conditions based on the Asymmetric Simple Exclusion Process 
(ASEP) [10,12,15] by allowing a finite number Bn of particles (data packets) on 
each site (router) n. Hereby we take into account that each router has a buffer of 
finite capacity so that more than one data packet can be stored (multi-allocation 
of sites). The data packets move with a router specific probability Pn to the next 
router. This probability determines the amount of traffic at the network node 
(the current) as well as the statistical behavior of processing times. The dynamics 
of the system do not only depend on the probability a data packet moves to the 
next router, but also on the restriction of the buffers so that a data packet only 
moves to the next router as far as there is enough space left. 
The model [13] is defined on a linear array of N sites (Fig. 1). Each site n = 
1, ... , N represents a router with a buffer which stores Zn(t) particles. Each 
router has a finite capacity Bn, i.e., Zn(t) ::s Bn. A particle i, representing a 
data packet, moves with the probability Pn from site n to the next site n + 1 as 
long as the buffer n + 1 is not completely occupied. The update is performed in 
parallel for all packets and the travel times Ti of all packets are increased by the 
discrete time Llt. The data packets arriving at the last site N are removed with 
probability PN and their travel times T i , i.e., the times needed to travel through 
the system, are measured. At t = 0 we start with empty buffers at all routers, 

Fig. 1. System consisting of N = 7 router with buffer size B = 8. 

i.e., Zn(t = 0) = O. In each time step the following update steps are applied in 
parallel: 

1. As long as the first router n = 1 is not completely occupied jin data packets 
are inserted: Zl(t + 1) = min(Zl(t) + jin,Bd. The travel times of these 
packets are set to zero: Ti = O. 

2. The travel times Ti of those data packets i present in the system are increased 
by Llt = l. 

3. Data packets in the routers n = 1, ... , N - 1 move with probability Pn 
to the next router n + 1 as long as this router is not completely occupied 
(ZnH(t) < BnH)' 
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4. Data packets in the last router which have not already been moved in the 
same time step are removed with probability PN and their travel times Ti 

are measured. 

Note that data packets in a buffer are stored in a waiting queue and therefore 
the packets with the highest waiting times try to move first. Moreover it is to 
mention that, due to the stochastic character of the movement and the multi 
allocation of sites particles can overtake each other which can not be found in 
the ASEP. Because of the parallel update each data packet can move only once 
during each time step. In contrast to [11] no data packets are lost. Note that for 
Bn = 1 the model is identical to the ASEP with disorder in the hopping rates 
and boundary probabilities a = 1 and (3 = PN. 

3 Simulations 

For the following investigations for all routers the buffer size is set to B = 128. 
Note that with regard to reality we restrict the number of routers to N = 15 
and the probabilities Pn are chosen in such a way to obtain a good agreement 
with empirical data. As in the ASEP [12] the state of the system is determined 
by the smallest of three currents, namely the maximal possible inflow, bulk flow 
and outflow. For j~n < j~ax the dynamics of the system is governed by the 
dynamics of the collective behavior of the routers. In reality congestions occur, 
when the amount of traffic at a router exceeds its maximum capacity. In order to 
observe congestions in the simulation one single slow router with a lower moving 
probability Pdef is inserted. This router then behaves like a bottleneck restricting 
the maximum flow to jdef = BPdef. Because there is no major influence of the 
unrestricted routers behind the bottleneck on the statistics of travel times in the 
system, we associate the bottleneck of a path with the boundary condition at 
the right end, i.e., PN = Pdef. Since we are mainly interested in the impact of 
the slow router we restrict the inflow jin to one data packet per update. Varying 
Pdef, computer simulations reveal the existence of two phases which can be dis
tinguished by the behavior of the travel times and the average density in the 
system (see Fig. 2). The travel times are obtained in simulations by summing 
up the waiting times Ti,n of every single data packet i in the routers along the 
path: Ti = L::=l Ti,n· The behavior of the system is determined by the relation 
between Pdef and p* where p* corresponds to the point of maximum bulk flow 
whereby p* can be estimated with p* = Biin = -B1 • For Pdef = p* the inflow is 

def 
equal to the maximum flow PdefBdef through the last router. For probabilities 
Pdef > p* the maximum flow through the bottleneck is higher than the inflow 
jin. In this free flow system the mean flow only depends on the average capacity 
of each single router. Contrary, for probabilities Pdef < p* the mean flow through 
the bottleneck is lower than the inflow jin and the system gets jammed. In the 
jammed state, the maximum system flow is determined by the maximum capac
ity of the bottleneck. Data packets can only move to the next router when a 
data packet left it a time step before. For Pdef ~ p* the mean flow through the 
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Fig. 2. Left: Diagram of the mean travel times T of data packets in dependence of 
the probability Pdef of the last router for (N = 5,10,15,20), B = 128, and pn = 0.2. 
Right: Relation between the density p of data packets and the probability Pdef of the 
last router for (N = 5,10,15,20) routers. The other parameters correspond to the ones 
of the left diagram. 

bottleneck is equal to the inflow jin which means that the system operates at 
its maximum capacity. The existence of two well defined regimes in the presence 
of a defect router Pdef is also confirmed by measurements of the mean density p 
of the system (see Fig. 2) which is defined by p = L:~=1 t-. In Fig. 2 one can 
distinguish a free flow state with low density for Pdef > p* and a jammed state 
with high density for Pdef < p* in agreement with the results for the travel time. 
To compare the simulation results with empirical travel times from ping exper
iments, we investigated the statistics in the jammed and the free flow regime as 
well as in the transition region between these two regimes at Pdef = p*. Therefore 
we generated the power spectra of the travel times and analyzed the spectral 
density. The left part of Fig. 3 shows the power spectrum of a free flow sys
tem (Pdef » p* = 1/ B). White noise is found for the whole frequency range. 
This means that correlations in the travel times of the data packets are negli
gible small. The data packets move with probability Pn from one router to the 
next one without any limitation caused by the buffer restrictions. In contrast, 
jammed systems (Pdef « P*) show an algebraic decay with an approximately 
1/ j1/2 dependence at low frequencies (see right part of Fig. 3). Considering the 
occupancy of the buffer as a time dependent variable, the interval distribution 
of one jammed buffer corresponds to the first recurrence time in the random 
walk problem. Such a system then shows 1/ j1/2-noise in the power spectrum 
and white noise at higher frequencies [2]. In the transition regime in the vicinity 
of p* the power spectra of the travel times show characteristic 1/ i-noise (see 
Fig. 4) at low frequencies (long range correlations, critical behavior). All of the 
above findings of the statistical analysis of travel times generated by simulations 
of our simple model are in full agreement with the characteristic properties of 
measurements of ping time series in the Internet [2,4]. 
To show some other characteristic features of our model we further investigated 
the fundamental diagram for different buffer sizes. Therefore we initialized a 
system with periodic boundary conditions (data packets move according to the 
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update rules throughout a periodic system and are not deleted) with an arbi
trary amount of particles and measured the system flow (Fig. 4). In contrast 
to other models where particles can overtake each other like cellular automaton 
models for multilane traffic (see [14]) the maximum of the fundamental diagram 
is shifted to densities higher than 1/2. This is caused by the fact that due to the 
noise only a part of packets try to move. However, the fraction of free cells in 
a router needed to permit unhindered movement is less than 1/2 of the buffer 
size. 
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Fig. 3. Left: Power spectrum of a free flow system showing white noise (N = 15, 
B = 128, P = 0.2, and Pdef = 0.1). Right: Power spectrum of a jammed system with 
1/ fl/ 2-noise at low and white noise at high frequencies (N = 15, B = 128, P = 0.2, 
and Pdef = 0.003). 
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Fig. 4. Left: Power spectrum of a system at critical load (N = 15, B = 128, 
P = 0.2, and Pdef = 0.788). One finds 1/ f-noise at low frequencies and white 
noise at high frequencies. Right: Fundamental diagram for a periodic system with 
B = 1,2,4,8, 16, 64, 128 and P = 0.5 for all routers. 
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4 Discussion 

A simple cellular automaton model for the Internet data packet transport along 
a fixed path in the Internet is introduced. This can be seen as a asymmetric 
exclusion process where occupation of sites (buffers) by more than one particle 
(data packet) is allowed. By means of computer simulations we found a jammed 
and free flow phase in the presence of a slow router. To compare our model with 
real Internet data we focused on the dynamic behavior of the travel times and 
their correlations. The analysis of travel times shows the typical power spectra of 
real Internet traffic in the two regimes, i.e., white noise for free flow and 1/ P/2 
for the jammed system. In the transition regime between these two phases the 
model shows a characteristic 1/ i-noise. 
Future work should characterize the transition in more detail. However, our in
vestigations revealed that many of the statistical properties of Internet traffic can 
already be understood by a simple one-dimensional model. Moreover there are 
investigations of a two dimensional extension of the model where the nodes can 
act as source and destination hosts showing temporal growth of perturbations. 
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Abstract. Results of an experimental investigation of the dynamics of flow in a 
collapsing granular pile are reported. The collapse of the pile is induced by reducing 
the length of the base support of the triangular pile. The dynamics are studied 
by using the statistics of the avalanches during the collapse. It is found that the 
collapse consists of two types of avalanches and two angles of repose are needed 
to describe the shape of the collapsing granular pile. Corresponding to these two 
angles of repose, the collapse of the granular pile can be characterized by local and 
global avalanches. A system-wide global avalanche will be triggered only when a 
large enough part of the base of the granular pile is removed. Otherwise, small 
avalanches localized near the tip of the pile will be produced. It is also found that 
the probability distributions of the avalanches depend on the sizes of the avalanches 
under consideration. The size of the localized critical tip corresponding to the local 
avalanche is independent of the size of the whole grain pile and can be estimated 
theoretically from a simple static friction model. Furthermore, the surface flow 
dynamics during the global avalanche is also measured. The mean velocity of the 
grains is found to decay exponentially into the depth of the surface layer. A slipping 
layer can be identified which has a non-trivial time dependence. 

1 Introduction 

It is well-known that a pile of grains can be packed to sustain a stable inclined 
free surface, and avalanches can be induced to occur on its free surface as 
a result of disturbances. There has been an increasing number of studies 
on the properties of sandpile because of its fundamental importance in self
organized criticality [1] and relation to practical problems of granular flow 
[2-4] and landslides. Usually, the creation of a granular pile is by adding the 
granular material on the top of the pile either randomly [5] or at a particular 
location [6]. The importance of these studies lies in the believe that the 
avalanches induced by the addition of a single grain of sand would obey a 
power law distribution [7]. This power law dependence has been found in 
rice piles [8]. There have been several theoretical attempts to investigate the 
properties of these surface granular flows during avalanches, most of them are 
phenomenological model that use the surface profile as the dynamic variable 
[9,10]. These models can account for some macroscopic properties of granular 
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flow in some experiments such as rotating drum. However, there is little 
studies, especially experimentally, on the detailed dynamics of the grains 
during the avalanche. 

On the other hand, in actual situations, another type of avalanches can 
also be produced in granular systems by the removal of grains or collapse of 
structure close to the bottom of the pile. For example, in the landslide [11] 
close to rivers, the collapses of nearby slopes are mainly due to the erosions of 
the river bed. Despite the practical importance of these avalanches, very little 
is known about the properties of these avalanches. Here we report results of 
an experimental investigation of the structures of these collapsing granular 
files as well as the flow properties of these avalanches induced by removing 
grain at the tip of the pile. Presumably, the transition from the static to the 
flowing states in the granular pile could reveal the nature of these avalanches. 
The detail dynamics, such as the velocity distribution in the fluidized flowing 
layer, is monitored by high speed imaging techniques. The transition from 
the static to flowing regimes can be studied in detail by observing the growth 
of the fluidized surface layer in the onset of the avalanches. The statistical 
properties of the avalanches are also investigated similar to the studies in 
Self-organized criticality. The mechanics of the grains in the flowing layer is 
related to the physics of granular materials under shear and in rapid flow. 

2 Experimental Setup and Procedure 

The experimental apparatus we used is similar to other experiments [8] in 
which the grains are confined in a Plexi-glass rectangular box of dimensions: 
40cm (length) x 30cm (height) x lcm (width). However, the bottom of the 
box is made of a movable Aluminium base plate with a hole (O.8cm x 2cm) 
as shown in Fig. 1. As in many other grain pile experiments, a triangular 
granular pile of height H and base length L is first built up to a steady state. 
Initially, a granular pile is built up by pouring rice into the Plexi-glass box 
slowly from the top at the left. At first, the grains will stay close to the 
position where they land. However, as more grains are added, they rest on 
top of one another, creating a pile. Avalanches will take place in the pile as 
grains are added. The base size of the pile will grow until a steady state is 
reached in which the amount of rice added is balanced, on average, by the 
amount of rice falling off the hole. Although L is fixed, the height H can 
still fluctuate in this steady state. The pile is said to be in the critical state 
when H assumes its maximum value. The avalanches are then induced by 
the removal of grains from the foot of the pile, not by addition; in contrast 
with other sand-pile or rice-pile experiments [2,3]. The granular pile built up 
in the box with a base distance of L determined by the position of the hole. 
With the base plate mounted on a computer controlled translation stage, the 
base size of the pile can be adjusted by the position of the hole. Collapses of 
the pile can then be triggered by moving the base plate from left to right in 
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Fig. 1 and hence reducing the base size L of the pile. Since grains will fall out 
from the box through the hole during the collapse, the size of the hole must 
be chosen to be large enough that there is no accumulation of grains around 
the hole. An analytic balance (Sartorius BP3100S), with a precision of 0.01 
gram and a capacity of 3000 grams, is used to measure the total weight of 
grains dropped through the hole. The balance is interfaced to a PC which 
records the mass of the fallen grains. 

Fig.!. Schematic illustration of the experimental apparatus. 

Most of the data presented here are from two types of rice grains, a 
roughly spherical round grain (sago) and a long grain (white rice), but we 
have performed experiments on six different rice grains (some are round and 
some are long), all of them show similar behaviors. The critical angles of 
repose, B, in the critical state is measured to be 38.9°. After reaching the 
critical state of the pile, no more grains are added to the pile. Experiments 
to study the behavior of the avalanches of the critical system can then be 
started by decreasing the base size of the pile with the computer controlled 
translation stage in the following manner. First, the position of the hole is 
shifted Imm to the left. The reading of the balance is then checked to see 
if grains are falling from the pile. If grains are falling onto the balance, the 
reading of the balance will be increasing with time. After the reading of the 
balance has stabilized (no changes within 5 sec), the total mass of grains on 
the balance and the base size L are recorded. This process of shift-and-read 
can be repeated until L is smaller than 5cm. Note that the discharge mass 
M for every step can be computed from the recorded total mass. The critical 
state of the initial pile is usually prepared with L = 30cm (the order of 100 
grains). The precision of the translation stage is O.lmm which is much smaller 
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than the grain size. However, the sensitivity of the balance is not good enough 
to detect the presence of one single grain. The uncertainty of the discharge 
M is about 5 grains. 

For visualization purposes, and for the ability to track the trajectory of 
grain during the avalanche process, a video measuring system was setup. The 
camera was a Kodak SR-500. Particle velocities are extracted from sequential 
images taken with a high speed camera at various time intervals 8t. In order 
to measure particle velocities. the time intervals 8t is chosen at 1/1000 sec. 
The resolution of the images is 256 x 240 for 8t = 1/1000. 

3 Global and Local Avalanches 

Fig. 2 shows a typical result of the above shift-and-read procedure from L = 
30 to 5cm. The diameter of the spherical grain is d ~ 2mm. One remarkable 
feature is that there seems to be two types of avalanches, namely large and 
small. In fact in all the six different grains (some are round and some are 
elongated, with different aspect ratios) we used, all of them show the similar 
behaviors. It can be seen from the figure that the discharge M are usually 
small (less than 1 g). Especially in the beginning of the experiment (L f'V 

30cm) , most of the shifts produce zero or small M. That is: removals of grains 
from the bottom of the initial critical pile produce very little effect on the 
pile. However, a large M will occur when L has been substantially decreased. 
The pile seems to return to its initial state after the large avalanches because 
no large avalanches can be observed until L is again substantially decreased. 
From the figure, the small and then large avalanches of the system seem to be 
arranged in a more or less periodic cycle with the large avalanches separated 
by about 1 to 2 cm in L. The main characteristic in this repeating cycle of 
avalanches is that the size of the large discharges decrease with L. 

To understand the observed behavior of Fig. 2, a CCD camera is used to 
monitor the discharge of the grains close to the foot of the pile. Video pictures 
from the bottom of the pile reveal that there are two angles of repose as shown 
in Fig. 3. This picture is taken after some small discharges have been taken 
place in the pile such as at point A in Fig. 2. These small discharges are 
induced by the local height differences when the grains on the foot of the pile 
falloff the box. After the small avalanches have stopped, the system reaches 
a meta-stable state. A local angle of repose, f/J, larger than the overall global 
one, will be formed. However, this local angle of repose can only sustain the 
mechanical balance of a small fraction of the pile close to the foot. Further 
small avalanches from the pile shown in Fig. 3 will trigger global avalanches 
in such a way that layers of grains from the whole length of the pile will be 
discharged and the initial global angle of repose will be restored. Therefore, 
the small and large avalanches are in fact local and global avalanches of the 
pile in response to the reduction of L. Once the global angle of repose is 
restored, this local and global avalanches cycle will repeat if L is further 
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Fig. 2. Variation of the discharge mass M for different system size L. 
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decreased. In the experiment, it is found that the global angle of repose () is 
close to but less than ()c while the local angle of repose ¢ is larger than ()c. 

Table 1 lists the measured values of () and ¢ for six different types of grains. 

Table 1. Critical angles of a collapsed pile. 

Grain type millet sago round rice white rice dark rice oats 

(long grain) (long grain) 

O(deg.) 38.01 38.86 32.46 33.28 33.98 33.30 

¢(deg.) 41.54 43.81 39.72 47.58 47.01 52.02 

The observation of the local angle of repose suggests the existence of a 
slip plane close to the foot of the pile. The physical origin of this slip plane 
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Fig. 3. A close up photograph of a granular pile of round grains showing the meta
stable slope at the foot of the pile. Grains of darker color are dyed for flow visual
ization. 

is the nonuniform distribution of stresses inside the granular pile which is 
a common phenomenon for granular structures [12]. With this slip plane, 
the local and global avalanches can be easily understood in a model shown 
in Fig. 4. In the figure, the granular pile with base size L is originally at a 
global angle of repose, (). If there is a slip plane BD, a decrease of the base 
size from L to L * will trigger avalanches which involve grains only from the 
region BDA. Thus, a new local angle of repose, </J, will be formed. However, 
further decrease of the base size from L * will trigger the sliding of the whole 
block CEDB. The original global angle of repose, (), will be restored after the 
sliding. A consequence of this model is that the height of the pile, H will 
be a step function of L. The global avalanches seem to be governed by the 
location of the slip plane or the stress distribution in the pile. The statistical 
properties of these global and local avalanches have been reported in Ref. 
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[13]. The global avalanche size following an exponential distribution with a 
characteristic size that is proportional to the size of the whole grain pile. More 
interesting is the local avalanches which originates from the meta-stable state 
at the foot of the pile seem to have a non-trivial (power law) dynamics. 

In Fig. 4, the granular pile with base size L is originally at a global angle 
of repose, e. An important prediction of the above model is that the size 

c 
E 

D A 
" 

L 

Fig. 4. Schematic of the slip plane model for the global and local avalanches. 

of the global avalanches will be proportional to L. The discharge mass is in 
proportion to the area Al of BCDE. Define the depth of the fluidized layer is 
Dj, then 

AD = Dt/ sine 

and 

AB = Dj . [cote + cot(¢ - e)]. 

From Fig. 4, we can obtain that the area (AI) of BCDE is 

LD D2 
Al = ~e - -2j . [2csc2e + cote + cot(¢ - e)]. 

cos 

So the discharge mass M of the global avalanches is given by 

M:::: mo . (LD j _ O(D2)) 
d2 cos e j 

Since L > > D j, it is useful to define the dimensionless quantity 

£ = Mdcose ~ D j 

- moL - d 

(1) 

(2) 

(3) 

(4) 

(5) 
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which is the effective number of granular layers discharged. Therefore, data 
from a single experiment can be used to describe the statistics of the global 
avalanches. From the global avalanche data in Fig. 2, one gets f '" 5 - 6 
layers. From our data,the assumption that the global avalanche size is linear 
to the system size seems to be valid. Note that, for the small local avalanches, 
the triangle BDA in Fig. 4 is independent of system size, L. It has been 
shown in Ref. [13] that the global avalanches follow an exponential form: 
P(f) '" exp(fj fo) for both round and long grains but with different values 
of the characteristic fo. The existence of a characteristic fo for both long 
and round grains suggests that the dynamics of the global avalanches is very 
different from that of self-organized criticality. The geometric shape of the 
grains which plays an important role in the self-organized critical behavior 
of rice piles seems not to be important here. Presumably, the position of the 
slip plane determines the value of this characteristic fo. On the other hand, 
unlike the distribution of the global avalanches, the distributions for the local 
avalanches seem to follow a power law: P(M) '" M-a. a takes different values 
for long and round grains. 

4 Theoretical Estimate for the Sizes of Small 
Avalanches 

Motivated by the fact that the size of the critical tip is independent of the 
size of the whole grain pile, the local frictional forces near the tip should be 
responsible for such a stable state. Here we attempt to estimate the size of 
this critical tip in terms of grain material properties. Suppose there are K + 1 
grains on the side BD (labelled as 0,1,2 ... K) in the critical tip of the pile 
just before the global avalanche occurs, as shown in Fig. 5. Expressing all 
forces in units of mog and balancing the forces acting on the jth-grain, one 
gets 

cos¢ N j + gj - gj+! 

sin¢ P j - Pj+! + Ii 
Ii gj + gj+1 

fj :S f..lNj 

j=1,2, ... K-1 

(6) 

(7) 

(8) 

(9) 

Similar equations holds for the j = Kth (last) grain with gK+I = PK+I = 0. 
Further impose the condition of Ii = f..lNj for marginally frictional forces, 
gj's, Nj's and Pj's (j = 1,2, ... K) can be solved. In particular 

. f..l2 cos¢ 
PI ~ K (sm ¢ - f..l) + 2 (10) 

f..lCOS¢ 
'" ---

2 
(11) 
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since in practice I ($i) K I « 1. For the oth (bottom) grain, one has, 

cos¢ 

sin¢ 

fo < 

No + Po cos ¢ - f w sin ¢ - gI 

Po sin ¢ + f ° + f w cos ¢ - PI 

J-tNo 

(12) 

(13) 

(14) 

(15) 

Finally, using the values of gI, PI, solving for K , under the condition of 
marginal stability of No = 0, one gets 

K ~ J-t(tan¢ - J-t) + J-tw[2sec2 ¢ + J-t(1 + J-t tan¢)l. 
2(tan ¢ - J-t)(1 - J-tw tan ¢) 

(16) 

For the round grain we used in the experiment, ¢ c::: 43.8°, so tan¢ c::: 0.959 
and the static sliding friction between the grains J-t, can be estimated to be J-t ~ 
tan () c::: tan 38.9° = 0.807. J-tw is the friction coefficient between the grain and 
the base material which is aluminium. For an order of magnitude estimate, 
take J-tw '" 0.5, one gets K + 1 '" 18 which of the same order as the length 
BD as estimated from the picture in Fig. 3. Once the length BD is known, 
then the sum of all small avalanches can be obtained, which is proportional 
to the area of the L1ABD, and is given by ~(K + 1)2 csc2 ¢(cot f) - cot ¢). 

fw 
Fig. 5. Schematic picture of K + 1 grains lying on the critical tip of the pile just 
before the onset of a global avalanche. 
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5 Dynamics of the Global Avalanche 

Landslide is induced by removing grains from the bottom of the heap as 
shown in Fig. 6. The mean velocity is determined from an ensemble average 
of particle displacement per unit time at different depth from the free surface. 
In Fig. 6, it seems that the mean velocity is nearly zero deep in the layer. The 
velocity of the surface of pile is faster and the speed of the grains decreases as 
one gets inside the layer. Fig. 6 also shows that the grains are almost frozen 
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Fig. 6. Velocity distribution of grain. System size L = 30 em. The axes are in units 
ofmm. 

deep in the layer. So we can obtain the thickness D from the free surface, at 
which the mean velocity is approximately zero. And it seems that the depth 
of the fluidized layer becomes thick with time and has a time dependence that 
is slower than an exponential approach to the long time limit Doo ':::' 1.2cm 
':::' 6d. Clearly, Doo deduced from the dynamical measurement agrees well with 
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the layer thickness in the measurement of the global avalanches in previous 
section i.e. Df ~ Doo· 

When the fluidized layer becomes steady, we monitored the velocities of 
grains to probe the properties of surface flow. The mean velocity appears to 
decay as the distance from the surface increases and vanishes at some finite 
depth. In the fast flowing regime near the surface, the velocity profile can be 
described by an exponential decay form, with a characteristic" skin depth". 
Such a behavior is not only specific to the system of spherical grains. For 
depth scale much larger than the skin depth, the particle motion changes 
from rapid surface flow to a slow stick-slip motion. In the experiment, we 
observed that the apparently frozen particles beneath the rapidly flowing 
surface are not stationary but slowly sliding. This suggests that there exists 
a boundary at which the particle motion changes from rapid surface flow to 
a slow creeping motion. Motivated by the experimental findings in previous 
section, we attempt to model the surface granular flow during the global 
avalanche in terms of a hydrodynamic model, with the viscosity of the flowing 
granular medium being dependent on the flow velocity. Such a model is able to 
predict an exponential decay velocity profile with the "skin depth" depending 
only on the material properties of the granular medium. More detailed of this 
model and experimental results will be published elsewhere [14]. 

6 Conclusion 

It is clear from experiments and discussions that there are two types of 
avalanches in the collapse of the granular pile when the base length L is 
reduced. The global avalanches seem to be governed by the location of the 
slip plane and hence the avalanche size scales with the size of the whole pile. 
The scaling properties of these global avalanches are therefore different from 
those of Self-organized criticality. More interesting dynamics take place in 
the local avalanches. These small local avalanches which originates from the 
meta-stable state at the foot of the pile seem to have a non-trivial (power law) 
dynamics. Presumably, dynamics similar to those in Self-organized criticality 
might be present in the collapse of this meta-stable part. Geometric shapes 
of the rice do not seem to be important here in contrast to the case of Self
organized criticality. However, in view of the limited number of experiments 
performed, more thorough experimental investigation must be carried out to 
establish the form of the probability distributions for the local avalanches. 
We also found that there exists rapid surface flow and slow creep motion 
below this flow. It is possible to define the boundary between these two types 
of motion, across which the velocity profile changes continuously. The mean 
velocity of the grains decays exponentially into the layer depth in the rapid 
flowing. The fluidized surface layer of an inclined granular collapsing pile has 
a characteristic depth of about 5 to 6 layers. We believe that these behavior 
should be observable in other sheared granular systems [15]. 
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Note on a Micropolar Gas-Kinetic Theory 

H. Hayakawa 

Graduate School of Human and Environmental Studies, Kyoto University, Kyoto 
606-8501, Japan 

Abstract. The micropolar fluid mechanics and its transport coefficients are derived 
from the linearized Boltzmann equation of rotating particles. In the dilute limit, as 
expected, transport coefficients relating to microrotation are not important, but the 
results are useful for the description of collisional granular flow on an inclined slope. 

1 Introduction 

Micropolar fluids are fluids with micro-structures. They belong to a class of fluid 
with a non-symmetric stress tensor. Micropolar fluids consist of rigid, randomly 
oriented (or spherical) particles which have own spins and microrotations sus
pended in a viscous medium. The concept of microrotation, originally, has been 
proposed by Cosserat brothers in the theory of elasticity [1]. Condiff and Dahler 
[2], and Eringen [3] applied its concept to describe fluids with micro-structures 
in the middle of 60s. Recently, a comprehensive textbook on micropolar fluids 
has been published [4]. 

Physical examples of micropolar fluids can be seen in many fields where all 
of them contain intrinsic polarities. However, we believe that the most inter
esting application of micropolar fluid dynamics which would have potential is 
to characterize granular flows [5-7]. In fact, the granular flow is one of flows 
which have micro-structure and rotation of particles. Therefore, it is natural to 
introduce a fluid model which contains an equation for microrotation in addition 
to an equation of velocity. Along this idea, Kanatani [8] formulated micropolar 
fluid mechanics for granular flows, which contains the angle of repose within 
the frame work. Kano et at. [9] have confirmed the quantitative validity of a 
micropolar fluid model in a chute flow of granular particles from the comparison 
of their simulation of micropolar fluids with their experience. It is worthwhile 
to introduce that the velocity profile obtained from the micropolar fluid model 
[9] is far from the parabolic curve expected from the conventional Novier-Stokes 
flow. 

Although we do not know how the micropolar fluid model is relevant in 
other situations of granular materials, it is worthwhile to investigate fundamen
tal properties of micropolar fluids from the view of granular physics (see e.g. 
[10]). Thus, the micropolar fluid mechanics is not a nonsense generalization of 
the N avier-Stokes model, but is a physically relevant model which has many 
applications in physical systems. 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
© Springer-Verlag Berlin Heidelberg 2003
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Recently, Mitarai et al. [11] have analyzed the collisonal flow of particles 
on an inclined slope. They suggested that the kinetic theory of granular par
ticles is useful to derive micropolar fluid mechanics, and the fluid equation is 
quantitatively relevant to characterize the granular flow. Their success of the 
application of micropolar fluid mechanics to granular flows makes us understand 
microscopic origin of the micropolar fluid mechanics. Such attempts have been 
discussed within kinetic theory of polyatomic fluids [12,13] and there are some 
applications to granular fluid [14], but most of their works are not well accepted 
in these days. 

The purpose of this paper is to summarize our current understanding of 
kinetic theory of micropolar gases. For the sake of simplicity we restrict our in
terest to two-dimensional perfectly rough particles in the dilute limit. To avoid 
complication which may be one of reasons for not appealing of the old kinetic the
ory of rough particles, we adopt the method of eigenvalue analysis of linearized 
Boltzmann equation [15]. 

The organization of this paper is as follows. In section 2 we explain the 
outline of micropolar fluid mechanics and its eigenvalue analysis. In section 3, 
we shortly summarize the classical mechanics of binary collisions of identical 
rough disks. In section 4, we explain the framework of kinetic theory of dilute 
gases of rough disks. We also summarize the relation between the eigenvalues of 
linearized Boltzmann equation and the transport coefficients. In section 5, we 
demonstrate how to obtain transport coefficients in micropolar fluids. In section 
6 we will discuss our results. 

2 Outline of Micropolar Fluid Mechanics and its 
Eigenvalue Analysis 

2.1 Outline of Micropolar Fluid Mechanics 

In this section, we explain the outline of micropolar fluid mechanics. The conven
tional fluid mechanics consists of equations of continuity of mass, linear momen
tum and energy. In the fluid without microstructure the conservation of angular 
momentum is automatically satisfied but it becomes a nontrivial conservation 
law in the fluid with microstructure. Therefore we need an extra equation of an
gular momentum in micropolar fluid mechanics. In collisional flows we can adopt 
the differential expansion of the strain field in the stress tensor, the couple stress 
and the heat flux. The constitutive equation is similar to that in the Newtonian 
fluid. In this paper we restrict our interest to two dimensional flows. 

The equation of mass conservation is the same as that in usual fluid 

atP + \7 . (pu) = 0, (1) 

where at = a/at, and p and u = (u x , U y, 0) are the mass density and the macro
scopic velocity field, respectively. 

The continuity equation of linear momentum, on the other hand, becomes 

pDtu = \7.0', (2) 
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where Dt = Ot + (u· V') is Lagrange's derivative. Here the stress tensor (T contains 
the asymmetric part. In collisional flows in two dimension, the stress tensor (Tij 
can be expanded by strains 

(Tij = (-p + (okuk)8ij + J.l(OiUj + OjUi - Ok Uk 8ij ) 

(3) 

where €kij and Wk = w8k,3 are respectively Eddigton's epsilon and the micro
rotation (macroscopic spin field). Thus, the micropolar fluid mechanics has the 
spin viscosity J.lr except for the usual viscosity J.l and the bulk viscosity (. 

The continuity equation of angular velocity is 

(4) 

where the component of the couple stress Cij for two-dimensional micropolar flow 
is given by C13 = J.lBOxW, C23 = J.lBOyW and C33 = O. n and I are respectively 
the number density and the momentum of inertia of each disk. There is the 
relation between nand p as p = nm with the mass of a particle m. 

The energy conservation law, in general, can be written as 

(5) 

where e, r and qi are respectively the energy density, the dissipation rate by in
elastic collisions and the heat flux. Now we may assume Fourier's law qi = -"'OiT 
with the heat conductivity", and the granular temperature. In general, the en
ergy density of micropolar fluid consists of two parts, the translational energy 
and the rotational energy. However, the mechanism of the energy transfer be
tween two parts is not simple [16]. Here, we are only interested in the total 
energy density of both parts. We also assume r = 0 to characterize the behav
ior of small dissipations. We will discuss the complete treatment including the 
energy transfer between the two parts and the energy loss of inelastic collisions 
elsewhere. 

2.2 Linearized Hydrodynamics and its Eigenvalue Analysis 

Here let us discuss the behavior of linearized hydrodynamics around the basic 
state 15, e and U = 0: 

p = 15 + 8p, U = 8U, e = e + 8e, (6) 

where U = (u, w) = (ux , uy, w) is the three dimensional velocity-microrotation 
vector. Assuming the relation between 8e and 8T as 8e = Cv 8T with the specific 
heat with constant volume Cv, the set of equations for linearized hydrodynamics 
in Fourier space thus becomes 

OtPq = -ipq . u q 

OtUq = -iaq· Pq - if3q· Tq - vq2u q - 8q(q· u q ) + 2ivrq x Wq 

OtWq = -PBq2wq + 2Pr(iq x u q - 2wq) 

OtTq = -it'q. u q - 'r/q2Tq (7) 
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where Wq = (0,0, wq ) is the microrotation vector and the suffix q represents the 
Fourier component of the variable and 

= ~ (~:) T' 
;3=~(8P) , J.l+ J.lr a V= ---, 

P 8T p p 

8 
1 

T (8P ) '" = -«( - J.lr), 'Y = pCv 8T p' 
17 = --, 

P pCv 
A J.lB A J.lr J.lr (8) J.lB=-, J.lr=-, Vr =-. 

nI nI p 

When we assume q = qx = (q, 0, 0), the set of equations (7) can be summa
rized as 

8t!Pq = Mq· !Pq, 

where!Pq = T(Pq,UX,q,uy,q,wq,Tq) and 

-iqp 0 
-(v + 8)q2 0 

M q = 0 -vq2 

0 
0 

-2ivrq ( -faq 

0 -2iflrq -flBq2 - 4flr 
-i"(q 0 

Therefore, the eigen equation can be written as 

Mqcp~ = )..~cp~. 

