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Preface 

This book is the result of several years of research into the modeling and algorithm 
of problems in dynamic travel choice and related areas. Three types of discrete
time dynamic travel choice models, along with numerical examples, are presented, 
i.e., deterministic, stochastic and fuzzy models. The notable features pertaining to 
these models are as follows: 

1. The asymmetric property of the dynamic link travel time function is 
clearly verified, which leads to a variational inequality formulation. 

2. The flow propagation constraint is implicitly defined in our model through 
the incidence relationship between the link inflow and route flow. 

3. The inflow, exit flow, and number of vehicles on a link are identified as 
the three different states over time for the same vehicles under the flow 
propagation process. Therefore, only one link variable needs to be used in 
our dynamic travel choice models. This treatment can largely simplify the 
models' complexity, and possibly reduce the computation time. 

4. The developed time-space network is consistent with scaling units both in 
temporal and spatial dimensions. 

5. The proposed nested diagonalization method takes care of two types of 
link interactions, i.e., actual link travel times, and inflows other than that 
on the subject time-space link. 

6. The equivalence analysis between a dynamic travel choice model and its 
corresponding equilibrium condition is performed by proving both the 
necessary and sufficient conditions under the presumption of equilibrated 
actual travel times. 

7. The feasible region associated with any dynamic travel choice model is 
essentially nonconvex. 
The aim of this book is to provide a unified account for the development of 

models and methods for the problem of estimating dynamic equilibrium traffic flows in 
urban areas. Also, the aim is to show the scope and-just as importantly-the limitations of 
present traffic models. The development is descnbed and analyzed using the powerful 
instruments of variational inequalities and nonlinear programming within the field of 
operations research. Chapter 1 descnbes the progress of intelligent transportation systems 
and highlights the role that dynamic travel choice models could play. Chapter 2 provides the 
background knowledge of variational inequalities and some related mathematical 
programming concepts Chapter 3 elaborates the network constraints that are necessary for 
the dynamic travel choice models and analyses the dynamic link travel time function. 
Chapter 4 presents the basic dynamic user-optirnal (DUO) route choice model. Chapter 5 
discusses the proposed dynamic nested diagonalization method in detail. Starting from 
Chapter 6, a repetitive format is used for various dynamic travel choice models, including 
the DUO departure time/route choice problem in Chapter 6, the DUO variable 
demand/route choice problem in Chapter 7, the DUO mode choice models in Chapter 8, 
the DUO O-D choice models in Chapter 9, and the dynamic system-optirnal (DSO) route 
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choice problem in Chapter 10. In Chapter II, the inclusion of traffic control policies into the 
DUO route choice model is explored. In Chapters 12 and 13, the stochastic and fuzzy 
DUO route choice problems, are explored, respectively. Chapter 14 concludes the book 
with a look at possible applications and future research directions. 

This book is intended for an advanced undergraduate or graduate transportation 
planning and network analysis course, as well as for transportation researchers who want a 
compilation of developments in the rapidly growing application of operations research. As 
much as poSSIble, each chapter was organized to be self-contained for easier reference. An 
effort was made to provide flexIbility regarding the order in which topics can be covered. 
With an appropriate selection of topics, the book can be used for a variety of one- or two
semester courses in dynamic transportation modeling and network analysis. For a one 
semester course, Chapters 1 through 9 are recommended, whereas for a two-semester 
course, the entire book can be covered. Since the models introduced in each chapter are 
repetitively described in a self-contained manner, the reader who is interested in a particular 
model can jump into the relevant chapter of the book without having to refer back. 

Many researchers have contributed their ideas and comments to this work. I 
especially thank Professor D. E. Boyce for guiding me into the area of transportation 
planning while I was a Ph.D. student at the University of Illinois, Urbana-Champaign, and 
for providing valuable comments and editing assistance upon which parts of the book are 
based. I am also indebted to Professor Kan Chen, formerly at University of Michigan, Ann 
Arbor, who gave two valuable lectures about the general concept of intelligent 
vehiclelhighway systems (IVHS) at National Central University, in May 1991. Those 
lectures stimulated me into dedicating myself to the research direction of dynamic modeling. 
I am very grateful to Professor Bin Ran, then at the Massachusetts Institute of Technology 
(now at the University of Wisconsin, Madison) for his most valuable insights presented 
during an intensive course, titled ''Dynamic Transportation Networks and Intelligent 
VehiclelHighway Systems", that was held at National Central University in the summer of 
1994 That course had inspired much of our research activities. Special thanks go to Mr. 
David Ta-Wei Poo, then the Vice Chairman of China Engineering Consultants, Inc., 
RO.C. (Now a Vice President of the Parsons Corporation), who had spent an 
immeasurable amount of time to read, edit the manuscript and discuss every detail of the 
contents with me. Some of the discussions invoked valuable rethinking on the book's 
contents and hence improved the presentation of the book. 

I would also like to thank all the members of my "Intelligent Transportation 
Systems" research group, which was established at National Central University in 1992; 
Ms. Ya-Li Chiu completed the first group's ITS-related master thesis, titled "Instantaneous 
Traffic Assignment Models", Mr. Che-Fu Hsueh developed some deterministic dynamic 
travel choice models by which later research is largely based on, Mr. Ywe-Jeng Chen 
contributed his effort on comparing computational efficiency of projection-type solution 
algorithms, Ms. Li-Ly Tseng studied the applicability of the cell transmission model in 
developing the dynamic travel time function, Mr. Miog-Lin Tu began the study on the 
stochastiddynamic user-optimal route choice mode~ Mr. Chia-Wei Chang accommodated 
route-based solution algorithms into the DUO route choice mode~ Ms. Mei-Shiang Chang 
adopted the concept of fuzzy traffic information into the DUO route choice modeL Mr. 
Chung-Yung Wang extended the DUO route choice model into a capacitated network 
problem, and Mr. Chung-Jyi Chang dedicated his research on the adaptive vehicles 
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separation control with neuro-fuzzy architecture. The work of all these students had helped 
me better understand the field of dynamic transportation models, and I am indebted to their 
contributions. 

Appreciation is extended to Professor Nathan Gartner and Professor Chronis 
Stamatiadis at University of Massachusetts, Lowell, Dr. Der -Homg Lee at the University of 
California, hvine, Mr. Owen Jianwen Chen at the Massachusetts Institute of Technology, 
Dr. Shaw-Pin Miaou at Oak Ridge National Laboratory and my colleagues, Professors 
Chaio-Fuei Ouyang, Jhy-Pyng Tang, Wei-Ling Chiang, Huei-Wen Chang and John Lee at 
National Central University for their constant encouragement and support. 

Last but not the least, I would like to thank my wife, Huey-Wen, for initializing the 
idea of writing this book and taking excellent care of our family, and to my three sons, 
Jiann-Yeu, Jiann-Ann, and Jiann-Yeang for their sacrifice and the understanding they had 
shown to my obvious neglect during the period of manuscript preparation. Without them, 
this book would not have been possible. 

Huey-Kuo Chen 

Chungli, Taiwan (R.O.C) 
June, 1998 
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Chapter 1 

Analysis of Dynamic Transportation 
Systems 

1.1 Introduction 

Intelligent transportation systems (ITS) have attracted much interest among 
researchers and practitioners in the past decade. The main objectives of ITS are to 
improve the efficiency of transportation networks, enhance traffic safety, and 
reduce delays and negative environmental effects by utilizing real-time or 
predicted traffic information. To this end, six system functions have been 
identified: advanced traveler information systems (ATIS), advanced traffic 
management systems (ATMS), commercial vehicle operations (CVO), advanced 
vehicle control systems (AVCS), advanced public transportation systems (APTS) 
and advanced rural transportation systems (ARTS). (In 1996, US DOT re
classified 29 ITS user services into six function groups, i.e., travel and traffic 
management, commercial vehicle operations, public transportation management, 
electronic payment, emergency management, and advanced vehicle control and 
safety systems. However, use of the previous acronyms persist.) The application 
of ITS technologies is characterized by the exchange of vast amounts of data 
among transportation system users, vehicles, transportation operators, and 
transportation infrastructure, which makes possible the warning and avoidance of 
congestion or hazardous conditions, automatic collection of tolls, efficient 
dispatching of trucks and buses, dramatic improvements in traffic safety and many 
other benefits. In order to advance the development of such technologies, both 
hardware and software components must become more sophisticated; otherwise, 
the full benefit ofITS cannot be attained. 

Today, hardware component innovations, such as communication, 
automation, and built-in image processing technologies, are commonly used in 
ITS; however, software component innovations, such as dynamic transportation 
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network models and traffic incident detection software, are much less frequently 
applied. The lack of sophisticated software components has delayed the 
deployment of many large-scale ITS demonstration systems; the failure of some 
ongoing large-scale demonstration systems shows that the complexity of software 
components cannot be underestimated. Tackling all of the components of a large
scale system simultaneously may be too ambitious a project to be successful at this 
time. Decomposing a large-scale system into several smaller subsystems by means 
of modularization may be a better strategy for further exploration, since each small 
subsystem per se is more manageable. 

One of the most challenging modules of software components for ITS 
concerns the dynamic transportation network models. Though their static 
counterparts were well developed and applied in transportation planning for 
several decades, dynamic transportation network models are still in their 
embryonic stage. In general, dynamic models may be classified into two 
categories, the vehicle-based approach model, and the flow-based approach 
model. 

The vehicle-based approach emphasizes each individual driver's behavior, 
and usually adopts a simulation technique to describe the traffic system. This 
approach has the advantage of closely approximating the behavior of individual 
drivers in considering alternative traffic control systems; however, the number of 
attributes involved is normally quite large, and the properties of the solution 
remain uncertain. In contrast, the flow-based approach is essentially macroscopic, 
and usually can be formulated as an analytical model. The analytical model 
concerns the average driver's behavior and can by solved by analytical methods. 
The significant advantages of the analytical models are noted as follows: 

1. The derived optimality conditions can be characterized by assumed driver 
behavior principles, such as utility maximization or equilibrium conditions. 

2. Sensitivity analysis for different scenarios is easier to perform since the 
procedure is less time consuming than with a simulation approach. Also, 
different traffic policies or control measures can be effectively evaluated 
and compared in the framework of a model formulation. 

3. The time-dependent O-D matrix can be estimated using a criterion, such as 
squared error minimization or maximum likelihood, subject to some 
network dispersion measure. 

In the past, many analytical dynamic transportation network models have 
been presented (Merchant and Nemhauser, 1978a, 1978b; Friesz et ai, 1989, 1993; 
Carey, 1986, 1987, 1992; Wie et ai, 1990, 1994; Janson, 1991, 1995; Ran and 
Boyce, 1994, 1996; Boyce, Lee and Janson, 1996); however, no model has solved 
all of the critical issues. Moreover, acceptance of many models and algorithms 
have been slowed by the lack of meaningful numerical examples, or because they 
are too complicated to be readily grasped. Until critical properties have been 
clearly understood, the actual application of dynamic transportation network 
models in the real world will be severely restricted 
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1.2 Significance of Dynamic Transportation Network 
Models 

3 

Dynamic transportation network models differ from their static counterparts in 
view of the fact that they represent traffic variations over time. Thus, the inclusion 
of temporal dynamics can better represent real situations. For example, in a large 
network where a trip could take longer than an hour to complete, a static traffic 
assignment of hourly travel demand analysis will misrepresent the real situation. 

The importance of dynamic transportation network models is best 
described by the development ofITS and its subsystems. 

1. In ATIS, dynamic transportation network models provide anticipatory 
traffic information to help travelers choose the best route from their 
origins toward their destinations, select the best departure and arrival 
times, determine which transportation mode to take, and/or reconsider 
whether the trip is worth making. 

2. In ATMS, dynamic transportation network models are important for 
predicting the traffic flow patterns for which traffic controls can re
optimize the signal timing for intersections, yield the right-of-way for 
ambulances, police patrols, public transportation and other mission
oriented vehicles, and impose tolls to prevent the worsening of congestion 
and negative environmental effects. If dynamic transportation network 
models and incident detection systems are used in combination, route 
diversion, and consequently, trip rerouting, becomes possible. 

3. In eva, dynamic transportation network models are useful for fleet 
dispatching, vehicle routing, recommending alternative routes, etc. More 
sophisticated and comprehensive logistics operations, such as crew 
scheduling and stock and freight management systems, will also be 
possible when relevant technologies, such as global positioning systems, 
geographic information systems and telecommunication transceivers, are 
adopted. 

4. In APTS, dynamic transportation network models provide relatively 
precise traffic information as a basis for more reliable traveler information 
displays. People tend to make more use of public transportation when the 
boarding time for the public transportation is foreseeable and the travel 
time difference between public and private vehicles is smalL 

1.3 Traffic Information and Transportation Network 
Models 

Traffic information is the major factor on which travelers base their travel choice 
decisions. Thus, different types of traffic information have been grouped to yield 
different flow patterns over transportation networks. We may characterize the 
traffic information by the following criteria 1) static versus dynamic; 2) user-
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optimal versus system-optimal; 3) deterministic, stochastic and/or fuzzy; 4) 
reactive versus predictive. Any combination of the above four criteria will result in 
a specific type of traffic information as shown in Table 1.1. For example, the 
shaded cell in Table 1.1 characterizes predictive deterministic and dynamic user
optimal traffic information. 

Table 1.1 : Taxonomy of Traffic Information Types 

Traffic 

Stochastic 

Fuzzy 

NA means not applicable 
-- implies not emphasized 
Numbers refer to Chapter numbers 

Each type of traffic information can be used to formulate various 
transportation network models based on different travel choice decisions, ie , trip 
generation, origin-destination (O-D) choice, mode choice, and route choice. In 
addition, combined travel choice models may also be formulated by simultaneously 
taking two or more travel choice decisions into consideration. One of the most 
common combined models is trip distribution and traffic assignment, which 
considers origin-destination and route choice within a unified framework . Based 
on this classification, a multitude of transportation network models can be 
formulated and explored. However, to examine all possible transportation network 
models is too ambitious a task; therefore, only selected models are studied In this 
book, the focus is mainly on the following dynamic travel choice models 

1. user-optimal route choice 
2. user-optimal departure time/route choice 
3. user-optimal variable demand/route choice 
4 user-optimal variable demand/departure timelroute choice 
5. user-optimal mode choice/route choice 
6. user-optimal mode choice/departure time/route choice 
7. user-optimal 0-0 choice/route choice 
8. user-optimal 0-0 choice/departure time/route choice 
9. system-optimal route choice 

10. network signal control system 
11 . traffic-responsive signal control system 
12. stochastic user-optimal route choice 
13 . fuzzy user-optimal route choice 
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The first eleven travel choice models assume perfect traffic information, whereas 
the last two travel choice models allow for objective and subjective errors, 
respectively. 

1.4 Equilibrium over Transportation Networks 

Equilibrium plays a central role in many areas of activity, such as economics and 
engineering disciplines. In economics, for a competitive free market, the 
equilibrium is the point at which the amount of goods supplied is equivalent to the 
quantity of goods demanded. In the transportation arena, the equilibrium concept 
represents a stabilized transportation system for which no (net) forces try to push 
the system to some other state. In the past, the concept of traffic equilibrium was 
mainly adopted for static transportation network models, which are interpreted as 
a natural result of the day-to-day adjustments of drivers under the assumption of 
rational driving behavior. Given any type of traffic information, a reasonable 
behavioral assumption is that travelers use the shortest travel time route. Since 
each traveler independently makes hislher travel decision, a consequential route 
switching mechanism ultimately stabilizes the flow pattern over the network. This 
stabilized flow pattern can be characterized as the traffic equilibrium at which 
travelers have no incentive (or net force) for route switching. 

When the transportation system is in disequilibrium, there are incentives 
(forces) that tend to move the system (via ripple effect) toward the equilibrium 
state by a route-switching mechanism. This ripple effect is governed by the 
interactions of two functions: I) a demand function that describes how the flow of 
passengers increases with improved levels of service; and 2) a performance 
function that describes how the level of service deteriorates with increasing flow. 
While the traffic demand function may be analogous to other economic demand 
functions, the link performance function should not be interpreted as an economic 
supply function, because it does not take into account the prices of goods as 
arguments for the output of the quantities supplied. 

Operationally, an equilibrium (denoted by superscript *) is in fact governed 
by the specified rule by which travelers choose a route. The most well-known 
rules in the field of transportation are Wardrop's principles (Wardrop, 1952). 
Wardrop's first principle states that the journey times on all routes actually used 
are equal, and less than (or equal to) those which would be experienced by a single 
vehicle on any unused route. Hence, the route travel times are equal; no traveler 
would be better offby unilaterally changing hislher route. Therefore, for each O-D 
pair rs, if the flow over route p is positive, i.e., h;" > 0, then the corresponding 

actual route travel time c;" is minimal. However, if no flow occurs on route p, 

i.e., h;" = 0, then the corresponding actual route travel time c;" is at least as 

great as the O-D travel time Tr". These equilibrium conditions, also called the 

user-optimal state, can be mathematically expressed as follows: 
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where 

if h~s' > 0 

if h rs ' = 0 p 

c"" = "c 8'" 'V p ~ a ap r,s,p 
a 

'Vr,s,p (1.1 ) 

(1.2 ) 

Symbol ca denotes travel time for link: a, and symbol 8; represents indicator 

variable to which either 0 or 1 is realized depending on whether link: a is in route p 
between O-D pair rs. 

Wardrop's second principle states that the average journey time is a 
minimum. It implies that for each origin-destination pair, every used route has the 
same marginal route travel time, that is the change in total travel time 
corresponding to a change in flow. Equally marginal route travel times for each 0-
D pair implies the total network travel time is minimal. Therefore, for each O-D 

pair rs, if the flow over route p is positive, i.e., h;' > 0, then the corresponding 

marginal route travel time is minimal. However, if no flow occurs on route p, i.e., 

h; = 0, then the corresponding marginal route travel time is at least as great as 

the minimal marginal route travel time. These equilibrium conditions, also called 
the system-optimal state, can be mathematically expressed as follows: 

where 

if h;" > 0 

if h""> = 0 
p 

'Vr,s,p 

A f ti-c =c + _Q 

a a a qa 
'Va 

'Vr,s,p 

Symbol fa denotes flow on link: a. 

1.5 Dynamic Equilibrium Conditions 

1.5.1 Warrants for Dynamic Extensions 

(1.3 ) 

(1.4 ) 

(1.5 ) 

The static equilibrium conditions, and hence Wardrop's principles, have long been 
adopted without much dispute by transportation planners. However, when 
extended to dynamic transportation network models, they do invoke much 
controversy. The most critical comment is that, in addition to some technical 
difficulties, dynamic equilibrium conditions do not even exist; therefore, the 
evolutionary process of the traffic flow pattern over time should be the focus of 
research. While these arguments may appear to be plausible, the fact is that 
dynamic extensions of traffic equilibrium models are indeed essential for the 
improvement of transportation network models for the following reasons: 
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l. Temporal evolution prevails everywhere in the real world. Therefore, more 
accurate traffic information can be captured only if the time dimension is 
appropriately taken into account. Indeed, day-to-day traffic information, as 
with static transportation network models, is not so useful for representing 
short term traffic variations. 

2. Dynamic extensions of transportation network models include their static 
counterparts as special cases, but differ from their counterparts by giving 
additional consideration for the traffic variations over time. However, 
when this added time dimension is temporarily removed or fixed at a 
certain instant, the traditional static transportation network model should 
either result or be approximated. The possible advantages associated with 
static transportation network models, such as those depicted in Section 
1.1, can be equally applied to dynamic transportation network models; 
from a modeling point of view, a general purpose model will give better 
performance and the possibility of broader applications. 

3. The actual dynamic process can be represented by the model. Even though 
dynamic extensions of traffic equilibria may not be really achieved (as 
compared with the static traffic equilibria-- also not verified), because of 
ever-changing situations such as non-recurrent incidents, one cannot deny 
that the route switching mechanism, or travel choice mechanisms in a 
broader sense, based on the available traffic information is indeed inherent 
in travelers. If we treat the dynamic traffic equilibrium as a target or 
direction for travelers to approach under a certain scenario, and jump to 
another dynamic traffic equilibrium when the scenario changes, then the 
concept of a dynamic traffic equilibrium can be embedded as an 
intermediate state in a dynamic process. In other words, feedback 
adjustments can be accommodated for dynamic traffic equilibrium to better 
represent the dynamic process in the real world. 

4. ITS development can be accelerated. Based on short-term, predictive 
route travel times, many on-line traffic controls, including signal 
optimization, arterial progression, right-of-way clearance for priority 
vehicles and real-time applications, such as vehicle route/guidance, 
emergency evacuation, fleet dispatching are possible. 

To avoid possible ambiguity, the term user-optimal is preferred to user
equilibrium in the context of dynamic transportation network models. 
Occasionally, modelers may argue that user-optimal is not really optimal for 
travelers. Taking both arguments into account, a third term, dynamic traffic 
assignment for users, might be the best candidate for use. However, in 
consideration of the long tradition, we still adopt both terms, user-optimal and 
user-equilibrium, interchangeably for later use. In the following subsections, 
dynamic extensions of Wardrop's principles according to the types of available 
traffic information are discussed for route choice decisions. 
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1.5.2 Dynamic User-Optimal Conditions 

The dynamic user-optimal conditions state that for each O-D pair, the actual route 
travel times experienced by travelers departing during the same interval are equal 
and minimal; no traveler would be better off by unilaterally changing his/her route. 
In other words, the actual route travel times of any unused route for each O-D 
pair is greater than or equal to the minimal actual route travel time. Therefore, for 
each O-D pair rs, if the flow over route p departing during interval k is positive, 
i.e., h;s (k) > 0, then the corresponding actual route travel time is minimal. 

However, if no flow occurs on route p, i.e., h;s (k) = 0, then the corresponding 

actual route travel time is at least as great as the minimal actual route travel time. 
These equilibrium conditions can be mathematically expressed as follows: 

where 

rs' k {= Jrrs (k) if h;s' (k) > 0 
cp ( ) ~ Jrrs{k) if h;'(k) = 0 

a t 

Jr"(k) = min{c;'(k)} '<ir,s 
p,k 

'l!r,s,p,k (1.6 ) 

(1.7) 

(1.8 ) 

Symbol t denotes entering interval for a link, symbol k represents departure 

interval for a route, and symbol o;~(t) represents indicator variable to which 

either 0 or 1 is realized depending on whether link a during interval t is in route p 
between O-D pair rs during interval k. 

1.5.3 Dynamic System-Optimal Conditions 

In a dynamic system-optimal problem, various objective functions can be 
formulated. Ran and Boyce (1994) listed five widely considered objective 
functions as follows: 

1. minimize total travel time; 
2. minimize total travel cost or disutility; 
3. minimize total number of vehicles during analysis period; 
4. minimize average congestion level during analysis period; 
5. minimize the length of the congested time period. 

For simplicity, only the first objective function is considered throughout this book. 
The dynamic system-optimal conditions state that for each O-D pair, the marginal 
route travel times experienced by travelers departing during the same interval are 
equal and minimal; no traveler would be better off by unilaterally changing his/her 
route. In other words, the marginal route travel time of any unused route for each 
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O-D pair is greater than or equal to the minimal marginal route travel time. 
Therefore, for each O-D pair rs, if the flow over route p departing during interval 
k is positive, i.e., h;(k) > 0, then the corresponding marginal route travel time is 

minimal. However, if no flow occurs on route p, i.e., h;(k)::::O, then the 

corresponding marginal route travel time is at least as great as the marginal route 
travel time. These equilibrium conditions can be mathematically expressed as 
follows: 

~rs' k P {
= irrs (k) if hrs' (k) > 0 

cp ( ) ~ irrs(k) ifh;S'(k) = 0 
'ir,s,p,k (1.9) 

where 

(1.1 0) 
a t 

The dynamic marginal link travel time function ca (I) can be obtained by taking 

the derivative of network total travel time with respect to link inflow, as follows: 

C.(I) = {~~ C.(I')U.(I')) = c.(I)"II.(I) + I L>.(I') &.(1') 
Oua(t) Oua(/) a' t' Oua(/) (Ill) 

&- (I') =ca(t)+ LLuAt,)_a'-
a' t' Oua(t) 

This dynamic marginal link travel time function can be interpreted as effect of an 
additional traveler on link a during interval t to the total travel time on all links 
during all intervals. It is the sum of two components, C a (I) which is the travel 

time experienced by that additional traveler when the total link inflow rate is 

ua(t), and L L uAt') &-A(t')) which is the additional travel time that this traveler 
a' t' Oua t 

inflicts on each of the uAt') travelers using another link a' during another interval 

t', where general link a ' includes our specific link a and t' includes t. Strictly 
speaking, the effect is the result of increasing the flow ua(t) by one unit. 

When the topological link interaction is not considered, equation (1. 11 ) 
can be simplified to: 

(112 ) 

1.5.4 Stochastic/Dynamic User-Optimal Conditions 

Note that the basic assumption associated with Wardrop's principles is that the 
traffic information on which the travelers choose their shortest travel time route is 
perfect. However, in a practical situation, this basic assumption is generally not 
correct because traffic information is likely to be imperfect due to perception 
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errors. When perception errors are associated with an objective probability 
distribution, then a stochastic model results. For example, if the Gumbel 
distribution is hypothesized, a logit model results. The corresponding equilibrium 
conditions can be mathematically expressed as follows: 

ifh;'(k) > 0 
.( ) Vr,s,p,k 

if h;s k = 0 
{= firs(k) 

-n:' k 
c p ( ) ;:: firs (k) (1.13 ) 

where 

(1.14 ) 

The stochastic model reduces to the deterministic model as a special case if 
the associated error term is zero-valued. In addition, probability distributions other 
than the Gumbel distribution are also possible. If the normal distribution is 
adopted for the error term of the mean route travel time, the probit model results. 
The probit model can better represent human behavior, but its computational 
difficulty may make its application prohibitive. 

1.5.5 FuzzylDynamic User-Optimal Conditions 

Instead of using an objective probability distribution in characterizing the error 
term of the mean route travel time, a subjective possibility distribution may also be 
employed. This introduces the so-called fuzzy concept. In a fuzzy environment, 
route travel times represented by fuzzy numbers are assumed to be incomplete and 
uncertain. Each fuzzy number c is characterized by a real number c and a 

membership function J.I-c (c) as follows: 

C := (c,f.ic (c)lc ERn ,f.ic (c) E[O,l]) (1.15 ) 

The membership function obeys a possibility distribution which is finitely 
bounded in both its higher and lower limits. The shape of membership functions is 
versatile; however, the most commonly used functions are either triangular or 
trapezoidal in form. The most likely possibility occurs at points where the degree 
of confidence, a -cut, equals 1. If all fuzzy numbers were realized at a -cut level 
equal to 1, then the crisp concept results. The least likely possibility occurs at 
points where the degree of confidence a -cut equals O. The entire range of a fuzzy 
variable with a -cut level greater than zero is called support. The distance 
between the closest point (with a -cut level equal to 1) and the bound is called 
spread. The length of spread reflects the level of fuzziness of the information. 

The fuzzy/dynamic user-optimal conditions state that at a certain a -cut 
level, for each O-D pair, the believed route travel times for travelers departing 
during the same interval are equal and minimal; no traveler would be better off in 
terms of believed route travel time by unilaterally changing hislher route. In other 
words, at a certain a -cut level, the believed route travel times of any unused 
route for each O-D pair is greater than or equal to the minimal believed route 
travel time. Therefore, at a certain a -cut level. for each O-D pair rs, if the flow 
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over route p departing during interval k is positive, i.e., h;(k) > 0, then the 

corresponding believed route travel time is minimal. However, if no flow occurs 
on route p, i.e., h;S(k) == 0, then the corresponding believed route travel time is at 

least as great as the minimal believed route travel time. These fuzzy traffic 
equilibrium conditions can be mathematically expressed as follows: 

Zrs"(k~== ~:(k) if h;·(k) > 0 
c - ( .( ) Vr,s,p,k, a p,a ?ii: k) ifh;s k ==0 

(1.16 ) 

where 

(1.17) 
a t 

The reader is referred to Chapter 13 for additional details. 

1.6 Scope and Organization of the Book 

This book is intended to provide a fresh look at dynamic transportation network 
models, or more precisely, a series of travel choice models classified according to 
different types of traffic information provided. All of the dynamic travel choice 
models are discrete, predictive, link-based (except for the stochastic/dynamic user
optimal route choice model) and formulated by the variational inequality (VI) 
approach. For convenience, we stratify the dynamic travel choice models in terms 
of the types of travel decisions, as follows. 

1. Trip generation type: dynamic user-optimal (DUO) variable demand/route 
choice, DUO variable demand/departure time/route choice. 

2. O-D choice type: DUO O-D choice/route choice, DUO O-D 
choice/departure time/route choice. 

3. Mode choice type: DUO mode choice/route choice, DUO mode 
choice/departure time/route choice. 

4. Route choice type: DUO route choice, DUO departure time/route choice. 
5. Dynamic system optimal choices: dynamic system-optimal route choice, 

dynamic network signal control system, dynamic traffic-responsive signal 
control system. 

6. Stochastic/dynamic user-optimal dynamic route choice. 
7. Fuzzy/dynamic user-optimal dynamic route choice. 

The first five types of models are deterministic in nature, while the last two types 
allow for imperfect traffic information. The presentation of the DUO travel choice 
models in this book is organized and classified by type of travel choice in Figure 
1.1, and by hierarchical structure in Figure 1.2. Note that a similar taxonomy, 
though not depicted, can be adopted to structure the families of system-optimal 
(Chapter 10), stochastic (Chapter 12), and fuzzy (Chapter 13) travel choice 
models. 
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Before studying the above dynamic travel choice models, an introduction 
to the variational inequality problems (VIP) is provided in Chapter 2. This 
background knowledge covers the basic formulation, qualitative analysis and 
relevant solution algorithms for the VIP. The relationships between the VIP and 
some related mathematical problems, such as optimization problems, nonlinear 
complementarity problems, systems of equations, and fixed point problems, are 
also discussed. 

In Chapter 3, the network constraints for the dynamic route choice models 
are described. This set of constraints typically consists of flow conservation, flow 
propagation, nonnegativity and definitional constraints. Additional constraints for 
the first-in-first-out requirement and link capacity restraint, though not actually 
considered, are also described. Moreover, the properties of nonlinearity and 
nonconvexity pertaining to the typical network constraints are discussed. In 
addition, the dynamic link travel time functions are analyzed (including the 
relationships among inflow, exit flow and number of vehicles). 

In Chapter 4, the DUO route choice problem, which concerns how the 
travelers choose the shortest route, given the dynamic time-dependent O-D 
matrix, is initially introduced. After presenting a VI formulation, the equivalence 
between the VIP and the dynamic user-optimal conditions is verified. A special 
case of the DUO route choice is also derived by mathematically setting the actual 
travel times equal to zero; the result approximates the static user-optimal 
conditions. Furthermore, multiple solutions associated with the DUO route choice 
problem are demonstrated. 

In Chapter 5, two types of link interactions inherent to dynamic travel 
choice models are firstly identified, i.e., the actual link travel times and the link 
inflows for each physical link other than that on the subject time-space link. To 
relax these two types of link interactions, a nested diagonalization algorithm is 
formally presented. The validity of the proposed algorithm is demonstrated by a 
numerical example. 

In Chapter 6, the DUO departure time/route choice problem is studied. In 
this model, the departure time for travelers is allowed to change depending on the 
degree of network congestion. The flexibility of departure time choice is not 
available in the static travel route choice problem and is a new dimension for 
dynamic travel choice models. The total analysis period can be thOUght of as a 
time window to which the departure time of travelers is constrained. In general, 
the longer the total analysis period, the shorter the actual route travel time that 
would be experienced by travelers. This assertion is justified by a numerical 
example. 

In Chapter 7, we present the DUO variable demand/route choice problem. 
In contrast with the DUO route choice problem, the DUO variable demand/route 
choice problem allows the time-dependent O-D demands to change. By 
appropriate network representations, both the DUO variable demand/route choice 
problem and the DUO variable demand/departure time/route choice problem can 
be transformed into the DUO route choice problem and the DUO departure 
time/route choice problem, respectively, and solved using the nested 
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diagonalization solution algorithms presented in Chapter 5. 

In Chapter 8, the mode choice dimension is introduced and added to the 
DUO models presented in Chapters 4 and 6. The resulting DUO travel choice 
models are named the DUO mode choice/route choice model and the mode 
choice/departure time/route choice model. To demonstrate the models, only binary 
mode choice, i.e., auto and bus, is considered and a logit type formula is 
accommodated for mode choice decision. 

In Chapter 9, the DUO 0-0 choice models are presented. An emphasis is 
placed on the singly-constrained models, in which the number of trips either 
generated at origins or attracted to destinations is fixed. For the extension of these 
singly-constrained models to doubly-constrained models, the dynamic user-optimal 
equilibrium conditions may not be easily obtained since the number of trips both 
produced at origins and attracted to destinations may be difficult to determine 
when both the departure time and arrival time are fixed. 

In Chapter 10, the dynamic system-optimal (DSO) route choice problem is 
treated. Except for the route choice criterion using minimal marginal travel time 
route, the DSO route choice model is exactly the same as the DUO route choice 
model. Braess's paradox and toll policies are also discussed in this chapter. 

The inclusion of traffic control policies into the dynamic route choice 
model is introduced in Chapter 11. A conceptual network signal control system is 
first described without numerical examples provided because the whole model is 
complicated, time constraints prevented the coding tasks to test numerical 
examples in this presentation. In reality, an alternative traffic-responsive signal 
control system is applicable. The traffic-responsive signal control system can be 
formulated as a two-player game. For the first player, a signal optimization 
problem is formulated while for the second player, the DUO route choice problem 
is specified. This two-player game can be solved by the iterative optimization and 
assignment (lOA) approach in which the Frank-Wolfe method for the first player 
and the nested diagonalization method for the second player are accommodated 
sequentially until a prespecified convergence criterion is satisfied. 

In Chapter 12, the stochastic DUO route choice problem is considered. 
While perfect traffic information is assumed for the deterministic DUO models, the 
stochastic DUO route choice model hypothesizes that the error term of an actual 
route travel time is randomly distributed. If the Gumbel distribution is 
hypothesized, a logit type model results for route choice behavior. A heuristic 
procedure, called the ~toch~stic Qyn~mic method (SAD A), is developed for 
solutions. 

In Chapter 13, the fuzzy DUO route choice problem is explored. In 
contrast with the stochastic DUO travel choice model, for each link, the fuzzy 
DUO route choice model adopts a subjective possibilistic distribution for a range 
of actual link travel times, which corresponds to a certain amount of link flows. 
Under a fuzzy mapping of link flows onto link travel times, the fuzzy DUO route 
choice problem can be formulated by a fuzzy variational inequality (FYI), which is 
difficult to solve directly. However, by varying the levels of a -cut for actual link 
travel times, the fuzzy DUO route choice problem can be decomposed into a set 
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of interval-valued variational inequality problems, in which a representative 
believed link travel time can be estimated and employed to solve the fuzzy DUO 
route choice problem. A numerical example is provided for demonstration. 

Finally, possible applications of dynamic travel choice models are described 
in Chapter 14. In addition, some important research topics that should be explored 
in the near future such as link. capacity constraint, route-based solution algorithm, 
and dynamic 0-0 estimation, are also discussed in hopes of stimulating further 
development in this enriched area of technology. 

1.7 Notes 

Dynamic transportation network models are superior to their static counterparts in 
predicting more accurate traffic information for travelers and operators; however, 
the development of dynamic transportation network models has unfortunately 
proceeded rather slowly in the past decade, and their increased complexity has 
hindered many researchers from entering this important field. Furthermore, some 
important issues are either unsolved or controversial, and therefore more research 
is needed for elaboration. In the meantime, we have tentatively classified all 
relevant issues into three categories: 1) conceptual issues; 2) formulation issues; 3) 
computational issues. 

The conceptual issues raise four questions: (1) Which of the analytical
based models and the simulation-based models work best for ITS applications? 
Or, can they be combined together for ITS development? (2) Is the VI approach 
the best method for formulating analytical transportation network models? (3) Is 
temporal discretization necessary for the DUO route choice models? Or, to what 
extent can the time interval length be determined? (4) What advantages does the 
actual traffic information have over reactive traffic information for analytical 
network modeling? Or, more specifically, can reactive dynamic transportation 
network models be modeled appropriately to consider the flow propagation 
requirement? 

Formulation issues concern the model's representation. Questions of 
concern include the following. (1) Can vehicles arrive earlier at the destination by 
leaving later from the origin? (2) Should the link capacity restraint be strictly 
imposed? (3) How can traffic spillover be considered in the model formulation? 
(4) Of variable-type and function-type approaches, which is more appropriate in 
representing the exit flow? (5) Is traffic deformation phenomenon allowed for flow 
propagation along a route? (6) How many link. variables are required for the 
dynamic travel time function? 

Computational issues include: (1) Which algorithm performs best in terms 
of computational efficiency in solving the DUO route choice model? (2) Which 
algorithm has a better chance of finding the global optimal solution? (3) How does 
the number of time intervals for the analysis period affect the computational time? 
(4) Is there any limitation on network size? (5) How should one calculate the 
actual route travel time in terms of actual link travel times? By performing the 
round-off operation for each actual link travel time before summing these times, or 
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by accumulating the actual link travel times before performing the round-off 
operation for the actual route travel time? (6) How should one update actual link 
travel times from one iteration to the next? Will the cyclic (or oscillation) 
phenomenon occur between two ( or more) sets of actual link travel times? (7) 
What kind of convergence criteria should be implemented? 

Note that the issues in the different categories may be closely related to 
each other; for example, item (3) in the first category, item (1) in the second 
category and items (3), (4) and (6) in the third category all concern the trade-off 
between improving the real world representation and reducing the computational 
time requirement. Therefore, caution must be exercised if issues are studied 
independently. Most of above mentioned issues are discussed when appropriate in 
later chapters while the remaining issues still require more research before definite 
conclusions can be drawn. 

In many circumstances, combined travel choice models can be transformed 
into an equivalent route choice problem by an appropriate network representation, 
termed a supemetwork. As a consequence, for those combined travel choice 
models only one model formulation and one solution algorithm will be needed if 
computational efficiency is not a primary concern. 



Chapter 2 

Mathematical Background 

The dynamic travel choice problems introduced in this book are exclusively fonnulated with 
the variational inequality approach. Variational inequalities were originally developed as 
tools for the study of certain classes of partial differential equations, such as those that arise 
in mechanics, defined over infinite-d.imensional spaces. In contrast, this book focuses on 
finite-d.imensi.onal variational inequality problems that are better suited for the analysis of 
dynamic travel choice models. To familiarize the reader with the basic background of this 
topic, we present the mathematical theory necessary for modeling and solving both static 
and dynamic travel choice problems. 

In Section 2.1, the variational inequality problem (VIP) and some related 
mathematical problems, are introduced. In Section 2.2, the existence and uniqueness 
properties of the VIP are analyzed. Solution algorithms are presented in Section 2.3 
Finally, some additional notes are provided in Section 2.4. 

2.1 Variational Inequality Problem and Some Related 
Mathematical Problems 

2.1.1 Variational Inequality Problem 

Variational inequalities have been demonstrated to be quite useful and have been 
extensively employed in modeling various static and dynamic problems. The principal 
advantages of the VIP are fourfold: 

1. The VIP is a general problem fonnulation that encompasses a plethora of 
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mathematical problems, including optimization problems, complementarity 
problems, systems of equations and fixed point problems. 

2. The VIP is especially useful for its relation to an equivalent optimization 
formulation; an immediate benefit with the equivalent optimization 
formulation is that many solution algorithms are available. 

3. The uniqueness prooffor the VIP is simple. 
4. The geometric interpretation for the VIP is meaningful. 

A detailed definition of VIP is now presented. 

Dejinition 2.1 The static finite-dimensional VIP is to find a decision vector u* E n ~ R n 

such that 

(2.1 ) 

where u is a vector of decision variables u = (uj , uz,···, Ua, ... , Un), C is a vector of given 

continuous functions from n to Rn, c = (c j (u), Cz (u),···, ca( u),···, cn( u)), and n is 

a nonempty, closed and convex set. 

Variational inequalities can be naturally extended to dynamic problems by associating all 
time intervals with decision matrix u and matrix of given continuous functions c : 

u = [u 1 ,u2 , •• , Ua ,···, U A r = [u(I), u(2), .. , U(t),. .. , u(T)] 

= 

Uj (1) U j (2) U J (t) UJ (T) 
u2 (1) u2 (2) u2 (t) Uz(T) 

CJ (u(l}) CJ (u(1},u(2)) 
cz(u(l)) cz(u(1),u(2)) 

uA(T) 

CJ (u(1),u(2),. .. ,u(t)) 
Cz (u(l), u(2), ... , u(t)) 

Ca (u(l), u(2), ... , u(t)) 

C A ( u( 1), u( 2), ... , u(t)) 

(2.2 ) 

(2.3 ) 

where A denotes the maximal numbered link in the network and Tis the maximal numbered 
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time interval in the analysis period. Note that dynamic link travel time function on link a 

during interval t, ca ( u(I), u(2),. .. , u(t)) , includes only the previously entered Hows as its 
arguments because those following Hows, u(t + 1), u(t + 2),. .. , u( T), don't have any 

affect on its value. For simplicity, we hereafter use symbol ca(t) to denote 

ca ( u(I), u(2),.··, u(t)) . 

INJinition 2.2 The dynamic finite-dimensional VIP is to find a decision matrix 
u* E n ~ RAxT such that 

(2.4 ) 

where u is a matrix of decision variables, c is a matrix of given continuous functions from 
.n to R AxT , and .n is a nonempty, closed and convex set. 

The VIP may be interpreted as the problem of finding a point u * E n at which the 
vector field c *T is an inward nonna! (or orthogonal) to the feasIble set n. This problem is 

also known as the generalized equation and statiomry point problem (patriksson, 1994). 
The variational inequality formulation is particularly convenient because it allows for a 
unified treatment of equilibrium problems and optimization problems. Therefore, to 
reformulate a set of equilibrium conditions as an equivalent optimization problem, the 
easiest procedure would be to go through two successive steps, i.e., transforming the 
equihbrium conditions into the VIP, and then further converting the VIP into the equivalent 
optimization problem. 

We next disruss some mathematical problems that are closely related to the VIP. 
These problems include optimization problems, systems of equations, complementarity 
problems, and fixed point problems. Static cases are mainly considered; however, the 
ana1ysis can be readily extended to their dynamic counterparts. 

2.1.2 Optimization Problems 

The optimization problem is in general characterized by a single objective function that is to 
be minimized or maximized, subject to a set of constraints. The optimization problem may 
be expressed as follows: 

min z{ u) (2.5 ) 
ueO 

where z( u) is the specific objective represented as a function of decision variables 

u = (u1 , u2 , ••• , Un) and n defines the feasIble set. 

When the feasIble set is not bounded, the optimization problem becomes 
unconstrained. In some circumstances, the decision maker may have more than one 
objective to be optimized, which results in the so-called multiple objective decision making 
(MODM) problem. The solution for the MODM problem is difficuh to attain, especially 



22 Chapter 2 Mathematical Background 

when the problem is nonlinear. However, with known preferential infonnation associated 
with each objective, the MODM problem can still be transformed into a single objective 
optimization problem. The MODM formulation is appropriate in representing human 
decision behavior and has great potential to be adopted by the fuzzy/dynamic user-optima1 
route choice problem. 

The optimization problem has long been tackled by operations research 
professionals. Several solution algoritluns are well developed for solving various types of 
optimization problems. ill comparison with the optimization problem, the VIP is weak in 
solution algoritluns, but strong in qua1itative analysis. If we can delineate the domain on 
which the optimization problem and the VIP overlaps, then the advantages pertaining to 
both classes of mathematical problems can be fully utilized. The following two theorems 
describe the relationship between the single objective optimization problem and the VIP. 

Theorem 2.1 (Optimality condition) Let z : n H RI be continuously differentiable on a 

nonempty, closed and convex set n s; R". If u* En is an optimal solution to the 

optimization problem (2.5), then u * is a solution to VIP (2.1), with c( u) == V z( u ). The 

converse holds whenever z( u) is pseudoconvex. 

Proof of Necessity: We first prove that if u* En is an optimal solution to the optimization 
problem (2.5), then u * is a solution to VIP (2.1), with c( u) == V z( u). Since u * is a 

solution to the optimization problem (2.5), the objective value at the neighborhood Cf of 
the optimal solution must therefore be greater than or equal to that at the optimal solution. 

z( u * +Cf( U - u *)) - z( u *) 
---'----'----~-.-:...-....:... ;::: 0 \i u, u* E n (2.6 ) 

Suppose Cf approaches zero, then the gradient in the direction of (u - u *) must be 

nonnegative 

(2.7 ) 

Proof of Sufficiency: Next, we prove that the converse holds whenever z( u) is 

pseudoconvex. Since z( u) is pseudoconvex, then by definition, we have 

VzT(u *)(u-u *);:::0 =:>z{u);:::z{u*) \iu,U*En (2.8) 

ill other words, u * is a minimum ofmathematica1 program (2.5). The proof is complete. 

The results of the above theorem imply that whenever c( u) is the gradient of a 

real-valued function z( u), a solution to (2.1) may be found through the solution of the 

optimization problem (2.5). Note that if the feasible set n = R" , then the unconstrained 

optimization problem is also the VIP. 
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Theorem 2.2 (Sufficient condition for c( u) to be a gradient) Let c . n H R" be 

continuously difIerentiable on an open convex set no c n ~ R" . Then c( u) is a gradient 

mapping on no ifand only if Vc is symmetric for all u E no' 

Proof See Ortega et al (1970), Theorem 4.1.6. 

Under this symmetry condition, the line integral 

de[ I.u z(u) = 0 c(wf dw (2.9) 

is path independent according to Green's theorem, and c( u) is integrable. The VIP 

problem (2.1) can hence be placed as an equivalent optimization program with an objective 
of the fonn equation (2.9). When both the symmetry condition and the positive semidefinite 
(p.s.d) condition hold, the VIP can be refonnulated as a convex optimization problem. 

The p.s.d. condition along with the positive definite condition (p.d) and strongly 
positive definite condition (s.p.d) are defined as follows: 

Dejinition 2.3 An n x n matrix M( u), whose elements mij (u); i = 1,"" n; j = 1,"', n 

are functions defined on the set ncR" , is said to be p.s.d on n if 

xT M(u)x ~ 0 Vx ER", u En 

It is said to be p.d on n if 

xTM(u)x>O Vx;t:O,xER",UEn 

It is said to be s.p.d on n if 
xT M(u)x ~ allxll for some a > 0, Vx E R", U En 

It should be noted that refonnulating the VIP as a convex optimization problem is 
poSSIble only when the symmetry condition and the p.s.d condition hold true for the given 
function c( u). Unfortunately, the travel time function for dynamic travel choice models is 

usually asymmetric in nature, because the link travel time can be affected by the previously 
entered flow, while the converse is not true. Therefore, the equivalent optimization problem 
cannot be obtained. However, by temporarily fixing actual link travel times and flow 
interactions in different time units at current level, the original dynamic travel choice models 
can be reduced into an optimization subproblem which can be easily solved by prevailing 
solution algorithms. The Frank-Wolfe method is most commonly used in solving the 
quadratic subproblem of any travel choice model (see Section 2.3.5). In the following 
sections, symbol c may represent any vector, not necessarily the travel time function. 
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2.1.3 Complementarity Problems (CP) 

Definition 2.4 Let c : R: H W be continuous. The complementarity problem is to find an 

u* ERn such that 

C(U *)T U* = 0 (2.10) 

C(U *f ~ 0 (2.11 ) 

U*~ 0 (2.12 ) 

Complementarity problems are defined on the nonnegative orthant and consists of a system 
of equations and inequalities. Whenever, the mapping c is affine, that is, whenever 
c( u) = Mu + b, where M is an n x n matrix and b an n x 1 vector, program 

(2.10)-(2.12) is then known as the linear complementarity problem; otherwise, the 
nonlinear complementarity problem results. 

Theorem 2.3 VIP (2.1) defined on n = R: and the complementarity problem (2.10-2.12) 

have precisely the same solution, if any. 

Proof We first prove that complementarity problem (2.10-2.12) is equivalent to a 
variational inequality defined on n. = R: . By inequalities (2.11) and (2.12) 

c(u*fu~O VUEn=R: 
Subtracting equation (2.10) from equation (2.13), we obtain 

c(u*f(u-u*)~O VU,u*En.=R: 

(2.13 ) 

(2.14 ) 

Conversely, if U * is a solution to VIP (2.1) defined on n. = R: , then it must also 
solve the complementary problem. Denote e j as an n-dimensional vector with 1 in the i-th 
location and 0 elsewhere, i.e., 

e j = [0 ... 0 1 0 ... Or 
Substituting U = U * +e j into VIP (2.1), we have c j (u *) ~ O. We can choose any ej 

with 1 at any i-th location so that each component c j ( U *) is nonnegative. Thus, 

c(u *) ~ O. 

Now, substituting U = 2u * into VIP (2.1), we obtain 

c(u *f u* ~ 0 

Then, substituting u = 0 into VIP (2.1), we obtain 

C(U*)T(-U*)~O 

(2.15) 

(2.16 ) 

Inequalities (2.15) and (2.16) together imply that equation (2.10). This completes the proof. 
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2.1.4 Systems of Equations 

Definition 2.5 Let c: n H Rn on n = Rn. The system of equation is to find an 
u* En such that 

c(u*}=O (2.17) 

Theorem 2. 4 A vector u * E n solves VIP (2.1), if and only if c( u *) = 0 . 

Proof: If c( u *) = 0 , then VIP (2.1) holds with equality. Conversely, if u * satisfies VIP 

(2.1), let u = u * -c( u *), which implies that 

c(u *r (- c(u *)) ~ 0, or -iic(u*)W ~ ° (2.18) 

and, therefore, c( u *) = 0 . 

2.1.5 Fixed Point Problems 

Definition 2.6 Let c: n H Rn be continuous. The fixed point problem is to find an 
u* En such that 

c(u *) = u * (2.19) 

In the field of traffic equilibrium, fixed point problems have mostly been applied as 
instruments for establishing the existence of solutions to variational inequality or 
complementarity models. The general proof is based on the definition of an appropriate 
continuous mapping which transforms the original model into an equivalent fixed point 
problem, for which existence is then established by imposing strong enough properties onto 
the original problem data. There are several classical existence resuhs for fixed point 
problems. 

Theorem 2.5 (Existence of a fixed point, Brouwer's fixed point theorem) Let n be 
bounded, and c be a mapping from n to n, with c continuous. Then there exists a 
solution to the fixed point problem 

Theorem 2. 6 (Existence of a unique fixed point) Let c be contractive on n. Then there 

exists a unique solution to the fixed point problem. Furthermore, the sequence {Uk}, 
defined by UO EO, 

Uk+l = c(uk ) k = 01 ..... . " , 

converges to the unique fixed point. 
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To prove the equivalence between the fixed point problem and the VIP, we first 
state without proofs the following lemma and theorem (Nagumey, 1993). 

Lemma 2.1 Let 0 be a closed convex set in R" . Then for each x E R" , there is a unique 

point U EO, such that 

Ilx-ull~llx-YII 'liYEO (2.20) 

and u is known as the orthogonal projection of x on the set n with respect to the 
Euclidean nonn, that is, 

u = Pox = argminllx - yll (2.21) 
YEO 

Theorem 2. 7 Let 0 be a closed convex set in R" . Then u = Pox if and only if 

uT (Y - u) ~ X T (y - u) 'liy EO (2.22 ) 

or 

(2.23 ) 

The relationship between the VIP and a fixed point problem can be made through 
the use of a projection operator. 

Theorem 2. 8 A vector u * E 0 is a solution of VIP (2.1), if and only if for any p > 0 , 

u * is a fixed point of the map 

Po(I- rc): 0 H n, 
that is, 

u* = po{u *-,oc(u *») (2.24 ) 

Proof Suppose that u * is a solution of the VIP, i.e., 

c(u*t(u-u*)~O 'liu EO 

By multiplying the above inequality by - p < 0, and adding u *T (u - u *) to both sides 

of the resulting inequality, one obtains 

U*T (u-u*)~[u*-,oc(u*)r(u-u*) 'liu EO (2.25) 

From Theorem (2.7), one can conclude that u * is the orthogonal projection of 
u * -,oc( u*) on the set 0 with respect to the Euclidean nonn, that is 

u * = Po ( u * -,oc( u *») 
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Conversely, if u* = po{ u * -pc( u *)), for p> 0, then 

u *T (u - U *) ~ [u *-pc(u *)f (u - u *) 'liu EO 

and, therefore, 

c(u*r(u-u*)~O 'liu EO 

In other words, the solution u * of VIP (2.1) is the orthogonal projection on 0 of the 
vector u * - pc( u *) for any p > 0 . This completes the proof 

2.2 Existence and Uniqueness 

Qualitative properties of existence and uniqueness are easily obtained under certain 
monotonic conditions. To help the reader understand the meanings, we present the 
following definitions and theorems. 

Definition 2 7 A vector of functions c( u) is monotone on 0 if 

[c(u L)-c(U2W(U I -U2)~0 'liu l ,u 2 EO 

where u I and u2 are any points on O. 

Definition 28 A vector of functions c( u) is strictly monotone on 0 if 

[c(u l )-c(U 2 )r(U I -u 2»0 'v'U I ,U 2 EO, ul :;cu 2 

(2.26 ) 

(2.27) 

Definition 29 A vector of functions c( u) is strongly monotone on 0 if for some a > 0 

(2.28 ) 

Definition 210 A vector of functions c( u) is Lipschitz continuous on 0 if there exists an 
L >0 such that 

(2.29 ) 

Monotonicity is closely related to positive definiteness. 

Theorem 29 Suppose that c( u) is continuously differentiable on 0 and the Jacobian 

matrix 
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a l a l a l 

atl ~2 ~n 
a 2 a 2 a 2 

VC(U) = ~I ~2 ~n (2.30 ) 

an an an 
atl ~2 ~n 

is p.s.d (or p.d), then c(u) is monotone (or strictly monotone). 

Theorem 2.10 Assume that c is continuously differentiable at some u. Then c(u) IS 

locally strictly (or strongly) monotone at u if Vc(u) is positive definite (or strongly 

positive definite); that is, 

xTc(u)x>O xERn,x:;t:O (2.31 ) 

xTc(u)x~allxI12 forsomea>O, VXERn (2.32 ) 

where x is an arbitrary vector with components of real values 

Theorem 2.11 Assume that c( u) is continuously differentiable on n and that V c( u) is 

strongly positive definite, then c( u) is strongly monotone. 

Conditions under which the set of solutions to the variational inequality problem is 
guaranteed to be nonempty are given below 

Theorem 2.12 (Existence of solutions to the VIP) If n is a compact convex set and c( u) 

is continuous on n, then the VIP admits at least one solution u * . 

Proof Under the condition that n is a closed convex set, the VIP is equivalent to the 
fixed point problem. With the additional property that n is also bounded, the fixed point 
problem has at least one solution according to Brouwer's fixed point theorem. 

The uniqueness of the solution to the VIP is easily verified. 

Theorem 213 (Uniqueness of solutions to the VIP) The solution set of the VIP, if 
nonempty, is a singleton if c is strictly monotone on n . 

Proof We prove by showing that if there are two optimal solutions u l ' u2, then c is not 
strictly monotone on n. Since both u l ' u 2 are optimal to the VIP, the following must 
hold. 
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c( ul )( U - U I ) ~ 0 \iu EO 

C(U2)(U-U2)~O \iu EO 

29 

(233 ) 

(234) 

We substitute U in inequality (2.33) by u 2 ' and inequality (2.34) by u1 ' the following two 

VIPs result: 

c( u\)( u2 - ul ) ~ 0 \iu l , U2 EO (2.35 ) 

c( U2 )( UI - U2 ) ~ 0 \iu l 'U2 En (2.36 ) 

Adding inequality (2.36) to inequality (2.35) yields 

[c(u l )-c(U2 )][U 2 -UI]~O \iu p u2 EO (2.37 ) 

It is clear that inequality (2.37) violates the asswnption that c is strictly monotone on 0, 
therefore, there is only one solution for the VIP. Note also that the separability property is 
not needed in the proof 

If c( u) is strongly monotone, then there exists precisely one solution u * to the 

VIP. The proof of existence follows from the fuct that strong monotonicity implies 
coercivity, whereas uniqueness follows from the fuct that strong monotonicity implies 
strictly monotonicity. In conclusion, in the case of an unbounded feasIble set 0, strong 
monotonicity of the function c guarantees both existence and uniqueness. If n is compact, 
then existence is guaranteed if c is continuous, and only the strict monotonicity condition is 
needed for uniqueness to be guaranteed. 

2.3 Solution Algorithms 

2.3.1 The General Iterative Scheme 

In this section, a general iterative scheme for the solution of VIP (2.1) is presented. The 
iterative scheme induces, in special cases, such well-known algorithms as the projection 
method, linearization algorithms, and the relaxation (or diagonalization) method, and also 
induces new algorithms. 

In particular, we seek to determine u * E 0 t;;;;; Rn, such that 

c(u*y(u-u*)~O \iu EO (2.1) 

where c is a given continuous function from 0 to R" and n is a given closed, convex set. 
o is also asswned to be compact and c( u) continuously differentiable. 

Assume that there exists a smooth function 

F(U,UI>l-I): 0 x n H Rn 

with the following properties: 

(2.38 ) 
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(i) F(u,u} = c(u} 'iu En, 
(ii) for evety fixed U,u m- I En, the nxn matrix VuF(u,u m- l ) is symmetric 

and positive definite. 

Any function F( u, U m-I) with the above properties generates the following. 

The General Iterative Algorithm 

Step 0: InitiaIization 

Start with an u 0 En. Set m = 1 . 

Step 1: Construction and Computation 

Compute um by solving the variational inequality subproblem: 

F(um,um-I)(u-um)~o 'iu En (2.39 ) 

Step 2: Convergence Verification 

If I u m - U m-I I:;:; b' , for some b' > 0 , a prespecified tolerance, then stop; otherwise, 

set m = m + 1 and go to Step 1. 

Since V uF( u, u m- I ) is assumed to be symmetric and positive definite, the line integral 

fF(u,um-l)dx defines a function z(u,um-I ): nxnHR such that, for fixed 

u ",-I En, z(., U m-I) is strictly convex and 

F( u, p} = V uz( u, p} (2.40) 

Hence, VIP (2.1) is equivalent to the strictly convex mathematical programming problem 

. z( m-I) mm u,u 
u~Q 

(2.41 ) 

for which a unique solution um exists. The solution to expression (2.41) can be computed 
using any appropriate mathematical programming algorithm. If there is, however, a special
purpose algorithm that takes advantage of the problem's structure, then such an algorithm is 
usually preferable from an efficiency point of view. Of course, inequality (2.39) should be 
constructed in such a manner so that, at each iteration m, this subproblem is easy to solve. 

Note that if the sequence {u In} is convergent, i.e., u In ~ U * , as m ~ 00 , then because 

of the continuity of F( u, U m-I) , inequality (2.39) yields 

c(u*r(u-u*}=F(u*,u*)(u-u*)~O 'iu En (2.42) 

and, consequently, u * is a solution to VIP (2.1). A condition on F( u, U m-I ), which 

guarantees that the sequence {u In} is convergent is found in Nagurney (1993). 
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2.3.2 The Diagonalization Method 

The diagonalization (sometimes also called relaxation) method resolves VIP (2.1) into a 
sequence of subproblems (2.39) which are, in general, nonlinear programming problems. In 
the framework of the general iterative scheme, the diagonalization method corresponds to 
the choice: 

The diagonalization method is stated as follows: 

The DiagolUllizlItion Method 

Step 0: Initialization 

Find a set of feasible decision variables u m . Set m = o. 

Step 1: Diagonalization 

Solve the mathematical programming subproblem: 

min z(u, U m-I) 
UECl 

obtaining solution u m . 

Step 2: Convergence Test 

i = 1,.··,n (2.43 ) 

(2.41) 

If I u m - U m-II::;; e , for some e > 0, a prespecified tolerance, then stop; otherwise, 

set m:= m + 1 and go to Step 1. 

The assumptions under which the diagonalization method converges are given in Nagumey 
(1993). 

2.3.3 The Projection Method 

The projection method resolves VIP (2.1) into a sequence of subproblem (2.39) (c.f also 
(2.41», which is equivalent to a quadratic programming problem. Quadratic programming 
problems are usually easier to solve than more highly nonlinear optimization problems, and 
effective algorithms have been developed for such problems. In the framework of the 
general iterative scheme, the projection method corresponds to the choice: 

F( m-I) _ ( m-I) 1 G( m-I) u, U - C U + - u - u 
p 

p>O (2.44 ) 

where G is a fixed symmetric positive definite matrix. At each step m of the projection 
method, the subproblem that must be solved is given by: 

(2.45 ) 
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In particular, ifG is selected to be a diagonal matrix, then expression (2.44) is a separable 
quadratic programming problem. Convergence conditions for the projection method are 
given in Nagumey (1993). 