0 

(9) 

-~fiq ) o . 
0 

_ 17q2 

(10) 

(11) 

With the aid of five eigenvectors 'P~, the solution of linearized hydrodynamics 
(g) is represented by 

5 

!P q(t) = L c~(t)cp~, (12) 
a=l 

where c~(t) behaves as c~(t) = c~(O)eA;t. 
The eigenvalues of (9) are connected with the transport coefficients, where 

the eigenvalues are the solution of 

det{ Mq - )..~I} = O. (13) 

Although the exact solution of (13) is difficult to obtain, the hydrodynamic 
solution near q = 0 can be obtained easily. Following the method introduced in 
standard textbooks (see e.g. [15]) , the five eigenvalues are obtained as follows: 
The first two eigenvalues are 

,q - ±. r 2 
"1,2 - zcsq - sq, (14) 

where Cs = J(Cp /Cv )(8p/8p)r with the specific heat with constant pressure 

Cpo rs is the rate of sound absorption, given by rs = ~ (( + J.l + "'( dv - Jp )) • 

The third mode is 
(15) 
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and the fifth mode is 
q _ Ii 2 

A5 - - pCp q . (16) 

The fourth mode is the nontrivial mode which represents the relaxation of the 
microrotation as 

\ q _ 4J.lr 1 ( J.lrI) 2 
A. - -- - - J.lB + - q . 

4 nI nI m 
(17) 

We should note that A~ contains a constant which is independent of q. This means 
that the microrotation field cannot be connected with the zero eigenvectors of 
the linearized Boltzmann (or Enskog) equation. 

3 Binary Collisions of Identical Rough Disks 

In this section, we briefly summarize the result of binary collisions of two
dimensional, identical, circular disks obtained by Jenkins and Richman [17). 

Here we assume that all variables are non-dimensionalized by the diameter 
of the disk d, the thermal velocity CT == J2To/m, where To and m are granular 
temperature and the mass of a particle, respectively. The angular velocity is 
assumed to be non-dimensionalized by WT == J2To/ I with I = m~ /8. All 
dimensionless quantities are specified by hat. Thus, we introduce 

, x 
X= d' 

, C 
C=-, 

CT 

which means that dw is reduced to 2V2wCT. 

, W 
W=-, 

WT 
(18) 

Let us consider a binary collision in which the translational velocity CI, C2 
and the spin WI, W2 prior to the collision become C~, c~ and w~, w~. In order to 
characterize binary collisions of two identical disks we introduce two coefficients 
of restitution as 

k . v' = -ek . v and k x v' = -/3o(k x v), (19) 

where k is the unit vector connecting the center of the particle 1 with that of 2, 
and v is the relative velocity of the points of contact defined by 

(20) 

The coefficients ofrestitution are not constants in actual situation. In particular, 
the tangential restitution coefficient /30 strongly depends on the ratio of the 
tangential velocity to the normal velocity when the Coulomb slip takes place. 
However, they may be regarded as constants in a wide range approximately. The 
coefficient e may take values from 0 to 1, while /30 may vary between -1 and l. 
The elastic hard core collision is characterized by e = 1 and /30 = -1, but the 
collisions of perfectly rough disks are characterized by e = /30 = 1, where the 
energy is conserved in the binary collisions and there is still the time reversal 
symmetry. 
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In this paper, we are interested in the case e = (30 = 1, because this situation 
allows the simplified description with time reversal symmetry but the spin can 
play nontrivial roles. In this situation, we have the changes in a binary collision 
of the relative velocity g 

(21) 

the velocity 

AI A V 2kA(kA A) 
C1 - CI = - 3" - 3" . g , AI A V 2kA(kA ) 

C2 - C2 = 3" + 3" . g , (22) 

and the spin 

(23) 

More general results for any e and (30 can be seen in the paper by Jenkins and 
Richman [17]. For example, let us present one result for any (30 as 

A* A* A A .../2(1 (3)A (kA A) WI + W2 - WI - W2 = - 3(30 + 0 z . x v , (24) 

where wi denotes the spin of i prior to a collision to become Wi afterwards. Note 
that there is time reversal symmetry for any e and (30' 

4 Kinetic Theory of Dilute Gases 

In this section, we discuss the kinetic theory of dilute rough disks. Since the 
Boltzmann equation should have modification if there is no time reversal sym
metry, here we assume that the disks are perfectly rough, i.e. e = (30 = 1 to 
keep the time reversal symmetry. As will be shown, the result recovers usual 
Navier-Stokes equation in the dilute limit, but in some situation like in flows 
on an inclined rough plate the prediction of the dilute gas kinetics seems to 
be quantitatively useful [11]. The extension of this analysis for dense particles 
with dissipative collisions will be discussed elsewhere. Note that there are some 
treatments of three dimensional dissipation-less polyatomic fluids [12,13] based 
on Chapman-Enskog scheme. On the other hand, Jenkins and Richman [17] de
veloped kinetic theory of rough inelastic disks in two dimensions based on the 
Grad expansion. It is difficult to check their argument because their calculation 
is long and complicated. In addition, their method cannot derive micropolar fluid 
mechanics as a closed form. Here we introduce a simpler method of calculation 
which can derive micropolar fluid mechanics and can determine the transport 
coefficients. 

We begin with Boltzmann equation of particles with diameter d: 
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Here we consider the collisions (c*,w*) -7 (c,w) -7 (c',w'), but we note 
(c*, w*) = (c', w') because of time reversal symmetry for e = (30 = 1. In (25), 
we use the following notations: k is the common unit normal vector at contact, 
g = Cl -C2, g = Igl, H(x) = 1 for x 2: 0 and H(x) = 0 for x < 0, ff == f(r, c~, wD 
and h = f(r,cl,wI). 

Now let us analyze a linearly nonequilibrium situation. The distribution func
tion can be expanded as 

f(r, c, w, t) = n(r, t)fo(c, w)(l + tJt(r, c, w)), (26) 

where n is the number density, and fo is the Maxwell-Boltzmann distribution 
function which vanishes in the collisional integral in (25). 

Now we adopt dimensionless quantities as in the previous section. Here we 
only introduce two variables as 

ft(x) = n(x)d2, 
mVi 

fo = (2To)3/2 M(~), (27) 

where e = (c,w) and M(e) = exp(-e)/1f3/ 2 . 

It is easy to show that the zeroth order equation is given by dft/dx = O. Thus, 
the distribution function f depends on the spatial coordinate only through tJt. 

The perturbative equation is now reduced to 

This equation can be written as 

(29) 

where L[tJt1J is the collisional integral in (28). Introducing Fourier transform we 
may rewrite (29) as 

(30) 

The solution of (30) can be obtained from the non-Hermitian eigenvalue problem 

(31) 

Since we are interested in hydrodynamic behavior of (31), we adopt the 
expansion around q = 0 as 

ItJtJ > = ItJtjO) > +qltJty) > +q2ItJty) > + ... , 
.x] = .xjO) + q.xjl) + q2.xj2) + .... 

Substituting (32) into (31) we obtain 

ftLltJtjO) >= .xjO) ItJtjO) > . 

(32) 

(33) 
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Thus, IIPjO) > is represented by the linear combination of five fundamental eigen
vectors as: 

5 

IIP~O) >= L COO' 14>0' >, (34) 
0'=1 

where 14>0 > satisfies £14>0 >= A~O)I4>o >, and their explicit expressions are 

14>1 > = 1, 14>2 >= cx, 14>3 >= CY ' 

14>4> = W, 14>5 >= Ji(f.2 - ~). (35) 

Since 14>0 > is the degenerated eigenvector, we need to use IIP~O) >. The determi
nation of IIPjO) > will be discussed later. We also assume that the eigenfunctions 
are orthonormal as 

(36) 

Therefore we may introduce 5.)0) as 

5.;0) = n < lPJO) ILllPJO) > . (37) 

This 5.;0) is equivalent to A)O) if A;O) is independent of f.. If A)O) is a function 

of f., two eigenvalues are different from each other. We believe that 5.)0) plays 
fundamental roles in later discussion. 

With the aid of (36) and (37) we obtain the relations at the first order: 

• A A(l) 
IIP(l) >= zqcx + j IIP(O) > 

J nL _ A~O) J 
J 

(38) 

and 
,(1) _ . < ,r,(O) I A 1'r,(O) > 
Aj - Z '£' j qcx '£' j , (39) 

where we use L = L t and n < lP1°) IL = AiO) < IP1°) I. 
From (31), (32) and (38) we obtain the second order correction of the eigen

value as 

A~2) = _ < IP(O)I(· A + A~l)) 1 (. A + A~l))IIP(O) > 
J J zqcx J A (0) zqcx J J • 

nL-\ 
(40) 

As the eigenvalues A~ = 0 are degenerate, we must be careful in starting 
from a proper basis that avoids the appearance of vanishing denominators. As 
in the case of quantum mechanics, we must solve exactly eigenvalue problem 
in the subspace spanned by 14>0 >. From the comparison of (38) with (34) we 
obtain 

5 

L COO'[< 4>o'lcxl4>o > -).60,0'] = 0, (41) 
0'=1 
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where X = i)..~l) / q. The required condition that nontrivial solutions of this equa
tion exist is 

(42) 

Thus, we obtain 

(43) 

For later convenience, we introduce Co == Xl. Coming back to (41) we obtain 

(44) 

These IwiO) > will be used as the basis of perturbative treatment. 
Taking into account (40) we obtain the eigenvalues up to the second order as 

\ • 2 ,1i(O) I(A ) 1 (A )I'1i(O) 
-"1 = -zCoq + q < ~1 Cx - Co ftL Cx - Co ~1 >, 

\ . 2 'T,(O)I(A ) 1 (A )I'1i(O) 
-"2 = zCoq + q < ~2 Cx + Co ftL Cx + Co ~2 >, 

\ _ 2 ,1i(O) I A 1 A I'T'(O) 
-"3 - q < ~3 Cx ftL Cx ~3 >, 

\ _ dO) + 2 < ,T,(O)IA ~ A I,TAO) > 
-"4 - -"4 q ~ 4 Cx ftL Cx ~ 4 , 

_ 2 (0) I A 1 A I (0) 
)..5 - q < W5 C'" nL Cx W5 >. (45) 

Basically, the eigenvalues obtained in this section should be equivalent to 
those obtained in section 2 as the linear micropolar hydrodynamics. We have to 
note, however, that the results in this section is written in dimensionless forms 
but the results in section 2 include physical dimensions in terms of the thermal 
velocity CT = J2To/m and the diameter of particles d. Thus we obtain the 
relations 
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(46) 

5 Evaluation of Transport Coefficients 

In this section, we evaluate the transport coefficients /1, /1r and /1B among many 
transport coefficients. Actually we can describe incompressible micropolar fluid 
mechanics in terms of these three coefficients. 

5.1 Evaluation of J.tr 

As was shown in the previous section, to evaluate /1r we have to obtain AiO). We 

here present the result for any (30, since it is possible to obtain AiO) for any (30 
in (19). 

Substituting (24) into (28) we obtain 

L[w] = - J2(~(3: (30) {'cl[W] + 'c2[W]} = Ar w, (47) 

where 

'cI[w] = - J d2c2 J dkH(g. k)(g· k)M2(C)i· (k x g) (48) 

and 

'c2[W] = V2w J d2c2 J dkH(g. k)(g. k)M2(c) (49) 

with M2(C) = exp[-c; - c~l/IT. With the aid offormulae for the modified Bessel 
function Io(z) with zeroth order and the confluent Hypergeometric function 
F(a, b; z): 

111f Io(z) = - dxezcosx, 
IT ° 

(50) 

it is possible to show 

Therefore, we obtain the eigenvalue 

(52) 
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This result states that the eigenvalue depends on the velocity of particles. 
As mentioned in section 4, if the eigenvalue depends on the velocity, the effec

tive eigenvalue X" defined in (37) plays important roles. Thus, xiO) is evaluated 
as 

,(0) =_J1T"(1+(30)njd3ce-e -C2F(3/21.A2)A2 
/\4 3(30 '" 7[3/2 e , ,c w . 

The result of integration becomes 

x(O) __ V21f(1 + (30) A 

4 - 6(30 n, 

(53) 

(54) 

where we use 1000 dcce- 2c2 F(3/2, 1; c2 ) = 1/ V2. We note that the result (54) is 
reduced to 

in the case of (30 = 1. 
From (45), (46) and (55) we obtain 

/I = V21fn 2 md3 J 2To 
r'T 96 m 

(55) 

(56) 

for e = (30 = 1. Thus, J-tT is proportional to n2 as predicted by Mitarai et al. 
[11]. Therefore, the effect of microrotation is negligible in usual situations of 
dilute gases. However, as demonstrated by Mitarai et al. [11) the shear near the 
boundary produces the relevant situation for microrotation. 

5.2 Evaluation of J.L 

J-t can be evaluated from the third equation of (46). This equation may be rewrit-
ten as 

jl = - J doEcxcyxXY M(oE) = - < xXYIYXY >, 

where Ix XY >= XxY and IYxy >= CXcY. jl is defined by 

and XxY is the solution of 

A L[ XY] A A n X = cxcy 

(57) 

(58) 

(59) 

Introducing the function Ir y > vertical to 14>" >, it is easy to show that 
< ilLli > is minimum for Ii >= IX XY > where Ii >=< rylYXY > / < 
rYlnLlry > Iry >. The minimum principle then becomes 

xy - A - _ I < rylYxy > 12 
< xlY >:S< flnLlf >- < fXYlnLlf xy > (60) 
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Here we assume the following expansion: 

m 

Iry >= L (3)ml IfJ >, (61) 
j=l 

where the coefficient (3)ml is determined by the minimum condition of the right 
hand side of (60). These conditions are summarized as 

y XY _ ""' f3(mlbxy 
j - ~ I jl' < xXYlYxy >= -; f(3)mlljxY, 

n j=l 1=1 

where ykXY =< hlYXY > and b%r = - < fklLlfl >. 
We assume that I fJ > can be represented by 

If . >- S(j-1l('2)' , J - 2 C CxCy , 

where S~j-1l(x) is the Sonine polynomial which is defined by 

s(rl ( ) =:t (-1)jr(l+r+1) j 

I x j=O r(l + j + l)(r _ j)!j!x 

(62) 

(63) 

(64) 

with the Gamma function r(x). The Sonine polynomials satisfy the orthonor

mality condition Jooo dxxle-xsl(r) (x)st') (x) = r(r~f+1)6r,r" In particular, the 

relations SI(O) (x) = 1 is useful for later discussion. From the orthonomality the 

condition of < jXYI<Pa >= 2:.'; (3)m) < fJl<Pa >= 0 is automatically satisfied. 
Therefore we obtain the expressions for ljXY and b%r as 

y XY _ j,Jc' , SU-1)('2)' , M(C) j - <-«;,CxCy 2 C CxCy .", 

bxY __ jdCM(C)S(k-1)('2)' , L' , S(I-1)(,2) 
kl - ."." 2 C CxCy CxCy 2 C. (65) 

It is easy to calculate lj as 
XY _ 1 ~ lj - 4Uj ,1. (66) 

It is notable that YtY is zero except for YtY. 
Since it is known that the expansion in terms of Sonnine's polynomial is fast, 

the result with m = 1 gives a good approximation. Adopting this approximation 
(62) becomes 

13(1) 

< XXYIY XY >= -+YtY; 
n 

Eliminating f3i 1) from (67) we obtain 

(67) 

(68) 
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From the definition of the operator L b~r can be written as 

(69) 

where 7r - 'lj; is the angle between g and k. To derive (69) we have used that the 
cross section (da / d'lj; with the impact parameter a) is cos'lj; and the time reversal 
symmetry of collisions. 

From (21) and (69) we get the relation 

(70) 

From (57), (61) and (68) we obtain 

(71) 

From comparison of (46) with the definition of il, the final expression of Il is 
given by 

Il = 2:dJm:o. 
Note that this result is deviated from the result in ref. [17]. 

5.3 Evaluation of JLB 

The method of calculation of IlB is similar to that of Il. Let us introduce 

where IYwx >= wCx and IxwX >= xWx is the solution of 

Similar to the previous section ilc is represented by 

y:wx2 
1 

Ilc = 'bwX nn 

(72) 

(73) 

(74) 

(75) 

in the lowest order approximation. Here YlwX and bti are respectively given by 

It is easy to show 
V·WX _ ~ 
.II - 4· (77) 
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On the other hand, bft is rewritten as 

(78) 

From (22) and (23) we obtain 

(79) 

Thus Me becomes 

Me = :41f· (80) 

From (46) and (73) we obtain 

3 r:Jj;"..j'iff( ncf2)2 ~ 
MB = 176y'1rdy mTo - 768 dy 2mTo· (81) 

It is obvious that the second term is negligible in the dilute limit. 
The method of derivation of MB is relatively simple, when we compare the 

method based on Chapman-Enskog scheme in which MB becomes the correction 
term of higher order [12]. 

6 Discussion 

Here, we have demonstrated how micropolar fluid mechanics can be derived 
from the Boltzmann equation. Of course, the result is reduced to Navier-Stokes 
equation in the dilute limit. In this sense, at least, we will have to extend our 
work to the case of Enskog equation if we believe that the concept of micropolar 
fluid mechanics is useful. The effect of dissipation also plays important roles 
though we do not discuss it. 

Roughly speaking the effect of microrotation is localized in the boundary 
layer. Therefore it will be important to analyze simple shear flows. Our prelim
inary result suggests that the micropolar fluid mechanics may not be enough to 
discuss the region close to a flat boundary. The success by Mitarai et al. [11] 
may come from their bumpy boundary condition in which there is no Knudsen's 
layer in the system due to random scattering of particles near the boundary. 

There are many problems to be solved. Let us close the paper with our 
perspective whether micropolar fluid mechanics is useful. In the pessimistic view 
the analysis presented here is general nonsense, and micropolar fluid mechanics 
is useless. On the other hand, in the optimistic view, this work will be a milestone 
to discuss the fluid motion with microstructure. Although we are not sure which 
result we will see in the future, we hope that micropolar fluid mechanics is a 
useful concept to characterize the flow of particles. 

The author thanks N. Mitarai and H. Nakanishi for fruitful discussion. 
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Dynamics and Structure of Granular Flow 
Through a Vertical Pipe 
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M. Matsushita 

Department of Physics, Chuo University, Kasuga 1-13-27, Bunkyo-ku, Tokyo 
112-8551, Japan 

Abstract. We have experimentally shown how density waves of granular particles 
(ordinary sand) emerge, while they flow through a vertical glass pipe, by controlling 
air flow out of a flask attached to the bottom-end of the pipe. When a cock attached 
to the flask is fully open, air is dragged by falling granules and flows together with 
them. No density waves are observed for this situation. As the cock is gradually closed, 
however, the pressure gradient of air inside the pipe becomes gradually larger, inducing 
a velocity difference between granules and air. As a result, density waves emerge from 
the lower part of the pipe. The more the cock is closed, i.e., the smaller the rate of 
air flow, the higher the onset point (along the pipe) of the density waves. The onset 
of density waves is characterized by the growth of the lower frequency part of the 
power spectra of the time-series signals of the density waves. The power spectra of 
the density waves display a clear power-law form pC!) '" i-a. with the value of the 
exponent o! = 1.33 ± 0.06, which is very close to 4/3. The value of O! is robust even 
under the medium flow or variation of the pipe diameter, as far as density waves can 
be seen. 

1 Introduction 

Granular materials are ubiquitously seen in nature, industry and everyday life. 
To name but a few, sand, pebbles and stones on a sea or lake shore and a river 
bank, scree in a mountain, rubble and macadam at a quarry, snow flakes lying 
anywhere on a cold winter day, grain at a grain elevator, and salt, sugar and 
pepper on a dining table. Despite the importance of such materials to industry 
and everyday life, much about their peculiar behavior has only recently begun 
to be paid attention to by scientists. Static, dynamic and statistical properties 
of granular materials are in fact one of the most important topics in current 
science and its application to technology [1-4]. In some situations granular ma
terials behave like ordinary solids or ordinary liquids. On the other hand, many 
unusual motions peculiar to granular materials have been found, such as size 
segregation [5], bubbling [6], standing waves and localized excitations under ver
tical vibrations [7,8], avalanches and other unusual motions in a rotating mill 
[9-11], chute flows down a slope [12], and a fluidized bed due to air injected 
inside a box containing granules [13-17]. 

Emergence of density waves of granules flowing through a vertical pipe is 
also a typical example of unusual features of granular motion [18-27]. The first 
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investigation on this type of granular flow was performed by numerical simula
tions [18-20]. They were followed by several experimental measurements, which 
were carried out by using sand as granules in air as medium [21,22,24-26]' glass 
beads in air [23] and lead spheres in water and silicon oil [22,27]. 

Molecular dynamics (MD) [18] and lattice-gas automata (LGA) [19,20] meth
ods were taken to reveal how density waves emerge. 

One of their results was that the most essential factor for the onset of density 
waves was the dissipation due to both inelastic collisions between granules and 
the friction from a rough wall. It was also shown that the power spectrum of 
the density fluctuations have a clear power-law form P(f) "" I-a with a ~ 4/3 
[19,20]. 

Horikawa et al. performed a first quantitative experiment [21,22]. They found 
an unambiguous situation where density waves emerge: Density waves of gran
ular materials occurred when the hole at the bottom-end of a pipe was half 
closed, while they never occurred when the hole was completely open. Their re
sults suggest that the most essential factor for the onset of density waves is the 
interaction between granules and medium (air). The importance of the interac
tion between granules and medium can be easily confirmed in the experiment 
using lead spheres as granules and water or silicon oil as the medium, where the 
back-flow of the medium can be easily realized [22,27]. 

In this article, by improving the experimental conditions, we show various 
kinds of flow patterns of granules (sand), the corresponding power spectra and 
the variation of flow behavior as we systematically vary both the measuring po
sition along the pipe and the flow rate of air out of the pipe. We also estimate the 
precise value of the scaling exponent a by taking a large number of independent 
trials. 

2 Experimental Procedures 

A hopper with open angle of 60° was attached to the top of a vertical glass pipe 
of 1500 mm length and 3 mm inner diameter. The bottom-end of the pipe was 
thrust into a flask whose outlet was followed by a flow-meter, as shown in Fig. 1, 
which can control the rate of air flow out of the pipe. The granular particles we 
used were rough sand whose individual diameter was about 0.5 mm. This means 
that the diameter ratio of the pipe to the granules is about 6 and the granular 
material is polydisperse. The reason why we did not use mono disperse particles 
such as glass beads is to avoid local and temporary crystallization which is 
clearly exhibited in two-dimensional flow experiments. Although we do not know 
how serious the crystallization is in three dimensions, we decided to keep this 
additional and irrelevant factor away from our present experiments and to use 
polydisperse rough sand for the sake of self-averaging. We performed experiments 
in a double-layered vinyl house with humidity fixed around 60 "" 70% in order 
to avoid the static electricity which frequently makes granular particles stop in 
the pipe when humidity is low. 
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Fig. 1. Schematic illustration of the experimental setup. 

We also treated the inner wall of the glass pipe to avoid the accumulation of 
static electricity. 

We poured the rough sand into the hopper and let it drain from the hopper 
and flow through the pipe due to gravity. The rough sarid finally falls into the 
flask, while air can exit through the flow-meter. It should be stressed that in our 
experiment the flowing patterns of granular particles were never affected by the 
characteristics of the hopper, since in any cases the flow once became uniform just 
below the hopper and then its behavior changed according to the flow rate of air. 
Corresponding data will be shown in the next section. Meanwhile we measured 
the density fluctuations as the transmission light intensity across the pipe by 
using laser light and detecting system (KEYENCE, LX~02). The laser light we 
used has a rectangular cross-section 10 mm wide and 1 mm high and is emitted 
with a pulse frequency of 4096 Hz. We varied both the measuring position along 
the pipe and the rate of air flow out of the pipe in order to investigate the 
qualitative variation of granular flow behavior. Output time-series signals were 
fed to an AD converter. The data from the AD converter were input to a personal 
computer in order to carry out fast Fourier transform (FFT) analysis and study 
the power spectrum of density waves of granules flowing through a pipe. 
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3 Experimental Results 

3.1 Uniform Flow and Density Waves 

In order to investigate the formation of density waves, let us first define the mea
suring position x along the glass pipe as the distance from the hopper aperture 
down to the position at which we measured transmission light intensity across 
the pipe. Let us also define the rate V as the volume of air discharge out of the 
pipe per one minute, which can be controlled by the flow-meter. There are two 
extreme cases. In one case the flow-meter was removed from the apparatus: The 
bottom hole of the pipe was completely open. Hereafter, we refer this situation 
to fully open. The opposite extreme is fully closed, where the cock of the flow
meter was closed, i.e., did not allow any outflow of air. In addition to fully open 
and fully closed (V = 0 ml/min), we investigated three intermediate flow rates; 
V ~ 200, 400 and 600 ml/min. In each case we traced the behavior of the sand 
flow at various heights from the top of the pipe (x = 1 cm) to x = 120 cm with 
intervals of 20 cm. (In fully closed in particular, we took a 10 cm interval.) 

In fully open we did not see any density waves by the naked eye. 
Granules flow rather freely and uniformly through the pipe like an ordinary 

fluid. The density of granules looks almost uniform, as seen in Fig. 2. On the 
other hand, we observed clear density waves in fully closed. A snapshot of the 
typical density waves is shown in Fig. 3. In contrast to the uniform flow in Fig. 2, 
one can find an intermittent structure of granular density in Fig. 3. In real flow 
patterns one can observe that dense clusters sometimes collide and merge into 
one, and sometimes one cluster splits into more than one, a behavior reminiscent 
of a chain of traffic jams on a crowded highway [28-30]. 

3.2 Flowing Patterns, Organization of Density Waves and Power 
Spectra under Controlled Medium Flow 

Before examining various kinds of flowing patterns, let us consider what hap
pens by closing the cock of the flow-meter. Granular particles interact with the 
medium (air) due to viscosity. In fully open, however, granules can fall rather 
freely as if viscosity could be neglected, because both granules and air flow to
gether through the pipe. As the cock is gradually closed, the air pressure in the 
flask rises and the effect of the viscous force becomes more severe. Let us con
sider the situation where the rate of air discharge from the flow-meter is zero. 
In such a case air goes a little upward in the pipe due to the conservation of the 
total volume (sand plus air) in the flask and strongly interacts with the granular 
particles. Thus the existence of air can never be neglected when the rate of air 
discharge is small. 

Fully open: In the case of fully open time-series signals of flowing patterns at 
various measuring positions x are shown in Fig. 4. In this figure the higher (lower) 
voltage corresponds to the smaller (larger) granular density since we measured 
the laser light intensity transmitted across the pipe. The time-series signals have 
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Fig. 2. Snapshot of a granular flow for fully open. Shutter speed is 1/4000 sec. 

white-noise-like structure reflecting almost uniform density and random motion 
of granular particles. In fact, the power spectra exhibit no power-law form, as 
seen in Fig. 5. 

Each spectrum was obtained from 8192 discrete points (two seconds in real 
time) and by averaging over 640 independent trials. The flow just below the 
hopper (x = 1 cm) is slightly different from that oflower positions (below x = 20 
cm), although the flow looked everywhere uniform. The difference is the density 
of granular particles: Just below the hopper (x = 1 cm) , granular particles are 
dense and frequently collide with each other. As granular particles fall and are 
accelerated, the mean free path gets larger and the number of collisions decreases 
(x 2: 20 cm). In spite of the existence of such difference, however, all the power 
spectra are more or less flat. 

Intermediate situations between fully open and fully closed: Let us discuss 
the three intermediate situations (V :::: 600, 400 and 200 ml/min) between fully 
open and fully closed. The value of V is negligible for fully closed and is more 
than 800 ml/min for fully open since V is about 800 ml/min when the flow meter 
is attached and the cock is completely open. 

Figures 6(a), 6(b) and 6(c) show the power spectra in the cases of V:::: 600, 
400 and 200 ml/min, respectively. Each spectrum was obtained by averaging 
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Fig.3. Snapshot of density waves in fully closed. Shutter speed is 1/4000 sec. The 
measuring position of this snapshot was x ~ 50 cm, where x is the distance from 
the hopper. (The value of the scale in the photo is irrelevant to the actual measuring 
position.) 

over 640 independent trials with 8192 discrete points each (two seconds in real 
time) . All of the spectra with V ~ 600 ml/min (Fig. 6(a)) are almost the same 
as for fully open (Fig. 5) except for x = 120 cm. The spectrum at x = 120 cm 
in Fig. 6(a) is similar to the one at x = 80 or 100 cm in Fig. 6(b) (V ~ 400 
ml/min). Furthermore, the spectrum at x = 60 cm in Fig. 6(b) is similar to that 
at x = 40 cm in Fig. 6(c) (V := 200 ml/min), which is very similar to that at 
x = 20 or 30 cm in Fig. 10 (fully closed; V := 0 ml/min). Thus the variation 
of the power spectra in Fig. 6 suggests that the point where the uniform flow 
becomes unstable rises upwards as the discharge of air out of the pipe decreases. 

Figures 7 and 8 show, respectively, the time-series signals and corresponding 
power spectra of typical granular flows at fixed x (= 120 cm) for these three 
cases of the flow rate, in addition to fully open and fully closed. As the value of 
V decreases, the number of density waves seen in a given time interval increases. 
The air discharge reduces the air pressure in the flask, since the pressure in the 
flask must increase when the volume of injected granules is larger than that of 
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air discharged from the bottom-end of the pipe. The smaller the value of V, the 
larger the pressure gradient in the pipe. 

As a result, the emergence point of density waves rises upwards, which was 
exactly what we observed (Fig. 6) . Thus we conclude that the most important 
factor for the emergence of density waves is the interaction between granules and 
the medium (air), as mentioned at the beginning of subsection 3.2, and there 
exists some threshold of pressure gradient for the emergence of density waves. 

Density waves were clearly observed at x = 120 cm with V c::: 400 ml/min 
and x = 80 '" 120 cm with V c::: 200 ml/min. They were sometimes observed at 
x = 120 cm even with V c::: 600 ml/min. The slope of the power spectra of these 
density waves was found to be about -1.3, consistent with the scaling exponent 
a = 4/3 of the power-law P(f) '" 1- 0:. 

Fully closed: In fully closed, one can observe the formation process of density 
waves. Figure 9 shows typical time-series signals measured at various positions 
x for fully closed. Each signal has the length of 32 seconds and is shifted by 
one volt in order to avoid the data overlap. The signal at x = 10 cm looks the 
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random noise and is very similar to that of fully open. In fact, the signal at x = 1 
em is also very similar to that of fully open shown in Fig. 4. As the values of x 
increases, density waves emerge and the number of dense clusters (regions with 
low voltage) also increases. For x ~ 50 cm the time-series signals do not differ 
so much from the one for fully closed shown in Fig. 7 (x = 120 cm) where an 
intermittent structure is observed. It should also be noted that the time-series 
signal at x = 40 cm still consists of both dense clusters (10 '" 20 sec in Fig. 9) 
and relatively long (several seconds, for example, 28", 32 sec in Fig. 9) periods 
of uniform flow. Thus it is considered that Fig. 9 clearly shows the self-organized 
critical (SOC) behavior for the occurrence of density waves, and the transition 
point from the uniform flow to density waves is located near x ~ 40 cm. 

Figure 10 shows the power spectra P(f) of time-series signals on different 
measuring positions x for fully closed. The spectrum at each x was obtained 
by averaging over 640 independent trials with 8192 discrete points each (two 
seconds in real time). At x = 10 cm, the spectrum is very close to that at the 
same position for fully open. This means that only white-noise-like signals can 
be detected at x = 10 cm even for fully closed. As the value of x increases, 
the power spectrum begins to show a power-law form. Especially, the difference 
between the power spectrum at x = 30 cm and the one at x = 40 cm is drastic: 
The power spectrum at x = 30 cm is not so different from that at x = 10 cm 
where only uniform flows were observed. On the other hand, the scaling region 
of the power-law form is extended to a wide frequency range at x = 40 cm. The 
difference is also observed in Fig. 9: Uniform flow is dominant at x = 30 cm, 
while it is exceptional at x = 40 cm. Again, it is expected from the power spectra 
that the present granular flow clearly exhibits SOC-like behavior, and the onset 
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point of density waves is located between x = 30 and 40 cm. The emergence of 
density waves is characterized by the growth of lower frequency components in 
the power spectrum. 

Let us next discuss the scaling exponent a of the power-law P(f) "" 1-0:. 
Figure 11 shows the values of the exponent a as a function of the measuring 
position x, which seems to rapidly converge to a constant value as x increases. 
Averaged value of the exponent a over x = 30 "" 130 cm is 1.33 ± 0.06, which 
is again very close to 4/3. We conclude here that the value is consistent with 
a = 4/3, which is in accord with the numerical simulations [19,20] and the 
theoretical prediction [24]. 

4 Summary and Discussions 

In this article we have shown how density waves of granular particles emerge 
by controlling air flow out of the bottom-end of a pipe: When the cock is not 
attached (fully open), i.e., the rate of the air flow is large, both granules and 
air flow together through the pipe and no density waves are observed. As the 
cock is gradually closed, the air pressure in the flask and the velocity difference 
between granules and air become gradually larger. As a result, density waves 
emerge. The smaller the rate of air flow, the higher the onset point (along the 
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pipe) of density waves. The onset of density waves is characterized by the growth 
of the lower frequency part of the power spectra. We have also shown that power 
spectra of density waves display a clear power-law form P(f) ,..., j-a and precisely 
estimated the scaling exponent 0: as 1.33±0.06, consistent with 0: = 4/3 obtained 
from the numerical simulations [19,20] and the theoretical prediction [24]. 