2.3.4 The Modified Projection Method 

Note that a necessary condition for convergence of the general iterative scheme is that 
c( u) is strictly monotone. In the case that such a condition is not met by the application 

under consideration, a modified projection method may still be appropriate. This algoritlun 
requires, instead, only monotonicity of c, but with the Lipschitz continuity condition holding 
with constant L. The G matrix (cf projection method) is now the identity matrix l The 
algoritlun is now stated. 

The modified projection metlwd 

Step 0: InitiaIization 

Start with an UO En. Set m=1 and select p, such that 0 < p < ~, where L is 
L 

the Lipschitz constant for function c in the VIP. 

Step 1: Construction and Computation 

Compute lim-I by solving the variational inequality subproblem: 

[linl-I + (pc( U"...I) - um-I)f (u' - lim-I) ~ 0 \iu' En (2.46) 

Step 2: Adaptation 

Compute u m by solving the variational inequality subproblem: 

[u m + (pc(lim-I) - um-I)f (u' - um) ~ 0 \iu' En (2.47) 

Step 3: Convergence Verification 

If I u m - U m-II ~ & , for & > 0, a prespecified tolerance, then stop; otherwise, set 

m=m+ 1 and go to Step 1. 

The algoritlun converges to a solution of VIP (2.1). 

2.3.5 The Frank-Wolfe Method 

The Frank-Wolfe (FW) algorithm was originally suggested by Frank and Wolfe (1956) as a 
procedure for solving quadratic programming problems with linear constraints. It is also 
known as the convex combination algoritlun. This method is extensively used in 
determining equi1ibrium flows in static transportation network problems. In this book, it is 
extended to solve the dynamic transportation network equilibrium subproblems. 
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We consider a convex minimization program with linear constraints: 

min z(u) 
u 
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(2.48 ) 

(2.49) 

where aij and bj are constant coefficients (i = 1, .. ·,1; j = 1,···, J). The algorithm is 

basically a feasible descent direction method. At iteration (n+l), it generates a point 
U"+1 = (U;+I,. .. ,U;+I) from u" = (u1",···,u;) such that Z(Un+l)<Z(U"). Thus, the 

essence of this algorithm is the calculation of U"+1 from un. The algorithmic step can be 
written in a standard form as 

(2.50) 

where d" = (dt1, ••• , d;+l) is a descent direction vector and An is a nonnegative scalar 

known as the step size or move size. This equation means that at each point, u", a 
direction dn is identified along which the objective function is decreasing. Then the step 
size A" determines how far the next point u n+ 1 will be located along the direction d n . 

The FW method selects the feasible descent direction based not only on how steep 
each candidate direction is in the vicinity of un, but also according to how far it is possible 
to move along this direction. It chooses a direction based on the product of the rate of 
descent in the vicinity of un in a given direction and the length of the feasible region in that 
direction. This product is the drop, or the poSSIble reduction in the objective function value, 
which can be achieved by moving in this direction. Thus, the algorithm uses the direction 
that maximizes the drop. 

To find a descent direction, the algorithm checks the entire feasible region for an 

auxiliary feasible solution, pn = [p~ , ... , p;], such that the direction from unto pn 

provides the maximum drop. In seeking the feastble direction, the bounding of the move 
size does not require a separate step of the algorithm The bounding is accomplished as an 
integral part of choosing the descent direction The direction from unto any feasIble 

solution, p, is the vector (p - u") (or the unit vector (p - un )/11 p - u" II). The slope of 

z( u") in the direction of (p - u") is given by the projection of the opposite gradient 

[- V'ZT(U n )] in this direction, i.e., 

V' T( n) (p- un) 
- Z U IIp- u"11 

(2.51 ) 

The drop in the objective function in the direction of (p - Un) is obtained by multiplying 

this slope by the distance from u" to pO, IIp-u"ll,i.e., 

(2.52 ) 

This term has to be maximized (in p) subject to the feasibility ofp. Alternatively, the term 
can be multiplied by (-I) and minimized. It follows that: 
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(2.53 ) 

(2.54 ) 

where constraint set (2.54) is equivalent to the original constraint set (2.49) by replacing u 
with p. Thus, finding the descent direction amounts to solving a linear program, in which 

Pi is the decision variable. Note that V z T ( u" ) is constant at u", and the term 

V z T ( U " ) . ( un) can be discarded from the objective function. Thus, the linearized problem 

can be simplified as: 

&(u n
) 

minVzT(un)(p)= L--(P,) (2.55) 
i ati 

s.t. Equation (2.54) 

Th bo ° fun ° coeffi ° &(un) &(un) &(un) Th coeffi ° e 0 ~ectJ.ve etlon C1ents are -- , --, ...... , --. ese C1ents 
atl at2 &1 

are the derivatives of the original objective function at Un, which are known at iteration n. 
The decision variables of the optimization problem (2.53)-(2.54) are 

pn = (Pin, P;, 0 0 0, p;) and the descent direction is the vector pointing from un to p", i.e., 

d n = (p n - un), or in an expanded form, d; = (Pin - U;),'V" i. Once the descent 

direction is known, other algorithmic steps involve the determination of the move size and a 
convergence test. 

As in many other descent methods, the move size in the direction of d n equals the 

distance to the point along which dn minimizes z( u) . The FW method does not require a 

special step to bracket the search for an optimal move size in order to maintain feasibility, 
but the new solution, un+l , must lie between un and pn. Because pn is a solution of the 
linearized problem, it natura11y lies at the boundary of the feasible region. In other words, 
the search for a descent direction automatically generates a bound for a line search by 
accounting for all constraints when the descent direction is determined. Since the search 
interval is bracketed, the bisection or golden section method ~ be used to find the step 

size 2 by solving the minimization of z( u) along d n = (p n - un) . It follows that: 

min z[u" + 2(pn - un)] 
O~J.';I 

(2.56 ) 

Once the optimal solution of this line search, 2 n , is found, the next point can be 
generated using the following formula. 

n+! n + 1 n (n n) U =U /L P -U (2.57) 

Note that equation (2.57) can be written as: 

U n+1 = (1- X)u n + l"p" (2.58 ) 
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The new solution is thus a convex combination (or a weighted average) of u" and p" . An 

appropriate convergence criterion is to check the lower bound of the objective function at 
each iteration. By convexity, 

z(u *) ~ z«( un) + Vz( u")( u * _un) (2.59) 

Thus, the value of the linearized objective function yields a lower bound at z( un) , 

LB( un) ~ z( un) + Vz(unXp- un) 

An appropriate convergence criterion is: 

Vz( un)(p - u")/ LB( un) < e 

The numerator of equation (2.61) is sometimes called the gap. 

FW Algorithm 

Step 0: Initialization. 

Find a feasible solution u 0 • Set iteration counter fAl 

Step 1: Direction Finding. 

Fmd pn that solves the linear program of expressions (2.54) and (2.55). 

Step 2: Step Size Detennination. 

Find A" that solves 

minz[un +A(p" - un)] 
os,t,;! 

Step 3: Move. 

Set 

U"+1 = (1- An )u" + A"p" 

Step 4: Convergence Check. 

(2.60) 

(2.61 ) 

(2.62 ) 

(2.63 ) 

If V z( u " )( p - U") / LB( u" ) < 8 , stop. Otherwise, let 1Fn+ 1 and go to Step 1. 

The algorithm converges in a finite number of iterations. Since the FW algorithm 
involves a minimization of a linear program as part of the direction-finding step, it is useful 
only in cases in which this linear program can be solved relatively easily. When applied to 
route choice problems, an advantage of mild memory requirements for the FW algorithm 
can be exploited because the route information is not stored. Therefore, the FW algorithm 
can be efficiently applied to large-sized route choice problems. Since dynamic travel choice 
problems usuaJly involve a large number of variables, and hence are large-scale problems, 
the FW method is a good choice for solving their linearized subproblems in the direction 
finding step. 
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2.3.6 The Simplicial Decomposition Method 

The FW method discussed in Section 2.3.5 only requires link flows to be stored, and thus 
can be applied to large-scale transportation network problems without too much difficulty. 
However, the troublesome zigzagging behavior at the vicinity of the optimal solution makes 
its convergence speed rather slow; numerous approaches have been attempted for making 
improvements to the FW method. One intuitive fonnaIization is the simplicial 
decomposition method. 

The simplicial decomposition is a special case of column generation in which the 
column generating subproblem is the same as the direction-finding subproblem of the FW 
algorithm, and the original objective is used in the solution of the restricted master problem. 
The basic theory and algorithm of the simplicial decomposition method may be found in 
Patriksson (1994). Another potential application of the simplicial decomposition method 
might be in vehicle route guidance systems, since the route information is produced and 
stored during the solution procedure. 

2.4 Notes 

Variational inequalities were first introduced to formulate transportation equilibrium 
problems by Dafermos (1980). Smith (1979) was the first to state the equilibrium 
conditions as a set of inequalities involving link flows only. Since then, many researchers 
have been involved in this approach (Ran and Boyce, 1996; Nagurney, 1993; Friesz et al., 
1993; Fisk and Boyce, 1983). The advantage of variational inequalities is their capability in 
representing various real situations, such as interactions among link flows on link travel 
times, and in proving the uniqueness for the solution. Under such a framework, sensitivity 
analysis for different scenarios becomes poSSIble, and the advantage becomes more 
pronounced when applied to dynamic travel choice problems. 

The text by Kinderlehrer and Stampacchia (1980) provides an introduction to some 
variational inequality problems; a comprehensive summary of variational inequalities is 
provided by Nagurney (1993). Patriksson (1994) also disrussed variational inequalities both 
in theoretical and algorithmic aspects, along with other mathematical models for the static 
traffic assignment problem. Ran and Boyce (1996) presented a brief mathematical 
background, mostly variational inequalities and optimal control theory, for dynamic 
transportation network models. The materials covered in this chapter are based on those 
publications. 



Chapter 3 

Network Flow Constraints and Link 
Travel Time Function Analysis 

The network flow constraints construct the feastble region for dynamic travel choice 
models. Although the feastble region associated with each dynamic travel choice model 
may be different, the basic components of the network flow constraints are essentially the 
same. The complete requirements of dynamic travel choice models include the constraints 
offlow conservation, flow propagation, nonnegativity, definition, first-in-first-out (FIFO) 
and oversaturation. 

In this chapter, we elaborate in depth the flow propagation requirement in both the 
discrete and continuous senses, whereas the continuous model may be closely 
approximated by its discrete counterpart using smaller time intervals. As for the other 
categories of network flow constraints, except for the flow conservation constraint, they are 
the same for all predictive dynamic travel choice models. Properties of the dynamic travel 
time function, including the number of independent decision variables, and asymmetric link: 
interactions, are also discussed. 

3.1 Flow Conservation Constraints 

A traffic flow pattem which ensures flow conservation is required for a dynamic 
transportation network when considering flow propagation. For the sake of convenience, 
we discuss these flow conservation requirements with respect to four types of travel 
decisions, which are analogous to the four steps of traditional transportation planning. 
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3.1.1 Route Choice Type 

For the DUO route choice mode~ each O-D pair must conserve the fixed time-dependent 

O-D demand lj" (k) in tenns of route flow as follows: 

(3.1 ) 
p 

Equation (3.1) states that for each O-D pair rs, summing up the flow departing during 
interval k over all routes must equal the departure flow during interval k. 

For the DUO departure time/route choice model with the variable time-dependent 
O-D demand q" ( k) instead of q" ( k ) , one more flow conservation constraint is needed. 

Lh;(k) = qrs(k) Vr,s,k (3.2 ) 
p 

(3.3 ) 
k 

Equation (3.2) conserves time-dependent O-D demand with respect to corresponding route 
flows, while equation (3.3) expresses the fixed time-independent O-D demand q" in terms 

oftime-dependent O-D variable demands q" (k) . Hence, the time-dependent O-D demand 

qrs ( k) is allowed to vary, but the sum over k is fixed and equal to the time-independent 0-

Ddemands qrs. 

3.1.2 Trip Generation (Variable Demand) Type 

In a general sense, the trip generation procedure concerns how trips attributed to origins are 
produced. The number of trips is usually related to the intensities and types of land use 
activities. For the sake of simplicity, we restrict our problem domain to a special case where 
trip generation relates to each O-D pair, i.e., variable demand travel choice. For the DUO 
variable demand/route choice modeL each O-D pair must conserve the variable time
dependent O-D demand qrs (k) in terms of the route flow as follows: 

:Lh;(k) = qrs(k) Vr,s,k (3.4 ) 
p 

The variable time-dependent O-D demand q" ( k) is a function of the O-D minimum actual 

route travel time during interval k. The variable time-dependent O-D demand function is 
norma1ly defined by an additional term, in addition to the one for route choice, in the 
variational inequality expression (not in the constraint set) to preserve the nice structure of 
network flow constraints; see Section 7.1.1.2. From the computational point of view, an 
upper bound on the trips for each O-D pair is usually imposed. This implies the maximum 
O-D trips is equated to the sum of variable time-dependent O-D demand and the 
corresponding excess demand, as follows: 
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2.h;(k)+e"'(k) = q:ax{k) Vr,s,k (35 ) 
p 

For the DUO variable demand/departure time/route choice model in addition to 
equation (3.4), one more flow conservation constraint is needed. 

(3.6 ) 
p 

(3.7 ) 
k 

Equation (3.6) expresses the time-dependent O-D demand ql'S ( k ) in terms of the route 

flow and equation (3.7) conserves the time-independent O-D demand qrs The variable 

time-independent O-D demand q'" is a function of the O-D minimum actual route travel 

time regardless of the departure time, and as previously noted, this variable time
independent O-D demand qrs is determined by an additional term, other than the one for 
route choice, in the variational inequality expression; see Section 7.2.1.2. Again, from the 
computational point of view, an upper bound on the trips for each O-D pair is usually 
imposed. This implies the maximum number of O-D trips is equated to the sum of the 
variable time-dependent O-D demand and the corresponding excess demand e"', as 

follows. 

2.q"'(k)+e'" = q:ax Vr,s (3.8 ) 
k 

3.1.3 Mode Choice Type 

In the real world, a traveler may choose from numerous transportation modes. However, in 
this section, we only consider the two most common modes for selection, i.e., the binary 
choice between private automobile, denoted by m1 , and public transit, denoted by m2 . For 
the DUO mode choice/route choice model the flow conservation constraints are as 
follows: 

2.h:p(k) = q::(k) Vr,s,m E(m1 ,m2 ),k (3.9 ) 
p 

q~ (k) +q::' (k) = q"(k) Vr,s,k (3.10) 

Equation (3.9) expresses for each mode the time-dependent O-D demand in terms of the 
route flow, and equation (3. 10) indicates that each O-D pair must conserve the fixed time
dependent O-D demand Zr (k) in terms ofO-D demands for all modes. 

For the mode choice/departure time/route choice model the corresponding flow 
conservation constraints are described without explanation as follows. 
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Ih;p(k) = q;(k) \;/r,s,m E(ml ,m2 ),k (3.11 ) 
p 

Iq;(k) = q: \;/r,s,m E(ml ,m2 ) (3.12 ) 
k 

q~ + q;:' = qrs \;/r,s (3.13 ) 

3.1.4 O-D Choice Type 

If the total number of trips originating from each origin node is given, then the singly 
constrained O-D choice determines the travelers' choice of destination. When both the total 
flow generated at each origin node and the total flow attracted to each destination node are 
fixed and known, the resulting models are doubly constrained. Since doubly-constrained 
models sometimes yield no feasible solution and are quite restricted in the dynamic sense, 
this section only deals with singly-constrained DUO O-D choice models. For the DUO 0-
D choicelroute choice modeL the flow conservation constraints are as follows: 

Lh;{k) = qrs(k) \;/r,s,k (3.14 ) 
p 

(3.15 ) 

Equation (3.14) expresses the time-dependent O-D demand in terms of corresponding 
route flows, while equation (3.15) conserves the number of trips originating from each 
origin node during interval k, and is sometimes called the trip production constraint. One of 
the simplest ways to ensure that the trip production constraint is an integral part of the 
demand function is to specify this function as a share model. A multinomiallogit formula is 
commonly used in the following destination demand model: 

-O(Jr"(k)-M') 
"'(k) - -r(k) e \;/r,s,k (316) 

q -q Le-O(Jr"'(k)-M") . 

" 
where M' ~ 0 denotes attractiveness associated with destination s, and () > 0 is a 

parameter of the logit model. 

For the DUO O-D choiceldeparture timelroute choice modeL the flow 
conservation constraints include: 

Lh;(k) = qrs{k) \;/r,s,k (3.17 ) 
p 

(3.18 ) 

(3.19 ) 

Equation (3. 17) expresses time-dependent O-D demand in terms of route flows, equation 
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(118) expresses time-independent O-D demand in tenns of time-dependent O-D demands 
and equation (3.19) conserves the number of trips originating from each origin node, and is 
sometimes called the trip production constraint. To ensure that the trip production 
constraint is an integral part of the demand function, a multinomial logit fonnula is 
commonly used in the following destination demand model. 

./I(tr"-Ms ) 

q rs -r e \;f (320) 
::::: q 2:>.O(tr"'-M") r,s , 

s' 

3.2 Flow Propagation Constraints 

Flow propagation is essential for differentiating dynamic travel choice models from their 
static counterparts, and depicts how vehicles advance along a route over time, Flow 
propagation can be better described by a continuous-time fonnulation. For instance, 
consider the inflow on link a in route p departing from origin r during instant k toward 
destination s; if the inflow experiences an actual link travel time Ta(t) , the corresponding 

exit flow will appear at time t + T a (t) as follows: 

u;~{t)::::: v;~(t + Ta{t)) \;fr,s,a,p,k,t (3.21 ) 

Note that the above equation does not necessarily guarantee the first-in-first-out condition, 
as shown by the following example. Suppose that the actual link travel times at time 
instants t= 1 and t=2 are 4 and 2 time units, respectively. Then, the exit time will be t=5 for 
the fonner, and t=4 for the latter, which implies a first-in-last-out phenomenon. Under the 
situation that the exit flow function v tpk ( .) is invertIble, the actual link travel time may be 

analytically denoted as follows: 

\;fr, s, a, p, k, t (3.22 ) 

The actual link travel time plays a key role in exerting flow propagation of dynamic traffic 
assignment, and the rate of change of the actual link travel time Ta(t) reflects the variation 

of degree of congestion over time on links. Three cases may be identified: 

1. ia(t) < 0: A decreasing rate of actual travel time for link a at time t less 

than 0 implies that traffic congestion is gradually alleviated over time. 
Flow deformation may be visible. Furthermore, under the situation of 
ia(t):s: -1, the first-in-first-out condition cannot be preserved, 

2. ia(t)::::: 0: The changing rate of actual travel time for link a at time t equal 

to 0 means the number of vehicles on link a is unchanged, Since the inflow 
over route p at time t is exactly equal to the exit flow over route p at time 
(t + Ta(t)) , a uniform flow pattern results. 

3. ia(t) > 0: An increasing rate of actual travel time for link a at time t 
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greater than 0 means the number of vehicles on link a is increasing over 
time. The link becomes congested and a queue may form. 

The above discussion pertains to continuous-time dynamic travel choice models. When a 
discrete-time formulation is desired, modifications are necessary. In such a case, we redefine 
the time instant t as a time interval within the analysis time period. For each time interval, 
only the average traveler behavior is considered. The adopted actual link travel time can be 
interpreted as the average actual link travel time or by other reasonable measures of 
impedance. In any case, a uniform or single actual link travel time is assumed within each 
time interval. In other words, no flow deformation is allowed within each time interval, 
yielding a packet flow. With this packet movement assumption, equation (3.21) can still be 
adopted for discrete dynamic models. Except for time instant being replaced by time 
interval, the interpretation of equation (3.21) is the same as before. That is, inflow entering 
link a over route p during interval t is required to exit the link: during interval t plus the 
average actual link travel time T a (t) . 

In discrete dynamic travel choice models, the actual link travel times Ta(t) have to 

be approximated as integers, because only integer-valued time intervals are used as the 

argument of the link: flow related function. Here, we take the exit flow v,:'pk (t + T a (t)) as 

an example. The argument t + Ta(t) must be integer-valued. This means that round-off 

arithmetic operations are necessary for computing the actual link travel times during the 
solution procedure. This assumption, though essential, may cause some computational 
problems, such as non-convergence, for the discrete dynamic travel choice models. 
However, in consideration of the prohIbitive computational burden associated with the 
continuous-time dynamic travel choice models, these problems or drawbacks cannot be 
avoided. 

To continue the discussion, consider a sequence of links comprising route p 
between O-D pair rs. For any two consecutive links in route p, the exit flow of the previous 
link a can also be represented by the inflow associated with the succeeding link b, that is: 

v:pk(t + Ta(t)) = u;;".(t + Ta(t)) Vr,s,a,b E A(a),p,k,t (3.23) 

By the above equation, the flow propagation constraint (3.21) can alternatively be denoted 
as: 

(3.24 ) 

For an urban network, and by using indicator variables, the above equation can be 
decomposed into the following two equations: 

u,:'pk(t) = h;(k)8~(t) Vr,s,a E A(r),p,k,t (3.25) 

u,:'pk(t) = u;pk(t + Ta(t))8~(t) 

Vr,s,p,k,t,a Ep,b Ep,a EB(J),b E A(J) 
(3.26 ) 

Equation (3.25) expresses the link inflow in terms of the route departure flow through the 
incidence relationship, and states that for each O-D pair rs the flow departing during 
interval k over route p must enter onto the first link: a in route p during interval t. Equation 
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(3.26) concerns flow propagation for any two successive 1inks in route p, and the inflow on 
link a propagates to its succeeding link b in route p after the actual link travel time has 
passed. In detail, this equation denotes for each O-D pair rs that the flow departing during 
interval k and entering link a during interval t cannot get on its succeeding link b along route 
p until the actual link travel time r a (t) elapses. Note that actual travel times have to be 

rounded because time intervals can only be counted by integers Such a treatment is specific 
to discrete dynamic models. A compact form for equations (3.25) and (3.26) is as follows: 

(3.27) 

The resulting equation (3.27) describes for each O-D pair rs, how flows propagate 
throughout a route. 

The indicator variables 8;pk (I) defined above are 0-1 integer-valued because flow 

deformation is not possible in our models. If the indicator variable 8;pk (t) is equal to 1, 

then for O-D pair rs, the flow departing during interval k over route p enters link a during 
interval I. On the contrary, if the indicator variable 8;pk(t) is equal to zero, it implies that 

link a during interval t is not in the route p that is associated with O-D pair rs and departure 
interval k. Consequently, the following two constraints must also be satisfied. 

(3.28 ) 

8;;"'(/) = {O,l} Vr,s,a,p,k,t (3.29 ) 

Equation (3.28) indicates for each O-D pair rs that the flow departing during interval k over 
route p can be incident to link a at most once during a specific time interval t If the route 
flow is not present on link a, then it must get on one of other links in the network, unless 
the destination has been reached. Equation (3.29) designates that the indicator variables are 
integer-valued. 

3.3 Nonnegativity Constraints 

Nonnegativity constraints are established for all route flows. 

h;(k)~O Vr,s,p,k (3.30 ) 

Since link flows can be represented by the summation of related route flows, equation 
(3.30) also implies nonnegative link flows. 

3.4 Definitional Constraints 

Definitional constraints include inflow, exit flow, number of vehicles and route travel time 
as follows: 
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u~~(t) = L u~~(t) Vr,s,a,p,t (3.31 ) 

u:(t) = Lu;(t) Vr,s,a,t (3.32 ) 
p 

ua(t) = ~>:(t) Va,t (3.33 ) 

V;(t) = LV:pk(t) Vr,s,a,p,t (3.34 ) 
k 

V:(t) = Lv~~(t) Vr, s,a, t (3.35 ) 
p 

va(t) = Lv:(t) Va,t (3.36 ) 
TO 

x;(t) = ~>~(t) Vr,s,a,p,t (3.37 ) 
k 

x:(t) = Lx;(t) Vr,s,a,t (3.38 ) 
p 

xa(t) = Lx:(t) Va, t (3.39 ) 
TO 

ua(t) = LL~>~~(t) = LLLh;(k)<5~~(t) Va, t (3.40 ) 
rs p k rs p k 

c;(k) = LLca(t)O~(t) Vr,s,p,k (3.41 ) 
a t 

Equations (3.31}-(3 .39) are self-evident while equation (3.40) expresses the link flows in 
tenns of the route flows through the use of the indicator variables, and implies that if flows 
from any used route p arrive at link a during interval t, then link a is being used during 
interval t. The first equality of equation (3.40) expresses the inflows on link a during interval 
t in tenns that route flows enter link a during interval t. The second equality of equation 
(3.40) is simply a restatement of equation (3.27), where summations over r ,sp,k are 
presented. Equation (3.41) expresses the actuaI route travel time in tenns of the actuaI link 
travel times and computes the actuaI route travel time by adding up the actuaI travel times 
on those links along that route. 

The indicator variable o;pk (I) defined above is a 0-1 integer variable, and not just 

an index as in the static models. Consequently, equations (3.25), (3.26), (3.40) and (3.41) 
are essentially nonlinear and nonconvex. The nonlinearity property comes from the 
multiplication of two variables (yielding a quadratic fimction), and the nonconvexity is due 
to the inclusion of 0-1 integer variables. Therefore, multiple local solutions could exist for 
the proposed dynamic travel choice models. However, once actuaI link travel times r: a (t) 
are estimated, the indicator variables o;pk (t) would be accordingly simplified as indices. 



3.5 First-In-First-Out Comtraints 45 

Under the estimated actual travel times, the resulting feasible region of the subproblem is 
delineated by linear constraints and can be easily solved. 

3.5 First-In-First-Out Constraints 

The first-in-first-out condition (FIFO) follows the requirement that vehicles can arrive at the 
destination earlier only by leaving earlier. To preserve the FIFO condition, the changing rate 
of actual link travel times between two time intervals must be greater than or equal to -1. 
Ran and Boyce (1994) derived this condition as follows: Consider a simple network with 
one origin and one destination joined by one link. Suppose the actual travel times for the 
vehicles entering the link during time intervals t and t + At are r(t) and r( t + At) , 

respectively . Then, the FIFO condition can be expressed mathematically as: 

t + ret) ~ t + At + ret + At) (3.42) 

Rearranging the terms on both sides yields 

ret + ~t) - ret) ---'----'----'--'- ;::: - I 
At 

(3.43 ) 

Assuming that the link travel time function r(t) is continuous and differentiable at time t, 

the left side of equation (3.43) becomes the derivative of the link travel time function with 
respect to time as the difference of arrival times between two consecutive vehicles 
approaches zero (i.e., ~t ~ 0). 

r(t);:::-1 (3.44) 

To conserve the FIFO condition, equation (3.44) denotes that the derivative of ret) at any 

time t should never be less than -1. 

The FIFO condition is crucial from the traffic engineers point of view. For instance, 
consider a one-way one-lane street of a physical layout. There is no way to overtake on this 
street; however, one-way one-lane streets are rare and usually account for a very small 
percentage of passageways in any urban area. These types of streets can therefore deemed 
as less influential for inclusion in the urban network representation. For those (wider and 
longer) streets included in the transportation network, the FIFO condition is also not so 
striking. As mentioned in Ran and Boyce (19%, p. 80): 

In general, overtaking will not occur for most definitions of link lengths 
(over 1 00 feet) and time intervals (shorter than 2 minutes) if the free flow 
speed is assumed to be 50 mileslhour in the experiment. However, as we 
note in discrete models, no matter how a.crurate the link traffic dynamics 
model is, overtaking or a jump may still occur when the time interval is 
too large. On the other hand, for most problems, we are only interested 
in the aggregate behavior of flows and the FIFO is not so important in 
those situations. Furthermore, we should note that the FIFO assumption 
itselfis also an approximation of reality. 
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From the mathematical point of view, there is an additional difficulty associated 
with the inclusion of the FIFO constraint in the dynamic user -optimal travel choice models. 
This added side constraint would make the problem much more difficult to solve because 
the advantages of network flow constraints have vanished. In his seminal paper, Carey 
(1987) constructed the FIFO constraint as follows: 

v:(t) X~(/) 
v~' (I) - < (I) (3.45 ) 

With this added constraint, unfortunately, the feasible set of the subproblem (with the 
interactions of actual travel times, r, being relaxed in the dynamic user -optimal travel 
choice models) is also nonconvex. This nonconvex property of the subproblem is indeed 
troublesome and there is no way, to the best of the authors knowledge, to further relax it. 
In fact, there is no efficient solution algorithm available to solve a nonconvex mathematical 
problem. Moreover, according to an experiment performed at National Central University 
in Taiwan, both the FIFO requirement, and the dynamic user-optimal equilibrium 
conditions defined in this book, cannot be satisfied for a simple network with only one 
origin and destination joined by a single link. In other words, the feastble set is empty in this 
special case. From the above discussion, it may be concluded that, without including the 
FIFO constraint, the dynamic user -optimal equilibrium conditions defined in this book can 
be fulfilled, provided an optimal solution is obtained. On the other hand, including the FIFO 
constraint in the dynamic route choice model could make the feastble region nil. 

3.6 Link Capacity and Oversaturation 

There are two basic constraints for link capacity. The first constraint is the maximum 
number of vehicles on the link, while the second constraint is the maximum exit flow rate 
from the link. 

3.6.1 Maximum Number ofVehides on a Link 

Let fa denote the length of link a and eamax(/) denote the maximum traffic density 

(vehicle/mile) of link a during interval I. The maximum number of vehicles that link a can 
accommodate is fa e a max (t). The number of vehicles on link a must be less than or equal to 

the maximum number of vehicles on the link. It follows that: 

(3.46 ) 

3.6.2 Maximum Exit Flow from a Link 

Another constraint concerns the exit flow capacity va max (t) at the exit of link a during 

interval I. It follows that: 
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(3.47 ) 

In a network, the exit capacity constraint for an upstream link is also an inflow capacity 
constraint for downstream links. This constraint can be either added directly in the 
fonnulation or combined in the link travel time fimctions. If it is directly added in the 
variational inequality fonnulation, more analysis of the optimality conditions of dynamic 
network models is necessary when the exit flow capacity is reached; moreover, the 
computational algorithm needs to be revised. In most of our dynamic travel choice models, 
we implicitly consider this exit capacity constraint in the travel time fimctions. Thus, it is not 
necessary to define an explicit constraint in these travel choice models. 

3.6.3 Constraints for Spillback 

Oversaturation may occur anywhere and during any time interval when traffic demand 
exceeds capacity. When queues at critical intersections develop upstream, then they cause 
the so-called spillback problem. In an oversaturated situation, continuing excess demand 
relative to supply could transfonn local oversaturation to regional oversaturation. Thus, in 
dynamic travel choice models, corresponding constraints should be fonnulated to reflect 
this phenomenon In an advanced controVassignment framework, those constraints should 
be consistent with each type of traffic control strategy. The two main types of traffic control 
strategies are: 1) minimize delay and stops; 2) keep traffic moving or maximize productivity 
(Lieberman, 1993). We leave the control policy for further study in the context of dynamic 
signal control schemes. 

3.7 Link Travel Time Function Analysis 

As a1ways in transportation network models, dynamic link travel time fimctions, also named 
dynamic link perfonnance fimctions, playa central role in the DUO route choice model. A 
good dynamic link travel time fimction should not only closely reflect the real situation, but 
also as much as poSSIble satisfY ideal mathematical properties. However, these requirements 
can hardly ever be achieved at the same time, and therefore we have to settle for trade-offs 
in the practical applications. In this section, we are not attempting to develop the definitive 
fimction, but rather we only study the general properties pertaining to the dynamic link 
travel time fimction without going into details. 

Up to now, there has been no consensus reached for a suitable fonn of dynamic 
link travel time fimctions. However, without going into detail, the dynamic link travel time 
fimction has been generally developed to represent the aggregate effect of the free flow 
travel time plus delay time due to congestion in the downstream of the link. Ran et al 
(1997) adopt the following fimction to calculate the dynamic link travel time, where c1a(t) 
and c2a (t) denote the free flow travel time and delay, respectively, for link a during time 

interval t. 

(3.48 ) 
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Since both c1a(t) and c2a (t) can be expressed as a function of inflow ua(t) , exit flow 

va (t), and number of vehicles x a (t) on link a, equation (3.48) can thus be rewritten, 

without loss of generality, as follows: 

ca(t) = ca(ua(t), va(t),xa(t)) (3.49) 

3.7.1 Treating Exit Flow as a Variable 

Different treatments on exit flow can be found in research literature. Many researchers 

claim that exit flow is a function of the number of vehicles, va (X a (t) ), and this 

representation might descnbe the real situations to some extent; however, it does add some 
problems from both the computational and physical representation points of view: 

1. The link exit flow becomes positive immediately whenever flows enter this 
link, i.e., xa(t) > o. This phenomenon is certainly not valid if the link flow 

initializes with zero, because the trips must take some time to traverse the 
entire link no matter how short the link length is. However, Wie et al 
(1994) defended with the argument that the initial flows with zeros may 
not come true in practical situations. 

2. It is extremely hard to decompose the link exit flows by destination if the 
link exit flow function is nonlinear. Therefore, the dynamic network model 
with multiple destinations, which is required for practical applications, is 
difficult to be formulated and solved. 

3. There is no idea or picture on what the nonlinear link exit flow function 
should look like, and hence there is no ideal way to calibrate it. 

The problem caused by the nonlinear link exit flow function can be resolved by 
simply treating the exit flow as a variable rather than as a function (Ran and Shimazaki, 
1989b). With this modification, many-ta-many dynamic network models can be easily 
formulated, and in addition, a reduction of computational effort required for the dynamic 
network model can be expected. We adopt this type of treatment for exit flow throughout 
this book. 

3.7.2 Relationships among Inflow, Exit Flow and Number ofVehides 

In dynamic networks, the inflow, exit flow and number of vehicles can be deemed as three 
different states for the same vehicles. This concept can be easily illustrated by a simple 
network with two nodes connected by a link. Suppose the actual link travel time for 
vehicles arriving during interval t is r"a( I). We can then easily ident:ii)r and term these 

vehicles as: inflow rate during interval t, number of vehicles between time intervals (not 
included) t and t + T a (I), and exil flow rate during interval I + T a (I) In other words, 

given actual link travel times, the relationships among inflow, exit flow (or outflow), and 
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nwnber of vehicles can be accordingly determined. Also, no variable can be claimed to be 
independent of the other two variables. The implication of these relationships is that we can 
accommodate one variable, rather than three variables, in our discrete dynamic travel choice 
models. We verifY this premise by carrying out rigorous mathematical derivations as 
follows. 

We first verifY that inflows and exit flows can be substituted for each other. For a 
specific route p between O-D pair rs departing during interval k, the flow propagation 
constraint can be written as: 

(3.50 ) 

Equation (3.50) expresses that the inflows on link a dwing interval i over route p can only 
exit the link exactly during interval i + -xAi). The exit flows on link a during interval 

i + Ta (i) may be comprised of several inflows from various intervals i, i.e., 

(3.51 ) 

By taking equation (3.51) into account, and swnming equation (3.50) with respect to 
r,s,p.k, it follows that: 

LL±I>~(i) = LL± v7p1c(i + To (;)) Va,(; + To (i)) (3.52) 
,.. p 1=1 I ,. P k=1 

By equations (3.31)-(3.36) and letting t = i + To (i) , the above equation can be simplified 

as: 

LU)i)=va(t) Va,t 
i=t-r.(i) 

By introducing the indicator variable into equation (3.53), one obtains 

where 

b'~1 (I) = {a 1 if j + To (i) = t Va,i,! 
otherwise 

(3.53 ) 

(3.54 ) 

(3.55 ) 

Now, we can see that equations (3.54)-(3.55) indicate that the exit flows are equal to the 
sum of inflows entering the link a no later than interval t, (Ua(i),; :::;; t) , and exiting the link 

exactly during interval t. The exit flows va(t) relate to inflows Ua (i) through the indicator 

variable b'~ (I); implying that link exit flows can be at least theoretically replaced by link 

inflows. Note that equations (3.54)-(3.55) resuh from equation (3.50) by swnming over 
route p, interval i, O-D pair rs, and departure interval k. Clearly, the inflow and exit flow on 
link a are mutually convertible under the estimated actual link travel time. 

A similar approach can be used to deduce the relationship between inflows and 
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number of vehicles. For a specific route p between O-D pair rs departing during interval k, 
the number of vehicles on link a at the beginning of interval I, x a (t) , can be denoted by the 

following expression. 

<~(/) = x;'pk(t -1) + u;'pk(t - 1) - v:pk(t - I) 

By summing up equation (3.56) with respect to r,s,p,k, it follows: 

xa(t)=xa(t-I)+ua(t-I)-va(t-I) 

(3.56) 

(3.57) 

Analogously, the number of vehicles on link a from interval I to interval I-I can be 
expressed as follows: 

~~-Q=~~-~+~~-~-~~-~ 

xa(2) = xa(1)+ua(1)-va(l) 
xa(l) = 0 

(3.58 ) 

The sum of equations (3.57) and (3.58) would yield the number of vehicles at the beginning 
of interval t equal to the accumulated number of the net increased vehicles on link a before 
interval t as follows: 

t-l t-l 

Xa(t) = L>a(i)- :~:>a(i) Va,t (3.59 ) 

Substituting equation (3.54) into equation (3.59) results in the following equation. 

xa(t) = ~ ua(i) - ~[~>a(J}5~ (i)] Va, t (3.60) 

Equation (3.60) states that Xa(/) can be computed by adding up those inflows entering 
link a before interval t and exiting link a after interval t (mcluded). Note that the number of 
vehicles on link a under the estimated actual link travel time can be represented as a 
function of inflows. By canceling out those inflows appearing in both the first and second 
tenns of equation (3.60), the following expressions are obtained: 

where 

O~2(t)={01 if i<tandi+'ra(i)?:.t 
otherwise 

(3.61 ) 

(3.62 ) 

Since the three variables of inflow, exit flow and number of vehicles can be 
substituted for each other, the dynamic link travel time function shown in equation (3.49) 
can be readily represented as a function of inflow without loss of generality. The reduced 
fonn of the dynamic link travel time function can thus be expressed as follows: 

ca{t) = c(ua{I), ua(2), ... , ua(t)) (3.63) 
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Note that when the FIFO restraint is imposed, then the inflow entering the subject 
link before a specific interval t would have exited the link already, this means that the 
inflows that need to be considered in the link travel time function are only those entering the 
subject link between intervals I and t', where I' is the current interval, i.e., 

ca(t') = C(Ua(/),Ua(1 + I), ... ,ua(t')) 

I s; I' , I + 1" a (t) ~ (' , I - 1 + 1" a (I - 1) < I' 
(3.64 ) 

In a recent paper, Daganzo (1995) showed by means of an example that inflow 
U a ( I) and exit flows Va (I) should be excluded from the dynamic link travel time function 

represented by equation (3.49), in order to prevent poSSIble violation of the FIFO condition. 
Consequently, the link travel time function (with capacity constraints for exit flows) is in the 
form of: 

(3.65 ) 

Equation (3.65) states that the link travel time is only affected by the number of vehicles on 
that link. Even though this function form is acceptable, according to our previous discussion 
about the relationship of inflows and number of vehicles, we note that equation (3.65) 
essentially constructs a special case of equation (3.64) and can be rewritten as follows: 

ca(t') = c( ua (I), Ua(1 + 1)"", ua (t'-I)) 
IS; 1',1 + 1"a(t) ~ 1',1-1 + 1"a(/-l) < (' 

(3.66 ) 

For further discussion on the dynamic link travel time function, see Chen and Iu (1996). 

3.7.3 Asymmetric Link Interactions 

Optimization problems are especially useful for obtaining solutions because many efficient 
solution algoritluns are associated with them. Therefore, formulating a dynamic travel 
choice problem as an optimization problem naturally becomes the first step to solve the 
problem. However, in many circumstances, the equivalent optimization problem does not 
exist. Therefore, without knowing this fact, research in this direction becomes ineffective. In 
the following analysis, we first prove that a DUO travel choice problem cannot be 
formulated as an optimization problem due to temporal link interactions. Then, by simple 
observation we confirm that the asymmetric property of the dynamic link travel time 
functions still remains when topological interactions exist, implying an equivalent 
optimization formulation does not exist as well. Consequently, the variational inequality 
approach emerges. 

3.7.3.1 Temporal interactions 

For each physical link, inflows may be blocked by those previously entered vehicles, 
yielding temporal link interactions. 
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Theorem 3.1: Any DUO travel choice problem with the dynamic travel time function 

ca(t) relating to inflows (ua{w), W ~ t) as shown in equation (3.63) does not have an 

equivalent optimization fonnulation. 

Proof Consider a specific physical link a. The corresponding part of the Jacobian matrix of 
the dynamic travel time fimction as shown in (3.63) can be expressed as follows: 

aa{l) aa(2) aa{T) 
iUa{l) iUa{l) iUa{l) 
aa{l) aa(2) aa(T) 

A = a iUa(2) iUa(2) iUa(2) (3.67) 
: 

a~(l) aa(2) aa'(T) 
iUa(T) iUa(T) iUa(T) 

Since the time-space link travel time of any vehicle can only be affected by those previously 
entered vehicles on that link, the partial derivatives of the dynamic travel time fimction with 
respect to the inflow at later time intervals would therefore be zero. The corresponding part 
of the Jacobian matrix of the dynamic travel time fimction for time-space link a can thus be 
simplified as: 

aa(l) aa(2) aa(T) 
iUa(l) iUa(l) iUa(l) 

0 
aa(2) aa(T) 

A = iUa(2) iUa(2) (3.68 ) a 

0 0 
aa'(T) 
iUa(T) 

Obviously, matrix A a is asymmetric. Since every link on the network has a similar Jacobian 
fonn of equation (3.68), the full Jacobian matrix of dynamic travel time fimctions can be 
written as follows: 

1.1 
(3.69 ) 

Note that the value of off-diagonal elements is a 0 matrix because at present the time-space 
link travel time is assumed not to be influenced by flows other than the subject time-space 
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link. Since matrix Aa is asymmetric, the Jacobian matrix of the dynamic travel time 

fimerion Vue must therefore also be asymmetric. According Green's Theorem (Nagumey, 

1993; Patriksson, 1994), an equivalent optimization problem can exist only when the 
Jacobian matrix of the travel time fi.mction is symmetric; see also Section 2.1.2. Since the 
Jacobian matrix of the dynamic travel time fimerion is asymmetric, there exists no 
corresponding optimization model. This completes the proof 

3.7.3.2 Topological interactions 

In general, the actual link travel time is also affected by those links other than the subject 
physical link. In many circumstances, the link interaction is asymmetric. The asymmetric 
property means that the interaction effect of the current link on another link is not 
equivalent to that link on the elUTent one. Examples include: overtaking on a two-lane-two
way street, turning movements at a congested intersection, merging/diverging at a freeway 
interchange, and movements at an unsigna1ized intersection. These situations will result in 
many off-diagonal elements in the matrix Vue shown in expression (3.69) not being zero

valued. However, the asymmetric property of dynamic travel time fimerions still remain; 
implying that an equivalent optimization problem does not exist as well. 

3.8 Notes 

In this chapter, we have discussed sets of constraints including flow conservation, flow 
propagation, nonnegative, definitional, FIFO, and link capacity and oversaturation, which 
are necessaI)' for dynamic travel choice models. However, not all constraints are considered 
in later chapters. The FIFO requirement, as mentioned in Section 3.5, may cause some 
difficuJties in computation of solutions. This is especiaIly true when a nonlinear FIFO 
condition is imposed. In lieu of imposing the difficult FIFO requirement in the constraint set, 
two other strategies may be adopted to alleviate the poSSIble violation of the FIFO 
condition One is to develop a flow movement mechanism that implicitly satisfies this 
requirement. Examples are using six link-based variables to represent the dynamics of traffic 
on a link (Ran and Boyce, 1994) and accommodating a cell transmission model (Daganzo, 
1993). However, there is insufficient evidence that their results can be readily applied to 
satisfy the FIFO condition for the dynamic travel choice models. The other strategy is to 
accommodate a very short time interval length. By using smaller time intervals, the 
difference of time-dependent O-D demands associated with any two time intervals can be 
narrowed significantIy or even smoothed out. This implies that the rate of change of actuaI 
link travel times for any two time intervals will be sma1I enough such that the violation of 
the FIFO condition is unlikely to occur. Unfortunately, increasing the number of time 
intervals for the entire analysis period means that larger computer memory and more 
execution time are required, which may be prohibitive for large transportation networks. 

Link capacity constraints and oversaturation are also troublesome. When the side 
constraint of link capacity is imposed, the attractive property of the network flow 
constraints is destroyed, and many efficient algorithms, such as the diagonalization method, 
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are no longer applicable. Recently, Larsson and Patriksson (1995) proposed the augmented 
Lagrangian dual (AID) method that embeds the disaggregate simplicial decomposition 
(DSD) method to solve the static capacitated route choice model where at equilibrium, a 
modified Wardrop's principle can be defined. Their computational experience has showed 
that the ALD method is quite promising in solving the static capacitated route choice 
model; likewise, this research direction is currently being adopted by the author for 
capacitated dynamic travel choice models. Note that under the estimated link: travel times, 
inflows and exit flows can be substituted for each other as shown in equation (3.50); hence 
the link capacity constraint expressed by the maximum number of exit flow from a link: in 
equation (3.41) is essentially equivalent to the following expression: 

ua(t)~vamax(t+r(t)) Va,! (3.70) 

If the maximum number of exit flow from a link: is invariant over time and is denoted by 
CAPa , then the above equation can be readily replaced by: 

(3.71 ) 

It is also worth re-emphasizing that the dynamic travel time fimction may originally 
appear as a fimction of inflows, exit flows, and number of vehicles on a link; however, it can 
eventually be rewritten as only a fimction of inflows, without any difficu1ty. This treatment 
can simplifY the model's formulation and possibly reduce the computation time. 

As a final remark, it is conjectured that the link capacity constraint and the FIFO 
requirement are closely related to each other; however, more effort is needed to elaborate 
this hypothesis. 
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Dynamic User-Optimal Route Choice 
Model 

The dynamic user -optimal route choice problem explores how travelers make their route 
choice decision based on predicative traffic information. The fixed time-dependent O-D 
demand is asswned to be known and may be regarded as a natural result of day-to-day 
adjustments of commuters. In this chapter, the discrete-time dynamic user-optimal (DUO) 
route choice problem is fonnulated using the variational inequality approach. The dynamic 
user -optimal conditions and its equivalent problem, along with the concept of time-space 
network, are presented in Section 4.1. A numerical example is given in Section 4.2. The 
relationship between dynamic and static user -optimal route choice models is depicted in 
Section 4.3. The occurrence of multiple solutions is justified by a numerical example in 
Section 4.4, and finally, concluding notes are given in Section 4.5. 

4.1 Equilibrium Conditions and Model Formulation 

In this section, the dynamic user -optimal conditions are first defined to characterize 
travelers' driving behavior in using routes with the minimal actual travel time. The route 
choice decision for travelers is based on actual route travel times rather than reactive (or 
instantaneous) route travel times. The actual route travel times can be computed by adding 
up the actual link travel times, under the flow propagation procedure along that route, 
whereas the reactive route travel times are obtained by summing up reactive link travel 
times along that route based on the prevailing traffic conditions. The terms - actual travel 
time, idealized travel time, realized travel time and experienced travel time - may be used 
interchangeably. The variational inequality fonnulation is then presented for the DUO route 
choice problem. After that, the equivalence between the dynamic user -optimal conditions 
and the variational inequality fonnulation is verified by a proof 
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4.1.1 Dynamic User-Optimal Conditions 

Assuming O-D demands are fixed and time-dependent, the dynamic user -optimal 
conditions state for each O-D pair that the actual route travel times experienced by travelers 
departing during the same interval are equal and minimal; that is, no traveler would be 
better off by unilaterally changing his/her route. In contrast, the actual route travel time of 
any unused route for each O-D pair is greater than or equal to the actual used route travel 
times. In other words, at equilibrium, if the flow departing from origin r during interval k 

over route p toward destination s is positive, i.e., h;*(k) > 0, then the corresponding 

actual route travel time is minimal. On the contraIy, if no flow occurs on route p, i.e., 
h;· (k) = 0, then the corresponding actual route travel time is at least as great as the 

minimal actual route travel time. This equilibrium conditions can be mathematically 
expressed as follows: 

Vr,s,p,k (4.1 ) 

where 

c;·(k) = LLc;(t)~~(t) Vr,s,p,k (4.2 ) 
a t 

Jr"(k) = min{c;O(k}} Vr,s 
p.k 

(4.3 ) 

4.1.2 Variational Inequality Fonnulation 

The DUO route choice problem is formulated using variational inequa1ities. As is traditional 
in the model formulation, the assumptions and limitations are given first as follows: 

1. Traffic information available to travelers is perfect. 

2. Travelers are homogeneous with respect to driving behavior regardless of their 
income, age and other socio-economic characteristics. 

3. Route choice criterion for travelers is the pre-trip minimal actual route travel time. 
No route switching decision is permitted en route based on reactive (or 
instantaneous) traffic information 

4. The signal timing plan for each signalized intersection is fixed (or simply ignOred), 
which implies that link capacities remain the same for the entire analysis period. 

S. A hard link capacity restraint is not imposed. Instead, link travel time functions that 
smoothly approach infinity as flow approaches infinity are adopted. 

6. The model is discrete in time and, indeed, relatively independent of its continuous 
counterpart development. More specifically, flow propagation is exerted in terms of 
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discrete time intervals. 

7. The first-in-first-out condition which prohibits vehicles from arriving at a destination 
earlier by leaving later is not considered. 

The first five assumptions also apply to static route choice problems, whereas the last two 
limitations are specific to dynamic route choice problems. Items 5 and 7 are of great 
concern to traffic engineers. 

The DUO route choice problem may be regarded as a generalization of the static 
user -optimal route choice problem. The associated feastble region is usually delineated by a 
set of constraints including flow conservation, flow propagation and nonnegativity 
requirements. Since the continuous DUO route choice problem is extremely difficult to 
model and solve for real-world network problems, only the discrete DUO route choice 
model is addressed; however, the discrete DUO route choice model may be reasonably 
regarded an approximation of its continuous counterpart, ifit exists. The difference between 
the two types of dynamic models becomes negligible as the length of the time interval for 
the discrete DUO route choice model approaches zero. 

The following theorem is stated for the DUO route choice model. 

Theorem 4.1: The DUO route choice problem is equivalent to finding a solution u * E n 
such that the following VIP holds. 

c*[u-u*]~o 'ltu E Q.* (4.4) 

Or, alternatively, in expanded form: 

L~>:(t~Ua(t)-u:(t)] ~ ° 'ltu E n* (4.5 ) 
a t 

where n * is a subset of n with 0;;" (t) being realized at equilibrium, i.e., 

(o~(t) = 0;': (t)) ,'ltr,s,a,p,k,t . The symbol n denotes the feastble region that is 

delineated below by flow conservation, flow propagation, nonnegativity, and definitional 
constraints. 

Flow conservation constraint: 

Lh;(k) = ij"(k) 'ltr,s,k (4.6 ) 
p 

Flow propagation constraints: 

u,7pk(t) = h;(k)o~(t) 'ltr,s,a,p,k,t (4.7) 

L0;" (t) = 1 'ltr,s,p,a Ep,k (4.8 ) 

o~(t) = {O,I} 'ltr,s,a,p,k,t (4.9) 
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Nonnegativity constraint: 

h;S(k) ~ 0 Vr,s,p,k 

Definitional constraints: 

ua(t) = LLLh;S(k)5;~(t) Va,t 
rs p Ie 

a t 

For the meaning of each constraint, the reader is referred to Chapter 3. 

4.1.3 Equivalence Analysis 

(4.10) 

(4.11 ) 

(4.12) 

The following theorem verifies the equivalence between equilibriwn conditions (4.1) and 
VIP (4.5). 

Theorem 4.2: Under a certain flow propagation relationship (5;"(t) = 5;;: (t)) , 
equihbriwn conditions (4.1) imply VIP (4.5) and vice versa. 

Proof of necessity: We need to prove that under a certain propagation relationship 

(5;~ (t) = 5;;: (t)) , dynamic user -optimal equilibriwn conditions (4.1) can be reformulated 

as VIP (4.5). We first rewrite equilibriwn conditions (4.1) as follows: 

[c;'(k) - Jrrs(k)~;s'(k) = 0 Vr,s,p,k 

Since c;'(k) - Jrrs(k) ~ 0, Vr, s, p, k , and h;(k) ~ 0, Vr, s, p, k, it implies: 

[c;s'(k) - Jrrs (k)]h;s (k) ~ 0 Vr,s,p,k 

Subtracting equation (4.13) from equation (4.14) results: 

[c;'(k) - Jrrs(k}][h;S(k}-h;s'(k}] 2 0 Vr,s,p,k 

Swnming over r,s,p,kyields: 

L L Lc;s'(k)[h;(k) - h;'(k)] 
rs k p 

- L LJr"(k )L[h;(k) -h;'(k)] ~ 0 
rs Ie p 

(4.13 ) 

(4.14) 

(4.15 ) 

(4.16 ) 

By making the substitution of L h; (k) = L h;' (k) = qrs (k), the second term vanishes; 
p p 

the remaining term results in the following VIP: 
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LLLc;'(k)[h;S(k) - h;s'(k)] ~ 0 (4.17) 
rs k p 

Equation (4.17), accompanied with the relevant constraints, is in filet a route-based DUO 
route choice model. This route-based DUO route choice model can be converted into a 
link-based DUO route choice model by using the following two definitional constraints. 