We have also confirmed that the value of 0: is robust even under medium 
flow or variation of the pipe diameter, as far as density waves can be seen. 
However, when water (or silicone oil with various values of viscosity) is used 
as the medium, the situation is very different. In the fully closed case with 
lead spheres as granules and water as medium, density waves already emerge 
at x '::: 1.5 cm, very close to the hopper aperture. The power spectra of the 
density waves exhibit power-law behavior P(f) ,..., j-a. However, the value of 
the exponent 0: is close to 1, very different from 4/3. Figure 12 shows the value 
of 0: as a function of the measuring position x, which immediately converges to 
a constant value as x increases. 
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When granules start falling from a hopper, they convert their potential energy 
to kinetic one and gain velocity. While they fall, they relax their kinetic energy 
among themselves and dissipate it to themselves and eventually to the medium 
air or pipe wall as thermal energy. This is a plausible scenario of single-path, 
unidirectional energy flow of falling granules when the cock is closed and the 
medium air does not flow with the granules. Density waves of granular flow 
emerging when the air is at rest is thought to be the consequence of this single
path, unidirectional energy flow. It does not matter whether the final sink of 
the energy flow is the medium air or the pipe wall. This may be the reason that 
our experimental result of the exponent a '::' 4/3 is consistent with that of the 
computer simulations obtained by Peng and Herrmann [19,20]. However, if water 
is used as the medium, the viscosity is so strong that a considerable amount of 
kinetic energy of the granules may be dissipated directly to water, instead of 
dissipating first among themselves. In other words, if water (or silicone oil) is 
used as the medium, the energy flow is not single-path but multi-path. And the 
degree of multi-path energy flow may increase as the medium viscosity increases. 
This may be the origin of viscosity dependence of the exponent a [22,27]. We 
believe that one should use air as the medium in order to obtain a universal value 
of the exponent a for the single-path, unidirectional energy flow of granules. 

So far we have mainly treated experimental data with Fourier analysis. In 
spite of the numerical efficiency of FFT, the information we can obtain from 
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Fourier analysis is limited since it is based on expansions using sinusoidal func
tions which extend over the whole space; one cannot relate local events in the 
time series signal to particular Fourier coefficients. Well-defined filtering tech
nique (wavelet transform) is suitable to compensate for such a weakness of 
Fourier analysis. We have, therefore, performed wavelet analysis of granular flows 
[25]. 
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Asymmetric Random Average Process: 
Aggregation and Fragmentation 
on Continuous State Space 

F. Zielen and A. Schadschneider 

Institute for Theoretical Physics, University of Cologne, Germany 

Abstract. A simple analytically treatable stochastic process on continuous state space, 
the asymmetric random average process, with a broad range of applications in traffic 
flow theory, internet modeling and granular media is presented. We concentrate mainly 
on the analysis of the basic properties of the model. The set of all exact mean field 
solutions is determined and we point out that it represents a class of very good ap
proximants even for non-product-measure processes. Furthermore we study a truncated 
process that shows the occurence of a nonsymmetric ergodicity breaking in the thermo
dynamic limit. This interesting phenomenon shows similar properties as spontaneous 
symmetry breaking, but without any explicit symmetry. 

1 Model 

The asymmetric random average process (ARAP) [1,2] is defined on a one
dimensional periodic lattice with L sites. Each site i carries a non-negative con
tinuous mass variable mi. In every discrete time step t ~ t + 1 for each site 
a random number ri E [0,1] is generated from a time-independent probability 
density function (pdf) ¢, sometimes called fraction density, that may depend on 
the actual configuration m = (ml, ... , mL). So the universal form can be written 
as ¢=¢(rl, ... ,ml, ... ). The fraction ri determines the amount of mass rimi 
transported from site i to site i + 1. The transport is completely asymmetric, 
i.e. no mass is transported in the opposite direction i + 1 ~ i and we obtain 

(1) 

These update rules correspond to a parallel time dynamics. Due to the conser
vation of the total mass M = L:i mi the density (} = 't is fixed. 

We would like to add that this so called stick representation can easily be 
mapped onto a particle picture: by considering L particles on a ring of length 
L(} and denoting their positions by Xi, both representations become equivalent 
by identifying the masses mi as the headway of particles, i.e. mi = d(Xi, Xi+l). 
Due to the fact that the pdf ¢ depends only on the particle distances mi, the 
ARAP is closely related to the class of car-following models. 

For both pictures the update procedure is visualized in fig. 1, but in the 
following we will work in the stick representation only. 
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.... : x; 
m,= d(x"x,. ,) --- " "' 

m'2 mj m~ 

Fig. 1. Asymmetric Random Average Process: the random numbers 1'i are generated 
according to a probability density ¢ = ¢(1'l, ... ,ml"")' The state variables Xi, mi 
and x;, m; correspond to the times t and t + 1, respectively. 

2 Fundamental Results 

The basic quantity we are interested in is the mass pdf P(m, t). The knowledge 
of this function corresponds to the complete solution of the problem. In the 
following we restrict our considerations to steady state dynamics only, i.e. the 
master equation 

P(m~, . . . , m~) = 1°Odkm P(m) 1 1dk1' </J(1', m) 

k 

x II 8 (m~ - h-lmi-l + (1 - ri)miJ) 
i=2 

(2) 

with P(m) = limHoo P(m, t). Determination of a (k-1)-site mass distribution 
presumes the calculation of the k-site distribution. Thus we are confronted with 
a hierarchy of an infinite number of equations in the limit L -t 00. 

The simpliest version of the ARAP is obtained if we use the state independent 
uniform distribution defined by the fraction density </J = 1. We will refer to this 
system as the free ARAP. Some results have been derived for this model so far 
whereby the exactness of product measure for L -t 00 and its form [3] 

(3) 

is an important one within the scope of this work. Equation (3) has been derived 
in the context of the q model [3] that has been developed for the description of 
force fluctuations in bead packs and shares many properties with the ARAP. 

Another significant result is the factorization of the stationary two-point mass 
correlations for ¢ = It </J(ri) , i.e. for ARAPs given by state and site indepen
dent pdfs [1]. This indicates that mean field calculations rather generally yield 
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good approximations and that the class of exact mean field mass distributions 
represents an important subset of the solution space. 

Further findings related to the ARAP, e.g. the consideration of other kind of 
updates, a discrete state space or symmetric mass movements, can be found in 
[2,4-6]. 

3 Exact Mean Field Solutions 

In this section we determine all exact stationary mean field (MF) solutions for 
ifJ = IL ifJ(ri) in the limit L ---t 00. This has been done explicitly in [6] and 
we would like to sketch the basic strategy here. Furthermore we show that our 
findings also represent very good approximants for arbitrary 4>-functions. 

Although the MF ansatz P(m) = I1i P(mi) decouples the infinite set of 
equations (2) we have to check consistency of (2) by inserting a MF solution 
into all equations. However, by k-dimensional Laplace transforming the k-site 
mass densities and introducing the functional map 

(4) 

we reduce the infinite set of equations to the MF criterion (MFC) 

(5) 

For 81 =82=8, (5) acts as a conditional equation for the determination of a MF 
solution and yields 

Q(8) = l1dr ifJ(r)Q(r8) l1dr ifJ(l - r)Q(r8) . (6) 

Putting (6) in (5) we can easily check the exactness of the MF solution. By 
expanding the single site Laplace transformed Q(8) in a series around zero - this 
is always possible [6] - and representing the fraction density ifJ by its moments 
f.1.n == J dr rnifJ(r), the set M of all density functions ifJ resp. {f.1.n} yielding exact 
MF solutions is calculated: 

(7) 

with 
(8) 

So M is only parameterized by f.1.1 and f.1.2 that have to be chosen with respect 
to the general moment properties 1 > f.1.1 > f.1.2 ~ f.1.~. We would like to note that 
the derivation of (7) is exact up to a conjecture which has been verified only 
partially until now [6]. 
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The case J.L2 = J.Lr , corresponding to ¢( r) = 8 (r - J.Ll), is not covered by (8) 
and leads directly to P(m) = 8(m - (!). For J.L2 > J.Lr we are able to calculate the 
general form of the MF mass distributions and obtain 

\A2 1 ( )A2-1 
P(m) = r (~2) e; e-A27 . (9) 

In contrast to (7) depending on both Al and A2 , P(m) is a function of A2 only. 
So MF ARAPs with fixed A2 and arbitrary Al have identical mass distributions. 

For arbitrary ARAPs given by ¢ = TIi ¢(ri) with ¢ rt M we are able to 
construct appropriate approximants with the help of (8) and (9). This is done 
by calculating the parameter A2 that determines the shape of P(m) from the 
first and second moment J.Ll and J.L2 of ¢ and inserting this value in (9). 

As an example we present the simplest version of an ARAP with truncation. 
It is based on the free ARAP but enhanced by an additional parameter R E (0,1]. 
The cutoff R controls the movement in the following way: A stick fragment rimi 
is only transferred if ri ::; R. The corresponding density function takes the form 

¢R(r) = (1- R)8(r) + ()(R - r) (10) 

where () is the Heaviside step-function. One can easily prove that ¢R rt M for 
R < 1, so mean field is not exact. Nevertheless we obtain by the construction 
presented above approximants that match the Monte Carlo simulation data very 
well (see fig. 2a) . Only for small masses m systematical differences occur. 
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1 I 
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,1 
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10-0 I t 3e+06 4e+06 5e+06 6e+06 10-3 10-2 10-' 10° 10' 
m 

Fig. 2. (a) Analytical [- ] and numerical [R = 0.1(0),0.5(0)] single site mass distribu
tions of the truncated ARAP <pR(r) = (l-R)c5(r) +8(R-r). (b) Current-time diagram 
of the TARAP in the mixed phase (L = 100, 6. = 0.846). 

4 Nonsymmetric Ergodicity Breaking 

In this section a truncated ARAP with site dependent fraction function of the 
form ¢ = TIi <1>(ri, mi) is presented. A phase characterized by the occurence of 
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nonsymmetric ergodicity breaking is observed. In the following we summarize 
primarily the main results of [7]. 

The free ARAP is equipped with a simple additional update rule: transfers of 
masses rimi larger than a cutoff ..:1 > 0 are rejected. This represents a truncated 
ARAP (TARAP) with fraction density 

¢J(r, m) = [1 - R(m)] <5(r) + e (R(m) - r) , 

R(m) = min (1, ..:1/m) . 

(lIa) 

(lIb) 

By substituting m -t e in (1lb) we obtain the site independent fraction density 
(10) with R = R(e). We identify two phases in this toy model: For ..:1 ~ ewe 
obtain ¢J = 1 and the system is exactly solved by (3). For ..:1 < e we are in a 
phase described by the existence of truncation. 

By restricting to the case e = 1 (without loss of generality) and introducing 
the rescaled cutoff 

(12) 

we also identify two phases in the TARAP. Our results base on Monte Carlo 
simulations and analytical approximations. 

For .1 > .1c == 1 the system remains in a high flow phase, i.e. the mass is 
distributed homogeneously and approximatively given by (3). The current, i.e. 
the average mass shift per site, is independent of the rescaled cutoff and equal 
to the flow of the free system (Jhigh = J::l;h == ~). 

For .1 < .1c the TARAP is in a mixed phase. Here the system can either exist 
in a high flow state (with properties as described above) or a low flow state. The 
latter is given by an macroscopic condensate on one site which corresponds to a 
jam in the particle picture. Simulations have shown that configurations with two 
or more aggregates are not stable and merge into one column after a while. The 
flux of the low flow state is given by Jlow = J{;;:C(1- (1- j2)!) with J{;;:C == i. 

In finite systems the average lifetimes 7iow, 7high of the low and high flow 
states are finite. So a single system switches between these states while evolving 
in time and an alternating current-time relation is obtained (fig. 2b). 

In the thermodynamic limit simulations and analytical estimations indicate 
a diverging behaviour of the lifetimes, i.e. 7iow, 'Thigh -t 00 for L -t 00. So 
ergodicity is broken because in dependence of the initial condition the system 
evolves into the high flow or the low flow state and will stay there forever. It is 
remarkable that low and high flow state are obviously not related by symmetry, 
so we call this effect a nonsymmetric ergodicity breaking. 

We would like to remark that the scaling of the average lifetimes with the 
system size is different for high and low flow states. Although it is very difficult 
to fit the numerical curves appropriately 7iow seems to increase algebraically 
with L while the L-dependence of 7high seems to be exponential. This behaviour 
reflects different switching mechanisms. The transition from the homogeneous 
high to the singular low flow state is mainly driven by fluctuations while the 
opposite transition is based on slow dynamics - it takes a long time to reduce 
an infinite aggregate. 
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5 Discussion 

In this work the ARAP has been studied on a fundamental level. In section 3 
exact solutions and approximations for state and site independent fraction den
sities ¢ = Ili ¢(ri) have been derived. In section 4 we have provided evidence 
for an interesting new feature, non symmetric ergodicity breaking, which can be 
observed in the truncated variant of the ARAP. 

However, if we try to model problems of traffic or granular flow in terms of the 
ARAP we will in general be confronted with more complicated fraction densities. 
But there are some questions that can be answered by the use of simple ARAPs, 
i.e. simple ¢-functions. The q model [3] is a good example here. Furthermore the 
TARAP can be treated as a stochastic toy model of internet transport: a ring of 
routers {i} with actual storage mi shuffles data packages in a preferred direction. 
Multiple and uncorrelated requests are realized by transporting only random 
fractions rimi to the next neighbour and a maximum band width is represented 
by the cutoff d. Based on this model we are able to compute a quantity like lie 
that reflects a critical band width considered as a lower bound for uncongested 
traffic. However, more realistic internet models must incorporate more features 
like bounded router capacities, open boundaries or re-sending processes. 

So the ARAPs studied here fulfill mainly the role of toy models that give 
qualitative estimations, e.g. by the m -+ (] substitution for site dependent ¢'s, or 
explain physical effects of more complicated processes. As an example we would 
like to mention the Krauss model [8] for traffic flow that represents a continuous 
version of the Nagel-Schreckenberg model. This system shows a similiar phase 
coexistence like the TARAP in the mixed phase, but the underlying dynamics 
are complex which complicates an analytical treatment. On the other hand, the 
essentials supporting the occurence of the mixed phase are identical in both 
models: truncation on a continuous state space. So the TARAP might catch 
some of the fundamental physics behind the Krauss model. 
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Abstract. Whereas size segregation is a fairly common phenomenon in granular ma
terial research, up to now shape segregation was has not been observed. We present 
simulations of bidisperse shaped (elliptic and round) granular particle systems which 
exhibit a demixing of round and elongated particles. The effect is not only controlled 
by the particle elongation, but also by the Coulomb friction coefficient in the system. 

1 Introduction 

Spherical particle simulations are very common in granular materials research. 
Nevertheless, there are phenomena which seem not to be accessible by round 
particles. Our aim in studying systems of elliptic particles [1] was, that this 
shape seems to be the next simplest shape after spherical particles, allowing a 
continuous transition from round to elliptic shapes. Size segregation has been 
a common phenomenon in granular materials [2], sometimes under names like 
"Brazilnut-effect" or "physics of muesli" [3] . Our research interest was to inves
tigate, whether segregation could not only be caused by different size particles, 
but also by particles with different shape. 

Fig. 1. Example of ellipses with the same area but different elongation. 

2 Setup and Simulation Parameters 

We simulated a vibrated box of bidisperse particles (round and elliptic) with 
identical volume/ area in two dimensions. The mixture consists of 50 % round, 
50 % elongated particles. The box was driven with a frequency of 90 Hz and an 
amplitude of 25 mm. The particle diameter was about 8 mm. In the simulation, 
we monitored the center of mass of the spherical particles and the elongated 
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particles. We investigated the dependence of the shape segregation from different 
elongations (see Fig. 1) and from the Coulomb friction coefficient. 

The interaction law has a "hardcore repulsion" (Youngs modulus= I06 N/m), 
the normal damping/dissipation (coefficient of restitution) is so large that par
ticle particle collisions are practically inelastic (we varied the numerical value, 
but the effect was negligible), tangential Coulomb friction after Cundall and 
Strack [4] have been implemented using Coulomb coefficients between JL = 0.0 
and JL = 0.6. The force law was derived for polygons [5] but could be adapted 
for ellipses without modifications [1]. 

3 Time Evolution 

The system was chosen so that the volume occupied by the particles was of 
approximately square shape. If the system is too shallow, the segregation is 
suppressed. An example of the quantitative time evolution, i.e. the motion of 
the center of mass of the elongated and round particles, is shown in Fig. 2. In 
Fig. 3, some snapshots from during the simulation are shown. 
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Fig. 2. Typical time evolution of the center of mass of the spherical particles and of 
the elongated particles. 
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Fig. 3. Time evolution of the shape segregation in elliptic particles: a) Setting up the 
system with a random distribution of round (blue) and elongated (yellow) particles. 
b) Initial relaxation leads to a random packing. c) Onset of the convection after the 
particles are sufficiently compacted. d) Segregation result: Elongated particles (yellow) 
rise to the top. Black arrows show the velocities in arbitrary units. 
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4 Influence of the Friction Coefficient 

It turned out that the determinating parameter of the segregation was not the 
elongation of the particles alone, but the Coulomb friction coefficient (we use 
the same friction coefficient for static and dynamic friction) was also crucially 
influencing the outcome. 
The direction of the convection rolls is the same for all friction coefficients JL = 
0.0 - 0.6. Nevertheless, for friction coefficients JL = 0.3 - 0.6, the elongated 
particles rise to the top, whereas for friction coefficient JL = 0.0, the spherical 
particles rise to the top, see Fig. 4. The error bars indicated in Fig. 4 and Fig. 5 
are the fluctuations around the equilibrium position as indicated in Fig. 2. 
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Fig. 4. Coulomb friction dependence of the shape segregation effect for friction coeffi
cients J1. = 0.0,0.3,0.6. The £lR for the y-Axis is the height of the distance between the 
center of mass of the elliptic and the round particles, rescaled by the center of mass. 

It turns out that both friction and elongation can be used to control the tran
sition from a non-segregating system to a segregating system. For systems with 
350 and 700 particles, the transition occurred at practically the same elongation 
of about 1.175. Bidisperse systems for a given elongation l of the longer particles 
show clearer segregation than polydisperse mixtures with an average elongation 
of (l) = l. 
No shape segregation could be found for bidisperse mixtures of spherical particles 
and triangles and for spherical particles and square particles. In the simulation 
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using elliptic particles Shape turns out to be stronger than size: As long as the 
longer axis of the elongated particles is longer than about 1.15 of the diameter 
of the round particles, the elongated particles (at least for our test at J.L 2: 0.3) 
will rise to the top, even if the area of the round particles is larger than the area 
of the elliptic particles. 
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Fig. 5. Negligible size effect of the shape segregation for a friction coefficient of J.t = 0.6. 
The LJR for the y-Axis is the height of the distance between the center of mass of the 
elliptic and the round particles, rescaled by the center of mass. 

5 Summary 

We have found that a shape segregation effect in granular materials in two di
mension exists. It is not only dependent on the shape alone, but depends also on 
the friction in the system. Fig. 6 shows a tentative explanation on geometrical 
grounds (wedging effect) why elongated particles can rise over round particles. 
This explanation should work independent of the friction coefficient, and is there
fore insufficient. 

We have up to now not been able to derive a microscopical explanation, 
neither interface energy(between clusters of spherical and elongated particles) 
nor entropical arguments are tractable to include the effects of friction. 
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No wedging effect 

0t) --
No wedging effect Weak wedging effect 

Fig. 6. Possible geometry-dependent segregation mechanism for the shape segregation: 
The elongated particles are wedged upwards by the round particles. If the long axis 
of the elongated particles is too short, no wedging can take place. If the particle is of 
convex shape or has parallel sides, also no wedging can take place. 

Friction has been found to be able to reverse the dynamic behavior of the 
frictionless system, i.e. the round particles are rising to the top for sufficiently 
large systems. This poses the interesting question, up to which point the inves
tigation of a statistical system (with normal dissipation, but without tangential 
friction) is really relevant for the investigation of a granular system (with tan
gential friction). 

A macroscopic explanation of the shape segregation may give insights into 
the existence of a "configurational entropy". We further have to narrow down 
the regime for numerical value of the elongation for which the onset of the 
segregation can be observed. Currently, we find this "critical elongation" to be 
of Rj 1.175 ± 0.025. We further will try to find out whether there is a "critical 
friction coefficient" for which no segregation occurs, and whether it is universal 
for all elongations. We are also looking for suitable materials which will allow 
an experimental realization for 3 dimensions. 

References 

1. H.-G. Matuttis, N. Ito, H. Watanabe, and K. M. Aoki, 'Vectorizable overlap com
putation for ellipse-based discrete element method', in: Powders & Grains 2001, 
Y.Kishino, (Ed.), pp. 173-176, (Balkema, Rotterdam 2001). 

2. R.L. Brown, The Institute of Fuel 13, 15 (1939). 
3. G. Barker and M. Grimson, New Scientist 26, 37 (1990). 
4. P.A. Cundall and O.D.L. Strack, Geotechnique 29 (1), 47 (1979). 
5. H.-G. Matuttis, Granular Matter 1 (2), 83 (1998). 



Bifurcations of a Driven Granular System under 
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Abstract. The molecular dynamics study on the granular bifurcation in a simple 
model is presented. The model consists of hard disks, which undergo inelastic collisions; 
the system is under the uniform external gravity and is driven by the heat bath. The 
competition between the two effects, namely, the gravitational force and the heat bath, 
is carefully studied. We found that the system shows three phases, the condensed 
phase, the locally fluidized phase, and the granular turbulent phase, upon increasing 
the external control parameter. We conclude that the transition from the condensed 
phase to the locally fluidized phase is distinguished by the existence of fluidized holes, 
and the transition from the locally fluidized phase to the granular turbulent phase 
is understood by the destabilization transition of the fluidized holes due to mutual 
interference. 

1 Introduction 

The dynamics of fluidized granular systems has attracted much attention in 
physics communities as a non-equilibrium statistical system. In most experimen
tal situations, the systems are excited by a vibrating plate (granular vibrated 
bed), in which the effect of gravity is very large. In the conventional setting 
of vibrated bed, the frequency of external driving plays an important role and 
gives variety of pattern phases. However, the vibration complicates the situa
tion. Since energy input from the vibration depends on both the amplitude a 
and the angular frequency w, the accurate quantities of input energy cannot be 
estimated from the external control parameter r = aw2 / g, which is usually used 
as the control parameter in the granular vibrated bed. From the numerical point 
of view, if we want to obtain the data for the statistical properties during the 
DEM simulation, the sampling data must be taken at the same phase of external 
vibration cycle. The granular vibrated bed has several disadvantages to study 
the statistical characters of the inelastic particle system in the non-equilibrium 
steady state from the aspects of both theory and simulation. 

The main purpose of our study is to examine the statistical and dynami
cal characters of the inelastic hard disk system in the non-equilibrium steady 
state under gravity, and to provide extensive numerical results for theoretical 
studies to construct a base of the universal framework. In this work, we have 
performed event-driven molecular dynamics [1] on the granular bifurcation in 
a simple model [2,3]. The system consists of inelastic hard disks driven by the 
heat bath under the uniform gravity, which can be completely characterized by 
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the following four dimensionless parameters; the restitution coefficient r, the 
driving intensity A == kBTw/mgd, the system width in the unit of disk diameter 
N w == Lx/d, and the number oflayer Nh == N/Nw, where Lx is the system width 
and N is the total number of disks. Note that kB is the Boltzmann constant and 
the wall temperature T w here is just a parameter to characterize the external 
driving and is not related to the thermal fluctuation. The present system is anal
ogous to the ordinary granular vibrated bed, but simpler because it does not have 
an external time scale, or a period of external driving vibration. We particularly 
focus on the competition between the effect of external driving and that of the 
gravitational field, systematically. We found that the system shows three phases, 
namely, the condensed phase (CP), locally fluidized phase (LFP), and granular 
turbulent phase (GTP), upon increasing the external control parameter. 

2 Surface Wave in CP 

For A in CP, there is a closed packing layer and the state is not very dynamic at 
the particle level, because excitation is low and the potential energy is dominant. 
However, it is apparent that collective motion appears on the surface of the layer. 
What is the mechanism of the surface wave-like motion in CP? There must be 
no surface tension in the macroscopic dissipative system, therefore the restoring 
force should originate from the balance between the gravity and the excitation, 
but it is not clear if it could be described as an ordinary gravitational wave in 
fluid. 

To study this collective motion quantitatively, we calculate the dynamical 
structure factor of the surface wave in CPo The dynamical structure factor S(k, w) 
is described as 

S(k, w) = 27r~gx i: ~ (hy(Xi' t)hy(xj, O))Te-ik(xi-Xj)eiwtdt, (1) 
',J 
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Fig. I. The A dependence of the most strong peak (kmax,wmax) is plotted. (a) The 
wave number k vs. external driving A. (b) The angular frequency W vs. external driving 
A. 
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where hy(x, t) is the surface height of condensed layer; Ngx (= 200) is the total 
number of grids in the horizontal direction and the discrete positions are taken 
by Xi = (Lx/Ngx )/2 + (i - l)(Lx/Ngx), (i = 1...Ngx ). 

In Fig. 14 of Ref. [3], the spatio-temporal pattern of surface wave in CP near 
the CP-LFP transition point is shown. There are many domains, which means 
the collective motion of the surface appears. When A becomes low, we found the 
domain size in the vertical direction became small. While, the domain size in the 
horizontal direction was not changed very much. This means that the periodical 
cycle of the surface becomes shorter for low A. These results are also confirmed 
by the computation of the dynamical structure factor. When the strongest peak 
(kmax , wmax ) was plotted in k - W space for each A, we found that the kmax stays 
around k = 27r/(Lx /2) and increases only slightly upon decreasing A (Fig. l(a)), 
but W max becomes large as A approaches 0 (Fig. l(b)). 

We conclude the periodical behavior of the surface wave in CP shows the 
critical slowing down when A -+ ACL. We also found the amplitude of the surface 
fluctuation becomes large near the transition point ACL. This is an interesting 
point that the system shows large fluctuation around the transition like the 
critical fluctuation in the second order phase transition in equilibrium. 

3 Dynamics of Fluidized Holes 

The localized excitation in LFP should resemble a circle in 3D system and re
minds us of an oscillon, but they are different; the external vibration frequency 
is essential for the oscillon dynamics, but the localized excitation here does not 
have such a characteristic frequency. In the large Nw simulation, we can observe 
the merging process of two or more excitations, but their mode of interaction is 
not clear. An interesting question here is if the transition from LFP to CP and/or 
the transition to GTP can be understood in terms of the local excitation; if LFP 
transform to CP when the distance between the excitations diverges? Does LFP 
transform to GTP at the point where they condense? 

To investigate the excitation dynamics, we calculate the density fluctuation 
for each position with the width of particle diameter d in the system. The driving 
intensity A was varied from LFP to GTP. Near the critical point between CP 
and LFP (A'" ACL), the life time of a fluidized hole does not continue through 
the simulation. When A is increased, the region of fluidized holes also increases. 
Above the LFP-GTP transition point, the local excitation domain fluctuates 
largely and sometimes expands to the length of the system. We found that 
the spatio-temporal patterns of fluidized holes changes significantly through the 
transition from LFP to GTP. The interference destroys the stable particle flow 
within an isolated fluidized hole, and the holes are destabilized dynamically. In 
Figs. 15(c) and 17(d),(e),(f) of Ref. [3], which are the spatio-temporal patterns 
in GTP, we found that many high-speed moving small clusters appeared. These 
clusters divide the region of the fluidized holes (black region) into several parts. 
In the patterns of LFP, there are no such moving clusters. Therefore, these high
speed moving small clusters are thought as the peculiar characters in GTP. When 
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these clusters move across the fluidized holes in the spatia-temporal patterns, the 
lifetime of the fluidized holes becomes shorter. Although there is still room for 
the definition of quantitative values to distinguish the phases between LFP and 
GTP, we show the maximum lifetime of fluidized holes in the spatio-temporal 
patterns as a function of A. In Fig. 2, the maximum lifetimes of the fluidized 
holes in N w = 400 around A ""' ALG are shown. When the maximum lifetime 
of fluidized holes reaches the simulation length, we normalize them at unity. 
We found the maximum lifetime of fluidized holes changes drastically between 
LFP and GTP. Thus the LFP-GTP transition is interpreted as the dynamical 
destabilization transition of the fluidized holes. 

4 Discussion 

4.1 CP-LFP Transition 

We found that the value of the maximum flatness shows a sharp rise around the 
transition point between CP and LFP [2,3]. This unexpected large value comes 
from the fact that the velocity probability distribution in LFP consists of two 
components; the narrow Gaussian distribution that comes from the dense layer 
and the broad stretched exponential distribution in the fluidized holes. Therefore, 
CP and LFP are distinguished by the existence of the fluidized holes. In LFP, 
the majority of the particles are in the condensed layer, and it is punctured by 
the fluidized holes, from which the high-speed particles are blown. The stable 
flow stabilizes the isolated fluidized hole in condensed layer. The size of the holes 
gets larger when A is increased. This result can be understood by the fact that 
the size is determined by the distance that the blown up particles reach, which is 
determined by A. The time scale of the surface fluctuation in CP becomes larger 

Granular Turbulent 

200 600 BOO 

A 

Fig. 2. The maximum lifetime of fluidized holes vs. the driving intensity A. 
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as A approaches the critical point from below. On the other hand, the length 
stay constant. From the analysis of the dynamical structure factor of the surface 
wave, the typical frequency does not vanish at the critical point, which suggests 
the transition between CP and LFP is subcritical. 

4.2 LFP-GTP Transition 

At the LFP-GTP transition point, neighboring holes start interfering with each 
other. At the transition point, the blown-up particles at one hole barely reach 
the neighboring holes. In the larger systems, we observed more than one hole in 
the system, and found two different holes interfere with each other in GTP. The 
interference between holes destroys the stable particle flow within an isolated 
fluidized hole, and the holes are destabilized dynamically. The LFP-GTP tran
sition is interpreted as the dynamical destabilization transition of the fluidized 
holes. The particle dynamics in GTP are very different from that of LFP. The 
average density is quite low, but it is very different from the ordinary molecular 
gas phase. The density fluctuation is very large and this fluctuation causes tur
bulent motion due to the gravity. Even for very large A, the high-density clusters 
that look like the condensed layer are formed temporally. 

5 Concluding Remarks 

We conclude that the transition from the condensed phase to the locally fluidized 
phase is distinguished by the existence of fluidized holes, and the transition from 
the locally fluidized phase to the granular turbulent phase is understood by the 
destabilization transition of the fluidized holes due to mutual interference. 

In the study of the dissipative structure system, such as Rayleigh-Benard 
convection, it is well known that the several phase changes (bifurcations) occur 
when the external driving is increased. However, in dissipative discrete element 
(granular) systems, there are very few studies so far. We believe our study will 
offer a step for understanding the macroscopic universal characters in the studies 
of fluidization of dissipative (inelastic) discrete element system with a heat bath 
under gravity and constructing the non-equilibrium statistical mechanics. 
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Simulation of the Impact of an Elastic Disk 
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Abstract. The impact of an elastic disk with an elastic wall is numerically studied. 
We introduce a numerical model of the elastic disk and the elastic wall by mass points 
and linear springs. From our simulation, we find that the coefficient of normal restitu
tion depends on the thickness of the elastic wall. We also calculate the coefficient of 
tangential restitution. 

1 Introduction 

The collision of particles with internal degrees of freedom is inelastic in general. 
Examples can be seen in collisions of atoms, molecules, elastic materials, balls 
in sports, and so on. The study of inelastic collisions will be able to be widely 
accepted as one of the fundamental subjects in physics, because they are almost 
always discussed in textbooks of elementary classical mechanics. 

Physicists realize that inelastic collisions can be a fashionable subject in 
physics from recent extensive interest in granular materials [1,2]. In fact, gran
ules consist of macroscopic dissipative particles. Therefore, the description of 
interaction among particles is obviously important. We believe that static in
teractions among granular particles can be described by the theory of elasticity 
[3,4]. For example, the normal compression may be described by the Hertzian 
contact force [5] and the shear force may be represented by the Mindlin force [6]. 
The dynamical part related to the dissipation, however, cannot be described by 
any reliable physical theory. Thus, the distinct element method [7] which is one 
of the most popular models to simulate collections of granular particles contains 
some dynamical undetermined parameters. In other words, to determine such 
parameters, is important for both granular physics and fundamental physics. 

When elastic materials collide each other, a part of translational energy is 
transformed into various modes of vibrations. In our previous papers, we intro
duced two different numerical models to investigate the impact of an elastic disk 
with a structureless wall [8,9]. One of them is the lattice model consisted of mass 
particles and linear springs. Another is the continuum model which is identical 
to that by Gerl and Zippelius [10]. With these two models, we investigated the 
relation between the impact velocity and the coefficient of normal restitution, 
etc [8,9]. These two models have common features in that (i) they have no dissi
pative mechanism and (ii) the wall has no internal degrees of freedom. In actual 
situations of collision between a disk and a wall, however, a part of initial energy 
of the material is transfered into the wall. Thus we have to introduce the internal 
degrees of freedom of the wall to simulate impacts between the disk and the wall. 
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Fig. 1. The interaction between the mass points of the disk and the mass points of the 
wall. 

To understand the macroscopic feature of impact phenomenon, two known 
parameters are introduced: the coefficient of normal restitution e and the coeffi
cient of tangential restitution (3. As for the normal impact, Sondergaard et. al. 
demonstrated that the coefficient of restitution depends on the thickness of the 
wall [11]. On the other hand, in the case of the oblique impact of the sphere, 
the coefficient of tangential restitution depends on the incident angle [12]. They 
also reported that there are two types of oblique collisions, slips and rotations. 

In this paper, we perform simulations of the normal and the oblique impacts 
of an elastic disk with an elastic wall. In the next section, we will introduce our 
two-dimensional model. In section 3, we will show the results of our simulation. 
In the last section, we will discuss and summarize our results. 