Ua(t) = LLLh;s(k)b';~(t) Va,t (4.18) 
rs k p 

(4.19) 
a I 

By applying equation (4.19) to equation (4.17), one obtains: 

~~~[ ~~«t)b';~(t)Jh;S(k) - h;s'(k)] ~ 0 (4.20) 

By changing the order of the summation, it follows that: 

L L«t)L LLb';;;(t)[h;S(k) - h;s'(k)] ~ 0 (4.21) 
a t rs k p 

By using equation (4.11), we have: 

L LC:(t)[Ua (t)- U:(t)] ~ 0 (4.22 ) 
a t 

Equation (4.22) is identical to VIP (4.5). 

Proof of sUfficiency: We next prove that VIP (4.5) can induce dynamic user-optimal 
conditions (4.1). Since equations (4.17}-(4.22) are essentially reversible, the remaining 
steps of the proofare to show that route-based VIP (4.17) is equivalent to dynamic user
optimal conditions (4.1). We now define a feasible solution {h;S(k)} to be the same as the 

equilibrium flow pattern {h;s. (k)} , except for the two routes p~ , p;s . WIthout loss of 

generality, we consider two situations that could arise while at equilibrium. 

(i) Both route flows are positive, i.e., h;' (k) > 0, and h;: (k) > O. We switch a 

small amount of flow A, from route p;s to p~ with 0 < A, ~ h;·(k). That is: 

h;(k) = h;'(k)- A, and 

hrs (k) = hrs'(k) + A p, p, , 

By substituting a new feasible solution {h; (k)} into equation (4. 17), we have: 

c;· (k X h; (k) - h;' (k)] + c;" (k )[h;' (k) - h;"(k)] ~ 0 

By using equations (4.23}-(4.24), one obtains: 

c;"(k) ~ c;'(k) 

(4.23 ) 

(424 ) 

(4.25 ) 

(4.26 ) 
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Similarly, by switching a small amount offlow .12 with 0 <.12 ::;; h~'(k) from route p'; 

to p~ , we can obtain: 

C;~'(k) ~ c~'(k) (4.27) 

Equations (4.26) and (4.27) together imply: 

c;,*(k) = c;*(k) (4.28 ) 

We can repeat this procedure to verifY that for each O-D pair, all used routes with positive 
flow have the same actual route travel time. 

(n) One route flow is positive and the other route flow is nil. We arbitrarily asswne, 
without loss of generality, h;'(k) > 0, and h;:(k) = O. We switch a small amount of 

flow .11 from route p~ to p'; with 0 <.11 ::;; h;*(k). By the same argument shown in 

(i), we have c;,*(k) ~ c;*(k). We repeat this procedure to verifY that for each O-D pair, 

all unused routes with zero flow have an actual route travel time not lower than the minirnal 
actual route travel time. 

Since both (i) and (n) must hold, it follows that VIP (4.5) implies equilibrium 
conditions (4.1). This completes the proof 

Note that the equivalence analysis is peITormed only under the asswnption that 
some equilibrium conditions are obtained; i.e., 5~ (I) = 5;;; (I) . Though the proof can not 

be directly applied to the original problem, we intentionally include the proof for the 
subproblem here for the sake of conceptual clarification since many proofs associated with 
other existing dynamic models are not aware of this tricky property. 

4.1.4 Tim~pace Network 

When the actua1link travel time r 0 (I) is temporarily fixed, the relationships among inflow, 

exit flow, and number of vehicles on a link are clearly determined through the link flow 
propagation constraint. If we have a two-link three-node network as shown in Figure 
4.1 (a), then with the addition of the estimated actua1 link travel times, its time-space 
network can be drawn in Figure 4.1 (b). The time-space network essentially contains two 
dimensions: the horizontal axis denotes spatial distance, and the vertical axis represents time 
interval. At each interval, the static network is reproduced. In addition, dummy links 
connecting time-dependent destinations .s(/) to the time-independent destination s with zero 
travel time are also created. Note that the static links are not directly used, but instead, a 
new kind of links called time-space links has been created. A time-space link is usuaI1y 
represented by connecting a tail node at a near interval with a head node at a far interval, 
whereas the actua1link travel time for inflows entering the time-space link a during interval t 
is r a (t) . In other words, for any time-space link a, the inflows u~ (t ) during interval t 
over route p must be equal to the corresponding exit flow v:pt(t + ro(t») during interval 

t + ra(t). For example, va(5) is the sum of ua(2) and ua (3) in Figure 4.l(b). 
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(a) Static Network 

G)----a--~{)~----b--~.G) 

(b) Time-Space Network 

F7 ....... ~ 

Vb (5) 
....... ............ 3(5)'" 

%"b(5) = 2 

t=1 ........ r(1) .... . 
%"a(l) =2 

Figure 4.1: Time-Space Network 

Furthennore, the slope of a specific time-space link a denotes the inverse of the 
vehicular traveling speed on that link. The steeper the slope, the lower the vehicular 
traveling speed, and vice versa. Also when two time-space links interact, the tirst-in-Iast-out 
situation occurs. As to the number of vehicles remaining on link a at the beginning of 
interva1 t, it can be computed by summing up all of the inflows, U a ( • ), passing through link 

a (except for tail node) during interva1 1. For examples, in Figure 4.1 (b), x a (5) is equal to 
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U a ( 2) + U a (3) + U a ( 4) while U a ( 5) is not included, and the nwnber of vehicles on link a at 

the beginning ofinte!Vlll7 is equal to Ua (4) + U a (5) + U a (6) . 

4.2 Numerical Example 

4.2.1 Input Data 

A simple network shown in Figure 4.2 is used for testing. The test network consists of 6 
links and 5 nodes in which nodes 1 and 3 are origins, node 5 is the destination, and nodes 2 
and 4 are intenned.iate nodes. 

2 

Figure 4.2: Test Network 1 

The dynamic travel time fimction is arbitrarily constructed as follows: 

ca{t) = 1+0.01(Ua{t)t +O.OI(xa{t)f Va,t (4.29) 

where ua(t) denotes the inflows on link a during interval t, and xa (t) indicates the number 

of vehicles on link a at the beginning of inte!Vlll t. Note' that although variable x a (t) is 

included in the dynamic travel time fimction, it can be replaced by the variables of inflOw. 
Thus, the dynamic travel time fimction expressed by equation (4.29) can still be thought of 
as a fimction of inflows. Be aware that the dynamic travel time fimction adopted here may 
not be correct from the practical point of view; in filet, a real dynamic travel time fimction 
can only be cahbrated from field data But, since the correct fonn of the dynamic travel time 
fimction is not the main theme of this book and is subject to further study, equation (4.29) 
should be sufficient for the purpose of providing a demonstration The assumed origin
destination (O-D) demands are shown in Table 4.1: 

Table 4.1: Time-Dependent O-D Demands 

O-D Time Interval 
Pair k=1 k=2 k=3 k=4 
1-5 15 20 0 0 
3-5 0 0 15 20 
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4.2.2 Test Results 

A computer program coded with Turbo C++ solved the DUO route choice model with the 
given input data. The results are summarized in Table 4.2. 

Table 4.2: Results for Test Network 1 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 
1~2 1 3.71 0.00 0.00 1.14 2 

2 8.52 3.71 3.71 1.86 4 
3 0.00 0.00 8.52 1.73 -
4 0.00 8.52 8.52 1.73 -

1~3 1 11.29 0.00 0.00 2.27 3 
2 11.48 0.00 11.29 3.59 6 
3 0.00 11.29 22.76 6.18 -

4-5 0.00 0.00 11.48 2.32 -
6 0.00 11.48 11.48 2.32 -

2~3 2 3.71 0.00 0.00 1.14 3 
3 0.00 3.71 3.71 1.14 -
4 8.52 0.00 0.00 1.73 6 
5 0.00 0.00 8.52 1.73 -
6 0.00 8.52 8.52 1.73 -

3~ 3 11.23 0.00 0.00 2.26 5 
4 8.28 0.00 11.23 2.95 7 
5 0.00 11.23 19.51 4.81 -
6 19.51 0.00 8.28 5.49 11 
7 0.00 8.28 27.79 8.72 -

8-10 0.00 000 19.51 4.80 -
11 0.00 19.51 19.51 4.80 -

3~5 3 18.77 0.00 0.00 4.52 8 
4 11.72 000 18.77 5.90 10 
5 0.00 0.00 30.49 10.29 -
6 0.49 0.00 30.49 10.30 16 
7 0.00 0.00 30.98 10.60 -
8 0.00 18.77 30.98 10.60 -
9 0.00 0.00 12.22 2.49 -
10 0.00 11.72 12.22 2.49 -

11-15 0.00 0.00 0.49 1.00 -
16 0.00 0.49 0.49 1.00 -
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Table 4.2: Results for Test Network 1 (continued) 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 
H5 5 11.23 0.00 000 2.26 7 

6 0.00 0.00 11.23 2.26 -
7 8.28 11.23 11.23 2.95 lO 

8-9 0.00 0.00 8.28 1.69 -
lO 0.00 8.28 8.28 1.69 -
11 19.51 0.00 0.00 4.80 16 

12~15 0.00 0.00 19.51 4.80 -
16 0.00 19.51 19.51 4.80 -

The sixth column of Table 4.2 denotes the actual link travel time when the inflow is 
positive during that interval. For example, the actual travel time on link 3~5 during interval 
3 is 4.52 time units (rounded off as 5), implying that the inflow of 18.77 units must exit the 
link during interval 8 (=3+5). This actual link travel time, once determined, cannot be 
changed in later intervals, even if the traffic conditions are changed dramatically. Note that 
when no inflow is present during a specific interval, the corresponding actual link travel time 
shown in the sixth column of Table 4.2 does not have physical meaning, and certain1y 
cannot overwrite or replace the actual link travel times determined in previous time 
intervals. For example, the travel time on link 3~5 during intervals 1l~16 is 1.00 time 
units, which is really a dummy link travel time, because no inflow is present during those 
intervals. Also, refer to equilibrium conditions (4.1) for the definition of a route being used, 
and the subsequent equation (4.7) for the links in that route. 

The rationale of the proposed model and associated solution algorithm can be 
verified by checking if the resulting actual route travel times satisfy the dynamic user
optimal conditions as defined in Section 4.1.1. Consider route 1 ~3~5 departing origin 1 
during interval 1; the corresponding actual route travel time can be obtained by summing up 
the actual link travel time on link 1 ~3 during interval 1 and the actual link travel time on 
link 3~5 during interval 1 + C1->3 (1) as follows. 

C1->3->S (1) = C1->3 (1) + c3->s (1 + C1->3 (1)) 
= 2.27 + c3->s (3.27) 

:::::2.27+c3->s(3) 

=6.79 

(4.30) 

The remaining used actual route travel times are also computed and surmnarized in Table 
4.3. As can be observed, the travelers departing from the same origin during the same 
interval also experience approximately the same actual route travel time. 
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Table 4.3: Actual Route Travel Time for Test Network 1 

Time Route 
Interval 3~5 3~4~5 1~3~5 1~2~ 1~3~ 1~2~ 

3~5 4~5 3~~5 

k=1 NA NA 6.79 6.80 6.80 6.80 
k=2 NA NA 13.89 13.89 13.89 13.89 
k=3 4.52 4.52 NA NA NA NA 
k=4 5.90 5.89 NA NA NA NA 

NA: Not applicable because those routes were not used. 

4.3 Static Counterpart Approximation 

The major difference between the DUO route choice model and its static counterpart is the 
inclusion of the flow propagation constraint. The flow propagation constraint requires that 
an inflow can not exit the time-space link unless the actual link travel times elapse. If we 
mathematically force the actual travel times to equal zeros (ra = 0), then our DUO route 
choice model will reduce to its static counterpart. Setting actual link travel times equal to 
zero does not mean that flows can traverse the network without delay. This treatment only 
converts the dynamic user -optimal route choice mode~ in the mathematical sense, into its 
static counterpart. To verifY this, we take again the hypothesized network data for test 
network 1, but assume O-D demands depart in a single departure time interval as follows: 

Table 4.4: Time-Dependent O-D Demands 

O-D Time Interval 
Pair k=1 
1-5 35 
3-5 35 

By re-running the computer code with this input data, we obtain the results and actual route 
travel times as shown in Tables 4.5 and 4.6, respectively. 
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Table 4.5: Dynamic Results for Test Network 1 (Single Departure Time InteIVal) 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 

1~2 1 135 0.0 00 2.82 4 
2-3 0.0 0.0 13.5 2.82 -

4 0.0 13.5 13.5 2.82 -
1~3 1 21.5 0.0 0.0 5.63 7 

2-6 0.0 0.0 21.5 5.63 -
7 0.0 21.5 21.5 5.63 -

2~3 4 13.5 0.0 00 2.82 7 
5-6 0.0 0.0 13.5 2.82 -

7 0.0 13.5 13.5 2.82 -
3~4 1 13.5 0.0 0.0 2.82 4 

2-3 0.0 0.0 13.5 2.82 -
4 0.0 13.5 13.5 2.82 -
7 18.1 0.0 0.0 4.26 11 

8~10 0.0 0.0 18.1 4.26 -
11 0.0 18.1 18.1 4.26 -

3~5 1 2l.5 0.0 0.0 5.63 7 
2-6 0.0 0.0 21.5 5.63 -

7 16.9 21.5 21.5 8.50 16 
8~15 0.0 00 16.9 3.87 -

16 0.0 16.9 16.9 3.87 -
4~5 4 13.5 0.0 0.0 2.82 7 

5-6 0.0 0.0 13.5 2.82 -
7 0.0 13.5 13.5 2.82 -
11 18.1 0.0 0.0 4.26 15 

12-14 0.0 0.0 18.1 4.26 -
15 0.0 18.1 18.1 4.26 -

Table 4.6: Actual Route Travel Times for Test Network 1 
(Single Departure Time Interval) 

Route 3~5 3~4~5 1~3~5 1~2~3 1~3~4 1~2~3 

~5 ~5 ~4~5 

Travel 5.63 5.64 14.13 14.14 14.15 14.16 
Time (k=1 

By mathematica1ly forcing actual travel times equal to zero during the solution 
procedure, we can summarize the results and the actual route travel times for the static 
approximation in Tables 4.7 and 4.8, respectively. 
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Table 4.7: Static Approximation of the Results for Test Network 1 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 
1~2 1 13.5 13.5 0.0 2.84 1 
1~3 1 21.5 21.5 0.0 5.60 1 

2~3 1 13.5 13.5 0.0 2.84 1 

3--..H 1 28.5 28.5 0.0 9.12 1 
3~5 1 41.5 41.5 0.0 18.22 1 
4~5 1 28.5 28.5 0.0 9.12 1 

Table 4.8: Static Approximation of Actual Route Travel Times for Test Network 1 

Route 3~5 3~4~5 1~3~5 1~2~3 1~3~4 1~2~3 

~5 ~5 ~4~5 

Travel 18.22 18.24 23.82 23.90 23.84 23.92 
Time 

By comparing Tables 4.6 and 4.8, it is observed that the actual route travel times for the 
static counterpart are much higher than that for the DUO route choice model. This is 
because the DUO route choice model allows inflows entering the same link at different time 
intervals, yielding lower link travel times. One may be interested in knowing what will 
happen if the time-dependent O-D demands remain unchanged at each interval; therefore, 
we asswne the time-dependent O-D demands associated with multiple departure time 
intervals as follows: 

Table 4.9: Time-Dependent O-D Demands 
(Multiple Departure Time Intervals) 

O-D Time Interval 
Pair k=l k=2 

1-5 35 35 
3-5 35 35 

By executing the computer program once again, we obtained the actual route travel times 
indicated in Table 4.10. As compared with Table 4.8, it is observed that with multiple 
departure time intervals, the actual route travel times for O-D pair (1,5) are higher than for 
the static counterpart. 
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Table 4.10: Actual Route Travel Times for Test Network 1 
(Multiple Departure Tune Intervals) 

Route 3-t5 3-t4-t5 I-t3-t5 I-t2-t3 I-t3-t4 
-t5 -t5 

Travel 5.63 5.64 24.85 24.86 24.85 
Time (k=P 

Travel 9.83 9.84 27.46 27.47 27.51 
Time (k=2\ 

4.4 Multiple Optima 

I-t2-t3 
-t4-t5 
24.86 

27.52 

The feasible region of the DUO route choice model delineated by equations (4.4)-(4.10) is 
nonconvex, implying multiple local solutions could exist. We can demonstrate this by the 
following numerical example. A simple rectangular network as shown in Figure 4.3 is used 
for testing. The test network consists of 4 links and 4 nodes. Nodes 1 and 4, respectively, 
are the origin and destination, whereas nodes 2 and 3 are intermediate. 

3 

Figure 4.3: Test Network 2 

The dynamic travel time function is arbitrarily constructed as follows: 

ca(t)=1+0.01(ua(t))2 + 0.0 l(xaCt))2 Va,t (4.31 ) 

The assumed time-dependent O-D demands are shown in Table 4.11: 

Table 4.11: Time-Dependent O-D Demands for Test Network 2 

O-D Time Interval 
Pair k=1 I k=2 I k=3 
1-4 40 I 4 I 30 

Using two different initial feasible solutions, two different local solutions can be obtained. 
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The first local solution, as shown in Table 4.12, is obtained by the initial feastble solution 
with all-or-nothing assignment. The second local solution, as shown in Table 4.13, is 
yielded by the initial feastble solution with incremental assignment (8 partial increments). It 
can be observed that the link flow pattem is asymmetric for the first local solution, while it is 
symmetric for the second local solution. 

Table 4.12: First Local Solution for Test Network 1 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 
1~2 1 20.0 0.0 0.0 4.99 6 

2 1.2 0.0 20.0 5.01 7 
3 20.0 0.0 21.2 9.47 13 

4-5 0.0 0.0 41.1 17.92 -

6 0.0 20.0 41.1 17.92 -
7 0.0 1.2 21.1 5.47 -

8-11 0.0 0.0 20.0 4.98 -
12 0.0 20.0 20.0 4.98 -

1~3 1 20.0 0.0 0.0 5.01 6 
2 2.8 0.0 20.0 5.09 7 
3 10.0 0.0 22.8 7.22 10 

4-5 0.0 0.0 32.9 11.80 -
6 0.0 20.0 32.9 1l.80 -

7 00 2.8 12.9 2.65 -
8-9 0.0 0.0 10.0 2.01 -
10 0.0 10.0 10.0 2.01 -

2~ 6 20.0 0.0 0.0 4.99 11 
7 1.2 0.0 20.0 5.01 12 

8-10 0.0 0.0 21.2 5.49 -
11 0.0 20.0 21.2 5.49 -
12 20.0 1.2 1.2 5.00 17 

13-16 0.0 0.0 20.0 4.98 -
17 0.0 20.0 20.0 4.98 -

3~ 6 20.0 0.0 0.0 5.01 11 
7 2.8 0.0 20.0 5.09 12 

8-9 0.0 0.0 22.8 6.21 -
10 10.0 0.0 22.8 7.22 17 
11 0.0 20.0 32.9 11.80 -
12 00 2.8 12.9 2.65 -

13-16 0.0 0.0 10.0 2.01 -
17 0.0 10.0 10.0 2.01 -
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Table 4.l3: Second Local Solution for Test Network 2 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 

1~2 1 20.0 0.0 0.0 5.00 6 
2 2.0 0.0 20.0 5.04 7 
3 14.9 0.0 22.0 8.09 11 

4~5 0.0 0.0 37.0 14.68 -
6 0.0 20.0 37.0 14.68 -
7 00 2.0 17.0 3.88 -

8~10 0.0 0.0 14.9 3.23 -
11 0.0 14.9 14.9 3.23 -

1~3 1 20.0 0.0 0.0 500 6 
2 2.0 0.0 20.0 5.04 7 
3 15.1 0.0 22.0 8.09 11 

4~5 0.0 0.0 37.0 14.70 -
6 0.0 20.0 37.0 14.70 -
7 0.0 2.0 17.0 3.90 -

8~10 0.0 0.0 15.1 3.27 -
11 0.0 15.1 15.1 3.27 -

2~ 6 20.0 0.0 0.0 5.00 11 
7 2.0 0.0 20.0 5.04 12 

8~10 0.0 0.0 22.0 5.86 -
11 14.9 20.0 22.0 8.09 19 
12 0.0 2.0 17.0 388 -

13~18 0.0 0.0 14.9 3.23 -
19 0.0 14.9 14.9 3.23 -

3~4 6 20.0 0.0 0.0 5.00 11 
7 2.0 00 200 5.04 12 

8-10 0.0 0.0 22.0 5.82 -
11 15.1 20.0 22.0 8.09 19 
12 0.0 2.0 17.0 3.90 -

13-18 0.0 00 15.1 3.27 -
19 0.0 15.1 15.1 3.27 -

The actual route travel times for the two local solutions are computed and summarized in 
Table 4.14. 
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Table 4.14: Actual Route Travel Times for the Two Local Solutions 

First Local Solution 
Route Time Interval 

k=1 k=2 k=3 
1~2~4 9.98 10.02 14.47 

1~3~4 10.02 10.18 14.44 

Second Local Solution 
Route Time Interval 

k=1 k=2 k=3 
1~2~4 10.00 10.08 16.18 
1~3~4 10.00 10.08 16.18 

Both local solutions satisfY the dynamic user -optimal conditions in which the actual route 
travel times experienced by travelers departing during the same interval are equal and 
minimal. While the actual route travel times in both local solutions are the same for trips 
departing during intervals 1 and 2, the actual route travel time is clearly different for trips 
departing during interval 3. 

4.5 Notes 

We used two types 9f networks for the testing, a double triangular network and a 
rectangular network. While the latter is commonly seen in research literature, the former, 
with asymmetric topology property, is specially designed in this book to provide a sufficient 
testing platform to prevent the generation of ambiguous results from the layout. 

A relevant issue associated with the dynamic travel time function concerns the 
number of intervals 111 needed for solving the discrete model. A basic requirement for 

determining the number of intervals is to let all O-D trips arrive at their destination within 
the analysis period T To this end, a trial-and-error technique is commonly employed. In 
general, the higher the number of intervals adopted (the link travel time functions must be 
modified accordingly), the more accurate the solution. The least total number of intervals 
required for the computation may be theoretically estimated as follows: 

max (k+c"'(k)) 
ITI~ r.s.p,k p (4.32) 

At 

where k denotes the departure time and c; ( k) represents the actual route travel time for 

trips between O-D pair rs over route p. 



ChapterS 

Algorithms for the Dynamic Route 
Choice Model 

In this chapter, algorithms are investigated for the dynamic user -optimal route choice 
model. All possible link interactions are first discussed in Section 5.1. A nested 
diagonalization method, embedding the Frank-Wolfe (FW) method, is then presented in 
Section 5.2. A nested projection method and a modified nested projection method are 
desCIibed in Sections 5.3 and 5.4, respectively. A numerical example is given to validate the 
correctness of the nested diagonalization method in Section 5.5. Finally, a concluding note 
is given in Section 5.6. 

5.1 Link Interactions 

The variational inequality approach is a superior approach to perfonn qualitative analysis 
and to fonnulate a general problem with embedded link interactions, especially those with 
asymmetric link interactions. However, it is an inferior approach for perfonning solution 
algorithms. The optimization approach, on the other hand, is weak in representing more 
complex problems, but strong in handling solution algorithms. To take advantage of the 
strengths of both of these approaches, it is therefore natural to fonnulate the problem as a 
VIP, and then to identitY and relax all of link interactions gradually until an optimization 
subproblem has resulted. The resulting optimization subproblem can then be solved readily 
through the application of an appropriate algorithm. 

For the DUO route choice and other travel choice problems, there are three 
sources of possible link interactions. The first is from the actual link travel times T a (I) , the 

second is from the temporal interactions among inflows using the same physical link, but 
appearing at different intervals, and the last is due to topological interference from different 
physical links which are generally characterized by so-called symmetric and/or asymmetric 
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link travel time functions. 

For the DUO route choice mode~ actual link travel times are not known in 
advance, and hence, need to be estimated based on a feasible flow pattern. When the actual 
link travel times are estimated, a new subproblem's feasible region is accordingly 
determined, or more specifically, a new feasIble time-space network is constructed. This 
new feasible time-space network is then used to determine another feasible flow pattern. 
Prior to reaching equilibrium, the feasible time-space networks constructed by two sets of 
estimated actual link travels times in successive iterations are usua1ly different. This 
procedure is repeated until the estimated actual link travel times converge to the optimal 
solution. 

The second type of link interaction is evident in the real world. This type of link 
interaction refers to situations where link inflow is affected or even blocked by those 
previously entered flows. No vehicle heading toward a destination is allowed to jump over 
vehicles ahead of it; however, when the inflows on the same physical link, other than that on 
the subject time-space link, are temporarily fixed, this type oflink interaction can be relaxed. 

The last type of link interaction is due to interference between different physical 
links. For example, consider an undivided two-way street, the affects of flows in one 
direction on the opposing flows are similar, regardless of their direction, thus yielding a 
symmetric link interaction. Even more pronounced link interactions can be observed at a 
signalized intersection characterized by a permitted left-turn movement. It is clear that left
turn movements could be seriously affected by the opposing through traffic, while the 
opposing through traffic is only slightly affected by the left-turn movements (assuming that 
drivers obey the priority regulations). Since the degree of interference is not equal on both 
sides, asymmetric link interactions thus result. As already discussed in many static travel 
choice models (see Sheffi (1985) for an example) this type of link interactions can be 
relaxed by temporarily fixing the inflows on the links, other than the subject physical link, at 
the current level. Note that in order to ensure a unique solution, the Jacobian matrix of the 
symmetric and/or asymmetric link travel time functions must be positive definite. 

Once these three types of link interactions are relaxed as described above, the 
standard traffic assignment problem results can be expressed. There are several efficient 
solution algorithms available for this optimization problem; however, in view of the storage 
requirements for a large urban network, the Frank-Wolfe (FW) method is most commonly 
used because storage of routes is not required. The FW method typically consists of 
direction finding, determination of move size, and updating. 

Throughout this book, symmetric and/or asymmetric link travel time functions are 
not really used in the demonstration for the sake of simplicity, even though they can be 
tackled readily within our proposed solution algorithms; therefore, only the :first two link 
interactions are treated within the proposed solution algorithms. Our proposed solution 
algorithms are principally motivated by Nagurney (1993), who presented a general iterative 
scheme to solve the VIP. Special well-known algorithms are deduced from this unified 
framework; such as the diagonalization method, the projection method and the linearization 
algorithms. In the following sections, we present in sequence a nested diagonalization 
method, a nested projection method and a modified nested projection method for solving 
the DUO route choice model. 
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5.2 Nested Diagonalization Method 

A nested diagona1ization method is defined as an algorithm that contains the diagona1ization 
method as a subproblem by relaxing some link interactions. The diagona1ization method has 
been successfully adopted in solving static route choice problems with asymmetric link 
travel time functions. The asymmetric link travel time function is reflected in the link-travel
time Jacobian matrix, which contains different corresponding values for diagonally 
opposing cells. When the diagonalization method is applied to the asymmetric route choice 
problem, the inflows on time-space links other than on the subject time-space link are 
temporarily fixed at the current level. This treatment yields a diagonalized subproblem 
which can be reformulated as an equivalent optimization problem. 

For the DUO route choice problem, two types of link interactions need to be 
relaxed (the third type oflink interaction descnbed in Section 5.1 is not treated in the later 
numerical examples for the sake of simplicity) before an optimization problem can be 
obtained and solved, i.e., actual link travel times and the inflows entering the same physical 
link earlier. To this end, the proposed nested diagona1ization method essentially contains 
three loops; the outermost loop, where the actual link travel times are estimated, the second 
loop, where the inflows for each physical link other than on the subject time-space link are 
temporarily fixed, and the innermost loop, where the standard traffic assignment problem is 
solved. The context of the problem in each loop is described in the following sections. 

5.2.1 Fust Loop Problem 

When the actual link travel times are estimated and temporarily fixed at the current level 
the VIP (4.3}-(4.1O) is reduced to the following problem: 

LLC;{I)[Ua{I)- U;{I)] ~ 0 'lin E n (5.1 ) 
a t 

where n is a subset of n with 8a~ (I) being realized by the estimated actual travel times 

Ta ,i.e., 8~ (I) = -ga'; (I), 'lir,s,a,p,k,t . The symbol n denotes the feasible region that is 

delineated by the following constraints (5.2)-( 5.11 ). 

Flow conservation constraint: 

"Lh;(k) = qrs(k) Vr,s,k 
p 

Nonnegativity constraint 

h;(k) ~ ° 'lir,s,p,k 

Definitional Constraints: 

u:pIc(t) = h;S(k)8a,;(t) Vr,s,a,p,k,t 

8a,;(t) = {O,!} Vr,s,a,p,k,t 

(5.2 ) 

(53 ) 

(5.4 ) 

(5.5 ) 
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Ua(t) = LLLh;S(k)8:~(t) 'ria,t (5.6 ) 
rs p k 

(5.7) 
a t 

Under the estimated actual travel times, the flow propagation constraints are eliminated and 
the indicator variables are realized as indices. The remaining type of link interactions is due 
to link inflows at different intervals. 

5.2.2 Second Loop Problem 

The second link interaction can be relaxed by temporarily fixing the previously entered 
flows in the same physical link a. In other words, at iteration n+ 1 during the solution 
procedure, the link travel times become a function of inflow on the subject time-space link 
only, as follows: 

(5.8 ) 

Since the Jacobian matrix of the above travel time function is synunetric and positive 
definite, the variational inequality (5.1 )-( 5.7) can be reformulated as an equivalent 
optimization problem, as follows 

Subject to: constraints (5.2)-(5.7) 

5.2.3 Third Loop Problem 

Objective function (5.9) and the associated constraints (5.2)-(5.7) essentially 
construct a convex optimization problem which can be easily solved by the FW method, 
which was presented in Section 2.3.5. It typically consists of direction finding, line search, 
and determination of move size, and updating. The search direction is derived based on a 
linearized subproblem. 

a t 

Flow conservation constraint: 

Lw;(k) = qr.r(k) 'rir,s,k 
p 

Nonnegativity constraint: 

w;(k)~O 'rir,s,p,k 

(5.11 ) 

(5.12 ) 
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Definitional Constraints: 

P:pk(t) = w;(k)J;;'(t) Vr,s,a,p,k,t 

~;'(t) = {O,l} Vr, s, a, p, k, t 

Pa(t) = LLLw;(k)la;'(t) Va,! 
rs p k 

a t 
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(5.13 ) 

(5.14 ) 

(5.15) 

(5.16) 

The above linear program can be easily solved using an all-or-nothing technique. 
The obtained subproblem solution accompanied with the main problem solution brings 

about a descent direction dn = (pn - un), or in an expanded fonn, dt = (Pin - u;n), Vi. 

Once the descent direction is known, the move size in the direction of dn equals the 
distance to the point along which d n minimizes z( u) . It follows that: 

(5.17 ) 

Once the optimal solution of this line search, tln, is found, the next point can be 
generated using the following fonnula: 

un+1 = un + tln(pn _ un) (5.18) 

Note that equation (5.18) can be written as: 

Un+1 = (l-tln)un +tlnpn (5.19) 

The new solution is thus a convex combination (or a weighted average) of un and p n . 

Subsequently, the main problem solution can be updated based on the descent direction and 
move size. At this stage, a convergence check must be perfonned. If the convergence 
criterion is satisfied, the current main problem solution is deemed as the traffic pattern at 
equilibrium; otherwise, the procedure is repeated. 

5.2.4 Proposed Solution Algorithm 

Based on the above discussion, a nested diagonalization method is formally proposed for 
solving the discrete DUO route choice problem as follows: 

Nested DUzgonalizPtion Method 

Step 0: fuitialization. 

Step 0.1: Let m=(). Set r~ (I) = NINr[ C ao (I)], Va, t . 
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Step 0.2: Let n=1. Find an initial feasible solution {u!(t)}. Compute the 

associated link travel times {c! (t )} . 

Step 1: First Loop Operation. 

Let m=m+ I. Update the estimated actua11ink travel times by 

r:(t) = NINT[(I- r )r;-!(t) + ~C;(t)] Va, t (5.20 ) 

Construct the corresponding feasible time-space network based on the estimated 
actua11ink travel times. 

Step 2: Second Loop Operation. 

Step 2.1: Let n= 1. Compute and reset the initial feastble solution {u; (t ) } , based 

on the time-space network constructed by the estimated actual link travel 

times {r;'(t)}. 

Step 2.2: Fix the inflows for each physical link other than on the subject time
space link at the current leve~ yielding the optimization problem defined 
by (5.9) and (5.2)-(5.7). 

Step 3: Third Loop Operation. 

Solve for the solution, {u;+! (I)} , in optimization problem (5.9) and (5.2)-(5.7) 

by the FW method. Compute the resulting link travel times {c;+! (I) } . 

Step 4: Convergence Check for the Second Loop Operation. 

Ifu;+!(t) ~ u;(t), Va,t, go to Step 5; otherwise, setn=n+l, go to Step 2.2. 

Step 5: Convergence Check for the Fust Loop Operation. 

If r;'(/)~c;+!(t) Va,t, stop; the current solution is optimal. Otherwise, set 

n=n+ I, and go to Step 1. 

In Step 0, an initial feasible solution is generated either by the all-or-nothing (AON) 
assignment method, or by the incremental (INC) assignment method. The AON method is 
petformed based on the link flow free travel times. For each O-D pair, only the route with 
the shortest travel time will be assigned with all the trips; the other routes will have no 
assigned flows. The INC method assigns repeatedly a prespecified portion of the O-D trips 
to the shortest path, and updates the link travel time with the resulting flow pattern. 

In Step 1, the actual link travel times are estimated by weighted averages. The 
adopted formula is general in the sense that many known formulas are constructed for 

special cases. For example, if r = -1, then r:(t) = NINJ m-I r;-!(t)+~c;(t)] and 
m ~L m m 

if r = 1, then r;' (t) = NINT[ c; (t )]. Note that the weighted averages are prefixed by 

round-off arithmetic operations, and denoted by the symbol NlNT. This is because the 
actual link travel times must be integer-valued as is this case for discrete models. Here, we 
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simply set NINT[ x] = i ,if i - 0.5 :5 x < i + 0.5 for the purpose of a demonstration. Other 

round-off arithmetic operations are also possible. In fact, from an algorithmic point of view, 
good estimates of actual link travel times are critical to the computational efficiency and 
quality of the resulted solution, which involves having a good initial solution and an efficient 
procedure for updating. This issue is left for future research. 

In Step 2, the diagonalization method is applied. In Step 2.1, the initial solution 
associated with the diagonalization method must be generated/refreshed every time, so as 
to reflect a changed feaSIble set created by differentlupdated actual travel times. In other 
words, the traffic patterns resulting from the previous iteration in Step 3 cannot be directly 
canied over into the next diagonalization iteration. The reason for this is that different 
estimated actual link travel times would construct different feaSIble time-space networks. 
Unless the estimated actual link travel times are the same in two successive iterations, the 
traffic pattern resulting from the previous iteration in Step 3 cannot be adopted for later use. 
This is a major difference between our solution algorithm and those written by others. 

In Step 3, the FW algorithm is applied over a feaSIble time-space network that 
satisfies the flow propagation constraint. 

In Step 5, the convergence criterion is set to be r;(t)~c:+l(t) Va,t, rather than 

-r: (t) ~ -r;+ I (t) Va, t as used in Ran and Boyce (1996), to avoid prematured 

convergence. 

In short, our nested diagonalization solution procedure contains three levels, with 
the actual travel times being estimated in the first (outermost) leve~ inflows other than those 
on the subject time-space link being fixed in the second lev~ and the FW method being 
applied in the third (innermost) level. Note that the second level treatment is unique to our 
proposed algorithm, and has not been reported elsewhere. 

5.3 Nested Projection Method 

The previously described steps (2)-(4) are typical of the diagonalization procedure; 
however, many comparable or even more efficient algoritluns, in terms of computational 
times, are also available. In this section we indicate that by making a minor modification in 
the nested diagonalization method, a nested projection-type algorithm can be obtained as 
follows. 

Step 2: Second Loop Operation. 

Step 2.1: Let n= 1. Compute and reset the initial feasIble solution {u; (t)} , based 

on the time-space network constructed by the estimated actual link travel 

times {-r:(t)}. 
Step 2.2: Fix the inflows for each physical link other than on the subject time

space link at the current level, yielding the optimization program defined 
by (5.21) and (5.2)-(5.7). 
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min z==~(un+f Gun+1 + (pc(un)-Gun)un+1 (5.21 ) 

where matrix G is symmetric and positive definite and p is a contraction 

operator. 

Step 3: Third Loop Operation. 

Solve for the solution, {U;+I (t)}, to optimization problem (5.21) and (5.2)-(5.7) 

by the FW method. Compute the resulting link travel times {C;+I (t)}. 
Note that a necessary condition for convergence of Step 2 in the nested projection method 
is that c( u) is strictly monotone. In case such a condition is not met by the application under 
consideration, a modified projection method may also be appropriate. 

5.4 Modified Nested Projection Method 

When c( u) is only monotone (versus strictly monotone), but with the Lipschitz continuity 

condition holding with constant L, the modified nested projection method can be adopted 
as follows. 

Step 2: Second Loop Operation. 

Step 2.1: Let fF 1. Compute and reset the initial feastble solution u; (t), Va, t , 
based on the time-space network constructed by the estimated actual link 
travel times .:(t), Va, t. 

Step 2.2: Fix the inflows for each physical link other than that on the subject time
space link at the current level. 

Step 3: Third Loop Operation. 

Solve the following VIPs, for un+1 . 

Step 3.1: Construction and Computation 

Set G==I and select p, such that 0 < P < ~, where L is the Lipschitz 
L 

constant for function c. Compute un by solving the variational 
inequality subproblem: 

[un+(pc(un)-un)r(u'-un)~o VU'EO (5.22 ) 

Step 3.2: Adaptation 

Compute u "+1 by solving the variational inequality subproblem: 

[U"+I +(pc(un)_ un)r (u' - un+l ) ~ 0 Vu' En (5.23 ) 
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5.5 Numerical Example 

5.5.1 Input Data 

A simple network as shown in Figure 5.1 is used for testing. The test network consists of 6 
links and 5 nodes in which nodes 1 and 3 are origins, node 5 is the destination, and nodes 2 
and 4 are intennediate nodes. 

2 4 

Figure 5.1: Test Network 

The adopted dynamic travel time function is arbitrarily constructed as follows. 

ca(t) = 1+0.01(ua(t)f +0.01(xa(t))2 Va,t (5.24 ) 

The assumed origin-destination (O-D) demands are shown in Table 5.1. 

Table 5.1: Time-Dependent O-D Demands 

O-D Time Interval. 
Pair k=1 k=2 k=3 k=4 k=8 k=9 
1-5 15 20 15 20 0 0 
3-5 15 20 0 0 15 20 

5.5.2 Test Results 

A computer program coded with Turbo c++ is used to solve the DUO route choice model 
with the input data. The obtained results are summarized in Table 5.2. The rationale of the 
proposed model and associated solution algorithm can be verified by checking if the 
resulting actual route travel times satisfY the dynamic user -optirnaI conditions as defined in 
Section 3.2.1. Based on Table 5.2, the actual route travel times are computed and 
summarized in Table 5.3. The travelers departing from the same origin during the same 
interval experience approximately the same actual route travel time. 
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Table 5.2: Results for the Test Network 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 
1~2 1 3.71 0.00 0.00 1.14 2 

2 8.53 3.71 3.71 1.86 4 
3 11.88 0.00 8.53 3.14 6 
4 0.00 8.53 20.40 5.16 -
5 0.00 0.00 11.88 2.41 -
6 0.00 11.88 11.88 2.41 -

1~3 1 11.29 0.00 0.00 2.27 3 

2 11.48 0.00 11.29 3.59 6 
3 3.12 11.29 22.77 6.28 9 
4 20.00 0.00 14.60 7.13 11 
5 0.00 0.00 34.60 12.97 -
6 0.00 11.48 34.60 12.97 -

7-8 0.00 0.00 23.12 6.35 -
9 0.00 3.12 23.12 6.35 -
10 0.00 0.00 20.00 5.00 -