2 Our Model 

Let us introduce our numerical model. We construct an elastic disk of 1459 
mass particles on a triangular lattice. In the continuum limit, Young's modulus 
E and Poisson's ratio (J' correspond to 2",/V3 and 1/3 respectively, where", is 
the spring constant. We also introduce the elastic wall of 6400 mass particles 
on a square lattice. We introduce two spring constants: kl for nearest neighbor 
interaction and k2 for next-nearest neighbor interaction for the wall. Controlling 
kl and k2' we can change the material constant of the elastic wall [13]. We set 
kl and k2 as the Young's modulus of the elastic wall is equal to that of the 
elastic disk when the force is applied to the wall in the normal direction. The 
width of the wall is 4 times as long as the diameter of the disk. Two sides of the 
wall are fixed. We can choose any thickness of the wall. The interaction between 
the disk and the wall during a collision is introduced as follows. Figure 1. is 
the schematic figure of the interaction of mass points of the disk and the wall. 
When the distance l between the edge of the disk and the surface of the wall 
is less than the cutoff length(we set it equal to the length of the linear spring), 
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Fig. 2. The relation between the normal impact velocity of the disk and the coefficient 
of restitution. Each curve has different value of DIT. The curve labeled "model A" is 
the result in the situation when the wall has no internal degrees of freedom [9]. 
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Fig. 3. The geometry of a collision to the wall. (a) the image before collision and (b) 
the image after collision. All the parameters after collision are denoted by primes. 

where Ve' and t are the velocity of the contact point after collision and the unit 
vector in the tangential direction respectively. It is known that (3 is a function of 
the angle of incidence "y, with possible values lying in the range between -1 and 
1 [14,15]. The incident angle "y is defined as "Y = arctan(vs/vn), where Vn and Vs 
are the normal component and the tangential component of the initial velocity 
of the center of mass respectively. 

In our simulation, we control the incident angle from 5.70 to 63.40 and let the 
disk collide with the wall without any rotation. When controlling the incident 
angle, we set Vn = 0.03c as a constant value and give Vs various values. The 
thickness of the wall is equal to the diameter of the disk (consisted of 6400 mass 
particles). Two sides of the wall are fixed. We will calculate {3 for various "Y with 
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the points of the disk feel the repulsive force, F(l) = aVO exp( -al)ii, where a is 
100/do, Vo is amc2do/2, m is the mass of the particle, do is the lattice constant, 
c = J E / p, and p is the density. ii is the unit vector perpendicular to the line 
between the two surface points. The reaction forces applied to the two points of 
the surface of the wall (point 1 and 2) are decided by the balance of the torques 
as FI(l) = -F(l)ii/(I+ldl2) and F2(l) = -F(l)ii/(I+l2/h), where li(i = 1,2) 
is the distance between the point p and the point i (see Fig. 1). 

To perform the numerical simulation, we scale all parameters by the radius 
of the disk R and the speed of sound c = J E / p, where p is the density of the 
disk. We adopted the fourth order symplectic numerical method with the time 
step Llt = 10-2 R/c (R is the radius of the disk) as the numerical scheme of the 
integration. 

3 Simulation 

Sondergaard et. al. investigated the influence of the ratio of the diameter of 
sphere to the plate thickness on the coefficient of restitution resulting in nor
mal impacts [11]. They dropped ball bearings(steel or bronze) and glass spheres 
without any significant rotational velocity from various heights onto plates of 
lucite or aluminum of which two sides were solidly clamped to a relatively rigid 
support structure. From their experiment, the coefficient of restitution decreases 
as the ratio of the particle diameter to the plate thickness increase. 

At first, we will carry out the simulation of the normal impact. We set the 
situation corresponding to the experiment by Sondergaard et. al. [11]. Our sit
uation is as follows. We control the ratio of the disk diameter D to the wall 
thickness T, D/T, from 0.4 to 1.0. We make the disk hit the wall with vari
ous initial velocity ranging from 0.02c to 0.I8c and calculate the coefficient of 
restitution (Fig. 2). At the same impact velocity, the coefficient of restitution of 
small D /T is larger than that of large D /T. The curve labeled "model A" is the 
result of the case that the lattice model of the disk and the wall have no internal 
degrees of freedom [9]. 

Second, we carry out the simulation of the oblique impact. Many experiments 
ofthe oblique impact focuses on the relation between the coefficient of tangential 
restitution and the incident angle. 

Now let us introduce the coefficient of tangential restitution. We will consider 
the situation like Fig. 3. The coefficient of tangential restitution is defined by 
the ratio of the tangential component of the velocity of the contact point of the 
disk after collision to that before collision. The velocity of the contact point Vc 

is defined as 
Vc =Vi -Rx w, (1) 

where Vi is the velocity of the center of mass of the disk, R is the radius of the 
disk, and w is the angular velocity. Using the velocity of the contact point, the 
coefficient of tangential restitution f3 is defined as 

(2) 



Simulation of the Impact of an Elastic Disk 471 

0.5 

0 
~ 

t f t 
-0.5 

-1 **ff t f 
-1.5 

-2 10 

-VnNs 

Fig. 4. The relation between the incident angle and the coefficient of tangential resti
tution (3. 

this model. To eliminate the anisotropy of the disk, we set the initial angle of 
the disk () = 7fnI72(n = 0,1,2, .. ·,11) as the initial state and average these 12 
data. 

The relation between cot'Y = -vn/vs and the coefficient of tangential resti
tution f3 is shown in Fig. 4. The cross points and the error bars represent the 
mean values and the standard deviations of the 12 data respectively. From this 
result, f3 is almost a constant negative value in the case of this model. 

4 Discussion 

We have performed both the normal and the oblique impact of the elastic disk 
with the wall. In the case of the normal impact, the coefficient of restitution e 
depends on the ratio of the diameter of the disk to the thickness of the wall 
D IT. If D IT is large, e is small. It is seen that the macroscopic vibration of the 
wall is so large that the initial energy of the disk decreases. Sondergaard et. al. 
introduced the impact parameter made by rescaling D IT and showed that the 
coefficient of restitution is a function only of the impact parameter [11]. In our 
case, however, we could not rescale our data in order to get an universal relation 
between D IT and e. To clarify the reason will be one of future subjects to be 
solved. 

In the case of the oblique impact, we investigated the motion of the disk 
of each incident angle. According to Labous et. al. [12], f3 is believed to be 
represented by 

(3) 
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where K = 4I/mrP is a constant which is equal to 1/2 for disks(I is the moment 
of inertia, m is the mass, d is the diameter) and J.Lo is the friction coefficient 
and e is the coefficient of restitution. If 'Y is larger than the critical angle 'Yo, 
the disk slips on the surface of the wall according to the Coulomb's law. In that 
case, (3 is a function of the incident angle while J.Lo is given by the ratio of the 
tangential to the normal component. If 'Y is smaller than the critical angle 'Yo, 
the disk begins to roll after the collision with a constant value (30 as (3. As for 
our model, the coefficient of tangential restitution (3 has a negative value in the 
range of incident angle 5.7° ~ 'Y ~ 63.4°. In an actual case, Labous et. al. showed 
that (3 took a positive constant value (30 = 0.5 ± 0.1 when the incident angle was 
greater than the critical angle(around 37.5°) [12]. This means that the spheres 
begin to rotate with a rotational velocity of the same order as the velocity of 
the center of mass after the binary collision. In our case, however, the negative 
value of (30 means that a collision of the disk and the wall almost could not 
produce rotational motion of the disk, but the collision is slippery. Because the 
surfaces of the disk and the wall have no roughness, it can be seen that slippery 
collision is caused by the weak frictional force acting on the disk. We also need 
to consider initial rotation of the disk. How initial rotation affects the rotational 
motion of the disk after collision is an interesting problem. These are our near 
future tasks. 

The results of this paper are as follows: (i) The coefficient of restitution 
depends on the ratio of the disk to the thickness of the wall. (ii) In the case 
of the oblique impact, the coefficient of tangential restitution (3 takes almost a 
negative constant value. 
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Abstract. The transition from dilute flow to dense flow of a granular system in a vertical 
pipe, controlled by an electric field E, is studied. Depending upon its initial state and the 
applied field voltage the controlled flow rate remains in two phases, dilute flow or dense 
flow. For dilute flow, the electric field has no effect on the flow rate until V reaches a criti
cal value VI' At V = Vb the flow rate drops abruptly and a transition of the particulate from 
dilute to dense flow occurs. For dense flow, the flow rate decreases monotonically with in
creasing V. A comparison of the flow rate controlled by directly changing the opening size 
is given. Similar behavior is observed. A 3-dimensional phase diagram with outflow rate, 
inflow rate and opening size as its three axes is also presented. 

Introduction 

Granular matter is a subject of intense interest [1-3] in recent years. In this field, 
many important topics in nonlinear physics [4,5] - such as pattern formation [3], 
solitons [6], chaos [7], and cellular automata [8] - were studied. In particular, 
nonlinear waves in granular flow have been observed and computationally simu
lated [9-17]. 

This discrete, compressible system has distinct features when compared with 
classical fluids. Density fluctuation is an important character of granular flow and 
has been broadly noticed. Many interesting phenomena related to it were observed 
in different experiments using x-ray imaging [17], light detector, and spatiotempo
ral diagrams [9,11]. Intermittent and kinematic shock wave [9] was found in a 
small-angle two-dimensional funnel when the funnel angle was changed. Different 
kinds of wave regimes [11] in the vertical pipe were observed when the mass-flow 
rate was changed by adjusting the stopcock at the bottom end of the tube. The 
power spectra of density waves were shown to assume a stable power-law form, 
P(f) ~ fa, when the air outflow rate was controlled [12,15]. Jamming phenomenon 
of granular flow in a two-dimensional hopper was studied experimentally [18]. 

In this paper, a new granular flow control mechanism - by applying a local, ac 
electric field - is introduced to study the nickel particle flow in a vertical pipe at
tached to a hopper. Due to the dipole-dipole interaction induced by the electric 
field, particle clusters were formed near the field and the granular flow rate was 
reduced nonlinearly with the applied voltage. 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
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For a comparison we have examined the outflow rate of a dilute and a dense 
flow with adjustable opening at the bottom of the pipe. Similar behavior is ob
served: for a dilute flow there exists an abrupt transition from dilute to dense flow 
at a certain critical opening size; for a dense flow the rate changes with the open
ing size monotonically. 

The effect of the electric field is like to apply a virtual bottleneck to the flow. 
Adjusting the voltage of the field is the same as adjusting the opening size of the 
flow bottleneck. A 3-dimensional phase diagram is given to demonstrate the di
lute-dense-jammed phases and the transition from dilute to dense. 

Experimental Setup 

The experimental setup is schematically 
shown in Fig. 1. Nickel spheres of an av
erage diameter d = 0.25 mm are filled in a 
glass hopper placed on top of a glass pipe 
with inner diameter of 3mm and 100mm 
in length. The metallic particle is chosen 

i spheres 

for less electrostatic effect. Two parallel Electrode 
flat copper electrodes 4.4mm apart, 15 
mm in height and 12 mm in width, are at-
tached to the outside walls of glass pipe. 
A 50 Hz ac electric voltage V is applied 
across the electrodes. The granular flow is 
initiated by pulling the stopper, which is Computer 
inserted at the outlet of the hopper. A 
weighing sensor with sensitivity of 0.02g 

and recording rate of 0.02s is applied at Fig. 1. Schematic diagram of E-field 
the bottom of the pipe. By measuring the control setup. 
granular mass at each desired electric 
voltage, the dependence of flow rate vs. voltage can be obtained. 

Experimental Results 

In our experiment we change the applied voltage in steps to see the voltage influ
ence on the granular flow. The following two processes are applied: 
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In the fIrst process (denoted as A), we measure the flow rate at each desired 
voltage in a range from 0 

20r-------------------------~ 

V to 4.8 kV with an in
tervall:N= 0.2 kV. In the 
second process (denoted 
as B), V is fIrst fIxed at a 
voltage 4.8 kV and then 
lowered to a desired 
voltage from 4.8 kV to 0 
V with an interval of 0.2 
kV. The flow rate Q vs. 
V is plotted in Fig. 2. It 
can be seen that in proc
ess A, the granular flow 
keeps a constant value 
Qo with increasing V un
til V=V1= 2.6 kV. The 
flow rate Q drops 
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o 

8 

4 

0.0 1.5 3.0 4.5 

V(kV) 
Fig. 2. Flow rate Q vs. the applied voltage V. A and B 
indicate different processes. The arrows represent the 
direction of applied voltage. 

abruptly when we increase the voltage by a small amount (as small as 0.02 kV) 
higher than V I. When we further increase the voltage, Q decreases gradually with 
increasing V. In process B when lowering the voltage, however, Q increases con
tinuously without any sudden jump and reaches Qo at a voltage V2 (1.0 kY). In the 
two processes the flow rates follow the same Q(V) curve in the region between VI 
and 4.8 kV. The curve can be fItted approximately as Q = CV-t, where C is a fIt
ting parameter. 

To understand the underlying mechanism, an analysis is proposed as follows:. 
We fIrst consider the case of process A. The force acting on the polarized parti

cle in an inhomogeneous electric fIeld can be expressed as 

1= -V(-p.£) = 4Jr8oR3VE2. 

When the electric fIeld is high 
enough to affect the motion of the 
particles, i.e. the interaction is compa
rable to the kinetic energy of the fal
ling particles, the particles will be 
dragged by the gradient of the fIeld 
and converge to the sidewall near the 
top of the electrodes as shown in Fig. 
3. The arrows in Fig. 3 represent the 
direction of the dragging force. This 
force against the sidewall induces a 
friction between particle and wall, 
which will reduce the velocity of par
ticles along the wall. The attraction of 
polarized particles cause the particles 

+ 

Fig. 3. Sketch of the force acting on 
particles due to the field gradient in the 
region of electrodes. Dashed lines in
dicate electric lines in between elec
trodes. 
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moving closer and enlarges the local field between particles. The enhancement of 
the local field between the particles will further increase their mutual induction 
and cause particles to interact with each other and aggregate stronger. This posi
tive-feedback effect, we believe, is the major contribution which causes the flow 
rate dropping dramatically at VI. In fact there is a transition from dilute to dense 
flow occurring at V \. When V < V \ the remaining opening at the central area of 
converged particles in the pipe is large enough for the particles passing through as 
a dilute state flow. The flow remains at a constant rate Q = Qo = pvS, where p and 
v are the average density and average velocity of particles, respectively, and S is 
the effective cross-sectional area. Although the v and S are reduced due to the 
electric field induced converging effect, the increase in p ia able to assure Q (= 
pvS) to remain a constant Qo until V reaches a critical voltage VI. At this voltage 
the density p reaches its maximum value, and it becomes dense flow for V > V \. 

In process B, the flow rate vs. voltage shows a power law decay vs. V as de
scribed above, Q=CV-i3 and ~"" I in our experimental condition. Although the 
mechanism is still not yet clear[IS], the rate of dense particle flow from a hopper 
can be expressed as Q""aD5/2, where D is the diameter of the outlet. Therefore, the 
electric field plays a role here as an effective opening in the case of dense flow, 
i.e. increasing voltage corresponds to decreasing the size of the opening. 

Therefore, by applying the electric field higher than a critical voltage the initial 
dilute flow can be transferred to a dense flow, corresponding to an abrupt drop of 
flow rate. This phenomenon may be similar to that of a first order phase transition. 
A quantitative explanation is still absent. 

Comparison with Opening-Size Controlling Method 

In order to compare the electric-field controlling method with the adjustable open
ing-size controlling method, we have established an experiment of granular flow 
in a vertical pipe with controlled exit opening 
size. The experiment is done with glass particles 
of density = 2.4 g/cm3. The experimental setup is 
similar to that of the E-field control, but with the topper 

pipe length = 62 cm and the inner diameter = 9.3 
mm as shown in Fig. 4. A Copper plate with cen
ter opening of different sizes (from 3.0 mm to 
9.4 mm) is placed at the exit of the pipe. The 
hopper is initially filled with glass particles of 
diameter d = 0.5 mm. A dilute flow is initiated 
by pulling out vertically a stopper inserted at the 
hopper outlet and a dense flow is initiated by 
pulling a thin plate inserted at the end of the 
pipe. 

Fig. 4. scheme of opening
size control setup. 
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For a fixed inflow rate of a dilute 
flow, the measured outflow rate Q (= 
dM/dt) at different exit opening sizes 
D is found, as shown in Fig. 5, to be 
practically independent of the width 
of the exit when the exit size is lar
ger than some critical size Dc. At this 
critical opening size, the dilute flow 
turns to dense flow, and the flow rate 
drops abruptly. When the opening 
size is less than Dc, the flow be
comes dense and Q decreases mono
tonically with the reducing size of 
the opening. The flow stops when 
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Fig. 5. The Q vs. D curves. 

the opening size is about three particle diameter wide. Here permanent arching oc
curs and causesjamrning of the flow [18]. 

The critical opening size at which the transition from dilute to dense occurs is 
different for different inflow rate Qo. As Qo is lower, the critical size Dc is smaller. 
The Q(D) curves for different Qo are shown with dashed lines in Fig. 5. The A-B 
curve represents a boundary line at which transition from dilute to dense flow be
gins for different Qo. 

For a fixed inflow rate of a dense flow, the outflow rate increases gradually 
with increasing D. The dense flow rate Qd is along the curve from D to C in Fig. 5. 
There is no abrupt change in outflow rate as it appeared in the dilute flow. 

The 3-D Phase Diagram 

To obtain a clear picture of the dilute 
flow behavior, a 3-dimensional phase 
diagram is drawn in Fig.6. In the dia
gram it shows the two phases: dilute 
( or free) flow and dense (or con
gested) flow, and the transition from 
dilute flow to dense flow. At a given 
bottleneck the outflow rate is practi
cally the same as Qo until Qo is suffi
ciently large and reaches the critical 
flow rate Qe that dilute flow no longer 
holds and transition from dilute to 
dense occurs and the flow rate drops 
to the dense flow rate Qd. The ratio of 
Qo and Qd depends on the inflow rate. 

Fig. 6. The 3-D phase diagram. 
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When the inflow rate is higher, the ratio of Qo and Qd is larger. Therefore one way 
to increase the outflow rate at the bottleneck is to keep the flow dilute and de
crease inflow rate a bit lower than Qc at the exit. 

Conclusions 

By applying an electric field to the granular flow in a vertical pipe we have ob
served some novel phenomena. Applying an electric field to a dilute flow, we fmd 
that the flow rate is unaffected by V and remains as Qo till V reaches a critical val
ue VI. At V = VI the flow rate drops abruptly, and decreases with increasing V. In 
a reverse process, when V decreases from a value V > VI, the flow rate increases 
continuously with decreasing V and reaches Qo at V2. At VI the transition from 
thin flow to dense flow occurs, which is similar to a first order phase transition. 
The observed flow behavior is comparable to opening-size controlling flow 
system. A 3-D phase diagram concludes the relation of the outflow rate with the 
inflow rate and the bottleneck size. 
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Abstract. We experimentally studied the spatio-temporal structure ofnon-unifonn flow of 
granular materials which fall through a vertical pipe filled with liquid. As we increase the 
packing fraction of granular materials inside the pipe, the flow pattern changes from the 
low-packing free-fall flow to the high-packing slugging flow. At the intennediate packing 
fraction between the free-fall flow and the slugging flow, slugs come to appear, but since 
all these slugs are unstable, they emerge and disappear frequently. We find that the power 
spectrum P( t) of the density fluctuations with frequency f shows lIf noise at the intennedi
ate packing fraction. As for the spatial structure, however, the structure factor S(k) with a 
wave number k does not obey a power law even at this intermediate packing fraction. These 
results indicate that I If noise in pipe flow is not induced by the spatio-temporal criticality. 

1 Introduction 

The physics of 1If noise has attracted researchers in various fields, because it ap
pears in most energy-dissipating systems, such as voltage or current fluctuations in 
electronic devices [2], density fluctuations in granular flow through a hopper and a 
pipe [10,4,3], and vehicle density fluctuation in traffic jams on highways [5]. The 
mechanism to produce 1If noise is still in hot debate, and the point is whether 1If 
noise is a kind of universal phenomena which does not depend on the precise 
value of physical parameters. 

As an example to study the mechanism of Ilf noise, we perform experiments on 
density fluctuations of granular flow through a pipe. When we pour granular mate
rials through a vertical glass pipe, the falling materials form slugs of slow clusters. 
The dominant mechanism to produce density fluctuations is considered to be in
elastic interactions due to both grain-grain collisions and grain-wall friction. Also 
the hydrodynamic interaction between grains and the surrounding fluid is impor
tant. To simplify the system, we use smooth metallic spheres with same size. We 
fill the pipe with liquid such as water and silicone oil, so that we can control the 
flow and the viscosity of the surrounding fluid easily [8]. 

As a control parameter in our experiments, we decide to use the mean packing 
fraction p of granular materials inside the pipe. The idea of packing fraction comes 
from the traffic flow problem, because, in traffic flows, the dominant parameter 
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which governs the system is a number density of vehicles on the lane, and increas
ing vehicle density induces the jamming transition from free to jammed flows [6]. 
Considering that vehicles correspond to falling granular materials, we can expect 
that the jamming transition of traffic flow and the slugging transition in pipe flow 
are based on the same mechanism. 

2 Flow Patterns and Fundamental Diagram 

As metallic spheres, we use lead spheres with 1.7 mm in diameter, and a glass 
pipe with 9.0 mm in inner diameter. We systematically vary the mean packing 
fraction p by changing the inner diameter of the additional hopper which is set at 
the top of the vertical pipe. 

Figure 1 shows the spatio-temporal structure of flow patterns as we change the 
value of the mean packing fraction p from 0.05 in (a), 0.18 in (b), to 0.36 in (c). 
Here, t is the time, and x is the vertical distance down from the hopper. In these 
figures, the vertical direction is space, and metallic spheres fall downwards due to 
the gravity. The horizontal direction is time, and time is running from left to right. 

In the low-packing-fraction region (p<0.18) as is shown in Fig. lea), the metal
lic spheres fall almost freely. On the other hand, in the high-packing-fraction re
gion (p>0.18) as is shown in Fig. l(c), the metallic spheres form slugs of large 
clusters and fall very slowly in groups. Note that at the intermediate packing frac
tion p=O.18 in Fig. l(b), all these slugs are very unstable, they emerge and disap
pear frequently, and thus the flow of metallic spheres is rather intermittent. 

Fig. 1. Spatio-temporal structure of flow patterns as functions of x and t. x is the distance 
down from the hopper and is shown as the vertical direction downwards. t is the time and is 
shown as the horizontal direction from left to right. So, each metallic sphere moves from 
upper-left to lower-right due to the gravity. The value of the mean packing fraction p in 
each figure is, from left to right, 0.05 in (a), O.IS in (b), and 0.36 in (c), respectively. The 
size of each figure is ~x=300 mm in x-direction (downwards) and ~t=S s in t-direction 
(from left to right). 
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Next, we measure the mean velocity v of the falling metallic spheres and the 
flux J as functions of the mean packing fraction p, and present these result in Fig. 
2(a) and 2(b), respectively. In Fig. 2(a), the velocity v is normalized by the free
fall velocity Vf of a single metallic sphere. We find that the mean velocity v de
creases monotonically as we increase the value of p. Fig. 2(b) represents a funda
mental diagram. The flux J increases monotonically with a bend at around p=0.18, 
showing a crossover from the low-density free-flow to the high-density jammed 
flow. 
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Fig. 2. Nonnalized velocity V/Vf in (a) and the flux J in (b) as functions of the mean packing 
fraction p. 

3 Structure Factor and Power Spectrum 

First, we perform a fast Fourier transform (FFT) analysis of the spatial data of the 
pipe flow. Fig. 3(a) represents the structure factor S(k) of the density fluctuations 
as a function of the wave number k. In the high-packing slugging region (p>0.18) 
the structure factor S(k) has a peak at a characteristic wave number of about 150 
m- I , which corresponds to a mean distance between slugs and/or a mean size of 
slugs. On the other hand, since there is no macroscopic structure at the low
packing free-fall region (p<0.18), the functional form of the structure factor does 
not have any tendencies, such as a peak nor a power law. 

Next, we perform a FFT analysis of the temporal data. Fig. 3(b) shows the 
power spectrum P( f) of the density fluctuations as a function of frequency f. The 
vertical guide line at f= 100 Hz is the resolution limit due to the ftnite size of the 
metallic spheres. The other guide line at 0.5 Hz denotes that in the lower
frequency region on the left side of this guide line all these power spectra have a 
white-noise form. Thus, we must study the functional form of the power spectra 
between these two vertical guide lines. 
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In the low-packing free-fall region (p<O.18) the functional form of the power 
spectrum shows a plateau of white noise at around f=1 Hz and does not have any 
tendencies. However, in the high-packing slugging region (p>O.18) the power 
spectrum is a monotonically decreasing function with a bend at 3 Hz. This bend at 
3 Hz in the power spectrum P( t) is attributed to the formation of macroscopic 
structures such as slugs, because we can estimate the characteristic frequency of 
the slug motion by taking into account the size and the velocity of slugs. 

We also note that, at the intermediate packing fraction p=O.18, the power spec
trum P(t) obeys a power law as P(t)=lIF with a=O.94. On the other hand, the 
structure factor S(k) of this lIfnoise does not obey a power law. 
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Fig. 3. FFT analysis of the density fluctuations in pipe flow The value of the mean packing 
fraction p is, from bottom to top, p=0.05, 0.18, and 0.36. (a) Structure factor S(k) as a func
tion of wave number k. (b) Power spectrum as a function of JTequency f. 

4 Conclusions 

We have performed experiments on pipe flow by changing the value of the mean 
packing fraction of granular materials inside the pipe. As we increase the packing 
fraction, the flow pattern changes from the low-packing free-flow to the high
packing slugging flow. We also obtained the fundamental diagram of pipe flow, 
and compared our result with that of traffic flow. Next, we performed signal and 
image analysis of the density fluctuations of pipe flow, and found that lIf noise 
appears only at the intermediate packing fraction. On the other hand, the spatial 
structure of lIf noise does not show any criticality, as was reported on lIf noise in 
voltage fluctuations of metal films [1]. These results indicate that lIf noise in pipe 
flow is not induced by the spatio-temporal criticality. 
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Abstract. Granular flow on a rough slope in the collisional flow region is investigated 
by numerical simulations. It is demonstrated that the uniform flow is only metastable; 
it is maintained for a while, but fluctuations trigger clustering of particles eventually. 
The micropolar fluid model is employed to analyze the properties of uniform flow. It 
is shown that the model can reproduce the deviation of the angular velocity field from 
the rotation of the velocity field. 

1 Introduction 

Granular materials flowing down a slope is one of the simplest and the most 
familiar situations to see the characteristics of their dynamics [1]. When the in
clination angle of the slope is relatively large, the interaction between the grains 
is dominated by collisions among particles, and many researches have been per
formed in such a collisional or rapid flow regime [2]. Most of them have concerned 
the properties of the flow which is uniform along the slope. On the other hand, 
it is known that the uniform granular flow often becomes unstable. In the case 
of the granular flow in a vertical pipe, for example, the instability causes den
sity wave formation, and the power spectrum of the density fluctuation obeys a 
power law [3]. The formation of waves has also been found in dense granular flow 
down flat frictional slope [4]. Recently, the instability of the collisional granular 
flow down a rough slope has been observed experimentally; the free surface of 
the flow shows a regular deformation in the direction perpendicular to the flow 
direction [5]. 

In this paper, we numerically investigate the collisional flow down a slope [6]. 
It is found that the flow has an instability in the flow direction that causes clus
tering, and this instability depends on the system size and the density. It is also 
found that the angular velocity field systematically deviates from the rotation 
of the linear velocity field. The micropolar fluid model [7] is used to analyze the 
uniform flow, and it is shown that the model with the coefficients of viscosity 
estimated by the elementary kinetic theory can reproduce that deviation [8]. 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
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Fig. 1. The geometry of the simulation. 

2 Results of Numerical Simulations 

2.1 Simulation method 

We employed the discrete element method (DEM) [9) with normal and tangential 
elastic forces and dissipation. Grains are modeled by two-dimensional disks with 
mass m and diameter a. The system is two dimensional (Fig. 1), and each disk 
also has the rotational degree of freedom. Detailed description of the method is 
given in ref. [6]. Each particle is also subject to gravity, where the gravitational 
acceleration is given by g = g(sinB, - cos B). The surface of the slope is made 
rough by attaching particles identical to the moving ones with spacing 2m, 
where f = 0.001. Periodic boundary conditions are imposed along the slope (x
direction). The system size L is determined by the number of particles attached 
to the slope ns as L = (1 + 2f)ans. 

All quantities that appear in the following are given in dimensionless forms 
in terms of the length unit a, the mass unit m, and the time unit T = va/g. 
The viscoelastic parameters in the DEM are chosen so that the coefficient of the 
normal restitution en becomes 0.7. 

2.2 Results of Numerical Simulation: Instability of the Uniform 
Flow 

Here we present simulation results with a fixed inclination angle, sin B = 0.45. 
In Fig. 2, the data from the simulation with N = 1000 and L = 1002 are shown, 
where N is the number of flowing particles. Figure 2 (a) shows the spatiotemporal 
diagram of the local density along the slope; the vertical axis is the time t, 
the horizontal axis is the coordinate along the slope x, and the darker region 
represents the higher density region. The y coordinates of the particles are not 
taken into account in that diagram. The initial condition is chosen so that all the 
particles are distributed uniformly along the slope. We can see that the flow is 
uniform along the slope at the beginning, but then relatively large fluctuations 
of the density grow and finally the system separate into a high density region 
and a low density region, namely one large cluster is formed. 

The time evolutions of the kinetic energy averaged over all particles, E(t), 
and that of one particular particle, El (t), are also shown in Figs. 2 (b) and (c), 
respectively. We can see that, after the clustering, E(t) grows and the fluctuation 
of Edt) becomes much larger. This is because the energy loss per unit time due 
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Fig. 2. (a) Spatiotemporal diagram of the local density. Darker regions indicate the 
higher density regions. (b) Time evolution of the averaged kinetic energy E(t). (c) Time 
evolution of the kinetic energy of one particular particle El (t). 

to inelastic collisions depends on the density. The particles near the front of the 
cluster escape to the low density region and get high kinetic energy, but they will 
be caught in the cluster again and lose the energy. This mechanism causes large 
fluctuation in El (t), and because all the particles experiences the acceleration in 
the low density region, E(t) becomes higher than the value in the uniform flow 
regime. 

We also find that the instability depends on the system size L and the "den
sity" 15. Here, we define the "density" as 15 = N / L, namely the averaged number 
of particles per unit length along the slope. In Fig. 3, spatiotemporal diagrams 
of the local density with the different values of Land 15 are shown. From the 
comparison of Fig. 2 (a), Figs. 3 (a) and (b), we can see that the instability 
becomes weaker for smaller system sizes. From Fig. 3 (a), (c), and (d), which 
are results with the same L but different 15, we find that the higher the density 
is, the more stable the uniform flow is. It can also be seen that, even though the 
clear cluster formation has not been found in Fig. 3 (a), the density fluctuation 
is quite large. Therefore we have also simulated the system with the same Land 
N as in Fig. 3 (a) but with the initial configuration with large inhomogeneity 
along the flow direction (Fig. 3 (e)). It is found that a cluster is formed after a 
while, but it almost disappears when the head and the tail of the cluster collide 
through the periodic boundary condition (3000 ::; t ::; 4000). 



488 N. Mitarai, H. Nakanishi, and H. Hayakawa 

(a) 0 o~.~x!;. ~501 (b) 0 0 x250.5 (c) 0 o~ ... x~mso, (d),~'~~X~1501 (e) 0 O~iiiX_::!501 

2000~ 

4000 

5000~ 5000--""'~ 

Fig. 3. Spatiotemporal diagrams of local density with the different values of L and p. 
The darkness is adjusted so that uniform distribution is shown by grey region in each 
figure. (a) N = 500, L = 501, P = 1.0. (b) N = 250, L = 250.5, P = 1.0. (c) N = 1000, 
L = 501, P = 2.0. (d) N = 375, L = 501, P = 0.75. (e) N = 500, L = 501, P = 1.0, 
with the initial configuration with large inhomogeneity along the flow direction. 

3 Properties of Uniform Flow 

We expect that the angular velocity field deviates from ~ yo x v near the base be
cause of the boundary effect. Since the flow is collisional, it should be described in 
terms of the kinetic theory, treating the angular rotation as an independent field. 
This leads to the micropolar fluid model, with which we examine the uniform 
flow. The detailed description of the model is given in ref. [8]. 

In the case of the two dimensional flow, the micropolar fluid model gives 
following equations under the assumption of a uniform steady flow, namely the 
mass density p = p(y), the velocity v = (u(y),O,O), and the angular velocity 
w = (0,0, w(y»: 

. d [ du (dU )] o = pg sm () - dy fJ, dy + fJ,r dy + 2w , (1) 

dp 
0= -pgcos() - -, 

dy 
(2) 

(dU ) d [ dW] o = -2fJ,r dy + 2w + dy fJ,B dy , (3) 

where p is the pressure. Here, eqs. (1) and (2) come from the equations of motion 
in the x and y direction, respectively. Equation (3) comes from the equation for 
the angular velocity. The second term in eq. (1) represents the force from the 
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Fig. 4. Properties of the uniform flow. The filled circles are obtained from the simu
lation data, and the solid line is the uniform steady solution of the micropolar fluid 
equations. (a) The number density profile n{y). (b) The temperature profile T{y). (c) 
The velocity profile u{y). The dotted line represents the solution of N avier-Stokes equa
tions. (d) The angular velocity profile w{y). (e) The difference between the rotation of 
the bulk velocity field and the microrotaion, ~V x v - w = -~ayu(y) - w(y). 

shear stress Sxy, and the first term in eq. (3) represents the torque due to the 
asymmetric part of Sxy. The second term in eq. (3) represents the torque from 
the couple stress Cyz which is the surface torque in the z direction acting on the 
plane perpendicular to the y axis. The coefficients of viscosity /-t, /-tn and /-tB can 
be estimated based on the elementary kinetic theory of the transport process [8], 
which gives the following estimation for two dimensional flow: 

/-t '"" ; ~, /-tB '"" ma~, /-tr '"" mn2a3~, 
where n is the number density, and T is the granular temperature. It should be 
noted that /-tr, which represents the coupling between V'xv and w, is proportional 
to n 2 . More detailed arguments for the derivation can be found in ref. [10]. 