11 0.00 20.00 20.00 5.00 -

2~3 2 3.71 0.00 0.00 1.14 3 
3 0.00 3.71 371 1.14 -
4 8.53 0.00 0.00 1.73 6 
5 0.00 0.00 8.53 1.73 -
6 11.88 8.53 8.53 3.14 9 

7-8 0.00 0.00 11.88 2.41 -
9 0.00 11.88 11.88 2.41 -

3~ 1 3.71 0.00 0.00 1.14 2 
2 8.53 3.71 3.71 1.86 4 
3 11.88 0.00 8.53 3.14 6 
4 0.00 8.53 20.40 5.16 -
5 0.00 0.00 11.88 2.41 -
6 5.17 11.88 11.88 2.68 9 
7 0.00 0.00 5.17 1.27 -
8 9.85 0.00 5.17 2.24 10 
9 16.55 5.17 15.02 5.99 15 
10 0.00 9.85 26.40 7.97 -
11 20.00 000 16.55 7.74 19 

12-14 0.00 0.00 36.55 14.36 -
15 0.00 16.55 36.55 14.36 -

16-18 0.00 0.00 20.00 5.00 -
19 0.00 20.00 20.00 5.00 -
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Table 5.2: Results for the Test Network (continued) 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 

3~5 1 11.29 0.00 0.00 2.27 3 
2 11.48 0.00 11.29 3.59 6 
3 3.12 11.29 22.77 6.28 9 

4-5 0.00 0.00 14.60 3.13 -
6 14.83 11.48 14.60 5.33 11 
7 0.00 0.00 17.96 4.22 -
8 5.15 0.00 17.96 4.49 12 
9 18.45 3.12 23.10 9.74 19 
10 0.00 0.00 38.43 15.77 26 
11 0.00 14.83 38.43 15.77 -
12 0.00 5.15 23.60 6.57 -

13-18 0.00 0.00 18.45 4.40 -
19 0.00 18.45 18.45 4.40 -

H5 2 3.71 0.00 0.00 1.14 3 
3 0.00 3.71 3.71 1.14 -
4 8.53 0.00 0.00 1.73 6 
5 0.00 0.00 8.53 1.73 -
6 11.88 8.53 8.53 3.14 9 

7-8 0.00 0.00 11.88 2.41 -
9 5.17 11.88 11.88 2.68 12 
10 9.85 0.00 5.17 2.24 12 
11 0.00 0.00 15.02 3.26 -
12 0.00 15.02 15.02 3.26 -
15 16.55 0.00 0.00 3.74 19 

16-18 0.00 0.00 16.55 3.74 -
19 20.00 16.55 16.55 7.74 27 

20-26 0.00 0.00 20.00 5.00 -
27 0.00 20.00 20.00 5.00 -

Table 5.3: Actual Route Travel Time for the Test Network 

Route Time Interval 
k=l k=2 k=3 k=4 k=8 k=9 

1~2~3~5 8.55 8.95 16.00 - - -

1~2~3~5 8.56 8.92 16.02 - - -
1~3~5 8.55 8.95 16.01 22.61 - -
1~3~5 8.55 8.92 16.02 - - -
3~~5 2.28 3.59 - - 4.48 973 

3~5 2.27 3.59 - - 4.49 9.74 
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5.6 Notes 

For discrete mathematical programming problems, a discontinuity will always create a non
convergence problem for an iterative algorithm. The algorithms presented in this chapter 
are iterative procedures with pre-detennined step sizes. Although the link travel time 
functions, and hence the objective function, remain continuous throughout the solution 
procedure (Including the subsequent minimal-travel-time route search), the actual link 
travel times, that are used for exertion of flow propagation over the network, have to be 
made into discrete integer interva.\s, i.e., rounded-offto the nearest integer. As a result, the 
cyclic phenomenon among several non-optimal solutions may occur. To mitigate this non
convergence problem, the application of smaller time intervals and the adoption of a less 
precise convergence criterion may be appropriate. It is worth noting that if the non
convergence problem cannot be avoided for practical applications and the corresponding 
cyclic non-optimal solutions did not deviate from the optimal solution by much, then the 
selection among the cyclic solutions for use may be acceptable. 

The discrete nature of the DUO route choice model also affects the AON 
assignment desclibed in Section 5.2.3. The search for the shortest route is based on the 
continuous link/route travel times; however, the AON assignment, which was performed in 
a back-stepping manner, must load flows onto the links during some integer-valued 
intervals. Our experience shows that in the early iterations of the nested diagonalization 
solution procedure, the difference between the continuous link travel times and the discrete 
actual link travel times is usually large, and this undesirable situation (or inconsistency) 
makes the convergence of the third loop problem very slow, or even impoSSIble. 
Consequently, a preset number of iterations should used for the convergence check in early 
iterations of the nested diagonalization method. 

A related issue in computer programming is the determination of the actual route 
travel times. Each actual route travel time is comprised of a sequence of actual link travel 
times in that route. In this regard, two approaches may be poSSIble. One is to round off each 
link travel time as the actual link travel time over the route and then sum up the links for the 
actual route travel time. The other is to sum up the link travel times over the route and then 
round off (or discretize) the actual route travel time. The former, due to round-off errors, 
may cause a large difference between the continuous route travel times and the discrete 
actual travel times. The latter, on the contrary, will restrict the difference between the 
continuous route travel times and the discrete actual travel times within one time interval; 
however, the proofs given in Section 3.7.3.1 may no longer be applicable. Therefore, to 
preserve the validity of the proofs, the former approach was adopted for all numerical 
examples shown in this book. 
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Dynamic User-Optimal 

Departure TimelRoute Choice Model 

The purpose of the dynamic user-optimal (DUO) departure time/route choice problem is to 
detennine the best departure time along with the best route choice decision. The DUO 
departure time/route choice problem is a generalization of the DUO route choice problem, 
since the departure times for travelers are not prespecified and are allowed to change in 
response to different levels of network congestion The relaxation of fixed trip departure 
times is appropriate; in many situations, travelers tend to choose the departure time that 
minimizes their en route travel times, especially when there is no penalty for either early or 
late arrival. Ifwe consider a work-to-home trip, the choice of departure time is influenced 
by the wish of the traveler to avoid unnecessary delay en route. In fact, by minimizing an 
individual's en route travel time, more efficient utilization of the total network capacity can 
be reasonably expected. The day-to-day adjustment for commuters will gradually stabilize 
the departure time choice, thereby influencing the DUO route choice problem. 

Several DUO departure time/route choice models have appeared in research 
literature. Janson (1992) formulated a DUO route choice model in which trips have variable 
departure times and scheduled arrival times. Using a heuristic approach based on the Frank
Wolfe (FW) algoritlun, Janson (1993) solved a dynamic route choice problem and a 
combined departure time/route choice problem. Ran et al (1992) formulated a two-level 
optimal control problem for the DUO departure time/route choice problem in a multiple 
origin-destination network, proposing a heuristic approach to solve the problem. In the 
lower leve~ the O-D departure rates are specified, and therefore exogenous to the upper 
level problem, while in the upper leve~ a DUO route choice problem is formulated to find 
the dynamic trajectories of link states. Friesz et al (I993) presented a joint departure time 
and route choice model by formulating a link-based VI model for the DUO departure 
time/route choice problem. And finally, Smith and Ghali (1992) also considered this 
problem using a microscopic representation of vehicle streams. 
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In this chapter, the DUO departure time/route choice problem is formulated by the 
variational inequality approach. A description of the dynamic user -optimal conditions and 
corresponding VIP along with the equivalence analysis is provided in Section 6.1. A nested 
diagona1ization method is then proposed and elaborated in Section 6.2. A numerical 
example is given in Section 6.3. The length of the analysis period and the total number of 
time intervals are analyzed in Section 6.4. Concluding notes are given in Section 6.5. 

6.1 Equilibrium Conditions and Model Formulation 

In this section, the dynamic user-optimal conditions are first defined to characterize the 
travelers' driving behavior for choosing the best departure time using the minimal travel time 
route. Due to inherent link interactions, the variational inequality approach is adopted to 
formulate the DUO departure time/route choice model. The equivalence between the 
dynamic user-optimal conditions and the variational inequality formulation is then stated as 
a theorem and verified by a proof 

6.1.1 Dynamic User-Optimal Conditions 

Given O-D demands that are fixed and time-independent, the dynamic user -optimal 
conditions state that for each O-D pair, the actual route travel times experienced by 
travelers, regardless of the departure time, are equal and minimal. At the same time, the 
actual travel time of any unused route for each O-D pair is greater than or equal to the 
minimal actual route travel time. In other words, at equilibrium, if the flow departing from 
origin r during interval k over route p toward destination s is positive, i.e., h;' (k ) ~ 0 , then 

the corresponding actual route travel time is minimal. On the contrary, if no flow occurs on 
routep during intervalk, i.e., h;'(k) = 0, then the corresponding actual route travel time is 

at least as great as the minimal actual route travel time. This equilibrium conditions can be 
expressed mathematically as follows: 

C"'(k~=;r" if h;'(k) > 0 
.( ) Vr,s,p,k 

p ~;r" if h; k = 0 
(6.1 ) 

6.1.2 Variational Inequa1ity Formulation 

As to which type of mathematical formulation is more appropriate for the DUO departure 
time/route choice problem, a natural choice is the optimization formulation because many 
efficient algorithms are already available. Unfortunately, the DUO departure time/route 
choice problem cannot be formulated as an optimization problem because the dynamic link 
travel time fimction does not have a symmetric Jacobian matrix. Consequently, the more 
general VI approach is adopted to formulate the DUO departure time/route choice 
problem. 
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Theorem 6.2: The DUO departure time/route choice problem is equivalent to finding a 
solution u * E n such that the following VIP holds: 

c*[u-U*]?:O VUEn* (6.2 ) 

Or, alternatively, in expanded fonn: 

L L «t~ua(t) - u:(t)]?: 0 Vu E n * (6.3 ) 
a t 

where n * is a subset of n with 8::W (t ) being realized at equilibrium, i.e., 

8::W(t)=8;;;(t),Vr,s,a,p,k,t The symbol n denotes the feasible region that is 

delineated by the following constraints. 

Flow conservation constraint: 

LLh;(k)=iJ" Vr,s 
k p 

Flow propagation constraints: 

u;pk(t) = h;(k)8;~(t) Vr,s,a,p,k, t 

L<>::w(t) = 1 Vr,s,p,a Ep,k 

<>::W(t) = {O,l} Vr,s,a,p,k,t 

Nonnegativity constraint: 

h;(k)?:O Vr,s,p,k 

Definitional Constraints: 

Ua(t) = LLL h;S (k)<5::W (t) Va, t 
n p k 

a t 

(6.4 ) 

(6.5 ) 

(6.6 ) 

(6.7) 

(6.8 ) 

(6.9 ) 

(6.10) 

Except for equation (64), all other constraints are the same as those for the DUO route 
choice model. Equation (6.4) conserves the time-independent O-D demand in terms of 
route flows. It states that the sum of the route flows over route p and interval k must equa1 
the total departure flows which originate from r toward destination s. Note also that the 
flow propagation constraints (6.5)-(6.7), as shown in Section 3.7.2, implicitly imply the 
following relationships: 

(6.11 ) 
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where 

and 

where 

{
I if i < t and i + r a (i) ? t 

8~,(t)= 0 otherwise 

6.1.3 Equivalence Analysis 

(6.l2 ) 

(6.13 ) 

Va,i,t (6.l4) 

The following theorem verifies the equivalence between equilibrium conditions (6.1) and 
VIP (6.3). 

Theorem 6.2: Under a certain flow propagation relationship (8;pIc(t) = 8;;: (t)) , DUO 

departure time/route choice conditions (6.1) imply VIP (6.3) and vice versa. 

Proof of necessity: We need to prove that under a certain propagation relationship 

( 8~ (t) = 8ar;; (t ) ), dynamic user -optimal conditions (6.1) can be reformulated as VIP 

(6.3). We first rearrange equilibrium conditions (6.1) as follows: 

[c;'(k)- Jrr.Jlh;(k)-h;'(k)]? 0 Vr,s,p,k (6.15) 

Summing the above equation over r,s,p,k yields: 

L L Lc;'(k)[h;(k) - h;'(k)] 
,. k p 

(6.16) 

- LJrr.J L L[h;(k) - h;·(k)]? 0 
rs k p 

k P k p 

elirninated and the remaining term results in the following VIP: 

L L~:C;'(k)[h;(k) - h;s·(k)]? 0 
r.J k P 

(6.17) 

The remainder of the proof of necessity is same as equations (4.16)-(4.20) in Section 4.1.3. 
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Proof of sufficiency: We next prove that the route-based VIP (6.17) is equivalent to 

dynamic user-optimal conditions (6.1). We now define a feasible solution {h;(k)} to be 

the same as the equilibrium flow pattern {h;- (k )}, except for two routes, Plrs during 

interval kl , and P; during interval k2 . WIthout loss of generality, we consider two 

situations that could arise at equilibrium: 

(i) Both route flows are positive, i.e., h;' (kl ) > 0, and h~' (k2 ) > 0 . We switch 

a small amount offlow .11 from route P;' to P'; with 0 < .11 s; h;'(kl ). That is: 

h;(kl ) = h;'(kl ) -.11 and 

h~ (k2) = h7,(k2) + Lli 

By substituting a newfeastble solution {h;(k)} into equation (6.17), we have: 

c;'(kl Xh;(kl ) - h;'(kl )] + C~(k2 Xh~(k2)- h~'(k2)] ~ 0 

By using equations (6. 18}-(6. 19), one obtains: 

C~'(k2) ~ c:(kl ) 

(6.18 ) 

(6.19) 

(6.20) 

(6.21 ) 

Similarly, by switching a small amount of flow .12 with 0 < Ll2 S; h~' ( k2) from route 

p'; to p;' , we obtain: 

c;" (kl ) ~ c7, (k2 ) (6.22 ) 

Equation (6.21) and equation (6.22) together imply: 

C~'(k2)=C;"(kl ) (6.23 ) 

We can repeat this procedure to verifY for each tirne-dependent O-D pair that all used 
routes with positive flow have the same actual route travel time. 

(ii) One route flow is positive and the other route flow is nil. We arbitrarily assume, 

without loss of generality, h;' (kl ) > 0, and h~ (k2 ) = O. We switch a small amount of 

flow Lli from route p;' to p:; with 0 < Lli S; h;'(kl ). By the same argument shown in 

(i), we have C;"(k2) ~ c;"(kl ). We repeat this procedure to verifY for each time

dependent O-D pair that all unused routes with zero flow will have an actual route travel 
time no lower than the minimal actual route travel time. 

Since both (i) and (Ii) must hold, it follows that VIP (6.3) implies equilibrium 
conditions (6.1). This completes the proof 
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6.2 Nested Diagonalization Method 

In this section, we present the nested diagona1ization method to solve the DUO departure 
time/route choice problem. The nested diagonalization method has been proposed and 
thoroughly discussed in Chapter 5 for the DUO route choice problem. Due to the different 
form of flow conservation constraints, the adaptation of the nested diagonalization method 
for the DUO departure time/route choice model is not directly applicable. However, by 
appropriate network representation, the DUO departure time/route choice model can be 
treated, in the mathematical sense, as the DUO route choice model. 

6.2.1 Time-Space Network 

By comparing the models' structures, it is observed that the only difference between the 
DUO departure time/route choice model and the DUO route choice model is in their flow 
conservation constraints. From the mathematical point of view, this difference can be 
resolved by an appropriate network representation We construct the time-space network 
for the DUO departure time/route choice problem in Figure 6.1. The time-space network 
starts with a time-independent origin r, rather than time-dependent origins r(k) as shown in 
Figure 4.1. This time-independent origin r is then connected to each of its time-dependent 
offspring origins by a dummy link with travel time equal to zero. The remaining part of the 
time-space network is exactly the same as that for the DUO route choice problem. 

6.2.2 Solution Algorithm 

A nested diagona1ization method is proposed to solve the DUO departure time/route 
choice model. The nested diagonalization method is defined as an algorithm that consists of 
the diagona1ization method within its solution procedure. The diagona1ization method, in 
turn, has the FW method embedded. This method is extremely useful for problems with 
two types oflink flow interactions because one type oflink flow interaction can be relaxed 
to yield a subproblem that can be solved by the diagona1ization method, and the second 
type oflink flow interaction can be further relaxed from the first level subproblem, resulting 
in a second level diagonalized subproblem that can be solved by the FW method. 

For the DUO departure time/route choice problem, without considering the 
poSSIble asymmetric property oflink travel time functions, the source oflink interactions is 
twofold. One is due to the actual link travel time r a (t), which is not known in advance, 

and hence. needs to be estimated, and the other interactions are accrued from the 
interference among inflows entering the same physical link, but having different time 
intervals. Once these two types of link flow interactions are temporarily fixed, a 
diagonalized subproblem is yielded. This diagonalized subproblem can then be reformulated 
as a convex optimization problem and solved by the FW method. 
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(a) Static Network 

(b) Time-Space Network 

Figure 6.1: Time-Space Network 
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With the above discussion, the nested diagonalization method is fonnally described 
as follows. 

The Nested Diago1U1liztdion Method 

Step 0: Initialization. 

Step 0.1: LetJ7FO. Set 1'~(t) = NINr[cao (t)], Va,l. 

Step 0.2: Let IFl. Find an initial feasible solution {U!(/)}. Compute the 

associated link travel times {c! (t )} . 

Step 1: FU'St Loop Operation. 

Let m=m+ 1. Update the estimated actual link travel times by 

1':;(t) = NINr[(I- Y )1':;-1(/) + ~;(t)] Va, 1 (6.24 ) 

whereO<y<1. 

Construct the corresponding feastble time-space network based on the estimated 
actual link travel times. 

Step 2: Second Loop Operation. 

Step 2.1: Let IF 1. Compute and reset the initial feasible solution {u; (t)}, based 

on the time-space network constructed by the estimated actual link travel 

times {1':;(/)}. 

Step 2.2: Fix the inflows for all time-space links other than that on the subject 
time-space link at the current leveL yielding the following optimization 
problem. 

Flow conservation constraint: 

LLh;(k) = zr Vr,s 
k p 

Nonnegativity constraint: 

h;(k) ~ 0 Vr,s,p,k 

Definitional Constraints: 

u~(t)=h;(k)8a';t(t) Vr,s,a,p,k,t 

8a';c(t) = {O,l} Vr,s,a,p,k,t 

(6.26 ) 

(6.27 ) 

(6.28 ) 

(6.29 ) 
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ua(t) = LLLh;(k)Ja:;"(t) Va,t (6.30 ) 
r.J p k 

(6.31 ) 
a t 

Step 3: Third Loop Operation. 

Solve for the solution, {U;+I(t)}, in optimization problem (6.25)-(6.31) by the 

FW method. Compute the resulting link travel times {C;+ 1 (t )} . 

Step 4: Convergence Check for the Second Loop Operation. 

If U;+I (t) ~ u;(t), Va,t, go to Step 5; otherwise, setn=n+l, go to Step 2.2. 

Step 5: Convergence Check for the Frrst Loop Operation. 

If r;'(t) ~ C;+I(t), Va,t , stop; the current solution is optimal. Otherwise, set 

n=n+ 1, and go to Step 1. 

Note that, in Step 3, the FW method is applied to the time-space network depicted in 
Figure 6.1. After searching for the shortest route from time-independent origin r toward 
time-independent destination s, the AON assignment is perfonned in a backward manner. If 
there is branching from a time-independent origin having a route travel time longer than the 
preset entire analysis period within the solution procedure, this route must be discarded. 
Similar to the disrussion shown in Section 5.3, a nested projection algorithm can be created 
by the following modification. 

Step 2.2: Fix the inflows for all time-space links other than on the subject time
space link at the current leve~ yielding the following optimization 
problem. 

min z(u)= ±(u .... IY Gun+1 +(,oc(un)-Gun)un+1 (6.32) 

Subject to: (6.26)-(6.31) 

where matrix G is symmetric and positive definite and p is a contraction 
operator. 

6.3 Numerical Examples 

6.3.1 Input Data 

A simple network shown in Figure 6.1 is used for testing. The test network consists of 6 
links and 5 nodes in which nodes 1 and 3 are origins, node 5 is the destination, and nodes 2 
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and 4 are intermediate. 

2 ! 4 

Figure 6.2: Test Network 1 

The adopted dynamic travel time function is arbitrarily constructed as follows: 

ca{t) = 1 + O.01(ua{t)f + O.01(xAt)f Va, t (6.33 ) 

The assumed time-independent origin-destination (O-D) demands are shown in Table 6.1: 

Table 6.1: Time-Independent O-D Demands for Test Network 1 

O-D Interval 
Pair k=l""() 

1-5 30 

6.3.2 Test Results 

The results for the DUO departure time/route choice model with the given data are 
summarized in Table 6.2. 

Table 6.2: Results for Test Network 1 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Tune Interval 

1~2 1 2.20 0.00 0.00 l.05 2 
2 0.36 2.20 2.20 l.05 3 
3 2.17 0.36 0.36 1.05 4 
4 0.57 2.17 2.17 l.05 5 
5 2.13 0.57 0.57 1.05 6 
6 0.00 2.13 2.13 1.05 -
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Table 6.2: Results for Test Network 1 (continued) 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 
1--t3 1 10.48 0.00 0.00 2.10 3 

2 0.58 0.00 10.48 2.10 4 
3 0.00 10.48 11.06 2.22 -
4 10.46 0.58 0.58 2.10 6 
5 1.06 0.00 10.46 2.11 7 
6 0.00 10.46 11.51 2.33 -
7 000 1.06 1.06 1.01 -

2--t3 2 2.20 0.00 0.00 1.05 3 
3 0.36 2.20 2.20 1.05 4 
4 2.17 0.36 0.36 1.05 5 
5 0.57 2.17 2.17 1.05 6 
6 2.13 0.57 0.57 1.05 7 
7 0.00 2.13 2.13 1.05 -

3--t4 3 2.20 0.00 0.00 1.05 4 

4 0.36 2.20 2.20 1.05 5 
5 2.17 0.36 0.36 1.05 6 
6 0.57 2.17 2.17 1.05 7 
7 2.13 0.57 0.57 1.05 8 
8 0.00 2.13 2.13 1.05 -

3--t5 3 10.48 0.00 0.00 2.10 5 
4 0.58 0.00 10.48 2.l0 6 
5 0.00 10.48 11.06 2.22 -
6 10.46 0.58 0.58 2.10 8 
7 1.06 0.00 10.46 2.11 9 
8 0.00 10.46 11.51 2.33 -
9 0.00 1.06 1.06 1.01 -

H5 4 2.20 0.00 0.00 1.05 5 
5 0.36 2.20 2.20 1.05 6 
6 2.17 0.36 0.36 1.05 7 
7 0.57 2.17 2.17 1.05 8 
8 2.13 0.57 0.57 1.05 9 
9 0.00 2.13 2.13 1.05 -

It is observed that all travelers must depart before interval 5; otherwise, they won't 
be able to arrive at the destination before interval 9 (included). The correctness of the results 
can be verified by checking if the equilibrated actual route travel times satisfy the dynamic 
user-optimal conditions defined in Section 6.1.1. Ifwe consider route I--t3--t5 departing 
during interval 1 as an example, we can see that the corresponding actual route travel time 
can be obtained by summing the actual link travel time for link 1--t3 during interval 1 with 
the actual link travel time for link 3--t5 during interval 1 + C143 (1) as follows: 
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CH3~5(1) = Cl-+3(1)+C3~5(1 +C1-+3(1)) 

= 2.10 + C3-+5 (3.1 0) "'" 2.1 0 + C3-+5(3) = 4.20 
(6.34 ) 

The remaining actual route travel times are also computed and sununarized in Table 6.3. 
For those trips which depart from the same origin, the route travel time is approximately the 
same. Note that route travel times from k=6 to k=9 are not applicable because no flow 
departs the origin during these four time intervals. 

Table 6.3: Actual Route Travel Times for Test Network 1 

Route Time Interval 
k=1 k=2 k=3 k=4 k=5 

1~2~3~5 4.20 4.20 4.20 4.20 4.20 
1~2~3~5 4.20 4.20 - 4.20 4.21 
1~3~5 4.20 4.20 - 4.20 4.21 
1~3~5 4.20 4.20 - 4.20 4.22 

6.4 Analysis Period and Total Number of Time Intervals 

The length of the entire analysis period is one of the important formulation issues. 
Theoretically, the entire analysis period is infinite; however, in practice, we can only analyze 
a finite time period which must be determined in advance. If the preset analysis period is too 
short, then some travelers won't be able to reach their destinations within the analysis period 
(termed infeastble in the mathematical sense). To prevent this situation from taking place, a 
basic requirement for the length of the analysis period is to let all O-D trips arrive at their 
destination by the end of the analysis period T Then, the minimal length of analysis period 
must be determined by the maximum of the sum of the departure time plus the 
corresponding route travel time for all used routes as follows: 

Tmin ~ max,...p.k{k+c;(k)} (6.35) 

where k denotes the departure interval, and c; ( k) represents the actual route travel time 

for trips departing from origin r over route p during interval k toward destination s. 

For the DUO route choice mode~ the required length of analysis period can be 
computed by the above formula without any difficulty; however, for the DUO departure 
time/route choice modeL the minimal length of the analysis period is difficult to determine 
because departure times are fleXible. In this case, the analysis period length may be 
computed by the latest arrival time at destination s minus the earliest departure time at 
origin r, as follows: 

(6.36 ) 

For the DUO departure time/route choice mode~ the longer the analysis period, the shorter 
the corresponding route travel time. Since travelers tend to be fleXible in choosing their 
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departure time, the traffic pattern becomes more dispersed. This assertion can be 
demonstrated by numerical examples with two different analysis periods, (K=10) and 
(K=20). 

6.4.1 Input Data 

A simple 2 by 2 grid network shown in Figure 6.3 is used for testing. The test network 
consists of 4 links and 4 nodes. Nodes 1 and 4 are the origin and destination nodes, 
respectively, whereas nodes 2 and 3 are intermediate nodes. 

,- 'q) 
I I 

cb---~ 
Figure 6.3: Test Network 2 

The dynamic travel time fimerion is arbitrarily constructed as follows: 

ca{t) = 1 + O.OI(ua(t)f + om(xa(t)f Va, t 

The time-independent O-D demands are assumed as follows: 

Table 6.4: Time-Independent O-D Demands for Test Network 2 

O-D Number of Time Intervals 
Pair k=l-IO (ITI=lO) ~ k=1-20 (lTI=20) 
1-4 55 ~ 55 

6.4.2 Test Results 

(6.37 ) 

The computational results for the DUO departure time/route choice model with the given 
basic data are summarized in Tables 6.5 and 6.6 for the 10 and 20 time intervals, 
respectively. 



98 Chapter 6 Dynamic User-Optimal Departure Time/Route Choice Model 

Table 6.5: Results for Test Network 2 (# Time Intervals = 10) 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 
1-42 1 5.2 0.0 0.0 1.27 2 

2 0.8 5.2 5.2 1.28 3 
3 5.2 0.8 0.8 1.27 4 
4 1.5 5.2 5.2 1.29 5 
5 5.0 1.5 1.5 1.27 6 
6 2.2 5.0 5.0 1.30 7 
7 4.7 2.2 2.2 1.27 8 
8 2.9 4.7 4.7 1.30 9 
9 0.0 2.9 2.9 1.08 -

1-43 1 5.2 0.0 0.0 1.27 2 
2 1.0 5.2 5.2 1.28 3 
3 5.1 1.0 1.0 1.27 4 
4 1.5 5.1 5.1 1.28 5 
5 5.0 1.5 1.5 1.27 6 
6 2.2 5.0 5.0 1.30 7 
7 4.7 2.2 2.2 1.26 8 
8 2.9 4.7 4.7 1.30 9 
9 0.0 2.9 2.9 1.09 -

2-44 2 5.2 0.0 0.0 l.27 3 
3 0.8 5.2 5.2 1.28 4 
4 5.2 0.8 0.8 l.27 5 
5 1.5 5.2 5.2 1.29 6 
6 5.0 1.5 1.5 1.27 7 
7 2.2 5.0 5.0 1.30 8 
8 4.7 2.2 2.2 1.27 9 
9 2.9 4.7 4.7 1.30 10 

10 0.0 2.9 2.9 1.08 -
3-44 2 5.2 0.0 00 1.27 3 

3 1.0 5.2 5.2 1.28 4 
4 5.1 1.0 1.0 1.27 5 
5 1.5 5.1 5.1 l.28 6 
6 5.0 1.5 1.5 1.27 7 
7 2.2 5.0 5.0 1.30 8 
8 4.7 2.2 2.2 1.26 9 
9 2.9 4.7 4.7 1.30 10 

10 0.0 2.9 2.9 1.09 -
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Table 6.6: Results for Test Network 2 (# Time Intervals = 20) 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 
1~2 1 2.1 0.0 0.0 1.05 2 

2 0.9 2.1 2.1 1.05 3 
3 1.9 0.9 0.9 1.05 4 
4 1.1 1.9 1.9 1.05 5 
5 1.7 1.1 1.1 1.04 6 
6 1.4 1.7 1.7 1.05 7 
7 1.5 1.4 1.4 1.04 8 
8 1.6 1.5 1.5 1.05 9 

9--10 1.6 1.6 1.6 1.05 10--11 
11 1.5 1.6 1.6 1.05 12 
12 1.5 1.5 1.5 1.05 13 

13-14 1.5 1.5 1.5 1.04 14-15 
15 1.6 1.5 1.5 1.05 16 
16 1.5 1.6 1.6 1.05 17 
17 1.5 1.5 1.5 1.04 18 
18 1.5 1.5 1.5 1.04 19 
19 0.0 1.5 1.5 1.02 -

1~3 1 2.1 0.0 0.0 1.05 2 
2 0.9 2.1 2.1 1.05 3 
3 1.9 0.9 0.9 1.04 4 
4 1.2 1.9 1.9 1.05 5 
5 1.7 1.2 1.2 1.04 6 
6 1.4 1.7 1.7 1.05 7 
7 1.5 1.4 1.4 1.04 8 
8 1.6 1.5 1.5 1.05 9 
9 1.5 1.6 1.6 1.05 10 

10 1.6 1.5 1.5 1.05 11 
11 1.5 1.6 1.6 1.05 12 
12 15 1.5 1.5 1.05 13 
13 1.6 1.5 15 1.05 14 
14 1.5 1.6 1.6 1.05 15 
15 1.5 1.5 1.5 1.05 16 
16 1.4 1.5 1.5 1.04 17 
17 1.7 1.4 1.4 1.05 18 
18 1.4 1.7 1.7 1.05 19 
19 0.0 1.4 1.4 1.02 -
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Table 6.6: Results for Test Network 2 (# Time Intervals = 20) (continued) 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 

2~ 2 2.1 0.0 0.0 1.05 3 
3 0.9 2.1 2.1 1.05 4 
4 1.9 0.9 0.9 1.05 5 
5 1.1 1.9 1.9 1.05 6 
6 1.7 1.1 1.1 1.04 7 
7 1.4 1.7 1.7 1.05 8 
8 1.5 1.4 1.4 1.04 9 
9 1.6 1.5 1.5 1.05 10 

10-11 1.6 1.6 1.6 1.05 11-12 
12 1.5 1.6 1.6 1.05 13 
13 1.5 1.5 1.5 1.05 14 

14-15 1.5 1.5 1.5 1.04 15-16 
16 1.6 1.5 1.5 1.05 17 
17 1.5 1.6 1.6 1.05 18 

18-19 1.5 1.5 1.5 1.04 19-20 
20 0.0 1.5 1.5 1.02 -

3~ 2 2.1 0.0 0.0 1.05 3 
3 0.9 2.1 2.1 1.05 4 
4 1.9 0.9 0.9 1.04 5 
5 1.2 1.9 1.9 1.05 6 
6 1.7 1.2 1.2 1.04 7 
7 1.4 1.7 1.7 1.05 8 
8 1.5 1.4 1.4 1.04 9 
9 1.6 1.5 1.5 1.05 10 

10 1.5 1.6 1.6 1.05 11 
11 1.6 1.5 1.5 1.05 12 
12 1.5 1.6 1.6 1.05 13 
13 1.5 1.5 1.5 1.05 14 
14 1.6 1.5 1.5 1.05 15 
15 1.5 1.6 1.6 1.05 16 
16 1.5 1.5 1.5 1.05 17 
17 1.4 1.5 1.5 1.04 18 
18 1.7 1.4 1.4 1.05 19 
19 1.4 1.7 1.7 1.05 20 
20 0.0 1.4 1.4 1.02 -

The validity of the results can be verified by checking if the equilibrated actual route 
travel times satisfy the dynamic user-optimal conditions defined in Section 6.1.1. If we 
consider route 1 ~3~ departing during interval 1 as an example, we can see that the 
corresponding actual route travel time can be obtained by sununing up the actual link travel 
time for link 1 ~3 during interval 1 and the actual link travel time for link 3~ during 
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interval 1 + c 1-->3 ( 1) as follows: 

c1-->3-->4(1) = c1-->3(1) + c3-->4(1 + c1-->3(1)) 

= l.27 + C3-->4 (2.27) :::; l.27 + C3-->4 (2) = 2.54 
(6.3S) 

Following the same procedure shown above, the remaining actua1 route travel times are 
also computed and summarized in Table 6.7 for the total number of time intervals equal to 
10, and in Table 6.S, for the total number of time intervals equal to 20. For those trips 
which depart the same origin regardless of the departure times, the route travel time is 
approximately the same. Note that in Table 6.7, the route travel times for k=9 and k= 1 0 are 
not applicable because no flow departs the origin during these two time intervals. 

Table 6.7: Actual Route Travel Times for Test Network 2 (# Time Intervals = 10) 

Route Time Interval 
k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 

1~2-H 2.54 2.56 2.54 2.58 2.54 2.60 2.54 2.60 

1~3-H 2.54 2.56 2.54 2.56 2.54 2.60 2.52 2.60 

Table 6.S: Actual Route Travel Times for Test Network 2 (# Time Intervals = 20) 

Route Time Interval 
k=1 k=2 k=3 k=4 k=S k=6 k=7 k=S k=9 

1~2-H 2.1 2.1 2.1 2.l 2.08 2.1 2.0S 2.l 2.1 

1~3-H 2.l 2.1 2.08 2.1 2.08 2.1 2.08 2.1 2.1 

Route k=10 k=11 k=12 k=13 k=14 k=IS k=16 k=17 k=18 

1~2-H 2.1 2.1 2.1 2.08 2.08 2.1 2.1 2.08 2.08 

1~3-H 2.1 2.1 2.1 2.1 2.1 2.1 2.0S 2.1 2.1 

By comparing Table 6.7 with Table 6.S, the assertion that a longer analysis period results in 
a shorter actua1 route travel time is confirmed. 

6.5 Notes 

A relevant issue associated with discrete-time dynamic models is the determination of time 
interval length At. The time interval length A t is normally set as the minimum of free flow 
travel times on all of the links. The reason for using this method to determine the time 
interval length is to avoid a possible link jump, which is critical, especially for reactive 
dynamic models, because travelers are not prolnbited from changing their subroute at any 
intermediate node based on en route infonnation. In general, the shorter the time interval 
length, the closer the approximation of a discrete-time model is to its continuous-time 
counterpart. Also, the appropriate form of dynamic travel time functions would be greatly 
affected by the time interval length chosen. With the given analysis period and time interval 
length, the total number of time intervals can be computed by the following formula: 
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(6.39 ) 

However, a trial-and-error technique is commonly employed to determine the total number 
of time intervals. 

The DUO departure time/route choice model is extremely useful for cases where 
time windows are imposed. One example would be the case of a trucking company which 
is required to deliver the commodities within a certain time period upon the clients' request. 
Referring back to our time--space network, these problems can be easily handled by 
connecting only those required time--dependent destinations to the time--independent 
destination. This DUO departure time/route choice problem with time window constraints 
(involving both departure and arrival time windows) has been studied to some extent by the 
authors. 

There is a wide range of applications which could be adopted in the area of 
Logistics, or effective traffic control measures such as ramp controls on freeway entrances, 
or priority control settings for designated transit/emergency vehicles, where the benefit 
DUO departure time/route choice model is even more pronounced. Such a concept could 
lead to the development of combined dynamic traffic control and travel choice models. 



Chapter 7 

Dynamic User-Optimal Models With 
Variable Demand 

In contrast to the DUO models with fixed demand, the DUO models with variable demand 
consider both elastic traffic demand and route choice within a mathematical program 
framework. The essence of this framework is the existence of feedback on network 
conditions, where the amount ofO-D demand is determined by the corresponding minimal 
route travel times, which are in tum affected by the O-D demand through the traffic 
assignment procedure. Since the interactions between the variable demand and route choice 
decisions are treated within a unified framework, the intemal inconsistencies that are apt to 
characterize conventional transportation planning procedures can be avoided. In 
consideration of the departure time choices, two types of models can be further identified, 
i.e., the DUO variable demand/route choice mode~ and the DUO variable 
demand/departure time/route choice model. 

In this chapter, the DUO variable demand/route choice mode~ including 
equilibrium conditions and model formulation, the nested diagonalization method and a 
numerical example, are first provided in Section 7.1. A similar discussion for the DUO 
variable demand/departure time/route choice model is provided in Section 7.2. Finally, 
concluding notes are given in Section 7 J . 

7.1 Dynamic User-Optimal Variable DemandIRoute 
Choice Model 

In this section, we discuss the equilibrium conditions and model formulation, the nested 
diagonalization method and a numerical example for the dynamic user-optimal variable 
demand/route choice model. 
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7.1.1 Equilibrium Conditions and Model Fonnulation 

The dynamic user-optimal conditions are first defined to characterize the travelers' driving 
behavior for choosing the best departure time using the minimal travel time route. Due to 
inherent link interactions, the variational inequality approach is adopted to formulate the 
DUO variable demand/route choice model. The equivalence between the dynamic user
optimal conditions and the variational inequality formulation is then stated by a theorem and 
verified by a proof 

7.1.1.1 Dynamic user-optimal conditions 

When the O-D demands are variable and time-dependent, the corresponding dynamic user
optimal conditions may be characterized by equilibrium conditions both on route choice 
behavior and on trip demand functions. For route choice behavior, they state for each O-D 
pair that the actuaI route travel times experienced by travelers departing during the same 
interval are equal and minimal, or no traveler would be better off by unilaterally changing 
hislher route. In other words, the actuaI route travel time of any unused route for each O-D 
pair is greater than or equal to the minimal actuaI route travel time. Therefore, for each O-D 
pair rs, if the flow over route p during interval k is positive, i.e., h;* (k) > 0, then the 

corresponding actual route travel time is minimal. However, if no flow occurs on route p, 
i.e., h;so (k) = 0, then the corresponding actuaI route travel time is at least as great as the 

minimal actual route travel time. This equilibrium conditions can be mathematically 
expressed as follows. 

c,..O(kJ = Jl""'(k) if h;·(k) > 0 
p '1 ~ Jl"rs(k) if h;·(k) = 0 

Vr,s,p,k (7.1 ) 

For the trip demand functions, it states for each O-D pair that if the departure flow 
rate during interval k is positive, i.e., q"'. (k) > 0 , then the corresponding minirnal route 

travel time is equal to the inverse demand function (D,..o (k) r . However, if no traffic 

demand is induced during interval k, i.e., q,..o (k) = 0 , then the corresponding minimal route 

travel time is at least as great as the inverse demand function (D"'· ( k »)-1 . This equilibrium 

conditions can be mathematically expressed as follows: 

if q"·(k) > 0 

ifqrs·(k) = 0 
Vr,s,k (7.2 ) 
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7.1.1.2 Variational inequality fonnulation 

The DUO variable demand/route choice problem can be formulated using the variational 
inequality approach. 

Theorem 7.1: The DUO variable demand/route choice problem is equivalent to finding a 

solution (u", q") E n such that the following VIP holds: 

C*(U-U*)_D-I"(q_q*)~O V(U,q)EO* 

or, alternatively, in expanded form: 

L L c:(t~ua(t) - u:(t)] 
a I 

- LL(D""(k)r[q"(k)-qn"(k)] ~ 0 
" k 

(7.3 ) 

(7.4 ) 

V(u,q) EO* 

where n * is a subset of 0 with c5:::X (t) being realized at equilibrium, I.e., 

c5:::X(t)=c5:;;;(I),Vr,s,a,p,k,t. The symbol n denotes the feasible region that is 

delineated by the following constraints: 

Flow conservation constraint: 

Lh;(k) = qr.J(k) Vr,s,k 
p 

Flow propagation constraints: 

u:pk (I) = h; (k)c5:::X(t) Vr, s, a, p, k, t 

Lc5~(t)=l Vr,s,p,aEp,k 

c5;pk(t) = {0,1} Vr,s,a,p,k,t 

Nonnegativity constraint: 

h;(k)~O Vr,s,p,k 

Definitional constraints: 

Ua(t) = LLLh;(k)c5;~(t) Va,t 
" p k 

a I 

(7.5 ) 

(7.6 ) 

(7.7) 

(7.8 ) 

(7.9 ) 

(7.10 ) 

(711 ) 

The constraints for the DUO variable demand/route choice model are almost the same as 



106 Chapter 7 Dynamic User-Optimal Models with Variable Demand 

that for the DUO route choice modeL except for equation (7.5). Equation (7.5) expresses 
the time-dependent O-D demand in terms of route flows. Note that the time-dependent 0-
D demand shown in equation (7.5) is defined as a variable, rather than a fixed number. 

7.1.1.3 Equivalence analysis 

Theorem 7.2: Under a certain flow propagation relationship (O~(/) = o;,:(t)), DUO 

variable demand/route choice conditions (7.1 )-(7.2) imply VIP (7.4) and vice versa. 

Proof of necessity: We need to prove that under a certain flow propagation relationship 

(O~(/) = o;~ (I)), DUO variable demand/route choice conditions (7.1)-(7.2) imply VIP 

(7.4). We first rearrange equilibrium conditions (7.1 )-(7.2) as follows: 

[c;·(k) - 7i"(k)Ih;(k) -h;(k)] ~ 0 Vr,s,p,k (7.12 ) 

[7i rs (k) - (D"· (k)f ][qn(k) - qn·(k)] ~ 0 Vr,s,k (7.13 ) 

By summing equation (7.12) over r,s,p,k and equation (7.13) over r,s,k, and then making a 
substitution of Lh;(k) = qrs(k), we obtain: 

p 

LLLc;"(k)[h;(k) - h;"(k)] 
rs " p 

- L L(D"·(k )f[q" (k) - q"·(k)] ~ 0 

" " 
By applying equation (7.11), we obtain: 