These equations can be solved analytically with the equation of state p = 
pT /m in the dilute limit under the assumption of constant temperature T = T. 
Then, from eq. (2), we get p(y) = poexp(-y/h) with h = T/mg cos (). This ex-
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ponential profile of density is consistent with the simulation data, as is shown in 
Fig. 4 (a). Here, the fitted value of the relaxation length h '" 2.24, which gives 
t '" 2.0; this value is also consistent with the simulation data (Fig. 4 (b)). Then 
we can solve eqs. (1) and (2) with the estimation of the viscosity. The obtained 
profiles of u(y) and w(y) are fitted to the profiles obtained from the simulation 
data of the uniform flow. They are shown in Figs. 4 (c) and (d). Because the 
particles near the boundary are forced to rotate by the collisions with the slope, 
Iw(y)1 becomes large near the base. This effect causes the systematic deviation of 
w from ~ \7 x v in the simulation, as is shown in Fig. 4 (e). The deviation is also 
large far from the slope, in which the localized spins of particles are much larger 
than the fluid rotation. The micropolar fluid model can describe these deviations 
successfully; due to coupling of the velocity field and the angular velocity field, 
such a deviation may cause the behavior different from the Newtonian fluid de
scribed by the Navier-Stokes equation. In the simulation here, however, the small 
deviation of the velocity field from the solution of the Navier-Stokes equation 
appears only near the base as is seen in Fig. 4 (d). 

4 Summary and Discussion 

We have shown that the uniform granular flow on a rough slope is unstable 
against clustering in the collisional flow region. The instability depends on the 
system size and the density. The angular rotation and velocity fields of the uni
form flow can be successfully described by the micropolar fluid model. It is a 
future issue to perform the stability analysis of the uniform solution. It is also 
an interesting problem to clarify whether there are any common mathematical 
structures between the instability found here and the spontaneous cluster for
mation out of the uniform flow seen in other systems, such as the granular flow 
in a vertical pipe or the traffic flow on a freeway. 

Part of the computation in this work has been done using the facilities of the 
Supercomputer Center, Institute for Solid State Physics, University of Tokyo. 
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The Nature of Occurrence of Queued Flow at 
Capacity Bottleneck of Ordinary Section 

T.Oguchi 

Tokyo Metropolitan University, Department of Civil Engineering, Minamiosawa 1-1, 
Hachiouji, 192-0397, Japan 

Abstract. The nature of occurrence of queued flow, clearly defined here, is practi
cally investigated. The headway and speed of each vehicle observed at one section of 
expressways can help to identify the occurrence of queued flow. 

1 Congested Road Traffic Condition 

The word traffic congestion includes many conditions of road traffic flow. There
fore the author dares to use the word queued flow as real congested or jammed 
traffic condition. Queued flow is defined as a traffic flow condition with queued 
vehicles upstream of a segment of a traffic capacity bottleneck, when traffic de
mand exceeds the bottleneck capacity. In other words, the queued flow condition 
is a traffic condition which only occurres in the upstream section of a capacity 
bottleneck, when traffic demand exceeds the traffic capacity of the bottleneck 
section. 

There are many types of 'bottlenecks' of traffic capacity, even on expressways. 
The merging or diverging sections, weaving sections, and toll gates are some ob
vious bottlenecks. Some of road vertical alignment sag curve sections are known 
as bottlenecks as well as tunnel entrances, especially on Japanese expressways, 
even if those sections are mere ordinary, normal basic sections (as found in [1,3]). 
Of course, road sections with traffic accident, some vehicle brake down, and so 
on are also called bottlenecks, as well as very slowly moving vehicles (sometimes 
called as moving bottleneck). 

2 The Nature of Bottleneck Phenomena 

2.1 Bottleneck Caused by Excess Demand 

Fig. 1 shows a typical example of bottleneck phenomena observed by vehicle 
detectors installed on upstream and downstream sections with five-minute traffic 
flow rate (represented by vehicles per hours for two-lane, one direction) and 
five-minute (harmonic) mean speed. The bottleneck is the so called Torisawa 
sag located around the 62.5 kilometer-post (kp), outbound of Chuo-Expressway, 
Japan. 

Fig. 1 shows that the flow rate increases gradually at about, and speed sud
denly decreases 7 a.m. at the upstream detector, without definite speed decrease 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
© Springer-Verlag Berlin Heidelberg 2003



492 T. Oguchi 

veb.1hr 12 ·Iane 
4000 

2000 

~ 
o 
o 

6000 

oJ,.. 

3000 

...... 

T 

_ volume 

J~ • 't'V\. 
rr 

.... , 
.J 

6 9 

JI 
""' ~ 
.I 

-"'" ~ 

_ speed I 
upstream 62.0kp 

lili 
'~ .... 

12 15 18 21 

III ... ,.. 
downstream 25.0kp 

V Oft· 
.,....1\..,. 

'V 

ofV'" 

kmIh 

120 

80 

40 

o 
24 hour 

120 

J; 80 , 
40 

o 0 
o 6 9 12 15 18 21 24 hour 

veh.1hr .I3lane 
6000 

3000 

v.... 
o 
o 

6000 

3000 

~ o 
o 

3 

3 

Fig.!. Bottleneck caused by excess demand. 

'*' r#J" 

6 

--
.....J/'" IW' 

6 

_ volume _ speed I 
kmIh 

120 .1 
upstream 28.8kp ... 

"" r' 
II" .""(" ~h 7V'I 80 

/ r~ .....J 40 
I.J 

o 
9 12 15 18 21 24 hour 

JI ....... lJ 
downstream 25.0kp 

120 

~ ~ y- r'" Ji 80 

-' rvv- r'" r 
40 

o 
9 12 15 18 21 24 hour 

Fig. 2. Bottleneck caused by incident. 

at downstream detector. This is one of the specific features of occurrence of 
queued flow or bottleneck activation at ordinary or basic section bottlenecks 
such as sags or tunnel entrances. 

Maximum flow rate is observed at the start time of bottleneck activation; this 
is called 'capacity before queued flow occurrence' (QlevelA). After the activation 
of the bottleneck, i. e. a queue formed upstream of the bottleneck, flow rate 
becomes lower than QlevelA and gradually decreasing; this is called 'capacity 
after queue formed' (QlevelB and Qlevela) as found in (3). 

Speed suddenly increases just after noon, showing disappearance of queued 
flow. The flow rate just after disappearance is definitely lower than QlevelB or 
QlevelC. This is also another feature of this kind of bottleneck. 
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2.2 Bottleneck Caused by an Accident 

Fig. 2 shows the typical feature of bottleneck phenomena caused by accidents or 
other incidents, leading to a sudden capacity decrease. This figure shows data 
observed upstream and downstream of the accident section; one of most famous 
sag bottlenecks called 'Ayase sag' (around 29.5 kp) is located near this section, 
inbound of Tomei-Expressway, Japan. 

Fig. 2 shows that flow rate increases gradually around 10 a.m., but speed 
suddenly decreases around 11 a.m. along with decrease of flow rate, and with 
speed increase (a little) at the upstream detector. This is one of the specific 
features of occurrence of bottleneck activation at accident bottlenecks. 

Decreased flow rate shows the capacity of the incident section, which is def
initely lower than QlevelA, QlevelB, and QlevelC. This flow condition lasts for 
about one hour (from 11 a.m. and 12 a.m.). 

After the cause of the incident is removed (after 12 a.m.), flow condition 
changes to queued flow due to the sag bottleneck, continuing until around 24 
o'clock. By the way, another small incident is seen at about 14 o'clock. 

3 Detection of Bottleneck Activation 

Fig. 3 shows an example of bottleneck activation observed just upstream of a sag 
bottleneck. It shows the speed of each vehicle (observed by a site-located video 
camera), flow rate and mean speed aggregated for one minute, and flow rate and 
mean speed aggregated for five minutes. The data were collected on the median 
lane. 

Japan Highway Corporation adopted a rule of thumb for identifying the 
timing of bottleneck activation: if the five-minute mean speed observed upstream 
of the bottleneck becomes smaller than 40 km/h, the bottleneck is judged to be 

120 ,-----~--------1I--~~~====~===7~~~~~100 

80 

40 

0 /---'-......,. ..... _ 

14:20 14:40 15:00 time 15:20 

Fig. 3. Detection and judgment of bottleneck activation. 
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active. Therefore, Fig. 3 shows that the bottleneck activation has occurred at 
14:50. Obviously, this time is too late to be judged as the bottleneck activation 
time, a miss-judgment. 

When aggregation duration is shortened to one minute, the figure shows the 
bottleneck activation occurs at 14:31 using the same 'rule of thumb' of 40 kmjh 
threshold for identifying activation time, and this time seems to be reasonable. 
But this is still 'rule of thumb'. 

There must be some definite differences between queued flow and non-queued 
flow condition on each vehicle behavior, therefore, there must be a more logical 
manner to identify the flow condition (already discussed in [2,4]). It is already 
known that the observed speed tends to become higher if the upstream vehicle 
detector is located nearer to a particular bottleneck section, especially located 
'in' the bottleneck section (mentioned in [4]). Therefore, a judgment method of 
bottleneck activation should better not use a fixed threshold value of the speed. 

4 State Variables of Each Vehicle 

4.1 Nature of State Variables of Each Vehicle 

Fig. 4 shows the speed-density relationship, the speed-flow rate relationship, and 
the flow rate-density relationship for each vehicle observed by the site installed 

80 160 
converted density [vehlkm] 

160 
converted density [vehlkm] 

4000 8000 
converted flow rate [veh/hr] 

• non-queued flow 
o queued flow 

note :Moto-Hachiouji sag, 31.4KP, 24 July 1999 

Fig. 4. Speed, flow and density relationship of each vehicle. 
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video camera (same as in Fig. 3). The speed of each vehicle (Vi) is directly 
observed by the video camera, installing two hypothetical image sensors on the 
screen for each vehicle. The headway (hi) is also measured directly. On the other 
hand, the flow rate (qi) is calculated from the headway, and the density (ki ) is 
calculated by the product of speed and headway. 

The well-known q-k, q-v, or k-v relationship for aggregated state variables 
(e.g. five-minute aggregation) shows some correlation between those pairs of 
state variables. On the other hand, those relationships of state variables for each 
vehicle do not show good correlations, except for the flow rate-density (q-k) 
relationship in a non-queued flow condition (see Fig. 4). 

4.2 Density Gap 

The author introduces the idea of 'density gap' Di as shown below. 

=0 
(qi < qmax) 

(qi ~ qmax) 

where :3 kca1c :::; 91.7 I qi = -0.6(kcalc - 91.7)2 + 5041.7. 

(1) 

The function defining kcalc from qi is determined from several observed data: 
observations were carried out for several days of bottleneck phenomena activated 
at two bottleneck sections of Moto-hachiouji sag, outbound of Chuo-Expressway 
and Ayase sag, inbound of Tomei-Expressway. 
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Fig. 5. Time series of speed and density gap. 

Fig. 5 shows an example of speed and density gap for successive vehicles, 
around the time of bottleneck activation, from same data source as in Fig. 3. 
The density gap changes from still condition (almost zero) to big positive values 
with more fluctuations before and after the bottleneck activation. 

Fig. 6 shows the comparison of the concept of density gap and definite value 
of speed threshold for identifying the difference of queued flow and non-queued 
flow condition (bottleneck activation and de-activation). 
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Fig. 6. Judgment in flow rate-density relationship. 

The figure shows an example of density gap threshold of 20 veh./km. Com
pared with the idea of a speed threshold of 40 km/h, the idea of a density 
gap threshold of 20 veh/km can take the condition with high density but rela
tively high speed (more than 40 km/h) as queued flow condition. Therefore, this 
'density gap' method might have possibility to be used as judgment index for 
bottleneck activation. 

5 Conclusion 

The nature of the queued flow condition and occurrence of this condition (bot
tleneck activation) is discussed, and the new idea of 'density gap' method is 
introduced to detect the bottleneck activation without any fixed threshold value 
of speed for identifying; queued or non-queued traffic flow condition. 
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Bionics-Inspired Cellular Automaton Model for 
Pedestrian Dynamics 

A. Schadschneider 

Institute for Theoretical Physics, University of Cologne, 50937 Cologne, Germany 

Abstract. We present a 2-dimensional cellular automaton model for the simulation 
of pedestrian dynamics. Inspired by the principles of chemotaxis the interactions be
tween the pedestrians are mediated by a so-called floor field. This field has a similar 
effect as the chemical trace created e.g. by ants to guide other individuals to food 
places. In our case the floor field modifies the transition rates to neighbouring cells. It 
has its own dynamics (diffusion and decay) and can be changed by the motion of the 
pedestrians. This means that in our model pedestrians follow a virtual rather than a 
chemical trace as in the case of chemotaxis. The approach is extremely efficient and 
makes faster-than-real-time simulations of large crowds possible. Already the inclusion 
of only nearest-neighbour interactions allows to reproduce many of the collective ef
fects and self-organization phenomena (lane formation, flow oscillations at doors etc.) 
encountered in pedestrian dynamics. 

1 Introduction 

Methods from physics have been successfully used for the investigation of vehic
ular traffic for a long time [1,2]. On the other hand, pedestrian dynamics has 
not been studied as extensively. Due to its generically two-dimensional nature, 
pedestrian motion is more difficult to describe in terms of simple models. How
ever, many interesting collective effects and self-organization phenomena have 
been observed (see [2,3] for an overview and a comprehensive list of references): 

• Jamming: At large densities various kinds of jamming phenomena occur, 
e.g. when many people try to leave a large room at the same time. This 
clogging effect is typical for a bottleneck situation. Other types of jamming 
occur in the case of counterflow where two groups of pedestrians mutually 
block each other. This happens typically at high densities and when it is not 
possible to turn around and move back, e.g. when the flow of people is large. 

• Lane formation: In counterflow, i.e. two groups of people moving in oppo
site directions, a kind of spontaneous symmetry breaking occurs (see Sec. 4). 
The motion of the pedestrians can self-organize in such a way that (dynam
ically varying) lanes are formed where people move in just one direction [4]. 
In this way, strong interactions with oncoming pedestrians are reduced and 
a higher walking speed is possible. 

• Oscillations: In counterflow at bottlenecks, e.g. doors, one can observe os
cillatory changes of the direction of motion. Once a pedestrian is able to pass 
the bottleneck it becomes easier for others to follow him in the same direction 
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until somebody is able to pass (e.g. through a fluctuation) the bottleneck in 
the opposite direction. 

• Patterns at intersections: At intersections various collective patterns of 
motion can be formed. A typical example are short-lived roundabouts which 
make the motion more efficient. Even if these are connected with small de
tours the formation of these patterns can be favourable since they allow for 
a "smoother" motion. 

• Panics: In panic situations many counter-intuitive phenomena (e.g. "faster
is-slower" and "freezing-by-heating" effects [5]) can occur. For a thorough 
discussion we refer to [3,6,7] and references therein. Elsewhere in these pro
ceedings we will study the dynamics of evacuation processes in more detail 
[8] (see also [7,9-11]). 

In recent years, several models for the description of pedestrian dynamics 
have been suggested: 

• Social force models: So far continuum models have been most successful 
in modelling pedestrian dynamics. An important example are the social force 
models (see e.g. [2,4] and references therein). Here pedestrians are treated 
as particles subject to long-ranged forces induced by the social behaviour 
of the individuals. This leads to (coupled) equations of motion similar to 
Newtonian mechanics. There are, however, important differences since, e.g., 
in general the third law ("actio = reactio") is not fulfilled. 

• Active walker models: So-called active walker models [12,13] have been 
used to describe the formation of human or animal trails etc. Here the walker 
leaves a trace by modifying the underground on his path. This modification 
is real in the sense that it could be measured in principle. For trail formation, 
vegetation is destroyed by the walker and some animals (like ants) leave a 
chemical trace which can be detected by other animals. 

• Cellular automata: Most cellular automata (CA) models for pedestrian 
dynamics proposed so far are rather simple [14-17] and can be considered 
as generalizations of the Biham-Middleton-Levine model for city traffic [18]. 
However, these models are not able to reproduce all the collective effects ob
served empirically. The same is true for more sophisticated discrete models, 
e.g. the one suggested by Gipps and Marksj6s [19] or a disretized version of 
the social force model [20]. 

In [21,22] a new kind of CA model has been introduced which - despite 
its simplicity - is able to reproduce the observed collective effects. It takes its 
inspiration l from the process of chemotaxis (see [23] for a review) as used by 
some insects. They create a chemical trace to guide other individuals to food 
places. This is also the central idea of the active-walker models. In the approach 
of [21] the pedestrians also create a trace. In contrast to trail formation and 
chemotaxis, however, this trace is only virtual although one could assume that 
it corresponds to some abstract representation of the path in the mind of the 

1 Such "learning from nature" is the central idea of a field called Bionics. 
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pedestrians. Its main purpose is to transform effects of long-ranged interactions 
(e.g. following people walking some distance ahead) into a local interaction (with 
the "trace"). This allows for a much more efficient simulation on a computer. 

2 Basic Principles of the Model 

First we discuss some general principles applied in the development of the model 
[21,22]. To allow an efficient implementation for large-scale computer simula
tions a discrete model is preferable. Therefore a two-dimensional CA is used 
with a stochastic dynamics taking into account the interactions between the 
pedestrians. As mentioned above, similar to chemotaxis, we want to transform 
long-ranged interactions into local ones. This is achieved by the introduction 
of so-called floor fields. The transition probabilities for all pedestrians depend 
on the strength of the floor fields in their neighbourhood in such a way that 
transitions in the direction of larger fields are preferred. 

Interactions between pedestrians are repulsive for short distances. One likes 
to keep a minimal distance to others in order to avoid bumping into them. 
This is taken into account through hard-core repulsion which prevents multiple 
occupation of the cells. For longer distances the interaction is often attractive. 
E.g. when walking in a crowded area it is usually advantageous to follow directly 
behind the predecessor. Large crowds may also be attractive due to curiosity and 
in panic situation often herding behaviour can be observed [6]. 

The long-ranged part of the interaction is implemented through the floor 
fields. We distinguish two kinds, a static floor field and a dynamic floor field. 
The latter models the dynamic interactions between the pedestrians, whereas 
the static field represents the constant properties of the surroundings. 

The dynamic floor field corresponds to a virtual trace which is created by the 
motion of the pedestrians and in turn influences the motion of other individuals. 
Furthermore it has its own dynamics, namely through diffusion and decay, which 
leads to a dilution and finally the vanishing of the trace after some time. 

The static floor field does not change with time since it only takes into account 
the effects of the surroundings. Therefore it exists even without any pedestrians 
present. It allows to model, e.g., preferred areas, walls and other obstacles. A 
typical example can be found in [8] where the evacuation from a room with 
a single door is examined. Here the strength of the static field decreases with 
increasing distance from the door. 

The introduction of the floor fields allows for a very efficient implementation 
on a computer since now all interactions are local. We have translated the long
ranged spatial interaction into a local interaction with "memory". The number 
of interaction terms in other long-ranged models, e.g. the social-force model, 
grows proportionally to the square of the number of particles whereas in our 
model it grows only linearly. Another advantage can be seen in the case of 
complex geometries, e.g. as shown in Fig. 1. Here it is assumed that the typical 
interaction range is ~. However, due to the presence of walls not all particles 
within this range interact with each other. Therefore one needs an algorithm 
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to check whether two particles "see" each other and interact or whether the 
interaction is blocked by some obstacle. 
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Fig. 1. Typical situation in a complex geometry: Particles 1 and 2 do not interact with 
each other due the wall between them. 

Furthermore we do not need to provide the pedestrians with some sort of 
"intelligence". The floor fields are sufficient to achieve the formation of complex 
structures and collective effects by means of self-organization. Even for the evac
uation scenario [8,11,21] described above the knowledge about the floor fields 
is enough to find the exit. Therefore the pedestrians behave like simple 'par
ticles' in a field without explicit intelligence. Since we also not make detailed 
assumptions about the human behaviour it allows us to keep the model simple. 
Nevertheless it is able to reproduce many of the basic phenomena. 

In contrast to vehicular traffic the time needed for acceleration and braking 
is negligible in pedestrian motion. The velocity distribution of pedestrians is 
sharply peaked [24]. These facts naturally lead to a model where the pedestrians 
have a maximal velocity Vrnax = 1, i.e. only transitions to neighbour cells are al
lowed. Furthermore, a larger Vrnax , i.e. pedestrians can move more than just one 
cell per timestep, would be harder to implement in two dimensions and reduce the 
computational efficiency. The number of possible target cells increases quadrat
ically with the maximal velocity. Furthermore it has to be checked whether the 
path is blocked by other pedestrians. This might even be ambigious for diagonal 
motion and crossing trajectories. Also higher velocity models lead to timescales 
which are much too small (see Sec. 3). 

For some applications it is useful to introduce another field called matrix 
of preference which encodes the preferred walking direction and speed of each 
pedestrian. From this direction, a 3 x 3 matrix is constructed which contains 
the probabilities for a move of the particle. The central element describes the 
probability for the particle not to move at all, the remaining eight correspond to a 
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move to one of the neighbouring cells2 (see Fig. 2). The probabilities can directly 
be related to observable quantities, namely the velocity and the longitudinal and 
transversal standard deviations (see [21,25] for details). In the simplest case the 
pedestrian is allowed to move in one direction only without fluctuations. In the 
corresponding matrix of preference only one element is one and all others are 
zero. In the following it is assumed that a matrix of preference is given at every 
timestep for each pedestrian. In principle, it can differ from cell to cell depending 
on the geometry and aim of the pedestrians. Therefore it can be combined with 
some model for route selection which assigns certain routes to each pedestrian. 

M_I,-l M-I,O M-I,l 

MO,-l Mo,o MO,1 

MI,-l MI,o MI,1 

Fig. 2. A particle, its possible transitions and the associated matrix of preference 
M = (Mij). 

3 Definition of the Model 

CA are discrete in space, time and state variables. The area available for pedes
trians is divided into cells of approximately 40 x 40 cm2 which is the typical 
space occupied by a pedestrian in a dense crowd [26]. Each cell can either be 
empty or occupied by exactly one particle (pedestrian). For special situations it 
might be desirable to use a finer discretization, e.g. such that each pedestrian 
occupies four cells instead of one, but we restrict to the simplest case which is 
sufficient for the applications studied here. 

The update is done in parallel for all particles. This introduces a timescale 
into the dynamics which can roughly be identified with the reaction time t reac . 

The existence of a timescale in the dynamics of the model is essential if one 
wants to make quantitative predictions for real processes. In the deterministic 
limit, corresponding to the maximal possible walking velocity in our model, a 
single pedestrian (not interacting with others) moves with a velocity of one 
cell per timestep, i.e. 40 em per timestep. Empirically the average velocity of 
a pedestrian is about 1.3 mj s [26]. This gives an estimate for the real time 

2 In most cases motion in diagonal directions is not considered so that the matrix of 
preference has at most five nonzero elements. 
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corresponding to one timestep in our model of approximately 0.3 sec which is 
of the order of the reaction time treac and thus consistent with our microscopic 
rules. It also agrees nicely with the time needed to reach the normal walking 
speed which is about 0.5 sec. This corresponds to at least Vrnax timesteps if the 
pedestrian can only accelerate by one unit per timestep. Therefore in models with 
large Vrnax a timestep would correspond to a real time shorter than the smallest 
relevant timescale. This makes the model more complicated than necessary and 
reduces the efficiency of simulations. 

We now define the stochastic dynamics of the model by specifying the tran
sition probabilities Pij for a motion to a neighbouring cell in direction3 (i, j). As 
explained in Sec. 2 the long-ranged interactions with other pedestrians and the 
surrounding is incoded in two fields, the dynamic floor field D and the static 
floor field S, respectively. Furthermore a matrix of preference M can be used 
to specify the walking direction, speed and fluctuations for each individual. The 
transition probability Pij in direction (i, j) is then determined by all three con
tributions. Explicitly it is given by 

(1) 

Dij and Sij are the strengths of the dynamic and static floor field at the target 
cell and Mij is the matrix element of the matrix of preference for a motion in 
the direction (i, j). N is a normalization factor to ensure 2:,( i,j) Pij = 1 where 
the sum is over the nine possible target cells. The factor 1 - nij, where nij is the 
occupation number of the neighbour cell in direction (i,j), takes into account 
that transitions to occupied cells are forbidden. ~ij is a geometry factor (obstacle 
number) which is 0 for forbidden cells (e.g. walls) and 1 else. Finally, we have 
introduced two coupling constants kD and ks so that we can vary the coupling 
strengths to each field individually. 

The actual values of the parameters kD and ks depend on the situation. 
A large ks implies that the pedestrians choose their path mainly due to the 
surrounding without being distracted too much by other people. A large coupling 
kD to the dynamic field, on the other hand, corresponds to a strong herding 
behaviour. Here the pedestrian tries to follow the lead of others, e.g. in the case 
of panics or insufficient knowledge about the surroundings. The effects of these 
couplings will be discussed in more detail in [8]. 

As mentioned before, the dynamic floor field is created by the motion of the 
pedestrians and corresponds to a virtual trace. At t = 0 it is zero everywhere. 
Whenever a particle moves from site (x, y) to one of its neighbours (x + i, y + j), 
the field Dxy at the origin cell is increased by one (Dxy --+ Dxy + 1). Thus Dxy 
has only non-negative integer values which can be interpreted as the number of 
'bosons' located at site (x,y). 

The dynamic floor field is not only changed by the motion of the pedestrians, 
but it is also subject to diffusion and decay which first leads a spreading and 
dilution of the trace and finally to its vanishing after some time. Diffusion and 
decay are controlled by two parameters Q: E [0,1] and 6 E [0,1]. In each time step 

3 i, j E {-1, 0,1}, see Fig. 2. 
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of the simulation each boson of the dynamic field D decays with the probability 
8 and diffuses with the probability a to one of the neighbouring cells. 

The update rules of the full model including the interaction with the floor 
fields then have the following structure: 

1. The dynamic floor field D is modified according to its diffusion and decay 
rules. 

2. Using equation (1), for each pedestrian the transition probabilities Pij for a 
move to an unoccupied neighbour cell (i,j) are determined by the matrix of 
preference and the local dynamic and static floor fields. 

3. Each pedestrian chooses a target cell based on the probabilities of the tran
sition matrix P = (Pij). 

4. The conflicts arising by any two or more pedestrians attempting to move to 
the same target cell are resolved (see below). 

5. The pedestrians which are allowed to move execute their step. 
6. The pedestrians alter the dynamic floor field Dxy of the cell (x, y) they 

occupied before the move. 

These rules have to be applied to all pedestrians at the same time (parallel 
dynamics). This introduces a timescale into the dynamics (see Sec. 2) which cor
responds to approximately 0.3 sec of real time and allows to translate evacuation 
times measured in computer simulations into real times. 

One detail is worth mentioning. If a particle has moved in the previous 
timestep the boson created then is not taken into account in the determina
tion of the transition probability. This prevents that pedestrians get confused by 
their own trace. 

Finally we like to comment on step 4, the resolution of conflicts which occur 
if m ~ 2 particles choose the same destination cell in step 3. This is relevant 
for high density situations. In order to avoid multiple occupancies of cells only 
one particle is allowed to move while the others keep their position. There are 
different ways to choose this particle. E.g. the winning particle can be picked at 
random with probability 11m or according to the relative probabilities Pij with 
which each particle chose their target [21]. For the problems studied here and in 
[8] the details of the conflict resolution turned out to play no important role. 

4 Collective Phenomena 

In this section we show that the model is indeed able to reproduce the collective 
effects mentioned in Sec. 1. As most prominent example we want to discuss lane 
formation out of a randomly distributed group of pedestrians. This corresponds 
to a spontaneous breaking of the symmetry of the particle number distribution 
in space. Simulations show that an even as well as an odd number of lanes may 
be formed. The latter corresponds to a spontaneous breaking of the left-right 
symmetry of the system. 

Fig. 3 shows simulations of a rectangular corridor which is populated by two 
species of pedestrians moving in opposite directions. Parallel to the direction of 
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Fig. 3. Snapshot of a simulation of counterflow along a corridor. The left part shows 
the parameter control. The central window is the corridor and the light and dark 
squares are right- and left-moving pedestrians, respectively. The right part shows the 
floor fields for the two species. 

motion the existence of walls is assumed. Orthogonal to the direction of motion 
both periodic and open boundary conditions have been investigated. With peri
odic boundary conditions, the density of pedestrians is fixed for each run. It is 
ensured that the overall number of pedestrians is evenly divided by the numbers 
for the different species, each interacting with its own dynamic floor field4 • For 
open boundaries, we fix the rate at which pedestrians enter the system at the 
boundaries. The pedestrians leave the system as soon as they reach the opposite 
end of the corridor. Fig. 3 shows the graphical front end running a simulation 
of a small periodic system. Lanes have already formed in the lower part of the 
corridor and can be spotted easily, both in the main window showing the cell 
contents and the small windows on the right showing the floor field intensity for 
the two species. 

The formation of the lanes can also clearly be seen in the velocity profile 
(Fig. 4) which has been measured at a cross section perpendicular to the direc
tion of flow. In a certain density regime, the lanes are metastable. Spontaneous 
fluctuations can disrupt the flow in one lane causing the pedestrians to spread 
and interfere with other lanes. Eventually the system can run into a jam by this 
mechanism. 

Another typical feature of pedestrian behaviour are oscillations of the direc
tion of flow when two groups of opposite walking direction are facing each other 
at a tight spot like a narrow door (4) . In our simulations we can observe oscil-

4 The static floor field is set to S x y = 0 in this example. 
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Fig. 4. Velocity profile of a periodic system with p = 0.12. 

lations on two time scales (provided that the parameters are suitably chosen): 
An exchange between a blocked situation and a flow in both directions is the 
main result. Inside the blocked period small groups of only one species can break 
through. This is illustrated in Fig. 5. These breaks can alternate between the 
two species and can therefore be interpreted as oscillations. 

• • • . ... •• • I • • •• ... •• I ... •• ... .... ... ••• ... ... •• ... ••• ••• ... •• ••• ••• ••• 
Fig. 5. Oscillations of the direction of flow: A group of particles of the same species 
break through a blockade at a door (located in the center of the figure, with a width 
of 4 cells) . 

Apart from lane formation and oscillations of the direction of flow at doors 
also other phenomena, e.g. the formation of flow patterns at intersections, have 
been observed [9,21,25) . Since the model captures the main phenomena correctly 
and is extremely efficient in computer simulations it might be an ideal tool for 
evacuation simulations [11). 

5 Conclusions 

We have introduced a stochastic cellular automaton to simulate pedestrian be
haviour, focussing on the general concept. The key mechanism is the introduc
tion of floor fields which act as a substitute for pedestrian intelligence and lead 
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to collective phenomena. These floor fields make it possible to translate spa
tiallong-ranged interactions into non-local interactions in time. The latter can 
be implemented much more efficiently on a computer. Another advantage is an 
easier treatment of complex geometries. 

The general idea in our model is similar to chemotaxis. However, the pedes
trians leave a virtual trace rather than a chemical one. This virtual trace has 
its own dynamics (diffusion and decay) which restricts the interaction range (in 
time). It is realized through a dynamic floor field which allows to give the pedes
trians only minimal intelligence and to use local interactions. Together with the 
static floor field it offers the possibility to take different effects into account in 
a unified way, e.g. the social forces between the pedestrians or the geometry of 
the building. 

We have shown that the approach is able to reproduce the fascinating collec
tive phenomena observed in pedestrian dynamics. As an example the formation 
of lanes in counterflow and oscillations of the flow direction at bottlenecks have 
been discussed in Sec. 4. 

In Part II [8] we investigate the influence of the coupling strengths on the 
dynamics. There it is also demonstrated that the approach can be used for simple 
evacuation simulations. Therefore, the model is a good starting point for realistic 
applications [11]. Further information can also be found on the webpage [27]. 

The description of pedestrians using a cellular automaton approach allows for 
very high simulation speeds. Pedestrian crowds of a few hundred people can be 
simulated 10 to 100 times faster than real time. Therefore, we have the possibility 
to extract the complete statistical properties of our model using Monte Carlo 
simulations. 

Finally it should be emphasized that we have presented only the basic ideas 
of the approach. For realistic applications modifications might be appropriate, 
e.g. smaller cell sizes or inertia effects [21]. 

Acknowledgement: I like to thank my collaborators Carsten Burstedde, 
Ansgar Kirchner, and Kai Klauck for their input and many inspiring discussions. 
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Abstract. We critically discuss the concept of "synchronized flow" from a historical, 
empirical, and theoretical perspective. Problems related to the measurement of vehi
cle data are highlighted, and questionable interpretations are identified. Moreover, we 
propose a quantitative and consistent theory of the empirical findings based on a phase 
diagram of congested traffic states, which is universal for all conventional traffic models 
having the same instability diagram and a fundamental diagram. New empirical and 
simulation data supporting this approach are presented as well. We also give a short 
overview of the various phenomena observed in panicking pedestrian crowds relevant 
from the point of evacuation of buildings, ships, and stadia. Some of these can be 
applied to the optimization of production processes, e.g. the "slower-is-faster effect". 

1 Freeway Traffic: "Synchronized Flow", "Pinch Effect", 
and Measurement Problems 

1.1 What is New About "Synchronized Flow?" 

Congested traffic has been investigated for many decades because of its com
plex phenomenology. Therefore, Kerner and Rehborn have removed the data 
belonging to wide moving jams (see MLC and TSG in Figs. 9 and 10) and 
found that the remaining data of congested traffic data still displayed a wide 
and two-dimensional scattering [1], see Fig. 4(c). By mistake (see Figs. 1, 4(c), 
and Sec. 1.2), they concluded that all models assuming a fundamental diagram 
were wrong and defined a new state called "synchronized flow" ("synchronized" 
because of the typical synchronization among lanes in congested traffic, see 
Fig. 2(a), and "flow" because of flowing in contrast to standing traffic in fully 
developed jams). Since then, Kerner suggests to classify three phases: (1) free 
flow, (2) "synchronized flow", and (3) wide moving jams (Le. moving localized 
clusters whose width in longitudinal direction is considerably higher than the 
width of the jam fronts). In some applied empirical studies, however, Kerner et 
al. additionally distinguish a fourth state of stop-and-go traffic [2,3]. 

Free flow is characterized by the average desired velocity Vo and, therefore, 
by a strong correlation and quasi-linear relation Q ~ pVo between the local 
flow Q and the local density p [4]. It is also well-known that wide moving jams 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
© Springer-Verlag Berlin Heidelberg 2003
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Fig. 1. (a) Flow-density relation for narrow moving jams simulated with a microscopic 
traffic model. (b) The aggregated (I-minute) data corresponding to the narrow moving 
jams displayed in (a) show a wide scattering and erratic movement in the flow-density 
plane. By mistake, this is used to characterize "synchronized flow". 

propagate with constant form and (phase) velocity C ~ -13km/h [5-7J. Kerner 
found that this propagation is not affected by bottlenecks or the presence of 
"synchronized flow". Moreover, he showed that the outflow Qout from wide jams 
is a self-organized traffic constant as well [6,8]. In contrast to wide moving jams, 
the flow inside of "synchronized flow" remains finite, and its downstream front 
is normally fixed at the location of some bottleneck, e.g. an on-ramp. Therefore, 
"synchronized flow" basically agrees with previous observations of queued or 
congested traffic (see, e.g., Refs. [9-11J and the references therein). In his patent 
[12], Kerner applies the queuing theory himself, which goes back to the fluid
dynamic traffic model by Lighthill and Whitham [13]. 

The synchronization of the average velocities among neighboring lanes has 
been already described by Koshi et al. [14] (but see also Refs. [5,15,16]). It is true 
on a macroscopic level for all forms of congested traffic including wide moving 
jams. Simulations have shown that this is a result of lane changes [17], while the 
assumed reduction in the lane changing rate [18] occurs only after the speeds 
in neighboring lanes have been successfully balanced [19J. On a microscopic 
scale, over-taking maneuvers continue to exist almost at all densities [20], see 
Figs. 2(b), (c). Nevertheless, the probability of lane changes drops considerably 
with increasing density, when most of the road is used up by the vehicles' safety 
head ways [20], but not in the postulated Z-shaped way [21]. Due to the reduced 
opportunities for overtaking and the related bunching of vehicles, the velocity 
variance goes down with increasing density as well [18,22,23]. 

The transition between free and congested traffic is of hysteretic nature, i.e. 
the inverse transition occurs at a lower density and a higher average velocity. 
This has been known for a long time [24- 26J . Kerner specifies that the transi
tion is usually caused by a localized and short perturbation of traffic flow that 
starts downstream of the on-ramp and propagates upstream with a velocity of 
about -13 km/h. As soon as the perturbation passes the on-ramp, it triggers the 
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Fig. 2. (a) The difference of the average velocity in the left and the right lane vanishes 
at densities above 30 vehicles per kilometer, corresponding to a macroscopic synchro
nization of the speeds [22). (b), (c) The difference in the empirically determined ve
locities of cars and trucks, however, show that overtaking maneuvers continue to exist 
even at higher densities [20) . 

breakdown which spreads upstream in the course of time. The congested state 
can then persist for several hours [18]. 

Moreover, Kerner and Rehborn distinguish three types of "synchronized flow" 
[1], which may be short-lived: (i) Stationary and homogeneous states where both 
the average speed and the flow rate are stationary (see, e.g., also Refs. [27-29] . 
Later on, we will call these "homogeneous congested traffic" (HCT) [30]. 
(ii) States where only the average vehicle speed is stationary, named "homogen
eous-in-speed states" (see also Refs. [31 ,32]). We interpret this state as "recover
ing traffic" [33], as it bears several signatures of free traffic and mostly appears 
downstream of bottlenecks with congested traffic. 
(iii) Non-stationary and non-homogeneous states (see also Refs. [31,34,35]) . For 
these, we will use the term "oscillating congested traffic" (OCT) [30]. 
At least types (i) and (iii) are characterized by a considerably scattering and 
erratic change of the flow-density data, the various sources of which will be ad-
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dressed in the following subsection. Continuous transitions between these types 
are probably the reason for the so-called ''pinch effect" [36], see Fig. 3(a) : 
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Fig. 3. (a) Simulation of the pinch effect with a deterministic microscopic model show
ing stable traffic at low and high densities, linearly unstable traffic at medium densi
ties, and metastable traffic in between. The spatio-temporal density plot illustrates 
the breakdown to homogeneous congested traffic (HCT) upstream of a bottleneck, 
emerging oscillating congested traffic (OCT) further upstream, and a few stop-and-go 
waves (TSG) emanating from this region. The conditions for this spatial coexistence 
of congested traffic states are as follows [33,37]: The density in the congested region 
immediately upstream of the bottleneck should be in the linearly unstable, but con
vectively stable range, where perturbations are convected away in upstream direction 
[38,39]. In this case, traffic flow will appear stationary and homogeneous close to the 
bottleneck, but small perturbations will grow as they propagate upstream in the con
gested region starting at the bottleneck. If the perturbations propagate faster than the 
congested region expands, they will reach the area of free traffic upstream of the bottle
neck. During rush hours, it is quite likely that this free flow is in the metastable range 
between the free and linearly unstable density region. Consequently, sufficiently large 
perturbations can trigger the formation of jams, which continue travelling upstream, 
while small perturbations are absorbed. (b) The wavelength (average distance between 
density maxima) determined from (a) qualitatively displays the empirical increase with 
the vehicle velocity observed by Kerner [36]. 

Upstream of a section with homogeneous congested traffic close to a bottleneck, 
there is a so-called "pinch region" characterized by the spontaneous birth of 
small and narrow density clusters, which are growing while they travel further 
upstream. Wide moving jams are eventually formed by the merging or disap
pearance of narrow jams, in which the cars move slower than in wide jams [36] . 
Once formed, the wide jams seem to suppress the occurence of new narrow jams 
in between. Similar findings were already reported by Koshi et at. [14], who ob
served that "ripples of speed grow larger in terms of both height and length of 
the waves as they propagate upstream" . 
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1.2 Wide Scattering of Congested Flow-Density Data 

The collection and evaluation of empirical freeway data is a subject with often 
underestimated problems. To make reliable conclusions, in original investiga
tions one should specify (i) the measurement site and conditions (including ap
plied control measures), (ii) the sampling interval , (iii) the aggregation method, 
(iv) the statistical properties (variances, frequency distributions, correlations, 
survival times of traffic states, etc.), (v) data transformations, (vi) smoothing 
procedures, and the respective dependencies on them. 
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Fig. 4. (a) The empirical truck fraction varies considerably in the course of time. (b) 
The time headways of long vehicles ("trucks") are on average much higher than those of 
short vehicles ("cars"). (c)-(e) Assuming a fundamental diagram for cars (solid line), a 
separate one for trucks (dashed line), weighting them according to the measured truck 
fraction , and using empirical boundary conditions allows to reproduce the observations 
in a (semi-)quantitative way [40]: Free traffic (at low densities) is characterized by a 
(quasi-)one-dimensional curve. (c) Data of congested traffic upstream of a bottleneck 
are widely scattered in a two-dimensional area. (d) Immediately downstream of the 
bottleneck, one observes homogeneous-in-speed states reflecting recovering traffic. (e) 
Further downstream the data points approach the curve describing free traffic. Dark 
symbols correspond to empirical one-minute data, light ones to corresponding simula
tion results. 

The measurement conditions include ramps and road sections with their re
spective in- and outflows, speed limits, gradients , and curves with the respec
tively related capacities, furthermore weather conditions (like rain, ice, blinding 
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sun, etc.), presence of incidents (including the opposite driving direction), and 
other irregularities such as road works, which may trigger a breakdown of traffic 
flow. Moreover, one should evaluate the long vehicles ("trucks") separately, as 
their proportion varies significantly, see Fig. 4(a). This can explain a consid
erable part of the wide scattering of congested traffic [40], see Figs. 4(c), (d). 
Presently, this explanation is still the only one for this observation that has been 
quantitatively checked with empirical data. Note that a considerable variation of 
the time headways is also observed among cars, see Fig. 4(b). This is partly due 
to different driver preferences and partly due to the instability of traffic flow, see 
Fig. 5(a). While vehicle platoons with reduced time headways imply an increase 
of the flow with growing density, a reduction in vehicle speeds is usually related 
with a decrease. According to Banks [41], this can account for the observed 
erratic changes of the flow-density data. We support this interpretation. 
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Fig.5. (a) The measured oscillations of the clearance and the relative velocity [46] 
indicate an instability in the car-following behavior [47]. (b) The empirical standard 
deviation ..;ert5 of vehicle velocities divided by the average velocity V (t) is particularly 
large during the rush hour, where traffic flow is congested and unstable [33,48]. 

The strong variations of traffic flows imply that all measurements of macro
scopic quantities should be complemented by error bars (see, e.g., Ref. [42]). Due 
to the relatively small "particle" numbers behind the determination of macro
scopic quantities, the error bars are actually quite large. Hence, many temporal 
variations are within one error bar, when traffic flow is unstable, see Fig. 5(b). 
It is, therefore, very questionable whether it is possible to empirically prove the 
existence of small perturbations triggering a breakdown of traffic flow [18] or of 
the "birth" and merging of narrow density clusters in the "pinch region" [36]. At 
least, this would require a thorough statistical support. Consequently, we deny 
that such kind of data are presently suited as starting point for the develop
ment of new models [43] or traffic theories [21]. There is a considerable risk of 
overinterpreting particular (possibly statistical) features of the data recorded at 
special freeway sections and to construct new models that merely simulate what 
has been incorporated by means of the model assumptions. In fact, the only 



"Synchronized Flow", Pedestrian Evacuation, and Optimal Production 517 

reason why we believe in the correctness of these observations is the existence 
of plausible deterministic traffic models reproducing these hard-to-see effects 
without any special assumptions or extensions (see Fig. 3 and Refs. [17,37,44]). 
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Fig. 6. The covariance between headways da and inverse velocities 1/va shows signif
icant deviations from zero in congested traffic, while it approximately vanishes in free 
flow, compare Fig. 5(b). Even after traffic has recovered, there seem to remain weak 
correlations between headways and vehicle speeds for a considerable time. These are 
probably a reminiscence of congestion due to platoons which have not fully dissolved 
[33,48]. 

Because of the above mentioned problems, we would like to call for more 
refined measurement techniques, which are required for more reliable data. These 
must take into account correlations between different quantities, as is pointed 
out by Banks [45]. 

For example, approximating the vehicle headways by da = vaLlta (where 
Va is the velocity and Llta the time headway of vehicle 0:) and determining 
arithmetic multi-vehicle averages ( ... ) at a fixed location, one obtains for the 
inverse vehicle flow 

(1) 

Herein, cov(da , 1lva ) denotes the covariance between the headways da and the 
inverse velocities 1lva , which is negative and particularly relevant at large vehicle 
densities, as expected (see Fig. 6). Defining the local density p by 

(2) 

and the average velocity V via 

(3) 
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we obtain the fluid-dynamic flow relation 

Q=pV (4) 

by the conventional assumption cov(da , l/va ) = O. This, however, overestimates 
the density systematically, since the covariance tends to be negative due to the 
speed-dependent safety distance of vehicles. In contrast, the common method of 
determining the density via Q / (va) systematically underestimates the density 
[33,49]. Consequently, errors in the measurement of the flow and the density 
due to a neglection of correlations partly account for the observed scattering of 
flow-density data in the congested regime. 

A similar problem occurs when the density is determined via the time occu
pancy of a certain cross section of the road. Considering that L1ta = T a + la / Va, 
where Ta is the (netto) time clearance and la the length of vehicle a, we have 
the relation 

(5) 

where Pmax = 1/ (la) is the maximum density and (la) the average vehicle length. 
For a finite detector length LD, we have to replace la by la + LD [33,50]. The 
formula I/V = (la/Va) / (la) for the average velocity results in the correct ex
pression I/V = (l/va ) only, if the individual vehicle lengths and velocities are 
not correlated, which is usually not the case. 

1.3 A Quantitative Theory of Congested Traffic States 

When Kerner started to question all traffic models with a fundamental diagram, 
physicists were used to simulate traffic in closed systems with periodic boundary 
conditions. With the Kerner-Konhauser model, it was possible to produce free 
traffic, emergent stop-and-go waves, and triggered wide moving jams [51-53]. 
However, attempts to simulate "synchronized flow" failed even when small ramp 
flows were added to the system. They resulted in what we call a pinned localized 
cluster (PLC) located at the on-ramp [54] (see Figs. 9 and 10). Because of the 
sensitivity of the model and problems with the treatment of open systems, it was 
not possible to simulate open systems with considerable ramp flows. Other inde
pendent studies for periodic systems with localized bottlenecks produced either 
homogeneous vehicle queues (HCT) or oscillating congested traffic (OCT) [17,55-
64], but at that time nobody could make sense of these apparently inconsistent 
findings. This situation changed, when Helbing et al. derived a phase diagram of 
congested traffic states. They managed to simulate a macroscopic traffic model 
with open boundary conditions even in extreme situations and investigated a 
freeway stretch with a single ramp [30]. Instead of the densities, they identified 
the main flow on the freeway and the on-ramp flow as the suitable control pa
rameters for an open system and varied them systematically. In this way, they 
found that a perturbation could trigger different kinds of congested traffic states. 
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Moreover, the boundaries separating different states could be related to the in
stability diagram for homogeneous freeways and other characteristic quantities 
[30]. For this reason, they concluded that the phase diagram should be quali
tatively the same, i.e. universal, for all microscopic, mesoscopic, or macroscopic 
traffic models having the same instability diagram. This has been supported in 
the meantime [30,35,65]. Apart from this, the phase diagram of traffic models 
with different instability diagrams can be directly derived [33]. Generalizations 
to other kinds of bottlenecks (e.g. gradients) have been developed as well [35]. 
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Fig. 7. Negative perturbation triggering oscillating congested traffic. When the traffic 
density has sufficiently increased to reach the metastable regime, the "negative" per
turbation will be amplified if it only exceeds the critical amplitude. While it is small, it 
will move downstream with the vehicles, so one could hope it would pass the bottleneck 
and leave the system. However, when the density wave grows larger, it will reduce its 
speed and even change its propagation direction. Once it is fully developed, it moves 
upstream with constant velocity, since vehicles leave the jam at the downstream front, 
while new ones join it at the upstream front. Hence, the perturbation returns to the 
bottleneck (see Fig. 8 for this "boomerang effect"), and it triggers a breakdown of 
traffic, when it passes the bottleneck in upstream direction, as it thereby reduces the 
effective capacity to Qout [33,44,70]. 

In the following, we will sketch the basic ideas behind the phase diagram 
of congested traffic states (for a more detailed discussion see Ref. [33]). Let us 
assume our traffic model has a fundamental diagram 

Qf(g) = gVr(g) (6) 

describing the relation between the vehicle flow Q, the spatially averaged den
sity g, and the average velocity V in homogeneous and stationary traffic. (The 
flow-density relation of emergent stop-and-go waves is characterized by a lin
ear relation, i.e. it looks different [53].) Moreover, let us assume the model has 
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ranges of stable traffic flow at small and high densities, a range of linearly un
stable traffic flow at medium densities, and ranges of metastable traffic flow in 
between. This kind of instability diagram is, for example, found for the macro
scopic model used by Kuhne, Kerner and Konhauser, or Lee et al. [17,51,53), for 
the microscopic optimal velocity model [66), for the non-local gas-kinetic-based 
traffic model [67), or the microscopic intelligent driver model [35) (among which 
the first two models are rather sensitive to parameter variations, but the latter 
two are quite robust). 

In contrast to circular freeways, emergent "phantom traffic jams" are not 
typical for open homogeneous freeway stretches, as it is normally impossible to 
reach the linearly unstable density regime by feeding in vehicles at the upstream 
boundary. This is in agreement with empirical observations [68). Most cases of 
traffic congestion on an n-Iane freeway are observed upstream of on-ramps or 
other bottlenecks. They can be triggered by perturbations significantly below 
the theoretical capacity, as soon as the sum of the upstream freeway flow Qup 
and the on-ramp flow L1Q = Qrmp/n per lane exceeds the outflow Qout from 
congested traffic: If a disturbance leads to temporary congestion, the drivers must 
accelerate again and suffer some time delay, which reduces the capacity to Qout. 
Therefore, the following vehicles will queue up, and the temporary perturbation 
grows to form a persistent kind of congestion. The initial perturbation can even 
be a temporary reduction of the traffic flow and/or vehicle density, which can be 
caused by temporal variations of the traffic volume or even by vehicles leaving 
the freeway at some off-ramp [69,70), see Fig. 8. 

If the total traffic volume Qtot = (Qup + L1Q) is greater than the dynamic ca
pacity Qout, we will automatically end up with a growing vehicle queue upstream 
of the on-ramp. The traffic flow Qcong resulting in the congested area normally 
gives, together with the inflow L1Q, the outflow Qout, i.e. Qcong = (Qout - L1Q) 
(but see the footnote on p. 1111 of Ref. [33) for exceptions). One can distin
guish the following cases [30,35,33) (see Fig. 9): If the density (!cong associated 
with the flow Qcong = Qf((Jcong) is stable, we find homogeneous congested traffic 
(HCT) such as typical traffic jams during holiday seasons. For a smaller on-ramp 
flow L1Q, the congested flow Qcong is linearly unstable, and we either find os
cillating congested traffic (OCT) or triggered stop-and-go traffic (TSG), which 
often emerges from a spatial sequence of homogeneous and oscillating congested 
traffic (so-called "pinch effect" [36)). In contrast to OCT, stop-and-go traffic is 
characterized by a sequence of moving jams, between which traffic flows freely. 
Each traffic jam triggers the next one by inducing a small perturbation at the 
ramp, which propagates downstream as long as it is small, but turns back when 
it has grown large enough ( "boomerang effect", cf. Figs. 7 to 10). This, however, 
requires the downstream traffic flow to be linearly unstable. If it is metastable 
instead (when the traffic volume is further reduced), a traffic jam will usually 
not trigger a growing perturbation. In that case, one finds either a single moving 
localized cluster (MLC), or a pinned localized cluster (PLC) at the location of 
the ramp. The latter requires the traffic flow in the upstream section to be sta-
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Fig. 8. The wide moving jam left of kilometer 43 starts with a "boomerang effect" 
and travels through the "synchronized" congested traffic flow left of kilometer 41 (dark 
area). (Reproduction with kind permission of Rudolf Sollacher, Siemens AG, Munich.) 

ble, so that no traffic jam can survive there. Finally, for sufficiently small traffic 
volumes, we find free traffic (FT), as expected. 

The different congested traffic states found in the microsimulations (as dis
played in Fig. 9) could all be identified in real traffic data (see Fig, 10 for some 
examples). Moreover, according to our first investigation results, the traffic pat
terns observed on the German freeway A5 near Frankfurt have a typical depen
dence on the respective weekday and are even quantitatively consistent with the 
phase diagram (see Fig. 10). Of course, the empirically measured patterns look 
less regular, as the simulation results displayed in Fig. 9 are for a deterministic 
model with identical vehicle parameters. 

We will now reply to some criticism and misunderstandings: (1) Although 
the phase diagram and the congested traffic states have been derived for iden
tical driver-vehicle units and one bottleneck only, many observations already 
fit very well into this scheme. If several bottlenecks are present, the situation 
becomes more complicated, but can be addressed by similar methods. In such 
cases, we may find the spatial coexistence of states such as OCT and PLC, tran
sitions between different states, extended congested traffic states (RCT, OCT, 
or TSG) with a fixed upstream front, and other phenomena. The phenomenon 
of multistability and coexisting states is, by the way, already found for the case 
of one single bottleneck (see Ref. [65] and Fig. 8 in Ref. [35]) . (2) Because of a 
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Fig. 9. Simulated representatives (density-over-space-and-time plots) of the different 
congested traffic states, which were triggered by a big perturbation travelling upstream. 
Center right : Phase diagram of the traffic states as a function of the (upstream) traffic 
volume Qup on the freeway and the strength LlQ of a bottleneck at location x = 0 km, 
e.g. an on-ramp with inflow LlQ per freeway lane. 

certain ''penetration depth" [35], MLC states can propagate through small areas 
of stable traffic. (3) The variation and scattering of the flow-density data is well 
reproduced, if different driver-vehicle types are distinguished (and overtaking 
maneuvers are taken into account). (4) The "pinch effect" does not correspond 
to a transition between different phases (HCT, OCT, and TSG) in the course 
of time, but it corresponds to a certain area in the phase diagram, where the 
congested flow is convectively stable but linearly unstable (not shown). The em
pirically observed increase of the vehicle velocity in "synchronized flow" with the 
average oscillation wavelength [36] is qualitatively well reproduced, see Fig. 3(b}. 
(5) The flow downstream of congested traffic can exceed the dynamical capacity 
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Fig. 10. Empirical examples of triggered stop-and-go traffic (TSG), oscillating con
gested traffic (OCT), and pinned localized clusters (PLC) , and the location of the 
empirical data points in the phase diagram for the German freeway A5 near Frankfurt . 

Q out, if vehicles can enter the freeway via the ramp downstream of the congestion 
front [21]. This is practially relevant for particularly long on-ramps like freeway 
intersections (see Footnote on p. 1111 of Ref. [33]) . 

2 Pedestrian Evacuation 

The topics of pedestrian traffic and evacuation of buildings, stadia, and ships 
have recently attracted great interest among traffic scientists. Here, we will 
give a short overview only, as there are several detailed reviews available (see 
Refs. [22,33,71- 73]). We will focus on the social-force model of pedestrian dy
namics which describes the different competing motivations of pedestrians by 
separate force terms. It has the following advantages: 
(1) The social-force model takes into account the flexible usage of space (Le. the 
compressibility of the crowd), but also the excluded volume and friction effects 
which playa role at extreme densities. (2) The model assumptions are simple 
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and plausible. Virtual fields [74] or other questionable model ingredients are not 
necessary to obtain realistic results. (3) There are only a few model parameters 
to calibrate. (4) The model is robust and naturally reproduces many different 
observations without modifications of the model. (5) Nevertheless, it is easy to 
consider individual differences in the behavior, and extensions for more complex 
problems such as trail formation [22,71,75] are possible. 

(a) 