~~~[ ~~C;(/)O:pk(t)Jh;(k) -h;·(k)] 

- LL(Drs·(k)f[q"(k)- qrs·(k)] ~ 0 
... " 

(7.14) 

(7.15 ) 

By changing the order of the summation on the first term, using equation (7.10), we have: 

L L < (/)[Ua (t) - u: (I)] 
a t (7.16 ) 

-LL (D"·(k)f[qrs(k)-q"·(k)]~O 
rs " 

Equation (7.16) is identical to equation (7.4). 

Proof of SUfficiency: We show next that VIP (7.4) implies DUO variable demand/route 
choice conditions (7.1)-(7.2). Note that equations (7.14)-(7.16) are essentially reversible. 
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The remaining steps of the proof are to show that the expression (7.14) is equivalent to the 
DUO variable demand/route choice conditions. First we demonstrate that VIP (7.14) 
implies dynamic user-optimal conditions (7.1). We then define a feasible solution 

{h;(k), qrs*(k)} to be the same as {h;·(k), qrs*(k)} except for two routes, p;s and 

p; . We consider two situations that could arise at equilibrium: 

(i) Both route flows are positive, i.e., h;· (k) > 0 and h~· (k) > O. We switch a 

smallamountofflow ~I from route p~ to p; with O<~I :O::;h;·(k). That is: 

and 

h~ (k) = h~·(k) + ~I 

Substituting the feastble solution {h;s (k), qrs*(k)} into equation (7.14) yields: 

c;·(k )[h; (k) - h:(k)] + c~·(k)[h~ (k) - h:(k)] ~ 0 

Applying equation (7.17) and equation (7.18) and division by ~I' we have: 

c;:*(k) ~ c;·(k) 

(7.17 ) 

(7.18 ) 

(7.19 ) 

(7.20 ) 

Similarly, by switching a sma1l amount offlow ~2 with 0 < ~2 :0::; h~· (k) from route p;s 
to p~ , we can obtain: 

c;-(k) ~ c~·(k) 

Equations (7.20) and (7.21) together imply: 

c;:*(k) = c:(k) 

(7.21 ) 

(7.22 ) 

We repeat this procedure to veruy for each O-D pair that all used routes with a positive 
flow have the same actual route travel time. 

(Ii) One route flow is positive and the other route flow is nil. We arbitrarily assume, 
without loss of generality, h;·(k) > 0 and h~·(k) = O. We switch a small amount offlow 

~ I from route p~ to p; with 0 < ~ I :0::; h;-(k) . By the same argument shown in (i), we 

have c~"(k) ~ c;"(k). We repeat this procedure to veruy for each O-D pair that all 

unused routes with zero flow have higher or equaI actual route travel times. By cases (i) 
and (ii), it follows that VIP (7.4) implies expression (7.1). 

We conclude the proof by showing that VIP (7.14) implies expression (7.2). We 

now define a feasible solution {h;(k), qrs(k)} to be the same as {h;·(k), qrsO(k)} 
except for one O-D demand qrs(k)and one route flow h;s(k), for which 

qrs(k)=qrs·(k)_~, h;S(k)=h;s·(k)-~, where O<I~I:O::;h;S"(k). Substituting this 

feasible solution into VIP (7.14), one obtains: 
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[ c~SO (k) - (Drso (k ) ) -\ J~ ::; 0 (7.23 ) 

For q"O(k) > 0, we can find a routep such that h;·O(k) > o. Since the value of ~ could 

be either positive or negative, the equality must therefore hold. Applying expression (7.1) 
and dividing by ~ implies: 

(7.24 ) 

For q"O (k) = 0 and h;So (k) = 0, the value of ~ can only be negative, which implies: 

(7.25 ) 

We repeat this procedure for all possible routes between O-D pair rs during interval k. By 

using "rs(k) = mjn{c;SO(k)} , we obtain: 

(7.26 ) 

Equation (7.24) and inequality (7.26) together imply expression (7.2). This completes the 
proof 

7.1.2 Nested Diagonalization Method 

In this section, we first show that by an appropriate network representation, the DUO 
variable demand/route choice problem can be treated, in the mathematical sense, as the 
DUO route choice problem. Then, the nested diagonaIization method is formally stated. 

7.1.2.1 Time-space network 

In the DUO variable demand/route choice modeL an O-D demand is defined by a fimction 
of minimal actual route travel time, rather than a fixed number, as was in the DUO route 
choice model. However, after introducing a time-dependent maximal number of departure 
flows for each O-D pair by allowing the excess O-D demand to flow from the time
dependent origin directly to the time-independent destination, the DUO variable 
demand/route choice model can then be deemed as the DUO route choice model. In other 
words, while all of the other constraints remain unchanged, variational inequality (7.4) and 
flow conservation constraint (7.5) can be replaced, respectively, as: 

L LC:(t~Ua(t) - u:(t)] + L L(DnO(k)f[ers(k) - ers"(k)] 2: 0 
a I rs k (7.27 ) 

V(U,q)EO* 

Lh;(k)+ers(k) = q::ax(k) Vr,s,k (7.28 ) 
p 
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This concept can be illustrated by a time-space network representation. In Figure 
7. 1 (a), we first assume a two-link three-node static network with an additional dwnmy link 
transporting the excess O-D demand from origin r to destination s. In Figure 7.1(b), the 
corresponding time-space network is constructed with two additional types of artificial 
time-space links. The first type of artificial time-space links connects each time-dependent 
destination s(k) to the time-independent destination s. The corresponding travel time 
function is defined as c..., (k) = o. The second type of time-space links directly connects 

each time-dependent origin r(k) to the time-independent destination s. The associated flow 
rate is realized as the excess O-D demand, i.e., en (k) = q,:'ax (k) - qn (k), and the 

corresponding travel time function is defined as cn (k) = (Dn (k)) -I. The following 

theorem states that the DUO variable demand/route choice problem is equivalent to, in the 
mathematical sense, the DUO route choice problem. 

Theorem 7.3: The DUO variable demand/route choice problem with the time-dependent 
maximal departure rate by q,:'ax ( k) is equivalent to the DUO route choice problem with 

the time-space network shown in Figure 7 .1 (b). 

Proof For the DUO route choice problem with the time-space network shown in Figure 
7. 1 (b), the corresponding VIP is as follows: 

L ~>:(t)[ua(t) - u:(t)] 
a t (7.29) 

+ LL(Drs·(k)f[ers(k)- e""(k)] ~ 0 V(u,e) EQ* 
n k 

Since en (k) == q;:ax (k) - qrs (k) , it follows: 

LL>:(t~ua(t)- u:(t)] + LL(D""(k)( 
a r rs k (7.30) 

[(q~(k) - qn(k)) - (q~(k) - q""(k))] ~ 0 V(u,q) E n* 

Eliminating q,:'ax (k) yields: 

L LC:(t~ua(t) - u:(t)] 
a r 

(731 ) 

- LL(Dn·(k)f[qrs(k)-q""(k)] ~ 0 V(u,q) EQ* 
rs k 

Inequality (7.31) is the exact VIP for the DUO variable demand/route choice problem as 
shown in expression (7.4). The steps shown above are essentially reversible. This completes 
the proof 



110 

t=7 

t=6 

t=5 

t=4 

t=3 

t=2 

t=1 

Chapter 7 Dynamic User-Uptimal Models with Variable Demand 

a. Static Network 

s 

b. Time-Space Network 

.. -.. - -.. -.. --.' .. -.. -.-.- .. ~ 

". \ ... 
.. :i s 

............ ./:1' 

,.,.-::.-' 

.,,' 
"., .. " .... 

-------------:-:::::::::-:,._.,:..::::..::._-----------------_. 

.,:::--_._ .. _-----_ .. _ .. _---+._ .. _ .. -:,::::::-.::.::._--_ .. --'-"--

Figure 7.1: Time-Space Network for the Dynamic User-Optimal 
Variable DemandIRoute Choice Model 
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7.1.2.2 Solution algorithm 

We adopt the nested diagonalization method to solve for the DUO variable demand/route 
choice model. 

Nested DiagonoIkPtion Method 

Step 0: Initialization. 

Step 0.1: Letm=O. Set r~(t) = NINIi c"" (t)], Va,t . 

Step 0.2: Let 1Ft Find an initial feasible solution {u~(t), qr.r(ky }. Compute the 

associated link travel times {c! (t )} . 

Step 1: F-,mLoop Operation. 

Let 11Fm+ 1. Update the estimated actual link travel times by 

r;'(t) = NINT[(I- r )r;-l(t) + ,«t)] Va, t (7.3Z) 

where O<r s 1. 

Construct the corresponding feasible time-space network based on the estimated 
actual link travel times. 

Step 2: Second Loop Operation. 

Step 2.1: Let IF 1. Compute and reset the initial feasible solution 

{u; (t), qrs (k r}, based on the time-space network constructed by the 

estimated actual link travel times {r;' (t) } . 

Step 2.2: Fix the inflows for all time-space links other than on the subject time
space link at the current leve~ yielding the following optimization 
problem. 

min z(u,q) = L L r:+'(I) ca (u;(I),u;(Z), ... , u;(t -1),w)1w 
a 1 (7.33) 

- LL{'(k)"+' (D"(w)(dw 
rs k 

Flow conservation constraint: 

:Lh;(k) +ers(k) = q::ax(k) Vr,s,k 
p 

Nonnegativity constraints: 

h;(k) ~ 0 Vr,s,p,k 

ers(k) ~ 0 Vr,s,k 

(7.34 ) 

(7.35) 

(7.36) 



112 Chapter 7 Dynamic User-Optimal Models with Variable Demand 

Definitional constraints: 

U,:'pk(t) = h;(k)8a;(I) Vr,s,a,p,k,1 

8a;(I) = {O,l} Vr,s,a,p,k,t 

Lh;(k) = q"'(k) Vr,s,k 
p 

Ua(t) = LLLh;(k)Ja';t(t) Va,t 
'" p k 

a t 

Step 3: Third Loop Operation. 

(7.37 ) 

(7.38 ) 

(7.39 ) 

(7.40) 

(7.41 ) 

Solve for the solution, {U;+I (I), q'" (k t"1 } , in optmuza1lon problem 

(7.33)-(7.41) by the FW method. Compute the resulting link travel times 
{C;+I(t)} . 

Step 4: Convergence Check for the Second Loop Operation. 

If u:;l(t)~u;(t),Va,t and q"'(kt"l~q"'(kr,Vr,s,k, go to Step 5; 

otherwise, set rFn+ 1, go to Step 2.2. 

Step 5: Convergence Check for the Fust Loop Operation. 

If r:(t) ~ C;+I(t), Va,t, stop; the current solution is optimal. Otherwise, set 

rFn+ 1, and go to Step 1. 

Analogous to the discussion in Section 5.3, the nested projection algorithm results from the 
following modification: 

Step 2.2: Fix the inflows for all time-space links other than on the subject time
space link at the current level, yielding the following optimization 
problem: 

min z( u, q) = k( un+1 r G1 un+1 + (A c( un) - G1 un )Un+1 

-~(qn+lr G2q n+1 -(p2(n(qn)f -G2q n)qn+1 

Subject to: Equations (7.34)-(7.41) 

(7.42 ) 

where matrices G I and G 2 are symmetric and positive definite, and PI 

and P2 are contraction operators. 
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7.1.3 NumericalEumples 

7.1.3.1 Input data 

A simple network shown in Figure 7.2 is used for testing. The test network consists of 8 
1inks (mcluding artificial1inks 1 ~5 and 2~5) and 5 nodes, in which nodes 1 and 2 are the 
origins, node 5 is the destination, and nodes 3 and 4 are intermediate nodes. 

--- ---EXtlCeSs Demand Link 

3 

--------Execess Demand Link ----

Figure 7.1: Test Network 1 

The adopted dynamic travel time functions are arbitrarily constructed as follows: 

C,,(t) = 1 + O.Ol(U.,(t)Y + O.OI(X.,(t)f tla, t (7.43 ) 

The demand functions are assumed as follows: 

qr.r(k) = H>{6-7r"(k)) tlr,s,k (7.44 ) 

The time-dependent maximal origin-dest:inaton (O-D) demands are assumed in Table 7.1: 

Table 7.1: Time-Dependent Maximal O-D Demands for Test Network 1 

O-D TnnelnteMl 
Pair k=1 k=2 k=3 k=4 
1-5 25 30 - -
2-5 - - 25 30 

7.1.3.2 Test results 

The resulting flow pattern and time-dependent O-D demands for the DUO variable 
demand/route choice model with the given data are summarized in Tables 7.2 and 7.3, 
respectively. 
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Table 7.2: Results for Test Network 1 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 

1~2 1 359 0.00 0.00 1.13 2 
2 0.00 3.59 3.59 1.13 -

1~3 1 11.22 0.00 0.00 2.26 3 

2 5.28 0.00 11.22 2.54 5 
3 0.00 1l.22 16.51 3.72 -
4 0.00 0.00 5.28 1.28 -
5 0.00 5.28 5.28 1.28 -

2~3 2 3.59 0.00 0.00 1.13 3 

3 9.78 3.59 3.59 2.09 5 
4 9.67 0.00 9.78 2.89 7 
5 0.00 9.78 19.45 4.78 -
6 0.00 0.00 9.67 1.93 -
7 0.00 9.67 9.67 1.93 -

3~ 3 3.59 0.00 0.00 1.13 4 
4 0.00 3.59 3.59 1.13 -
5 6.83 0.00 0.00 1.47 6 
6 0.00 6.83 6.83 1.47 -
7 2.84 0.00 0.00 1.08 8 
8 0.00 2.84 2.84 1.08 -

3~5 3 1l.22 0.00 0.00 2.26 5 
4 0.00 0.00 11.22 2.26 -
5 8.23 11.22 11.22 2.94 8 
6 0.00 0.00 8.23 1.68 -
7 6.82 0.00 8.23 2.14 9 
8 0.00 8.23 15.05 3.27 -
9 0.00 6.82 6.82 1.47 -

H5 4 3.59 0.00 0.00 1.13 5 
5 0.00 3.59 359 1.13 -
6 6.83 0.00 0.00 1.47 7 
7 0.00 6.83 6.83 1.47 -
8 2.84 0.00 0.00 1.08 9 
9 0.00 2.84 2.84 1.08 -

Table 7.3: Resulting Time-Dependent O-D Demands 

O-D Time Interval 

Pair k=1 k=2 k=3 k=4 
1-5 14.82 5.28 - -

(10.18)* (24.72) 

2-5 - - 9.78 9.67 
(15.22) (20.33) 

* denotes excess flow 
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The corresponding actual route travel times are computed and summarized in Table 7.4. 

Table 7 4: Actual Route Travel Times for Test Network 1 

Route Time Interval 
k=1 M k=3 k=4 

1--)o2--)o3~5 4.52 - - -
(x)* 

1--)02--)03--)05 4.52 - - -
(3. 59-x)* 

1--)o3~5 4.52 5.48 - -
(3.59-x)* (y) 

1--)03--)05 4.52 5.48 - -
(7.61+x) (5.28-y) 

1--)05 4.52 5.47 - -
(Excess Demand) (10.08) (24.72) 
2--)o3~5 NA NA 5.03 5.05 

(6. 83-y) (2.84) 
2--)03--)05 NA NA 5.03 5.03 

(2.95+y) (6.82) 
2--)05 NA NA 5.02 5.03 

(Excess Demand) (15.22) (20.36) 

* route flow, where ~.59 and ~ 5.28 

7.2 Dynamic User-Optimal Variable DemandJDeparture 
TimeIRoute Choice Model 

In the following section, we discuss the equilibriwn conditions and model formulation, the 
nested diagonalization method, and a numerical example for the dynamic user-optimal 
variable demand/departure time/route choice model. 