(b) ....-...~~~ ...... ~ ••••• 
~~~ ••••• 
-r--o..~~---:.: ••••• ••••• 

Fig. 11. (a) Formation of lanes in initially disordered pedestrian crowds with opposite 
walking directions and small noise amplitudes 11i (after [33,73,76); cf. also [77,78)). 
White disks represent pedestrians moving from left to right, black ones move the other 
way round. (b) For sufficiently high densities and large fluctuations, we observe the 
noise-induced formation of a crystallized, "frozen" state (after [33,76]). 

For normal, "relaxed" situations with small fluctuation amplitudes, our mi
crosimulations of counterflows in corridors reproduce the empirically observed 
formation of lanes consisting of pedestrians with the same desired walking di
rection [33,76-78], see Fig. l1(a). If we do not assume periodic boundary condi
tions, these lanes are dynamically varying (see the Java applet at www.helbing. 
org/Pedestrians/ Corridor. html). Their number depends on the width of 
the street [77], on pedestrian density, and on the noise level. Interestingly, one 
finds a noise-induced ordering [79]: Compared to small noise amplitudes, medium 
ones result in a more pronounced segregation (i.e., a smaller number of lanes) . 
Large noise amplitudes lead to a ''freezing by heating" effect characterized by 
a breakdown of "fluid" lanes and the emergence of "solid" blockages [76], see 
Fig. l1(b). Note that our model can explain lane formation even without as
suming asymmetrical interactions or attraction effects [76-78]. It is an opti
mal self-organization phenomenon [78] resulting from the combination of driv
ing and repulsive forces. The same model also reproduces the observed oscilla
tions of the flow direction at bottlenecks [33,70,77] without the need of a virtual 
"floor field" [80,81]. Cellular automaton Java applets from 1998 are available in 
the internet to visualize these phenomena (see www.helbing.org/Pedestrians/ 
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Corridor. html, Door. html). They are based on a discretization of the social 
force model that can be viewed as a discrete two-dimensional optimal velocity 
model [82]. For other cellular automata see Ref. [72,83- 86]. 

"Freezing by heating" is one of the phenomena observed in crowd stampedes. 
Another one is the "faster-is-slower effect" (or "slower-is-faster effect") [87]. It 
can trigger a ''phantom panic" [87] and is caused by arching and clogging at 
bottlenecks like exits, see Fig. 12(a). The underlying reason is the friction effect 
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Fig. 12. (a)When the desired velocity Vo is too high (e.g. in panic situations), pedestri
ans come so close to each other, that their physical contacts cause the build up of pres
sure and obstructing friction effects, which results in temporary arching and clogging 
(for online Java simulations see http://angel.elte .hurpanic/) . (b) This is related 
with an inefficient and irregular outflow, while the outflow is regular for small enough 
desired velocities (vo ~ 1.5 m/s) [33,73,87]. (c) In panicking crowds, high pressures 
build up due to physical interactions. This can injure people (black disks) , who turn 
into obstacles for other pedestrians trying to leave [73]. (d) A column in front of the exit 
(large black disk) can avoid injuries by taking up pressure from behind. It can also sig
nificantly increase the outflow [73]. In large exit areas used by several hundred people, 
several randomly placed columns are needed to subdivide the crowd and the pressure. 
An asymmetric configuration of the columns is most efficient, as it avoids equilibria of 
forces which may temporarily stop the outflow. (See http://angel.elte.hurpanic/ 
for online Java simulations.) 

occuring in dense crowds, if the desired velocity is so high that pedestrians have 
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physical interactions. In these situations, extreme pressure can build up in the 
crowd, and people may be crushed or trampled, in this way turning into obstacles 
for other fleeing people, see Fig. 12(c). These dangerous pressures can be reduced 
by columns, when suitably placed in front of the exits, see Fig. 12(d). Thereby, 
the number of injuries can be significantly reduced, and the outflows are consid
erably increased (see the Java applets at http://angel. elte .hurpanic/) . 

Not only bottlenecks are dangerous in panic situations, but also widenings 
[87]. These can reduce the efficiency of leaving, see Figs. 13(a), (b). Another 
problem is herding behavior, as it is responsible for an inefficient use of available 
exits [33,87], see Figs. 13(c), (d). 
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Fig. 13. (a), (b) Drop of the efficiency of leaving in corridors with widenings [73,87]. 
(c), (d) Herding behavior of panicking pedestrians in a smoky room (black), leading 
to an inefficient use of available escape routes [73,87] . (Online Java simulations of this 
effect are provided at http://ange1.elte.hurpanic/.) 

3 Summary and Application to Optimal Production 
Processes 

Nowadays, most aspects oftraffic dynamics have been understood on the basis of 
self-driven many-particle models. The observed phenomena can be (semi-)quan-



"Synchronized Flow", Pedestrian Evacuation, and Optimal Production 527 

(a) 

"""'" Modu:lc 1 

Module: 6 

Module 5 

"""'" Module .. 

Module: ) 

Module 1 

T •• ",,,.., 
.Module 00 · -

(b) 260 
250 
240 
230 

~ 
220 
210 

;; 200 
c. 190 · .c .. 

180 " E 170 ,.c 
~ 160 

150 
140 
130 
120 

C! 

-

------------------------ -----, 

C! C! 

-0 00 
M 

Time [hI 

Optimized Parameters 
33,2 % more Throughput 

C! 0 0 C! ~ M '" <-i ,.., 
c:i .,; M 

M 

Time [days! 

0 C! C! C! 
M ... ... ... 
'" -0 vi ... 
N M 

~ 
M 

. Riiaj 

- 1t.WI. 

-Illla' 

0 
vi 
c:i 

Fig. 14. (a) Gantt diagramm illustrating the treatment times in different modules, cor
responding to different production steps. The limiting factor for increasing the through
put is the transport module. (b) Applying the knowledge of the "slower-is-faster effect" 
to the treatment times, we were able to increase the throughput of some production 
processes in a major Chip factory by 33% or even more [88]. 

titatively reproduced by simulations using measured boundary conditions [35]. 
Moreover, a universal phase diagram of congested traffic states for freeway sec
tions with one bottleneck has been found, and the generalization to more complex 
situations is straightforward. The reproduction of fine details, however, will re
quire a more detailed measurement of the interactive vehicle dynamics and the 
consideration of psychological aspects. Although these may also be described 
in a mathematical way [43], it will be hardly possible to prove or disprove the 
corresponding models, i.e. the criteria demanded in the natural sciences would 
have to be relaxed. A more promising research direction is the modelling and op
timization of production processes. For example, applying the knowledge of the 
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"slower-is-faster effect" to the treatment times in a series of production steps, 
we were able to increase the throughput of production processes in a major Chip 
factory by up to 39% [88]. 

Many conclusions from traffic models are relevant for the organization of 
societies, administrations, companies, production processes, and so on, as the 
basic model ingredients agree: (1) The system consists of a large number of 
similar units/entities (individuals, pedestrians, cars, boxes, ... ). (2) The units 
are externally or internally driven, i.e. there is some energy input, e.g., they 
can move. (3) Units are non-linearly interacting, i.e. under certain conditions, 
small variations can have large effects. The system behavior is dominated by 
interactions rather than by the boundary conditions (the external control). (4) 
There is a competition for resources such as time (slots), space, money. (5) Each 
unit has a certain extension in space or time. (6) When units come too close, 
they have frictional effects and obstruct each other. 
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Cellular Automaton Simulations of Pedestrian 
Dynamics and Evacuation Processes 

A. Kirchner and A. Schadschneider 
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Abstract. We present applications and numerical results for a bionics-inspired cellular 
automaton approach to pedestrian dynamics [1,2]. The model is able to reproduce 
collective effects and self-organization phenomena encountered in pedestrian traffic, 
e.g. lane formation in counterflow. Here we present an analysis of the quantitative 
impact of the so-called sensitivity parameters ks and kv during evacuation processes. 
Furthermore the model is applied to the problem of optimization of evacuation times. 

1 Introduction 

In [1] a new two-dimensional cellular automaton model for the description of 
pedestrian dynamics has been introduced. Further details, especially concerning 
the definition of the model, can be found elsewhere in these proceedings [2]. The 
basic idea is similar to the phenomenon of chemotaxis. The transition probabil
ities for the motion of the pedestrians are determined using so-called floor fields 
in such a way that a movement in direction of higher fields is more likely. The 
static floor field S does not evolve with time and is not changed by the presence 
of the pedestrians. Such a field can be used to specify regions of space which are 
more attractive. The dynamic floor field D is a virtual trace left by the pedes
trians and has its own dynamics, i.e. diffusion (described by a diffusion constant 
a: E [0,1]) and decay (with decay constant 6 E [0,1]). It is used to model an 
attractive interaction between the particles. 

Here we want to show the model's usefulness for deepening our understanding 
of the complex problems of evacuation processes. Realistic procedures of evacu
ations are in general not uniform, highly ordered behaviour of the pedestrians as 
well as panic situations are observed. As we will see in the following, the model 
is able to reproduce many of these collective social phenomena. 

We will focus on evacuation processes from a large room with one or more 
doors. Fig. l(a) shows S for a lattice of size 33 x 33 with one exit of width five 
cells. For each lattice site S is calculated using a special distance metric so that 
the field values are increased in the direction to the door. Fig. l(b) shows a 3-d 
plot of the dynamic field D in the final stages of an evacuation process. 

2 Evacuation Simulations 

In the following we describe results of simulations of a typical situation, i.e. the 
evacuation of a large room (e.g. in case of fire). At this we focus on the influence 
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/I- _______ 
/ . 

Fig. 1. Evacuation from a large room with a single door: (a) static floor field Sj (b) 
dynamic floor field D in the final stages of the evacuation. 

of the sensitivity parameters kD and ks on the evacuation times. As we will see 
the variation of these parameters leads to many interesting collective phenomena 
between the pedestrians. Concluding we give an example of the relevance of our 
model for practical applications at safety estimations in architectural planning. 

2.1 The Impact of Sensitivity Parameters 

The value of ks, the coupling to the static field, can be viewed as a measure 
of the knowledge of the pedestrians about the location of the exit. A large ks 
implies a motion to the exit on the shortest possible path. For vanishing ks, on 
the other hand, the people will perform a random walk and just find the exit 
by chance. So the case ks « 1 is relevant for processes in dark or smoke-filled 
rooms where people do not have full knowledge about the location of the exit. 

The parameter kD for the coupling to the dyamic field controls the tendency 
to follow the lead of others. A large value of kD implies a strong herding be
haviour which has been observed in the case of panics [3]. 

We consider a grid of size 63 x 63 sites with an exit of one cell in the middle 
of one wall. The particles are initially distributed randomly and try to leave the 
room. The only information they get is through the floor fields. Fig. 2 shows 
typical stages of the dynamics for an initial particle density of p = 0.3, which 
means 1116 particles. In the middle picture of Fig. 2 a half-circle jamming con
figuration in front of the door is easy to spot. A typical feature of the dynamics 
is a radial motion of 'holes' created by particles escaping through the door. 

The evacuation times are averaged over 500 samples and strongly depend 
on the sensitivity parameters kD and ks. Fig. 3(a) shows the evacuation times 
for fixed sensitivity parameter kD of the dynamic field and variable sensitivity 
parameter ks of the static field. The averaged evacuation times are always mea
sured in update time steps. With the generic timescale of the model [1,2] it is 
easy to translate that into a real time value. Let us first consider the case of 
kD = 0, i.e. no coupling to the dynamic field. In Fig. 3(a) one can see the influ
ence of ks. For ks -+ 0 the pedestrians do not sense the strength of the field. 
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Fig. 2. Typical stages of the dynamics: (a) beginning evacuation (t = 0); (b) middle 
stages; (c) end stage of evacuation with only a few particles left 
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Fig. 3. Averaged evacuation times for a large room (Fig. 2) with an initial particle 
density of p = 0.3 and d = 0.3, Q = 0.3 for (a) fixed kD, and (b) fixed ks. 

Therefore they do not have any guidance through the surroundings and perform 
a pure random walk which leads to a maximal value of the evacuation time for 
ks = O. For ks -+ 00 they have full information about the shortest distance 
to the door and the evacuation time converges towards a minimal value. The 
movement of the particles becomes almost deterministic. Therefore ks can be 
interpreted as some kind of inverse temperature for the degree of information 
about the inanimate surrounding of the pedestrians. 

In the same way the sensitivity parameter kD of the dynamic field works 
as an inverse temperature for the information about the virtual trace. If ks is 
turned on from zero to infinity, a non-zero value of kD only means additional 
noise to the pedestrians, the evacuation times are increased for higher coupling 
strength to kD (see Fig. 3(a)). 

Much more interesting is the behavior for fixed ks. In this case the evacuation 
times for various sensitivity parameters kD are shown in Fig. 3(b). They converge 
to maximal values for growing sensitivity parameter kD of the dynamic field. 
The most interesting point is the occurence of minimal evacuation times for 
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non-vanishing small values of the sensitivity parameter kD of the dynamic field. 
This effect also depends on the value of the diffusion parameter a and becomes 
most pronounced in the limit a -+ O. Therefore, a small interaction with the 
dynamic field, which is proportional to the velocity-density of the particles, is 
of advantage. It represents some sort of minimal intelligence of the pedestrians. 
They are able to detect regions of higher local flow and minimize their waiting 
times. 

If the coupling to the dynamic field is further increased, the evacuation times 
increase again from the small regime of the minimal times to maximal values. 
The interaction with other pedestrians becomes more and more unfavourable, 
one can compare this to the arising of a panic situation. The weaker the coupling 
to the static field S is, the higher are the evacuation times: the particles then 
have less information of the unanimate surrounding (for example they cannot 
find the way to the door because of smoke in a fire situation). 

The influence of the diffusion parameter a of the dynamic field in the regime 
of minimal evacuation times strongly depends on the particle density p. In 

CD 
E 
i= 

40000.':-0 ----:o.2::---~0.4;--........,0:'::.6----:0':-.8~--:',.0 

540 1---- ~:! I 

1-530 

-------------
520 .... _-------- ....... 

51°0':-.0 ----:0.2:---0~.4:-"........,0:'::.6----:0':-.8~---,J,.0 

Fig. 4. Averaged evacuation times for a large room (Fig. 2) for two densities, variable 
Q: and ks = kD = 0.4: (a) p = 0.3; (b) p = 0.004. 

Fig. 4(a) one can see that in the high density regime an increasing diffusion 
parameter a increases the evacuation times for arbitrary decay parameter 8. In 
that case diffusion of the field only means noise for the particles. In the low 
density regime one finds the opposite behaviour: an increasing value of a leads 
to a minimization of the evacuation time. In the low density regime the diffusion 
of the dynamic field therefore leads to a higher degree of information for the 
particles and to favorably long-ranged interactions between them. 

Thus three main regimes for the behaviour of the particles can be distin
guished. For strong coupling to ks and very small coupling to kD we find an 
ordered regime where particles only react to the static floor field and the be
haviour is in some sense deterministic. The disordered regime characterized by 
strong coupling to kD and weak coupling to ks leads to a maximal value of 
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the evacuation time. The behaviour here is typical for panic situations. Between 
these two regimes an optimal regime exists where the combination of interaction 
with the static and the dynamic floor fields minimizes the evacuation time. 

Fig. 5(a) shows the influence of an increasing particle density for the evacu
ation times in the three main regimes. In all regimes the curves increase almost 
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Fig. 5. Average evacuation times for a large room (a) with one door as a function of 
the density and (b) with two doors as function of the gap between the doors. 

linearly. Only for very small densities one finds a very strong increase of the evac
uation times with increasing density. For a much more detailed investigation of 
all this, see [4]. 

2.2 Room with Two Doors 

As a simple example for safety estimations in architectural planing we investigate 
how evacuation times change if a gap between two doors is increased from zero to 
a maximal value. For that we consider again an ordinary room with no internal 
structure of grid size 102 x 102. We start with one door of width two cells in the 
middle of one wall. Then the door is split into two doors of width one cell each 
which are separated by gaps ranging from 2 to 98 (Fig. 6(b) and(c)). Fig. 6 shows 
typical stages of the dynamics for different gap sizes. Averaged evacuation times 
are measured for all three main regimes introduced in Sec. 2.1. Depending on the 
regime, Fig. 5(b) shows a strong influence of the size of the gap for small and for 
large gaps. In the ordered regime, the evacuation time is almost uninfluenced by 
the gap size. The reason is the almost deterministic movement of the particles 
which do not interact with each other through the dynamic floor field D. In 
the other two regimes, however, the value of the gap can have a large influence 
due to the strong interaction effects through D. For both the optimal and the 
disordered regime one finds minimized evacuation times for a wide area of the 
gap length ranging from about 20 to 80 cells. For small gaps the evacuation 
times increase due to the interactions between the pedestrians. For large gaps 
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Fig. 6. (a) No gap between doors, (b) medium gap size between doors, (c) doors at 
the boundaries. 

the presence of the side walls has a negative effect (Fig. 6(c)) and so again the 
evacuation times increase. For intermediate gaps the crowd of pedestrians will be 
subdivided into smaller parts (Fig. 6(b)), leading to more favorable interactions 
between them. 

3 Conclusions 

We have studied simple evacuation processes using a recently introduced stochas
tic cellular automaton for pedestrian dynamics which makes use of an idea sim
ilar to chemotaxis. Due to its simplicity the model allows very high simulation 
speeds and is very well suited for the optimization of evacuation procedures in 
complex situations. 

We have focussed on the influence of the coupling strengths ks and kD on the 
evacuation time. Interesting nontrivial collective phenomena could be observed, 
e.g. the nonmonotonic dependence of the evacuation time on the coupling to the 
dynamic floor field. A more detailed account of our results can be found in [4). 
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Abstract. We extend the Optimal Velocity Model for I-dimension car following to 
a model in 2-dimensional space. We present the possibilities of applying the model 
to the investigation of several kinds of phenomena of collective behaviors, such as 
granular flow and pedestrian dynamics. 

1 General Formulation of 2-d OV Models 

The Optimal Velocity Model is one of the successful models for describing 
the dynamics of traffic flow [1,2]. It can be extended into several directions. 
Here, we try to develop a 2-dimensional version. And we apply the model to 
the several kinds of phenomena of collective motion of interacting particles, 
such as granular flow in a pipe. Actually the pseudo I-d model [3] is very 
similar to a I-d OV model, or pedestrian dynamics in a passage and the bio
motion, etc. We express two characteristic formulae of the 2-d OV model as 
the extension of the formula of the I-d OV model in 2-dimensional space . 
• Model-l 

(1) 

• Model-2 

~ { N(n) d } 
dt2Zn(t) = a Veex - ~ [vmax - V(rmn(t))]P(Omn(t))emn(t) - dtZn(t) . 

(2) 
where zm(t) is the 2-dimensional position of the mth particle. rmn(t) = 
IZn(t) - zm(t)1 is the distance between two particles, which determines the 
optimal velocity V(rmn). The function P(Omn) gives the anisotropy of the 
interaction, where Omn is the relative angle of two particles. 

N(n) 

L denotes the summation with respect to m which satisfies mE {IIzn-
m 

zmll < 2r, s.t. r = min IZn - zml}. N(n) means the number of particles with 
m 
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the condition surrounding particle n. We note the summation is dependent on 
time according to the positions of all particles. Instead of this 'simple summa-

N(n) N(n) 

tion' we can define the 'average summation' as {1/ L p(Omn)} L p(Omn), 
m m 

where P«(}mn) denotes the weight which depends on the direction to the mth 
particle. This means that the particle pays more attention to the particle just 
in front of it than to the particles in other directions. If we chose p(Omn) = 1, 

N(n) 

the average summation turns to {l/N(n)} L' which can be called 'simple 
m 

average'. But this summation is not realistic. Actually, the model with this 
summation results in the trivial motion. We have two possibilities for the 
choice of summations. 

We can freely chose the functions V(rmn ), P«(}mn) and two types of sum
mations with P«(}mn). We have much variates for construction of 2-d OV 
models according to what kind of phenomena we want to apply. 

In general, OV models have two characteristics, the following behavior 
and the exclusive behavior. Model-l stresses the acceleration of the effect of 
following behavior of particles by the attractive force. This model may be 
suitable for the flow of bio-motion or evacuation dynamics. Model-2 stresses 
the deceleration of the exclusive effect by the repulsive force. This model may 
be suitable for granular flow in a liquid or pedestrians. Voex is the desired 
velocity for free-moving with no interaction. For simplicity, Vo is a constant 
value. x-axis is for the the direction of pipe in granular flow or the passage 
in pedestrian flow. 

In this paper we concentrate on the dynamics of granular flow in a liquid 
through a pipe and pedestrian flow in a passage. For this purpose model-2 is 
adequate and we perform the simulation using model-2. 

2 A Model for Granular Flow in a Liquid 

For a model of granular flow in a liquid through a pipe, we introduce the 
anisotropy of interaction as 

(3) 

and choose the simple summation. The setting seems reasonable in the physi
cal point of view, but this is one trial among various possibilities. The results 
of simulation are presented in the paper by A. Nakayama in this volume. 

3 A Model for Pedestrian Flow 

For a model of pedestrian flow in a passage, we introduce the anisotropy of 
interaction as 

(4) 
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Fig. 1. Snapshot of the simulation for pedestrians with uni-directional flow: a = 0.5, 
fast particles (light) and slow particles (dark) . 

and chose the average summation with the weight function as 

(5) 

For the simulation of pedestrians we introduce two different kinds of par
ticles, which have different OV functions. In this case we can observe the 
fast particles pass the slow particles. Figure 1 shows un i-directional flow of 
pedestrians. 

In the low density regime the flows of slow particles and fast particles 
are sharply separated and each flow moves homogeneously. For intermediate 
density the bunching appears, which is similar to the phenomena in traffic 
flow. This results in the formation of an 'island' of jam cluster, in which the 
shape is qualitatively different from the case of granular matter. The jam of 
granular matter forms the 'band' perpendicular in the direction of the flow 
in fig. 6, which is caused by the difference of angular-dependence of sight, 
P((}mn) (cf. fig. 2) . For high density no structure appears for too many 
particles. 

As for pedestrians, counter flow is possible. Figure 3 shows the results 
of simulations for a counter flow of pedestrians. For low density several thin 
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--~~-----11-- Vo 

cos 9 

Fig. 2. The range of sight for granular matter, HI + cos (lmn) and for pedestrians, 
cos (lmn. The axis of Vo is the desired direction for free-moving. 

streams in the opposite direction are formed. This is the specific property for 
a counter flow of pedestrians. For intermediate density the streams become 
unstable and grow wide and move winding. But their stability is very sensi
tively dependent to the initial conditions. For high density the jam islands 
are formed clearly, but several particles find their way to escape from the jam 
island to free-moving region. 
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Fig. 3. Snapshot of simulations for pedestrians with counter flow: a = 0.5, fast 
particles (light) and slow particles (dark). 
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4 Comparison Between Models for Granular and 
Pedestrian Flow 

We discuss the difference of the effect of the angular-dependence of sight, 
P( Omn) according to the relation between average velocity of flow and density 
in fig. 4 and the Q-k diagrams in fig. 5. The simulations have been performed 
for uni-directional flow of one kind of particles. In both figures, the solid 
curves represent the analytic result for homogeneous solution with nearest 
neighbor interaction. The dashed curves represent also the analytic results 
for the homogeneous solutions including next-nearest neighbor interaction. 
Analytic solution of homogeneous flow is the same for granular and pedestrian 
flows. If the number of particles exceeds 200, the homogeneous solution is not 
satisfied with the simulation. And the effect of long-range interaction, such 
as next-nearest neighbor interaction, becomes important. As we can see in 
both figures, the simulation for granular matter ( x) differers larger than that 
for pedestrians (<» from the curve of homogeneous solution including long
range interactions in the region of N = 300 '" 600. This indicates that the 
pedestrian flow does not show the clear congestion of flow in contrast of 
granular flow, which is caused by the difference of of angular-dependence of 
sight, P(Omn). This qualitative difference should be checked by the real data 
for pedestrian flow. 
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Fig. 4. The relation between average Fig. 5. The Q-k diagrams: the relation 
velocity of flow and the number of par- between the flow and the number of par-
ticles N. ticles N. 

The jam islands formed in the case of two kinds of particles; a uni
directional flow of fast and slow particles and a counter flow of left and 
right moving particles, are types of clusters different from traffic congestion, 
which is seen in the jam of granular flow. The jam islands of pedestrian flow 
are only caused by the bunching phenomena of two kinds of particles. 
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Fig. 6. Snapshot of a simulation for granular flow: a = 1, N = 400. 
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Fig. 7. Snapshot of a simulation for pedestrian flow: a = 1, N = 400. 

Acknowledgments 

This work is partly supported by a Grant-in-Aid for Scientific Research (C) 
(No.12650065) and (C) (No.13640409) of the Japanese Ministry of Education, 
Science, Sports and Culture, and by the Center for Integrated Research in 
Science and Engineering of Nagoya University. 

References 

1. M. Bando, K. Hasebe, A. Nakayama, A. Shibata, and Y. Sugiyama, Japan 
J. of Ind. and Appl. Math, 11, 203 (1994); Phys. Rev. E 51, 1035 (1995). Y. 
Sugiyama, in: D.E. Wolf, M. Schreckenberg, and A. Bachem, (Eds.), Traffic 
and Granular Flow, (World Scientific, Singapur, 1996), p. 137; M. Schrecken
berg, and D.E. Wolf (Eds.), Traffic and Granular Flow '97, (Springer, Berlin, 
1998), p. 301. 

2. D. Chowdhury, L. Santen, and A. Schadschneider, Statistical Physics of Vehic
ular Traffic and Some Related Systems, Physics Reports 329, 4-6, 228 (2000). 

3. O. Moriyama, N. Kuroiwa, M. Matsushita, and H. Hayakawa, Phys. Rev. Lett. 
80, 2833 (1998). 

4. D. Helbing, in: M. Schreckenberg, D.E. Wolf, (Eds.), Traffic and Granular 
Flow '97, (Springer, Berlin, 1998), p. 21; D. Helbing, I.J. Frakas, and T. Vicsek, 
in: D. Helbing, H.J. Herrmann, M. Schreckenberg, and D.E. Wolf, (Eds.), 
Traffic and Granular Flow '99, (Springer, Berlin, 1998), p. 245; T. Vicsek, A. 
Czir6k, and D. Helbing, p. 147: and references therein. 



Evacuation Analysis of Ship by Multi-Agent 
Simulation Using Model of Group Psychology 

M. Katuhara, H. Matsukura, and S. Ota 

National Maritime Research Institute, Japan, Shinkawal-6-1, Mitaka, Tokyo 181-
0004, Japan 

Abstract. It is the most important problem of simulation how human selects the evacuation 
route. Multi-agent type simulation model is proposed. Man is an autonomous agent who 
chooses a course. Recognizing surroundings through senses and being mentally influenced, 
man judges the optimum course every moment. And evacuation action is considered to be 
group behavior. This model is verified by demonstrations on a real ship and is shown to 
give optimum evacuation route. Applications to large ships have succeeded. 

Introduction 

It is one of the safety requirements for a passenger ship that passengers can evacu
ate smoothly to the refuge place. Japanese domestic ship regulation of evacuation 
safety is nearly equivalent to the international i.e. the resolution A.757 [1] of the 
international maritime organization (IMO). For example, the door width of the N 
planned persons passing through should be wider than N cm. 

Ignited by the accident of the Estonia in September 1994, IMO improved the 
safety standard of RORO passenger ship of SOLAS treaty in November 1995. The 
duty that RORO passenger ship built on and after July 1, 1999 should carry out 
evacuation analysis in the early stage of a design is imposed. The IMO decided in
terim guidelines for a simplified evacuation analysis in response to this. This esti
mates human flow by manual calculation. This is provisional and is so rough, and 
then it is now under discussion till 2002 in FP subcommittee ofIMO. 

The purpose of this paper is to show the microscopic simulation, which uses 
model of group psychology, to verify it by the demonstration on the ship, and to 
apply it to a real ship design. 

It is the most important problem of simulation how human selects the escape 
route. Even if there are two of the same arrangements of evacuation space, escape 
route of human are different because of their different psychology. For example 
those cases are likely that familiar friends are on the other deck, or not, that the 
party was held on the previous day, or not, and that there is a man of leadership at 
a room, or not. There should happen various psychological factors in the spot. 

Most previous research [2] of evacuation took hypothesis of minimum waiting
time, and shortest course of selection etc, disregarding psychology. This paper can 
show various cases of evacuation. 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
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Next, the model is verified by the demonstrations. And the optimum escape 
route is calculated. 

Simulation Model 

Network Model of Space 

The interior of the ship is described by the network, which is constituted from 
nodes, paths and spaces as shown in Fig.I. Each has attributes such as width of 
passage, length and area of space. Walking speed is constant. Flow of human is 
limited by the opening width of passage and by the density of space (Fig.2). 

Fig. 1. Network of node-path-space. 

output 

Flow rate(person/sec) 
o ensity(person/m2) 

/ ___ ----limit 

input 

Fig. 2. Limit of flow rate and density. 

Two kinds of simulations are carried out. The one is that the escape routes are 
appointed in advance by input files, and the other is that routes are selected indi
genously in simulation. There is so little problem in the former case to be omitted 
in this paper. 

Simulation of Routes Selection 

Man is an autonomous agent who chooses a course. As shown in Fig. 3, recogniz
ing surroundings through senses and being mentally influenced, man judges the 
optimum course every moment. And evacuation action is considered to be group 
behavior [3]. 

The route selection model based on group psychology is as follows: 
I) People desire to reach earliest to refuge place. 
2) People get all information of the same deck as themselves, using every 

sense of sight, hearing and smell. 
3) People only imagine the situation about other than their own deck. 
4) Group psychology is dominant. 
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5) Walk speed and action start time depend on human type (it classifies into 
an adult, a child, an old person, 
a handicapped person, etc.). 
As an amount of psychology 
imaginary distance shall be de- + 
fmed as the distance on the 
imagination from stairs to ref
uge, as shown in Fig. 4. Each 
will choose the route which is 
calculated as minimum of 
{(walking time on self-deck) 
+(waiting time at congestion 
point on self-deck)+ (walking 
time along the imaginary dis
tance of other decks)}. Group 
psychology means that imagi
nary distance of each person 
takes the same value. This hy
pothesis lessens number of 
mental variables and makes 
calculation remarkably simple. 

As shown in Fig. 4 the net
work of route needs to be as
sembled for every deck, which 
is mentally same situation. 

This model is based on the 
fact of real ship experiment men
tioned later that there exists di
vergent point of human flow. 
One of them is shown in Fig. 5 
This is the part of data of the 
track of every examinee for 
about 5 seconds from the begin
ning of the real ship experiment. 
It comes out from a room and is 
diverted into right and left. This 
is evidence that evacuation ac
tion is based on group psychol
ogy. 

Fig. 3. Agent Model. 

Refuge Place Imaginary Distance 

deck 

deck -'--',-r--------i--,-'-"'--,....,r-----'--'---

Fig. 4. Route Selection Model. 

Direction of Evacuation from Initial Point 

Fig. s. Divergent Lines of Flow. 
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Verification by Demonstration 

Actual Ship Demonstration 

Eight times evacuation experiments were done alongside the pier of Tokyo Harbor 
by the training ship "Seiun-maru" of Institute for Sea Training, Ministry of Trans
port in December 1994, July 1995, and July 1996. "Seiun-maru" is 5,044 gross 
tonnage, 114.6m length, 256 persons (Officer 34,Crew 42, Cadets 180) capacity. 

In Fig. 6 she has three decks as 
evacuation space, six stairs, ref-
uge place at the most upper deck 
and rooms for cadets, dinning and 
lecture. Perpendicular evacuation 
routes are three, i.e. stern, central, Oi 
and bow stairs, which are here 
named as route 1 , route2 and 

route3 respectively. 

Fro,. SI •• 

t-.--------, 

Table 1 shows the conditions Fig. 6. Vertical Section of Model Ship. 

of eight experiments, 
i.e. the number of per- Table 1. Number of Persons Setted Initially. 

sons set initially. 
The testees are ca

dets of seaman col
leges, 19 or 20 years 
old, male or female. 
They are instructed not 
to run, not to push each 
other, to walk as usual 

No. 
H6-1 
H6-2 
H6-3 
H7-1 
H7-2 
H7-3 
H8-1 
H8-2 

A B 
47 39 
26 26 
18 18 
24 26 
15 15 
0 0 

27 28 
0 0 

normally and to reach the refuge place as 
quickly as possible. 

About twenty video cameras take video 
pictures of testees passed. Walking speed, 
maximum flux of human flow and evacua
tion time to the refuge place are afterwards 
measured from video films in research of
fice . Fig. 7 is the example. 

Comparison Between Result of 
Demonstration and Calculation 

C D E Total comment 
40 0 0 126 in room 
26 24 24 126 Dispersed 
18 17 17 88 Dispersed 
26 0 0 76 in room 
16 15 15 76 dispersed 
0 0 76 76 concentrated 

28 0 0 83 in room 
0 0 83 83 concentrated 

Fig. 7. View of Demonstration. 

The comparison as a result of an experiment and calculation is shown in Fig. 8. It 
is left-hand side as a result of an experiment, and right-hand side is as a result of 
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calculation. Parameters are the selected route numbers and those sum totals. Right 
and left are in agreement about all cases. The cases of (A), (D), and (G) which are 
room arrangement, and the cases of (B), (C), and (E) which are dispersedly ar
rangement specially show good agreement. 

Problem of dispersed distribution is different psychology between men who 
have get out from bottom room E and men who are originally on the second deck 
A, B andD. 

Problem of concentrated distribution is found in case of (F) and (H) that real 
men would foresee congestion in front of the stair which many persons are gather
ing to, but calculation has not programmed it. 

These are small discrepancy, so approximation method should be adopted for 
simple treatment, that is, the hypothesis of psychologically single group and no 
foresight. So the human model is verified. 
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Fig. 8. Comparison of Demonstration and Calculation. 

Influence of Quantity of Psychology 

The influence of an amount of psychology called imagination distance is to be in
vestigated. Model ship is used for calculation. With six stairs and three decks there 
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are two essentially independent and significant parameters of imaginary distance. 
Fig. 9 shows the influence of _11mo T sec l1Ooo = 40 

two imaginary distances. There 
are three plateaus, which are the 
cases of all men gathering one 
stair. 3-dimensional graph is 
seen as if at Colorado Valley 
three rivers flow between cliffs 
and the junction of three rivers 
is deepest. Z-axis is evacuation 
time so this deepest point is op
timum case. Fig. 10 is evacua-

a!lO- 00 

bcf....., 

tion time curve in the optimum Fig. 9. Influence ofImaginary Distances. 

case. Every curve finished at the same time. 
This means persons optimally distributed to 
every stairs. This psychological condition is 30 _ 

realized by staff guidance in emergency. 
Fig. 11 is the information of optimum 
evacuation routes. 

This evacuation safety analysis is applied 
to two large domestic RORO ferry and a 
ocean cruiser. These trials are succeeded. 

Conclusions 

Multi-agent simulation of evacuation 
on ship using model of group psychology 
is verified by real ship demonstration, and 
is applied to optimum design of evacua
tion route. 
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Abstract. The modeling of pedestrian movement has received growing interest 
over the last decades. This is due to the potential applications in facility design 
and especially evacuation simulation as well as the fascination of its fundamental 
properties. Empirical data plays a particular role with respect to both aspects. The 
key challenge in modeling and simulating crowd movement is to validate the model 
assumptions on the one hand and the simulation results on the other hand. In this 
paper we present empirical data on an evacuation exercise in a primary school. 
About two hundred pupils (and their teachers) took part in the drill. Three drills 
were carried out. The premises are divided into two separate buildings, the larger 
one containing 6 classrooms with about 120 pupils. The results of the exercise are 
reported. Additionally, the time measured is compared to the time distribution 
gained from simulations. 

1 Modeling and Simulating Evacuation Processes 

Pedestrian dynamics is a vital and growing interdisciplinary field of research 
[18,19]. Especially the subject of evacuation simulation has attracted increas
ing interest. Overviews over the different simulation and optimization meth
ods available can be found in [9,1O,14J. They can be roughly classified into: 

1. regression models (hydraulic/hydrodynamic), 
2. queuing models, 
3. route-choice models (mesoscopic), and 
4. microscopic models (social force model) [11] and Cellular-Automaton-

Models (CA-Models) [16,2,3,5]. 

Regardless of the type of model used, calibration of the parameters and vali
dation of simulation results is of major concern. This holds for normal crowd 
movement as well as for the evacuation or emergency case. This distinction 
is in a sense reflected in the one between empirical observations and exper
iments (active preparation of the conditions). Experiments are usually not 
carried out for a large number of persons and do therefore rather investigate 
individual behavior and movement than the characteristics of crowd motion. 
The latter has mainly been accessed via observations. Calibration of input 
parameters can therefore be based on experimental results, the validation of 
full scale simulations is mainly done via observations or data from fire drills. 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
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Building 1 

2nd floor 15tfloor Ground floor 

10m Building 2 

1st floor Ground lloor 

Fig. 1. Layout of the school building. It is separated into two independent parts, 
building 1 (top) and building 2 (bottom). Building 1 has three floors (from right 
to left), building 2 two floors. The students gather on the playground just in front 
of each building. The drawing is in scale: the doors of the rooms are 1m wide, the 
main exit on the ground floor is 2.2m wide. 

The data presented in this paper are not truly experimental, since they are 
based on an evacuation exercise and not on laboratory experiments. However, 
there is a well defined scenario and the situation is controlled to some extent. 
Therefore, it mainly addresses the question of evacuation time and whether 
it can be predicted by the simulation. Please note that the case described 
should be considered ideal (optimal movement and behavior), since there are 
no hazards present and the participants were aware of the fact that it was an 
exercise. 

Phenomena like lane formation and oscillation at bottlenecks [12], flow
density relationships [13,20,17], or the level of service concept [7] provide 
further methods for checking and calibrating simulation results. However, 
they can usually not be observed in this type of scenario, since there is no 
movement into the building (no counterflow), which is characteristic for most 
of these phenomena but not for evacuation drills. 

The model that is used here to simulate the egress time (d. eq. 1) is 
described in [16,21]. Du to the limited space, we do not describe the model 
here in detail. It is a CA model (floor-plan=square grid, cell=OAmxOAm) 
with Vrnax = 5cells/ Llt, Llt = 1s, and each cell being occupied by at most one 
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Fig.2. Initial distribution (grey cells) in the simulation for the three floors of 
building 1 (cf. fig. 1, same order). Each small grey square corresponds to one person. 
The initial number of persons is therefore (from top left to right, top to bottom): 
21, 21, 22, 22, 18, 25. 

person. The total evacuation time is obtained by the following equation [8]: 

t evac = tprocess + treact + tegress, (1) 

where tprocess is the time for realizing the situation (e.g., the time it takes 
to trigger the alarm), treact is the reaction time, and tegress the time for 
the movement out of the building. tprocess can be set to zero, since in an 
exercise the time starts with triggering the alarm. What is then measured 
is treact + tegress' Those two could be distinguished by recording information 
about the events within the classroom. This was not done, however. This is 
justified by the fact that the time until the first person reached the door of 
the room was in the order of a few seconds, e.g., only tegress is relevant and 
t evac ~ tegress' A more detailed report about the exercise can be found in [15] . 

2 The Evacuation Exercise 

The building consists of two separated parts. It houses a primary school with 
about 200 pupils. The geometrical details are shown in fig. 1. 

The procedure for the evacuation exercise was the following: 

1. The alarm siren was triggered. 
2. The persons started evacuating. 
3. A person was considered evacuated when she reached the outside, e.g., 

had left the building via its main exit. 

The initial distribution for the simulation is taken from the statistical 
records of the headmaster (class sizes and rooms, not taking into account 
absences). It is shown in fig. 2. Therefore, there might be slight deviations in 
the number of persons between the simulation and the exercise (see figs. 2 
and 3). 
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Fig. 3. Number of persons out vs. time for building 1 (cf. fig. 1) . Drill 1 to 3 are 
three different runs of the same scenario, with the same population and initial 
conditions. Drill 3 proceeded slightly faster due to learning effects. 
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Fig. 4. Distribution of the simulated evacuation times for building 1 (500 simulation 
runs) . The different times result from two factors: the statistical distribution of the 
personal parameters to the persons and the influence of stochastic parameters. 

The participants were all children ofthe age 6 to 10 (first to fourth grade). 
Demographic data can be taken into account by the parameter settings. One 
aim of this endeavor was to check the validity of the parameter settings for 
such a population (cf. the next section) . 

3 Results 

The evaluation is based on the videotapes taken during the exercise. Three 
different drills with the same initial conditions were performed. Figure 3 
shows the number of persons having left building 1 via the main exit on the 
ground floor vs . time (evacuation or egress curve). It can be seen that there 
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is a small learning effect which leads to a smaller egress time for the repeated 
drills. 

The simulated egress times (for 500 simulation runs in each case) are: 

Building 1: 
Building 2: 

Exercise 
(125 ± 4.7)s 
(80 ± 4.7)s 

Simulation 
80s 
58s 

Due to lack of space, the egress curve is only shown for building 1. However, 
the detailed analysis of building 2 is comparable and would not provide new 
insights. 

4 Summary and Conclusion 

We have reported results on an evacuation exercise performed in a primary 
school. There is a deviation between the egress time predicted by the sim
ulation and the actual time it took to evacuate the building. Actually, the 
simulated time is too high by a factor of 1.6 (building 1), resp. 1.4 (building 
2). This is mainly due to the fact that the movement was extremely orderly 
and organized by well-trained teachers. This fact corresponds the absence of 
route choice or orientation problems. The population is naturally divided into 
groups (classes). And the pupils are physically fit, probably even more than 
adults, very familiar with the building, and used to follow the advice of their 
teachers. The simulation was based on a standard scenario which corresponds 
to a less optimal situation. It can therefore be concluded that it gives a more 
conservative estimate of the egress time than the drill. E.g., walking speed 
was set to 1.2-2m/s in the simulation; in the drill walking speeds up to 5m/s 
were observed. Another remarkable result is the reduction of the evacuation 
time for a repeated drill, even though the motivation decreased. However, 
this influence was more than compensated by harmonization of the flow. 
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Network 
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Abstract. A stochastic cellular automaton(CA) model using Small World Network 
[5] has been proposed to simulate evacuation of persons from a room with plural exits. 
The number of persons escaping from each door is studied numerically in several kinds 
of rooms. Numerical results of them are compared with those calculated according to 
the law of "Building Standard Art" (BSA) in Japan. The calculations in the BSA 
are based on a few experimental facts and a simple queue theory, thus we will check 
how they coincide with our direct simulations. It is found that on average the results 
of simulations and of the BSA show good agreement though their variations are quite 
large. The effect of the SWN is seen in the total time of evacuation from the room, which 
becomes the maximum value in this case. Since the transmition speed of information 
is high in the SWN, it is seen that many people will rush into the door simultaneously 
and they cannot move freely due to congestion. 

1 Introduction 

Recently, behaviors of pedestrians have been extensively studied by physicists, 
and various models have been proposed to research collective effects, such as the 
spontaneous lane formation and the arching phenomena in front of an exit [1-
4]. In this paper, we propose a stochastic cellular automaton(CA) model using 
Small World Network(SWN) [5] in order to simulate evacuation of persons from 
a room with plural exits. We consider the number of persons escaping from 
each door, and the total time of evacuation from the 'room. These values are 
quite important when we design and evaluate buildings. There is the law called 
"Building Standard Art" (BSA) in Japan, in which a simple method is proposed 
experimentally to estimate the above quantities. One of the main purpose of 
the calculations in the BSA is to check whether all the people in a building can 
evacute safely within the permissible time or not in case of a fire. We will compare 
numerical results of these quantities in our simulations with those calculated 
according to the BSA in detail. 

2 Calculations According to the BSA 

The calculations in the BSA are based on a few experimental facts and a simple 
queue theory. There are many tables of formulae of calculations according to 
various types of buildings, such as office buildings and theaters. For example, 
the density of people in a typical office room is defined as O.25(person/m2 ) and 
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the flow rate escaping from a door per 1m width is 1.5(person/second·m). In 
the case of a room with plural exits, each person is assumed to use his nearest 
door in the BSA. Thus to obtain the number of people using each door, we first 
divide the floor of a room into subareas considering which door is the nearest 
one. The floor is discretized to a fine lattice and the distance from each cell to 
each door is all checked, then we select the door of the minimum distance at 
each cell. Finally we calculate the area of each part and divide the total number 
of people into each door according to their ratio. This division rule is one of the 
simplest ones, and is expected to be hold in average in the case of evacuation 
from a room. We have made a program of calculating the above division in an 
arbitrary kind of room by using the Dikstra method [6], and we will compare 
the division with direct simulations given in the next section. 

3 A CA Model Using SWN 

The behavior of evacuating persons is complex in reality. There are continuous 
fluctuations of judging which direction to escape in case of a fire. We simu
late these situations by using the combination of cellular automaton (CA) and 
the SWN. Originally, the SWN is proposed as intermediate networks between 
order (p = 0) and randomness (p = 1), where where p represents the random
ness parameter [5]. We can quantify the structural properties of the SWN by 
a characteristic path length L(p) and clustering coefficient C(p). L(p) measures 
the typical separation between two vertices (a global property), whereas C(p) 
measures the cliquishness of typical neighborhood (a local property). Regular 
networks have large Land C and random networks have small Land C. The 
SWN has small L and large C, and p is between 0.1 and 0.3. There are numerous 
researches on the SWN up to now, and we have found that transmission speed 
of information becomes high in the SWN when the probability is near p = 0.2 
[7]. 

Our model is based on the two-dimensional CA, i.e., the floor is divided into a 
regular square lattice and the size of each cell is 0.5mxO.5m, which is the area of 
one person. Time is discretized with the interval 0.5s and the velocity of person 
is assumed as 1.0 m/s. Each person moves one cell per unit step with probability 
if the target cell is not occupied. The rule for the nearest interaction of persons is 
determined on their Moore neighborhoods as follows. Each person want to move 
to the direction of one of the doors, which is determined by the SWN explained 
later, so the weights are set to the neighboring 8 cells so as to be proportional to 
the distance to the door. The nearest cell to the door has the highest weight of 
probability. If there are persons in some of the 8 cells, then we set the weight of 
the occupied cells as zero. Then one of the neighboring cells is chosen according 
to the probability and the person moves there at one time step. The update 
rule is parallel and if more than one person want to move the same cell, then 
we choose one among them with equal probability. Moreover, we use the SWN 
to consider a kind of remote information. If a fire occurs, then we assume that 
the virtual information of each door propagates and expands to the room. If a 
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cell receives the information from one of the doors, then the person on the cell 
will begin to move to the door. The information of each cell is fixed to the first 
information it receives, and it rejects the information that come later. Every cell 
that has obtained information will send it only once to other cells at the next 
step. If more than one information comes simultaneously into one cell, then we 
choose one of them with equal probability. The propagation of information is like 
the SWN. It propagates from every door to nearest cells at each time step like 
usual wave propagation, but also we choose 8(1 ::; 8 ::; 8) remote cells randomly 
and send the information to those cells. Thus we choose 8 - 8 cells of the Moore 
neighborhoods and 8 remote cells at each time. This correspond to the SWN 
with p = s/8. Initially all the people in the room stand still and distributes 
randomly. At a time the information from doors will start to propagate and if 
people receive the information, then they begin to escape from the room. Persons 
will go to the door of the first information they receive, and do not change the 
target door until they are surrounded by other people with different information. 
If more than two persons which have the same different information exist in his 
Moore neighborhoods, then he will change his information to the same as the 
other persons and move to the same door with the neighboring persons. We have 
taken account of the fact that people will follow the other persons in a panic 
situation by using this changing rule. 

4 Simulations and Results 

In our simulations, we assume that a fire occurs in a typical office building and 
we set the density of people according to the BSA. The number of people is 50 
and the size of room is 10m x 20m. Two doors exist and their widths are both 
1m (2 cells). We simulate the evacuation with three kinds of rooms (fig.1.1-1.3). 
There is a large obstacle in an asymmetrical location to each door in the room 3. 
The parameter p is changed from 0 to 1 in this simulations in order to study the 
effect of remote information. Typical snapshots of the simulations of each room 
when p = 0 and p = 0.2 are given in fig.1. We see that the information of each 
door expands regulaly in the case of p = 0, while random spreading is observed 
in p = 0.2. We have obtained the division of people to each door as listed in the 
table 1. From table 1, it is found that on average the results of the division and 
of the BSA show good agreement in the case of p = 0 though their variations 
are quite large. In the case of large p, the difference of the two values becomes 
large. Thus the division rule in the BSA corrsponds to the regular propagation of 
information from each door. In reality, people will avoid congestion near doors 
and the division is expected to be similar like the case p > o. The flow rate 
is between 1.2 and 1.4 on average in all simulations, which are slightly smaller 
than that of the BSA. The total evacuation time is given in fig. 2. It is found 
that in the case of p = 0, i.e., regular network, the value becomes minimum. In 
the case of the SWN of p = 0.1, it becomes maximum. Since the transmition 
speed of information is high in the SWN, it is seen that many people will rush 
into the door simultaneously and they cannot move freely due to congestion. As 
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Fig. 1. Snapshots of simulations of evacuation from three kinds of rooms. There are 
obstacles in the Room 2 and 3. The red and blue squares represent persons who move 
to the left and right door, respectively. The green squares are persons who do not move 
yet. The light-pink and light-blue area are the information from left and right door. 
We see random spreading of the information when p = 0.2 

Room 1 2 3 
p 0 0.2 0 0.2 0 0.2 

Door L R L R L R L R L R L R 
datal 22 28 38 12 22 28 22 28 41 9 29 21 
data2 24 26 31 19 20 30 20 30 38 12 33 17 
data3 27 23 18 32 27 23 33 17 32 18 32 18 
data4 24 26 30 20 28 22 27 23 38 12 44 6 
data5 23 27 32 18 30 20 27 23 37 13 42 8 
data6 25 25 21 29 31 19 31 19 40 10 36 14 
data7 23 27 28 22 25 25 31 19 34 16 37 13 
data8 25 25 15 35 22 28 22 28 40 10 18 32 
data9 29 21 18 32 22 28 37 13 43 7 41 9 

average 1:1.03 1.05:1 1.02:1 1.25:1 3.21:1 2.26:1 
BSA 1:1 1:1 3.25:1 

Table 1. The division of the number of people to each door is shown both in the case 
of simulations and BSA. Both of them agree well on average in the case of p = o. 
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Fig. 2. The time of evacuation of all the people in each room is shown. It becomes 
the maximum when p = 0.1 and the minimum when p = 0 in all cases. In the room 3, 
some of the people cannot receive the information from doors if p > 0.7. 

seen in fig. 2, the exsistence of obstacles will make the evacuation time longer 
in these simulations. It is also found that if p exceeds 0.7, then information is 
not transmitted to all the people in the room 3. Therefore, the random spread 
of information causes bad effects to the evacuation from a room. 
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Abstract. The plasmodium of a true slime mould is an amoeboid organism with vein 
networks. We regard this organism as the system of biological oscillators on a graph 
and study collective behaviour on it. 

1 Introduction 

In ecological or social population dynamics, individual elements behave as if 
they have some shared aim although they have no leader but weakly and locally 
interact each other. Such collective phenomena are often affected by the topolog
ical structure of interactions [1]. For instance, green algae on coral reefs spawn 
synchronously with time lags between closely related species [2], and mycor
rhizal fungi associated with the roots of plants transfer nutrients and determine 
plant biodiversity [3]. Complex network systems exhibiting diverse functions ex
ist not only in population system but in an organism. Neural networks govern 
a wide range of information processes, and intra- and inter-cellular metabolic 
networks regulate homeostasis and control various rhythmic cycles. For lower 
organisms without neural systems, metabolic networks are properly organized 
to keep alive in a fluctuating environment. A unicellular amoeboid protozoan, 
Physarum polycephalum, is one of the remarkable organisms which show visible 
cytoplasmic networks. 

The plasmodium of Physarum is a giant amoeboid cell and behaves as indi
vidual with dynamical changes of its cell shape. The plasmodium shows contrac
tion and relaxation cycles everywhere within the organism, which is generated 
by oscillatory mechanochemical reactions among various chemicals, actin, intra
cellular organelles, and so forth. The rhythmic contractions regulate intracellu
lar transport of endoplasm including nuclei and mitochondria through the vein 
structure. The plasmodium can crawl when the endoplasmic flow is organized 
throughout the cell by synchronous oscillations [4]. 

The rhythmic contraction of the plasmodium is almost synchronous, but syn
chrony has some spatia-temporal variation. This synchronous oscillation pattern 
depends on the cell shape with vein structures. After various types of stimu
lation are applied to the organism, the plasmodium shows very different vein 
structures accompanying with changes of the contraction pattern and mixing 
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rate of the protoplasm [5]. By means of the systematic control of cellular con
figuration, the plasmodium is regarded as a set of biological coupled oscillators 
[6]. The vein-network morphology of the plasmodium and its formation process 
have been studied under the path-finding task in a maze [7]. 

To get a clue to mechanisms of the plasmodial behaviour induced by rhythmic 
contraction based on the network of vein structure, we study collective motions 
of coupled oscillators on a graph. However, we soon met some difficulties known 
by most of the researchers of networks [1]: the structural complexity of networks 
and how to represent the phenomena on them. Statistical approaches to regular, 
random or small-world networks are the most fruitful strategies in this area. But 
we study more simple and symmetric graphs because the vein network of the 
plasmodium is almost planar and the degree of each node is small. In the present 
report, we only deal with trees having almost homogeneous degrees. Introducing 
pace makers on the graphs as the stimulation points, we study the collective 
phenomena called phase locked/drift solutions and the flow induced by these 
solutions. 

2 Coupled Oscillators on Graphs 

Although the plasmodium always changes its cell shape, we focus on the oscilla
tion phenomena with the static network architecture on the proper time scale. 
The vein network is represented as a graph, where nodes of the graph are nonlin
ear dynamical systems (oscillators) and edges are interactions among the nodal 
oscillators. We adopt the following oscillatory systems governed by the coupled 
complex Ginzburg-Landau equations, 

(1) 

where k I"V j means the node k adjacent to the node j, and thus the interaction 
terms correspond to the Laplacian generated from the adjacency matrix and 
the diagonal degree matrix (not normalized by the degree of nodes). We assume 
nearly identical oscillators and homogeneous couplings, and thereby parameters 
J.L, b, and c have the same values for each node. This system of equations is the 
normal form around the Hopf bifurcation point of the generic coupled oscillators. 

In the following, we assume that the zero amplitude solution is unstable (J.L > 
0) and the amplitude of each oscillator is saturated by the nonlinear term (bl < 0) 
for coupling-free oscillators. We also assume that the diffusion coefficients are 
positive (CI > 0). In the numerical calculations, we have set the parameters as 
the homogeneous rotation (b2 = 0) and no rotational couplings (C2 = 0). 

For the network architecture, we concentrate our analyses on simple and 
symmetric tree structures: binary trees with the height n and 2n leaves, and finite 
height Cayley trees. Leaves of trees are coupling only their parent oscillators, 
and this means the boundary conditions are set the Neumann type (flux-free). 
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Pace makers, oscillators having the fast natural frequency (large Wj), are put 
on the root or leaves (boundaries) and they are regarded as stimulus points or 
information sources for the organisms. In the case that the root oscillator is the 
pace maker, we pass through successive branches from the root to leaves. In 
other case that the leaves are the pace makers, we meet junctions from leaves 
to root. We aim to find out some effects of such a topological difference on the 
dynamics of (1). 

3 Phase Locked Solutions 

When the positive diffusion coefficients are large in (1) on the symmetric binary 
tree with identical oscillators, a phase locked solution with in phase (phase dif
ferences are 0) is an attractor for proper parameter regions. If we replace some 
oscillators with pace makers, then a phase locked solution can exist for some 
conditions. This phase locked solution is no longer in phase, but it has non-zero 
phase lag between neighbouring oscillators. In the case that the root or all leaves 
are pace makers, the system (1) has a phase locked solution whose phases are the 
same values in each level of the symmetric tree, and it is based on the symmetry 
of exchanges between two sub-trees in the same levels. 

Setting parameters in (1) as 

Wj = 1.2 (pace makers), 1.0 (otherwise), 

J.l = 1.0, b = -1.0, c = 0.4 (binary trees), 0.6 (linear chains), 

we obtain the stable phase locked solutions with remarkable phase lags by nu
merical calculations. Here, we show three cases: (i) the symmetric binary tree 
with the root being the pace maker, (ii) one with all leaves being the pace mak
ers, and (iii) the linear chain of oscillators with one end being the pace maker. 
The last case (iii) is arranged as the finite one-dimensional system. 

The left column in Fig. 1 shows phase differences from the pace maker for 
these three cases. The angle of the phase is defined as the argument in the 
complex plane (Uj,Vj) (see the middle column in Fig. 1). In the case of the fast 
root (i), the phase difference exponentially depends on the distance from the pace 
maker, and thus the oscillators are almost in-phase near the leaves. Each leaf can 
follow the neighbouring oscillation since it is only coupling with its parent. Oscil
lators near the root, however, have long-term lags: heavy sub-trees are hanging 
in their back. The case of the fast leaves (ii) is remarkably contrastive to (i): the 
phase difference linearly depends on the distance, that is, the phase differences 
between neighbouring oscillators are almost the same values. To compare these 
two cases, we have also calculated the intermediate case between them: the fi
nite linear chain (iii). In this case, the phase difference has parabolic dependence 
on the distance. These three types of dependence are analytically estimated by 
means of homogeneous amplitude approximation. According to this approxima
tion, phase locked solutions are the solutions of one-dimensional phase equations 
with asymmetric couplings, and the phase differences are determined by coupling 
coefficients of the upward and downward [8]. 
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Fig. 1. Phase locked solutions. The upper, middle, and lower rows are respectively the 
cases of the tree with the root being the pace maker, one with all leaves being the pace 
makers, and the linear chain with one end being the pace maker. The left column shows 
relative phase difference plotted against the level of each tree by numerical calculations. 
Dotted lines are obtained by means of the homogeneous amplitude approximation. The 
middle column shows a snapshot of oscillators in the complex plane. In the right column, 
the gradients of u are plotted in some time intervals. Lines are the profiles of snapshots. 

In the right column of Fig. 1, we show the difference (gradient) of Uj between 
neighbouring oscillators in some time intervals. Each profile of envelops repre
sents the dependence of the phase lag between neighbouring oscillators on the 
distance. Suppose the flow or transportation variables are proportional to the 
gradient, as the endoplasmic flow is induced by the gradient of contraction pres
sure in the plasmodium. In such a view, exchanges of the substance, information 
or something are all over the the networks in the fast leaves case (ii), while they 
are only near the pace maker in the fast root case (i). 

4 Phase Drift Solutions 

Decreasing the positive diffusion coefficients in (1), we get phase drift (phase 
slip) solutions: not all of the oscillators have the same averaged frequency. We 
study the phase drift solutions whose phases are the same value in each level as 
the phase locked solutions in the previous section. Setting parameters in (1) as 

Wj = 1.2 (pace makers), 1.0 (otherwise), 

J.L = 1.0, b = -1.0, c = 0.04 (binary trees), 0.06 (linear chains), 
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we get the phase drift solutions. The only pace maker is drifting when the diffu
sion coefficients are small enough. It is possible that drifting solutions have more 
drifting oscillators for larger coupling coefficients. 

o 1 4 6 I rn 12 ~ 16 ~ W ....... 

I 
I 

.2Pl l>.",,, '" 

o 2 4 6 B 10121416 II 20 ...... 

Fig. 2. The relative phase differences of phase drift and locked solutions. The left 
plot shows relative phase difference of phase drift solutions obtained by numerical 
calculations. Triangles, inverted triangles, and crosses respectively correspond to the 
cases of the tree with the root being the pace maker, one with all leaves being the pace 
makers, and the linear chain with one end being the pace maker. Only pace makers 
are drifting in all cases. The right one is the similar plotting of phase locked solutions 
combined three parts in the left column of Fig. 1. 

Figure 2 shows phase differences. The profile of phase differences is almost the 
same as the case of phase locked solutions except for the pace makers (drifting 
oscillators). Because the drifting oscillators pass other oscillators in some long 
period, the phase differences of drifting ones take all values in the phase angle, 
and the amplitude of gradient of u becomes large between the drifting oscillators 
and others. The homogeneous amplitude approximation is no longer valid for 
the phase drift solutions, since they vary their amplitude dynamically. But the 
approximation can estimate the length of the cluster of drifting oscillators with 
some modifications (cf. [8]). 

5 Centres and Leaves of a Tree 

The Cayley tree is the most symmetric tree with homogeneous degrees. We deal 
with the finite height Cayley tree with all degrees of nodes being three except for 
leaves. Only one pace maker is put on one of the leaves and system parameters 
are set similar values as above but c = 0.6. Fig. 3 shows the phase difference 
from the pace maker for the phase locked solutions. In this figure, we notice two 
remarkable points: the linear dependence of the phase difference on the distance 
from the pace maker, and branches with almost constant (may be exponential) 
phase differences from this linear arrangement. In other words, the phase lags 
between the neighbouring oscillators are constant on the path from the pace 
maker to the centre of the tree, but, in contrast, the phase lags decrease to zero 
as far from the pace maker and the centre. These observations indicate that the 
centre and the boundaries are landmarks to illustrate the oscillation dynamics 
on trees. 
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Fig. 3. The relative phase differences of phase locked solutions of the finite Cayley tree 
with one leaf being the pace maker. 

6 Conclusion 

We studied synchronization phenomena on trees and showed branching struc
tures have some effects on the profile of phase locked solutions. We deal with the 
simple and symmetric trees, the binary trees with the height n and 2n leaves. In 
the case that the root oscillator is the pace maker, the phase difference exponen
tially depends on the distance from the pace maker, and neighbouring sites have 
very small phase lags except for near the root. In other case that all the leaves 
are the pace makers, the phase difference linearly depends on the distance, and 
therefore the neighbouring phase lags are about the same value allover the tree. 
The profile of these solutions reflect the network architecture. 

It is known that some of the rhythmic behaviour like gaits of animal loco
motion and the wave-like movement of swimming fish are generated by neural 
networks called central pattern generators [9]. In the case of migration and in
formation process of the plasmodium, such mechanisms must be based on visible 
networks of vein structures. The local information like the phase lag is useful 
to acquire the whole state of the system as shown above. However, we need 
more data on the behaviour of the plasmodium for manifestations of biological 
functions generated by the network architecture. 
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Abstract. Bioconvection is a fascinating pattern forming phenomenon driven by the 
swimming activity of microbes. There is a common belief that bioconvection has a 
positive effect on the whole microbial population by aerating deep layers in the sus
pension. In order to detect such a biological benefit, we performed experiments with 
several strains of Bacillus subtilis and Bacillus licheniformis of different swimming ca
pabilities. Bioconvection is a robust phenomenon, we observed it at numerous strains 
in different growth phases. Nevertheless data evaluation has not revealed a similarly 
robust positive effect on population growth. 

1 Introduction 

Physical interaction might be significant between swimming microorganisms liv
ing in aquatic habitats. In natural ecosystems (seas, lakes, rivers, etc.), the 
strong coupling between the liquid medium and the environment generates usu
ally large-scale flows and perturbations, which determine crucially the motion 
of the microorganisms: They are advected more or less passively. In a quiescent 
fluid, however, even their slow motion (typically a couple of meters per day) 
can result in considerable spatial rearrangements, dynamic pattern formation, 
or bioconvection [1,2]. 

Bioconvection is a fluid instability which arises spontaneously in aqueous 
suspensions of heavy, swimming biological organisms such as algae, bacteria or 
ciliated protozoa [3-5]. The cell density of microbial species exhibiting biocon
vection is larger than that of the water by typically 5-15%. Convective pattern 
formation in a shallow layer occurs when the concentration of organisms is suf
ficiently high, and when the average direction of their swimming is upward in 
response to some external stimulus; e.g., gravity, light or oxygen. The mecha
nism of one instability is that the continuous upward swimming results in mass 
inversion, i.e., the surface layer of the suspension becomes denser than below. 
Subsequently the heavy top layer starts to sink, generating a fluid turnover and 
pattern formation (see Fig. 1). 

At least two major classes of bioconvective systems can be distinguished, 
based on the taxis mechanism of the cells. (i) Swimming microorganisms can 
be bottom heavy and as a result of this, tend to swim upwards (geotaxis). (ii) 
The oxygen concentration gradient, generated by the oxygen consumption of the 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
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Fig. 1. Side view of pattern formation produced by Bacillus subtilis in a thin upright 
container. Snapshots are taken with a time lag of 1 minute. 

cells, and by supply from the air interface can induce upward swimming, towards 
regions of higher oxygen concentration (aerotaxis, or in general, chemotaxis). 

Continuum theories for bioconvection must include three sets of coupled phe
nomena: (a) The continuity and Navier-Stokes equations driven by variations in 
organism concentration, i.e. local fluid density, (b) the equation for conservation 
of organism concentration including advection and directional swimming (e.g. 
geotaxis or aerotaxis), and (c) the balance equation for the molecular species 
that the organisms consume, including diffusive supply and advection. This set 
of coupled nonlinear equations and the methods for modeling the part of the 
organism flux due to swimming have been discussed in [5,6]. There has not been 
much quantitative analysis of experiments available for testing theoretical de
velopments. Recent quantitative studies concerned the geotactic patterns of the 
algae Chlamydomonas nivalis [7] , and the onset time of aerotaxis driven biocon
vection in cultures of Bacillus subtilis [8]. Macroscopic differences were identified 
by quantitative pattern analysis for the geotactic and aerotactic classes of bio
convective systems [9]. 

2 Motivation 

There is a common belief that bioconvection has a positive effect on the whole 
microbial population: Parcels of surface fluid dragged down with sinking plumes 
may carry a rich load of oxygen deep into the culture at a rate much faster than 
diffusion. Even analogies with more developed circulatory-respiratory systems 
are drawn [10] . 

This idea, however, is often criticized as unlikely to bear relevance in any 
natural context [11]. Indeed, laboratory studies are usually performed in qui-
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escent, shallow, nutrient rich suspensions at very high cell concentrations of a 
clean microbial strain. 

Further criticism may be based on consideration of transport efficiency. For 
example, the measured rate of oxygen consumption for Bacillus subtilis is in the 
range of 0.47 -1.86 x 106 molecules/s/cell (depending on the growth phase) [12]. 
Oxygen concentration at the top layer of the suspension can be estimated as 8.2 
mg/l ~ 1017 molecules/cm3 (solubility limit at room temperature). Bioconvec
tion usually develops when the cell concentration is in the range of 109 cells/cm3 , 

thus an estimated oxygen depletion time is approximately 1 minute (note that 
bacteria cease swimming activity at a low but finite oxygen concentration). The 
observed settling velocity for plumes in thin vertical containers is 3-10 mm/min 
(see Fig. 1) which means that net oxygen transport is possible only in shallow 
(1-2 mm) layers only. It is possible that the fall velocity of plumes is smaller in 
thin containers with typical wall-to-wall distance of 1 mm, thus mixing is more 
effective without side wall constraints. Nevertheless observations suggest that 
deep layer plumes can not stir the whole fluid [13]. 

If we accept that bioconvection is beneficial for the whole population, some 
interesting questions can be raised on evolutionary connections. Convecting sus
pension represents an organized structure on a much larger scale than the size 
of microbes. Although chemical signaling related to population density - the so 
called quorum-sensing - has been recognized recently for several bacteria [14], 
it remains difficult to imagine what kind of behavioral response could organize 
the independent and autonomous cells to enhance or even trigger off convective 
pattern formation, not to mention its genetic origin. 

As for experiments, it would be easy to test biological benefits by "switching 
on and off" bioconvection in the same culture. This seems feasible e.g. by increas
ing the density of the surrounding medium [15]. Related experiments by Bees 
[16] were inconclusive: The added unreactive chemical at higher concentrations 
unwantedly increased the viscosity, and most of the algal cells were perished at 
the end of the assays. 

3 Experiments 

The main question is whether bioconvection exhibits a clear benefit for the pop
ulation, or the phenomenon should be considered as a side effect of overcrowding 
in laboratory cultures. As a first step in a systematic study, we worked out a 
simple assay to detect a difference in population growth rate at pattern-forming 
and non-pattern-forming cultures. 

We performed experiments with 8 strains of Bacillus subtilis and 13 strains 
of Bacillus licheniformis with different swimming capabilities (details will be 
published elsewhere). Both species are gram-positive, rod-shaped, flagellated 
common soil bacteria, some of the genetic variants swim fast (20-40 pm/s). 
In general, the cells consume oxygen, weak anaerobe growth is possible in the 
presence of nitrate. 

The essential steps of our experiments were the following: 
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Fig. 2. Time evolution of the optical density in a split Bacillus subtilis culture. 0.85 
OD corresponds to 6 ± 2 x 108 cells/cm3 • 

1. Overnight liquid cultures were proliferated in standard Luria-Bertani (LB) 
broth aerobically at 37°C. 

2. Starter cultures were diluted (1 part suspension + 1 part LB + 6 parts 
distilled water) to initiate fast swimming, if possible. These cultures were 
bred on a shaker at room temperature (24°C) for 2-6 hours in order to 
minimize possible heat-shock effects. 

3. At the beginning of the measurements, the cultures were split. One half of 
the suspension was distributed into Petri dishes (16 ml each, nominal layer 
depth 2.8 mm), the dishes were kept in rest on a solid table. The rest of 
the culture was put back onto the shaker. Population growth was followed 
by measuring the optical density (OD) at 600 nm (Phillips PU 8625) at 
timesteps to, h, t2 .... . We emphasize that resting Petri dishes were not 
touched until the OD measurement, after that they were discarded from 
the process. Pattern formation was detected by visual inspection (the Petri 
dishes were put on black photo-paperboard). 

Typical results are shown in Fig. 2. In general, bacterial growth rate decreased 
strongly in Petri dishes after splitting the cultures, both for pattern-forming and 
non-pattern-forming cases. Growth rates were estimated by linear regression, in 
case of apparently nonlinear growth curves (see Fig. 2) the minimal and the 
maximal rates around the average contributed to the error bars (see Fig. 3). 

Inspections under light microscope revealed that pattern formation is pro
moted by small active cells (2-5/tm) at high enough cell concentrations, however 
we observed patterns already at OD 0.25 in a few cases. In old cultures, where 
sporulation was clearly visible, the patterns were weak if any. Some strains sim
ply do not swim, they form a dense sediment at the bottom of Petri dishes, 
or clump together forming macroscopic flakes. We did not observe convective 
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Fig. 3. Growth rate difference (left) and growth rate ratio (right) as a function of cell 
concentration (OD). Heavy circles and empty squares denote pattern-forming and non
pattern-forming cultures. The error bars reflect nonlinear growth curves, instrumental 
errors and scatter for individual Petri dishes. Fitted lines on the right (solid for pattern
forming and dashed for non-pattern-forming subsets) have different slopes, but the 
difference is statistically not significant (see text). 

patterns in such populations, note however, that the growth rate was positive in 
some of these cultures as well. 

4 Results and Discussion 

The measured quantities were the growth rate on the shaker and in the Petri 
dishes Vs and Vp, the initial density ODo, and the pattern forming time T. 
We performed several statistical tests in order to detect differences between the 
pattern-forming (22 cases) and non-pattern-forming (24 cases) subgroups. Fig. 3 
shows a representative example, where the growth rate drop (vs - vp) and the 
growth rate ratio (vp jvs) are plotted as the function of initial optical density. The 
difference between the two subgroups is rather small. Quantitative methods, such 
as the Kolmogorov-Smirnov test [17], indicated that the distinctions reflected e.g. 
by the linear fits in Fig. 3 are at the egde of statistical significance, which is not 
very convincing. 

We think that the main difference between cultures on a shaker and in Petri 
dishes is the difference in oxygen supply. The populations at the beginning were 
the same, grown in the same broth, adapted to room temperature growth, and ge
netically clean. If bioconvection was an effective aerating process, we expect that 
it should be reflected by higher relative growth rates compared to non-pattern
forming populations. Note that we do not compare absolute rates belonging to 
different strains, we compare growth rates for the two halves of a split culture. 
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Our results can not prove that bioconvection does not have a positive effect 
on a whole microbial population. We can claim, however, that the detection of 
biological benefits is difficult, it is far from being such robust as the phenomenon 
itself occurring in a wide range of cell concentrations in many cultures of different 
micro-organisms. The opposite possibility is that an overall positive effect does 
not exist at all, in this case bioconvection can be interpreted as a hydrodynamic 
phenomenon generated by jamming in microbial traffic at the surface of the fluid 
medium. 

This work was supported by the Hungarian National Science Foundation 
(OTKA) under Grants No. F026645 and T032423. 
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Abstract. Lubricating films are studied using a simple microscopic model via molecu
lar dynamics simulation. This model consists of discrete hard-core particles sandwiched 
between two hard flat walls and one wall moves with constant velocity. In the steady 
state of this system, it is observed that strong shear induces "freezing" and the interface 
between solid and fluid is formed autonomously. Regardless of existence of interface, 
it is confirmed in this simple model that the profiles of velocity and temperature are 
described by macroscopic continuum description and the properties of kinetic friction 
is well-reproduced. 

1 Introduction 

Control in nanoscopic level is turned to practical use in various kinds of fields. 
Even in nanoscopic case, control of friction is essential in the same way as macro
scopic control. This is called nanotribology. But dominant factor characterizing 
the properties of object changes stage by stage as the object becomes smaller. 
It is not self-evident for continuum description to be applicable to the control 
of friction in nanoscopic level. Therefore, understanding of nanotribology on the 
atomic and molecular level is needed. 

We find that our fundamental understanding from microscopic level is very 
good in equilibrium, but it is pretty poor in nonequilibrium. But now, molecular 
dynamics (MD) simulation provides an alternative approach for understanding 
from microscopic level in not only equilibrium but also nonequilibrium state [1,2]' 
because computer has been developed ever-progressingly. For tribology, this ap
proach is also applied in many cases [3-6]. As pioneering work of the present 
paper, we showed hard-core particles model using MD that the interface be
tween solid and fluid is realized steadily and strong shear induces freezing [7]. 
Using this model, we study the lubricating films that have the possibility of 
partly induced freezing. 

In the present paper, we describe first, the simple model that is investigated 
as lubricating film. Then we show the profiles and kinetic frictional properties 
obtained by MD comparing with continuum description. The reason, why macro
scopic continuum description is used, is that frictional properties of lubricating 
film (not thin) is understood well using this description called hydrodynamic 
lubrication theory. 

M. Fukui et al. (eds.), Traffic and Granular Flow’01
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Fig. 1. Image of the model. 

2 Model 

The objective system we study consists of hard-core (Young's modulus is '"" 
7.9 X 105) particles in a rectangular parallelepiped (90 x 43 x 16). The particles 
with uniform radius (0" = 0.9377) and mass (m = 1), collide elastically with each 
other. The number of particles is 8400 and the density over the entire system is 
about 0.63, relative to the closed packing. This is below freezing density. Periodic 
boundary conditions are imposed along y and z directions. At the both ends of 
the x direction, we put flat walls. When a particle collides with these walls, we 
impose a stochastic boundary condition that the outgoing velocity is randomly 
chosen according to the thermal equilibrium distribution with temperature T w (= 
1.0): 

(1) 

independent of the incoming velocity. Here Boltzmann constant is set equal to 
1 and (vy) denotes the constant velocity of each wall in y direction. (vy) is set 
equal to U at left wall and 0 at right wall, respectively. An image of this model 
is shown in Fig.1. This model is simulated via molecular dynamics. 

3 Results 

Using this simple model of a lubricating film sandwiched between a moving 
wall and a fixed one, we investigate the shear velocity dependence of kinetic 
friction as U is changed from 0.1 to 7.5 in nonequilibrium steady state. To begin 
with, profiles for x direction of two observables are calculated: velocity and 
temperature. These observables are measured locally at each subsystem whose 
shape is a rectangular parallelepiped (5.0 x Ly x L z ). In this case, it is easy 
to predict that shear induced from the left wall produces the gradients of these 
observables. 

Results of profiles are shown at U = 3.0 as a typical example. Velocity and 
temperature profiles are shown in Fig.2. Each velocity of no shear direction (vz 
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(a) Velocity profile. (b) Temperature profile. 

Fig. 2. Velocity and Temperature profiles at V=3.0. 

and vz ) is 0 within statistical error at any place and velocity profile of shear 
direction has constant linear gradient almost all over the regions. This gradient 
is in good agreement with that of Couette flow of hydrodynamic phenomena. 

Temperature profile, however, is not so easy to explain, because it is not 
consistent with linear gradient derived from heat conduction equation. This is 
because energy transport consists of not only heat conduction but also viscous 
flow in the bulk fluid. Before we interpret it using macroscopic description, we 
check that equipartition of energy is realized and velocity distribution function 
is approximately Gaussian. Therefore, it is valid to assume the local equilib
rium, and temperature can be defined as equilibrium way. Energy conservation 
is expressed as 

where p, E, w, a' and", denote density, energy density, enthalpy density ,viscous 
stress tensor and thermal conductivity, respectively. Assuming that pressure, 
thermal conductivity and shear viscosity TJ are constant at any position and the 
fluid is Newtonian, the solution of (2) becomes 

(3) 

(4) 

As a result, the temperature profile obtained from our model is well-described by 
the single parameter parabolic function of (3). Therefore, continuum description 
within linear deviations from equilibrium can be applied to these profiles of this 
small model. 

Now, we study kinetic frictional properties as lubricant of this model. Shear 
viscosity TJ is first of all, investigated, because viscous drag causes the increase of 
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friction of oil lubricant, in the region of hydrodynamic lubrication we consider 
here. 'TJ is calculated from 

avy 

Pzy = 'TJ ax 
u 

='TJ-, 
Lz 

(5a) 

(5b) 

here Pzi is the stress tensor. In this study, it is measured as the momentum of 
i direction added from left wall per unit time and area. The velocity gradient 
can be regarded as U / L", from the results of above-described velocity profiles. 
Assuming that shear viscosity is independent of shear velocity, Pzy should be pro
portional to U like (5b). Shear velocity dependence of P",y is shown in Fig.3(a). 
This proportionality is realized in small shear velocity region, but appears to 
break down in large velocity region. This may be due to the change of shear 
viscosity. Supposing this possibility, property of velocity profiles should also de
pend on shear velocity. Therefore, we check the velocity profile at large U, for 
example U = 7.5. This is shown in Fig.4(a). This profile is much different from 
what is shown at U = 3.0. The region where vy stays constant, is realized near 
each wall, but the other region has still Couette-type gradient. This result sug
gests that solid phase is organized at both ends and freezing is confirmed from 
investigating that local density in these regions are larger than solidified density. 
This transition is what we call shear-induced freezing [7]. This suggestion is also 
confirmed from linear gradients of temperature profile of Fig.4(b). 

Due to freezing, the region where the lubricant behaves like fluid does not 
exist all over the system, and the effective shear rate - ~ is larger than U / L z . 

Therefore, it seems to be appropriate to express Pzy not as (5b) but (5a) where 
- ~ is estimated from the velocity profile of the fluid region. This is shown 
in Fig.3(b). Above-described proportionality is got back and this simple model 
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Fig. 4. Velocity and Temperature profiles at U=7.5. 

of lubricating films is confirmed that shear viscosity is independent of shear 
velocity. 

At last, we proceed to discuss what is aimed at. Two objects are considered: 
coefficient of kinetic friction f.L and frictional heat J. f.L and J are measured as 

(6) 

and the energy produced by left wall per unit time and area, respectively. From 
suggestion of above-described results, we estimate these two quantities using 
continuum description as 

(7) 

(8) 

The form of (7) is clear to consider the dependence of shear viscosity, shear 
rate and load. On the other hand, (8) is difficult to evaluate because thermal 
conductivity needs to be measured. Therefore, we use 

Lx avy ( avy ) J(-) = -2TJv - rv TJ -U-
2 Yax ax (9) 

instead of (9), here we assume ~; = 0 at x = Lx/2 This assumption is proper in 
case existing just fluid phase like Fig.2(b) but is not clear in solid-fluid coexisting 
case. Temperature profile at U = 7.5 is shown in Fig.4(b). This assumption is 
confirmed to be proper even in this case and furthermore, energy conservation 
of (2) describes this result very well for each phase. (In solid phase, energy flux 
consists of heat conduction only.) Shear velocity dependences of coefficient of ki
netic friction and frictional heat are shown in Fig.5(a) and Fig.5(b) , respectively. 
These results are consistent with macroscopic continuum description. Therefore 
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Fig. 5. Shear rate dependence of kinetic friction. 

This small simple model represents the kinetic frictional properties of lubricants 
in spite of very small system. 

4 Conclusion 

We investigated the kinetic frictional properties of a simple model using MD 
and concluded that this small model consisting of discrete particles is in good 
accord with what macroscopic continuum description expects and shows the 
properties of lubricant regardless of existence of interface. In particular, it is 
very interesting that shear viscosity is estimated at the same value 0.96 within 
an accuracy of statistical error in three different ways: stress tensor, coefficient 
of kinetic friction and frictional heat. This study will contribute to understand 
phase transition accompanied with hydrodynamic flow. But the quantitive rela
tion between this nonequilibrium molecular dynamics and linear response, and 
application to nano-machine, are the next challenges. 
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