7.2.1 Equilibrium Conditions and Model Fonnulation 

The dynamic user -optimal conditions are first defined to characterize the travelers' driving 
behavior for choosing the best departure time using the minimal travel time route. Once 
again, due to inherent link interactions, the variational inequality approach is adopted to 
formulate the DUO variable demand/departure time/route choice model. The equivalence 
between the dynamic user-optimal conditions and the variational inequality formulation is 
then stated by a theorem and verified by a proof 
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7.2.1.1 Dynamic user-optimal conditions 

When the O-D demands are variable and time-independent, the corresponding dynamic 
user -optimal conditions may be characterized by equihbriwn conditions both on route 
choice behavior and on trip demand functions. For the route choice behavior, they state for 
each O-D pair that the actual route travel times experienced by travelers regardless of 
departure time are equal and minimal; no traveler would be better off by Wlilaterally 
changing hi&'her route. In contrast, the actual route travel time of any unused route for each 
O-D pair is greater than or equal to the minimal actual route travel time. Therefore, for each 
O-D pair rs, if the flow over routep during interval k is positive, i.e., h;*(k) > 0, then the 

corresponding actual route travel time is minimal. However, if no flow occurs on route p, 

i.e., h;'(k) = 0, then the corresponding actual route travel time is at least as great as the 

minimal actual route travel time. This equihbriwn conditions can be mathematically 
expressed as follows: 

. {=;r" if h;' (k) > 0 
c; (k) ~;rrs if h;' (k) = 0 Vr,s,p,k (7.45 ) 

For the trip demand functions, the conditions state for each O-D pair that if the 
departure flow rate during the entire analysis period is positive, i.e., q". > 0, then the 

corresponding minimal route travel time is equal to the inverse demand function (Drs.) -I . 

On the other hand, if no traffic demand is induced during the entire analysis period, 
i.e., qrs. = 0, then the corresponding minimal route travel time is at least as great as the 

inverse demand function ( D"" ) -I. This equihbriwn conditions can be mathematically 

expressed as follows: 

Vr,s (7.46 ) 

7.2.1.2 Variational inequality formulation 

The DUO variable demand/departure time/route choice problem can be fonnulated using 
the variational inequality approach. 

Themem 7.4: The DUO variable demand/departure time/route choice problem is 
equivalent to finding a solution (u * ,q *) E n such that the following VIP holds: 

c*(u-U*)_D-I'(q_q*)~O V(U,q)En* (7.47) 

Or, alternatively, in expanded fonn: 
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L~>:(t~Ua(t)-U:(t)]- L(D~r[q" -q~]~O 
a I ,.. (7.48 ) 

V(u,q) En * 
where n* is a subset of n with 5a';..(t) being realized at equilibrium, i.e., 

o;.(t) = 0; (t), Vr, s, a, p, k, t. The symbol n denotes the feasible region that is 

delineated by the following constraints: 

Flow conservation constraint: 

k p 

Flow propagation constraints: 

u~(t)=h;(k)c5;'(t) Vr,s,a,p,k,t 

2:0;,(t) = 1 Vr,s,p,a Ep,k 

5;;"(t) = {0,1} Vr,s,a,p,k,t 

Nonnegativity constraint: 

h;(k) ~ 0 Vr,s,p,k 

Definitional constraints: 

Ua(t) = LLLh;(k)8~(t) Va,t 
rs p k 

a t 

(7.49) 

(7.50) 

(7.51 ) 

(7.52 ) 

(7.53 ) 

(7.54 ) 

(7.55 ) 

The constraint set for the DUO variable demand/departure time'route choice model is 
almost the same as that for the DUO departure time'route choice model except for 
equation (7.49). Equation (7.49) expresses the time-independent O-D demand in terms of 
route flows. Note that the time-independent O-D demand shown in equation (7.49) is 
defined as a variable, rather than a fixed number. 

7.2.1.3 Equivalence analysis 

Theorem 7.5: Under a certain flow propagation relationship (o;.(t) = 0; (t)) , DUO 

variable demand/departure time/route choice conditions (7.45)-(7.46) imply VIP (7.48) 
and vice versa. 
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Proof of necessity: We need to prove that WIder a certain flow propagation relationship 

(8a~ (I) = 8;;: (t)) , DUO variable demand/departure time/route choice conditions 

(7.45}-{7.46) imply VIP (7.48). We first rearrange equilibrium conditions (7.45}-{7.46) as 
follows: 

[c;·(k)-;r"Ih;(k)-h;·(k)] ~ 0 Vr,s,p,k 

[;r" -(D"·r][qn _qn"]~O Vr,s 

(7.56 ) 

(7.57) 

By summing equation (7.56) over r,s,p,k and equation (7.57) over r,s, and then making a 

substitution of L L h; (k) = q n , we obtain: 
p Ie 

L:L LC;*(k)[h;(k) - h;"(k)] - :L(Drs*r[qn - qrs*] ~ 0 
n Ie p n 

By applying equation (7.55), we have: 

~~~[ ~~c;(t)O~(t))h;(k)-h;·(k)] 
_ :L(Dn·r [qn _ qno] ~ 0 

n 

(7.58 ) 

(7.59) 

By changing the order of the summation on the first tenn, using equation (7.54), we obtain: 

:L :L«tXua(t)- u:(t)]- :L(D""r[q" _qn*] ~ 0 (7.60 ) 
a t n 

Inequality (7.60) is identical to expression (7.48). 

Proof of su.ffo:iency: We show neKt VIP (7.48) implies DUO variable demand/route 
choice conditions (7.45}-{7.46). Note that equations (7.58}-{7.60) are essentially 
reVersIble. The remaining steps of the proofare to show that expression (7.58) is equivalent 
to the DUO variable demand/route choice conditions. FIfSt we demonstrate that VIP (7.58) 
implies dynamic user-optima1 conditions (7.45). We then define a feasible solution 

{h;(k), qn*} to be the same as {h;*(k), qn*} except for two routes p~ during 

interval kl and p'; during interval k2 . We consider two situations that could arise at 

equilibrium: 

(i) Both route flows are positive, i.e., h;: (kl ) > 0 and h;'* (k2 ) > O. We switch a 

small amount offlow .11 from route p~ to p'; with 0 <.11 ~ h;*(kl ). That is: 

h;(k\ ) = h;*(k\ ) -.11 and 

h;' (k2) = h;'*(k2) +.11 

(7.61 ) 

(7.62) 
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Substituting the feasible solution {h; (k), q"'} into equation (7.58) yields: 

c;:(k, Xh;(k, ) - h;" (k, )] + c~" (k2 Xh~ (k2) - h:(k2)] ~ 0 (7.63 ) 

By applying equation (7.61) and equation (7.62), we have: 

c~" (k2) ~ c~" (k, ) (7.64 ) 

Similarly, by switching a small amount offlow .12 with 0 < .12 :5 h~'(k2) from route 

p: to p," , one obtains: 

c;"(k,) ~ c:(k2 ) (7.65 ) 

Equations (7.64) and (7.65) together implies: 

C;'-(k2) = c:(k, ) (7.66 ) 

We repeat this procedure to verify for each 0-0 pair that all used routes with a positive 
flow have the same actual route travel time. 

(ii) One route flow is positive and the other route flow is nil. We arbitrarily assume, 

without loss of generality, h;" (k, ) > 0 and h; (k2 ) = O. We switch a small amount of 

flow .1, from route p~ to P: with 0 < .1, :5 h;"(k, ). By the same argwnent shown in 

(i), we have c; (k2) ~ c; (k, ). We repeat this procedure to verifY for each 0-0 pair that 

all unused routes with zero flow have higher or equal actual route travel times. By cases (i) 
and (ii), using expression (7.1), it follows that VIP (7.58) implies expression (7.45). 

We conclude the proofby showing that VIP (7.58) implies expression (7.46). We 

define now a feaSIble solution {h;(k), q"} be the same as {h;'(k), q"'} exceptforone 

0-0 demand qT' and one route flow h;' (k), for which q" = q'" - .1, 
h;; (k) = h;;' (k) - .1, where 0 <1.11:5 h;' (k ) . Substituting this feasIble solution into VIP 

(7.58), one obtains: 

(7.67) 

For q"" > 0, we can find a route p such that h;" (k) > O. Since the value of .1 could be 

either positive or negative, the equaIity must therefore hold. Applying expression (7.45) and 
dividing by .1 implies: 

(7.68 ) 

For q'" = 0 and h;;" (k) = 0, the value of .1 can only be negative, which implies: 

(7.69 ) 

We repeat this procedure for all possible routes between 0-0 pair rs during interval k. By 
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using;r" = min {c:*(k)} , we obtain: 
k,p 

(7.70 ) 

Equation (7.68) and inequality (7.70) together imply expression (7.46). This completes the 
proof 

7.2.2 Nested Diagonalization Method 

In this section, we first show that by an appropriate network representation, the DUO 
variable demand/departure time/route choice problem can be treated, in the mathematical 
sense, as the DUO route choice problem. Afterwards, the nested diagonalization method is 
formally stated. 

7.2.2.1 TIDle-space network 

In the DUO variable demand/departure time/route choice mode~ an O-D demand is defined 
by a function of minimal actuaI route travel time, rather than a fixed number, as was in the 
DUO departure time/route choice model. However, after introducing a time-independent 
maximal number of departure flow rates for each O-D pair by allowing the ~ O-D 
demand to flow from the time-independent origin directly to the time-independent 
destination, the DUO variable demand/departure time'route choice model can then be 
deemed as the DUO route choice model. In other words, while all of the other constraints 
remain unchanged, variational inequality (7.48) and flow conservation constraint (7.49) can 
be replaced, respectively, as: 

L LC:(t~ua(t) - u:(t)] + L(Dn'f(e'" - en') ~ 0 \f(U, e) En *(7.71) 
at", 

(7.72) 
k P 

This concept can be illustrated by a time-space network representation In Figure 
7.3(a), we first assume a two-link three-node static network with an additional dummy link 
transporting excess O-D demand from origin r to destination s. In Figure 7.3 (b), the 
corresponding time-space network is constructed with three additional types of artificial 
time-space links. The first type of artificial time-space links directly connects each time
independent origin r to the time-independent destination s. The associated flow rate is 
realized as the excess O-D demand, i.e., en = q::ax - q", and the corresponding travel 

time function is defined as c" = (D" ) -J • The second type of artificial time-space links joins 

the time-independent origin r to the time-dependent origin r(k). The corresponding travel 
time function is defined as C"(k) = o. The third type of artificial time-space links connects 

each time-dependent destination #) to the time-independent destination s. The 
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corresponding travel time function is defined as c SS (k) = 0 . 

The following theorem states that the DUO variable demand/departure time/route 
choice problem can be treated as the DUO route choice problem. 

Theorem 7.6: The DUO variable demand/departure time/route choice problem with the 
time-independent maximal departure rate by q::ax is equivalent to the DUO route choice 
problem with the time-space network representation in Figure 7 J(b). 

Proof For the DUO route choice problem with the time-space network in Figure 7.3(b), 
the corresponding VIP is as follows: 

L:~:>:(t)[ua(t)-U:(t)]+ L(D"'*r[e" -e"'*] ~ 0 V(u,e) En*(7.73) 
a t n 

Since en = q::ax - qn , it follows: 

L Lc:(t~ua(t)- u:(t)] 
a t (7.74 ) 

+ L(Drs'r[(q;:ax _qn)_(q;:ax -q"'*)]~O V(u,q) En * 
n 

Eliminating· . -n . Ids qmax )'I.e 

L Lc:(t)[ua(t) - U:(t)] 
a t (7.75 ) 

Inequality (7.75) is the exact VI fonnulation for the DUO variable demand/departure 
time/route choice problem as shown in expression (7.48). The steps from expression (7.73) 
to (7.75) are essentially reversible. This completes the proof 

7.2.2.2 Solution algorithm 

The nested diagonalization method is adopted to solve the DUO variable demand/departure 
time/route choice model as follows. 
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Nested Diagonolization Method 

Step 0: Initialization. 

Step 0.1: Let m==O. Set .~ (I) = NINT[ c a. (I)], Va, 1 . 

123 

Step 0.2: Let IF 1. Find an initial feasible solution {u~ (I), ( qrs y } . Compute the 

associated link travel times {c! (I)} . 
Step 1: FU'St Loop Operation. 

Let 11Fm+ 1. Update the estimated actual link travel times by 

.;(t) = Nlm[(l- r ).;-1(/) + /'C;(/)] Va,1 (7.76 ) 

where O<r ~ 1. 

Construct the corresponding feasible time-space network based on the estimated 
actual link travel times. 

Step 2: Second Loop Operation. 

Step 2.1: Let IF 1. Compute and reset the initial feasible solution ( u; (t), ( qrs ) n) , 
based on the time-space network constructed by the estimated actual link 

travel times {.;(t)}. 
Step 2.2: Fix the inflows for all time-space links other than on the subject time

space link at the current level, yielding the following optimization 
problem. 

min z(u,q) = L L s:;+I(t) ca (u;(I),u;(2), ... , u;(t -1), m}:tm 
a t 

- LL£q"r' (Drs(m)rdm 
(7.77) 

r s 

Flow conservation constraint: 

LLh;(k)+ers = q;:ax Vr,s (7.78 ) 
k P 

Nonnegativity constraints: 

h;(k) ~ 0 Vr,s,p,k (779) 

ers ~ 0 Vr,s (7.80) 

Definitional constraints: 

u:pk(t) = h;(k)8;~(t) Vr, s, a, p, k, t (7.81 ) 



124 Chapter 7 Dynamic User-Optimal Models with Variable Demand 

8:;'(t) = to,!} Vr,s,a,p,k,t (7.82 ) 

I Ih;(k) = q" Vr,s (7.83 ) 
k p 

ua(t) = IIIh;(k)8a~(t) Va,t (7.84 ) 
" p k 

(7.85 ) 
a I 

Step 3: Third Loop Operation. 

Solve for the solution, {U;+l(t),( q" r1
}, in optimization problem (7.77)-(7.85) 

by the FW method. Compute the resulting link travel times {c;+ I (t )} . 

Step 4: Convergence Check for the Second Loop Operation. 

Ifu;+I(t):::::lU;(t),Va,t and (q"r l :::::l(q"'r,Vr,s,k, go to Step 5; otherwise, 

set rFn+ 1, go to Step 2.2. 

Step 5: Convergence Check for the FlTSt Loop Operation. 

If -.;(t):::::lC;+l(t),Va,t, stop; the current solution is optimal. Otherwise, set 

rFn+ 1, and go to Step 1. 

Analogous to the discussion shown in Section 5.3, the nested projection algorithm results 
from the following modification 

Step 2.2: FIX the inflows for all tim~space links other than that on the subject 
tim~space link at the current leve~ yielding the following optimization 
problem: 

min z(u,q) = ~(un+lr G1 un+1 + (PI c( un) - GI un )un+1 

-±(qn+lf G2q n+1 - (p2(D(qn)t -G2q n)qn+1 
(7.86) 

Subject to: Equations (7.78}-(7.85) 

where matrices G I and G 2 are symmetric and positive definite, and PI 

and P2 are contraction operators. 
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7.2.3 Numerical Example 

7.2.3.1 Input data 

A simple network shown in Figure 7.4 is used for testing. The test network consists of 8 
links (including artificial links 1~5 and 2~5) and 5 nodes, in which nodes 1 and 2 are the 
origins, node 5 is the destination, and nodes 3 and 4 are intermediate nodes. 

Execess Demand Link 

/ 

3 

--Execess Demand Link-· 

Figure 7.4: Test Network 2 

The adopted dynamic travel time function is arbitrarily constructed as follows: 

ca{t) = 1 + O.OI(ua{t)f + O.OI(xa{t)f "da, t (7.87) 

The demand functions are asswned as follows: 

qn = 10(4 _n-n) "dr,s (7.88 ) 

The assumed time-independent origin-destination (O-D) demands are given in Table 7.5: 

Table 7.5: Time-Independent Maximal O-D Demands for Test Network 2 

O-D Tune Interval 

Pair k=1-3 

1-5 30 

2-5 20 
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7.2.3.2 Test results 

The resulting flow pattern and time-dependent O-D demands for the DUO variable 
demand/departure time/route choice model with the given data are summarized in Tables 
7.6 and 7.7, respectively. 

Table 7.6: Results for Test Network 2 

Entering Exit Number Link. Exiting 
Link. Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 
1~3 1 4.47 0.00 0.00 1.20 2 

2 0.47 4.47 4.47 1.20 3 
3 0.74 0.47 0.47 1.01 4 
4 4.36 0.74 0.74 1.20 5 
5 0.00 4.36 4.36 1.19 -

2~3 1 4.47 0.00 0.00 1.20 2 
2 0.50 4.47 4.47 1.20 3 
3 0.69 0.50 0.50 1.01 4 
4 4.37 0.69 0.69 1.20 5 
5 0.00 4.37 4.37 1.19 -

3~ 4 0.37 0.00 0.00 1.00 5 
5 0.00 0.37 0.37 1.00 -

3~5 2 8.93 0.00 0.00 1.80 4 
3 0.96 0.00 8.93 1.81 5 
4 1.05 8.93 9.90 1.99 6 
5 8.73 0.96 2.02 1.80 7 
6 0.00 1.05 9.79 1.96 -
7 0.00 8.73 8.74 1.76 -

H5 5 0.37 0.00 0.00 1.00 6 
6 0.00 0.37 0.37 1.00 -

Table 7.7: Resulting Time-Dependent O-D Demands 

O-D Time Interval 
Pair k=1-7 
1-5 10.03 

(19.97)* 

2-5 10.03 
(9.97) 

* denotes excess flow 
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The corresponding actual route travel times are computed and summarized in Table 7.8. 

Table 7.8: Actual Route Travel Times for Test Network 2 

Route TlIl1e Interval 
k=1 k=2 k=3 k=4 

1~3~5 NA NA 3.01 NA 
(0.37) 

1~3~5 3.00 3.01 3.00 3.00 
(4.47) (0.47) (0.37) (4.36) 

1~5 3.00 NA NA NA 
(Excess Demand) (19.97) 

2~3~5 3.00 3.01 3.00 3.00 
(4.'l7) 10.5) (0.69) (4.3}) 

2~3~5 NA NA 3.01 NA 
2~5 3.00 NA NA NA 

(Excess Demand) (9.97) 

* route flow 

7.3 Notes 

In this chapter, we presented two types of DUO route choice models with variable demand, 
i.e., the DUO variable demand/route choice model and the DUO variable 
demand/departure time/route choice model. These models consider the traffic demand as a 
function of minimal actual route travel times. One may argue that traffic demand is 
influenced by travel habits, and don't change over short periods of time; thus the DUO 
models with variable demand are not applicable. However, while this comment may seem 
to be true, we argue that in a dynamic world, for certain trip purposes, such as non-home
based or home-based entertairunent trips, where habitual behavior are not prominent, DUO 
models with variable demand may have valid applications. 

We also adopt the nested diagonalization method to solve the DUO models with 
variable demand by a network representation. There are several formulations available for 
this purpose, including two approaches presented by Gartner (1980), i.e., the zero-cost 
overflow formulation and the excess-demand formulation. We adopt the dynamic 
counterpart of the latter formulation in this chapter as it is more efficient in terms of 
computation time. For the former approach, the reader is referred to Gartner (1980). 



Chapter 8 

Dynamic User-Optimal Mode Choice 
Models 

Dynamic user -optimal mode choice models assume that the total number of trips are fixed, 
but travelers are allowed to choose their transportation mode according to personal 
preference. This situation may be exemplified by work trips, where the total number of 
work trips is usually prespecified; however, the mode of transportation is decided by the 
behavior and characteristics of the travelers; in particular, certain travelers will be captive 
transit riders. The choice of mode of transportation may be determined in such a way that 
the necessary en route travel time (cost) is also minimal. In consideration of departure time 
choices, two types of models can be identified, i.e., the DUO mode choice/route choice 
model and the DUO mode choice/departure time/route choice model. 

In the real world, travelers can choose from a number of transportation modes. 
Examples are automobile, public transportation (bus, transit, subway, train), para-transit 
(taxi, dial-a-bus) among others. However, for simplicity, this chapter only considers binary 
mode choice problems. 

In this chapter, the DUO mode choice/route choice model, including equilibrium 
conditions and model formulation, the nested diagonalization method and a numerical 
example are first explored in Section 8.1. A similar discussion for the DUO mode 
choice/departure time/route choice model is provided in Section 8.2. Finally, concluding 
notes are given in Section 8.3. 

8.1 Dynamic User-Optimal Mode ChoicelRoute Choice 
Model 

In this section, we discuss the equilibrium conditions and model formulation, the nested 
diagonalization method and a numerical example for the dynamic user -optimal mode 
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choicelroute choice model. 

8.1.1 Equilibrium Conditions and Model Fonnulation 

The dynamic user -optimal conditions are first defined to characterize the travelers' travel 
behavior for choosing the best transportation mode and minimal travel time route. Due to 
inherent link interactions, the variational inequality approach is adopted to formulate the 
DUO mode choicelroute choice model. The equivalence between the dynamic user-optimal 
conditions and the variational inequality formulation is then stated by a theorem and verified 
by a proof 

8.1.1.1 Dynamic user-optimal conditions 

Suppose we have a binary choice of transportation modes, where the auto mode is denoted 
by m1 and the transit mode is denoted by m2 . When mode and route choices are 
considered, the corresponding dynamic user -optimal conditions may be characterized by 
equilibrium conditions on both route choice behavior and mode choice fimctions. 

For route choice behavior, the conditions for each O-D pair and transportation 
mode state that the actual route travel times experienced by travelers departing from the 
same origin during the same interval are equal and minimal, or no traveler would be better 
off by unilaterally changing hislher route. In contrast, the actual route travel time of any 
unused route for each O-D pair and mode is greater than or equal to the minimal actual 
route travel time among all modes. Therefore, if the flow of mode m departing from origin 
r during interval k over route p toward destination s is positive, i.e., h;:; (k ) > 0 , then the 

corresponding actual route travel time is minimal among all modes. However, if no flow of 
mode m occurs on route p, i.e., h;:'; (k) = 0, then the corresponding actual route travel 

time is at least as great as the minimal actual route travel time among all modes. These 
equilibrium conditions can be mathematically expressed as follows: 

""( ~= 1l';:'(k) if h;:;(k) > 0 
cmp k rs(). ""() Vr,s,m,p,k ?1l'm k lfhmp k = 0 

(8.1 ) 

For the mode choice fimctions, the auto choice fimction is assumed to be a strictly 
decreasing fimction of the difference between the auto and transit minimal route travel 
times. Thus, the inverse auto choice fimction has a strictly monotone mapping. The general 
form can be expressed mathematically as follows: 

(8.2 ) 

The well known inverse auto choice fimction is as follows: 

(Drs (k))-I =~ln irs(k)-q~(k) +q;rs(k) Vr,s,k 
"'0 () q~(k) 

(8.3 ) 
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where cp rs ( k) represents the preference for auto trips that depart from origin r during 

interval k toward destination s, and (J indicates a dispersion/variance parameter. Note that 
when equation (8.3) is inserted into equation (8.2), the following mode choice functions 
result. 

(8.4 ) 

q~(k) = trek) - q~ (k) Vr,s,k (8.5 ) 

8.1.1.2 Variational inequality fonnuJation 

The DUO mode choice/route choice problem can be formulated using the variational 
inequality approach. 

Theorem 8.1: The DUO mode choice/route choice problem is equivalent to finding a 
solution (u*, q *) E n such that the following VI formulation holds: 

C*(u- u *)-(D*t(q -q*) ~ 0 V(u,q) En* (8.6 ) 

or, alternatively, in expanded form: 

L L L c:a (t)[uma (t) - u:a(t)] 
mat (8.7) 

- LL(D:(k)r[q~ (k)- q~(k)] V(u,q) EO* 
rs k 

where C m,a , C m,a are the link travel time functions for auto and transit respectively, and 

(D: (k) r is the inverse auto mode choice function. The link travel time functions may 

depend on the flows of both modes, um,a, um,a' but are separable by links. The symbol 

n * is a subset of n with o;:aplc (I) being realized at equilibrium, i.e., 

O;:aplc(/) = O;::pIc(t), Vr,s,m E(mJ ,mJ,a,p,k,t. The symbol n denotes the feasible 

region that is delineated by the following constraints: 

Flow conservation constraint: 

(8.8 ) 
m p 

Flow propagation constraints: 

u;:"pIc(t) = h;:p(k)o:'pIc(t) Vr,s,m,a,p,k,1 (8.9) 
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'L t5:apk(t) = 1 Vr,s,p,m,a Ep,k 

t5:"pk(t) = {O,l} Vr,s,m,a,p,k,t 

Nonnegativity constraint: 

h:p(k)e:O Vr,s,p,m,k 

Definitional constraints: 

Lh:p(k) = q;(k) Vr,s,m,k 
p 

uma(t) = LLLh:Ak)t5:apk(t) Vm,a,t 
,. p k 

a t 

(8.10 ) 

(8.11 ) 

(8.12 ) 

(8.13 ) 

(8.14 ) 

(8.15 ) 

Equation (8.8) expresses the time-dependent O-D demand in terms of route flows among 
all modes, and COnseIVes the fixed total nwnber of trips during interval k. Equation (8.13) is 
definitional, and expresses time-dependent O-D demand in terms of the time-dependent 
route flows among all modes. The other constraints are essentially the same as those for the 
DUO variable demand/route choice mode~ except that mode choice is also considered. 

8.1.1.3 Equivalence analysis 

Theorem 8.2: Under a certain flow propagation relationship t5':'pk(t) = t5:;pk(t), 
Vr, s, m, a, p, k, t, DUO mode choice/route choice conditions (8.1)--(8.2) imply VIP (8.7) 
and vice versa. 

Proof of necessity: We need to prove that under a certain flow propagation relationship 
(t5:apk (t) = t5:;pk(t), Vr, s, m,a, p, k, t), the DUO mode choice/route choice conditions 

(8.1)--(8.2) imply VIP (8.7). We first rearrange the equilibrium conditions (8.1) as follows: 

[c:';(k) - ;r:(k)][h:p(k) - h:;(k)] e: 0 Vr, s, m,p, k (8.16) 

By swnming over r,s,m,p,k, and then making a substitution of 

'Lh:p(k) = q;(k), '1m, we obtain: 
p 

L L L'Lc;;(k)[h:p(k)- h:;(k)] 
,.. m p k 

- L L L ;r: (k)[q: (k) - q:(k)] e: 0 
(8.17 ) 

rs m k 

By applying equation (8.14), we obtain: 
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~ ~ ~ ~ [ ~ ~ c:O(t)O;;J*(t) J h;:p(k) - h:;(k)] 

- LLL1r;:(k~q:(k)- q:(k)] ~ 0 
rs m k 
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(8.l8 ) 

By changing the order of the smmnation on the first term, using equation (8.14), it follows: 

L L L c:O(t~unra(t) - u:a(t)] 
m a I (8.19 ) 

- LLL1r;:(k~q:(k)-q:(k)] ~ 0 
,.. m k 

Since q:, (k) = qrs(k)_ q~ (k), using equation (8.2), we have: 

L L Lc:O(t~Uma(t) - u:O(t)] 
m a I (8.20 ) 

- LL(D~(k)r[q~(k)- q:(k)] ~ 0 
rs k 

The inequality (8.20) is identical to VIP (8.1). 

Proof of sujJiciency: We next prove that the VIP (8.1) implies mode choice/route choice 
equilibrium conditions (8.1)-(8.2). Frrst we demonstrate that V1P (8.1) implies expression 

(8.1). Wrthout loss of generality, we now define a feasIble solution { h;:p (k), q: (k )} , 

\;fr,s, m,p,k to be the same as {h:;(k),q:·(k)}, \;fr,s,m,p,k, except for two routes, 

PI" and p; , for mode ~ . We consider two situations that could arise at equilibrium: 

(I) Both route flows are positive, i.e., h:p\ (k) > 0 and h:P:z (k) > 0 . We switch a 

small amount offlow .11 from route p~ to p'; with 0 <.11 ~ h:p! (k). That is: 

h~p!(k)=h~p!(k)-.11 and 

h~P:z (k) = h::":, (k) +.11 

(8.21 ) 

(8.22 ) 

Substituting the feasible solution {h;:p(k),q:(k)}, \;fr,s,m,p,k into equation (8.1) 

yields: 

c:p! (k)[h~Pt (k)- h~Pt (k)] +c~, (k~h~p, (k)- h':, (k)] ~ 0 (8.23) 

By applying equations (8.21) and (8.22), we have: 

c:P:z (k) ~ c~: (k) (8.24) 

Similarly, by switching a small amount offlow ll2 with 0 < ll2 ~ h':, (k) from route p;s 
to p~ , we obtain: 
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c~~ (k) ~ C~2 (k) 

Equations (8.24) and (8.25) together imply: 

c~~ (k) = c~p! (k) 

(8.25 ) 

(8.26 ) 

We repeat this procedure to verifY for each O-D pair and mode that all used routes with 
positive flow have the same actual route travel time. 

(li) One route flow is positive and the other route flow is nil. We arbitrarily assume, 
without loss of generality, h;:;p! (k) > 0 and h~, (k) = o. We switch a smaIl amount of 

flow ~I from route p~ to p'; with 0 < ~I :.,; h;:;p! (k). By the same argument shown in 

(i), we have c~:, (k) ~ c~~ (k). We repeat this procedure to verifY for each O-D pair and 

mode that all unused routes with zero flow have higher or equal actual route travel times. 
By cases (1) and (ii), it follows that VIP (8.7) implies expression (8.1). 

We now conclude the proof by showing that VIP (8.7) implies equation (8.2). As 

before, we construct a feasIble solution {h;p(k), q;(k)}, Vr,s,m,p,k that differs from 

{h;;(k), q:(k)} , Vr,s,m,p,k only for the flows of the two used routes, PI of mode 

ml , and P2 of mode m2 , for which h~p!(k)=h~~(k)-~, h;:'p,(k)=h:::p,(k)+~, 

where O<I~I:.,;min(h~~(k),h:::p2(k»). Since q~(k)=q;:;(k)-~ and 

q;:' (k) = q;:,. (k) + ~ , therefore applying VIP (8.7) yields 

c:p! (k)( - ~) + c;:'1'2 (k)~ + ( D;:; ( k ) r ~ ~ 0, which after dividing by ~ and using 

equation (8.1), results in -7r;'(k)+7r;:'(k)+(D;:;(k)r ~o, for ~>o, and 

- 7r;' (k) + 7r;:' (k) + (D;:; (k) r :.,; 0, for ~ < 0; hence, equation (8.2) is satisfied. This 

completes the proof 

8.1.2 Nested Diagonalization Method 

In this section, we first show the network representation for the DUO mode choice/route 
choice problem. Then, the nested diagonalization method is formally stated. 

8.1.2.1 Tim~space network 

The network representation for the DUO mode choice/route choice model is shown in 
Figure 8.1, of which auto and transit modes share a basic netwOlk, but are separated by 
links. 
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a.Static Network 

Trans~ Network 
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b.Time-Space Network 
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Figure 8.1: Time-Space Network for the Dynamic User-Optimal 
Mode ChoicelRoute Choice Model 
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8.1.2.2 Solution algorithm 

We adopt the nested diagonalization method to solve the DUO mode choicelroute choice 
mode~ as follows: 

Nested DiagonoJizption Method 

Step 0: Initialization. 

Step 0.1: Let m'={). Set r~(t) = NINr[cao(t)]. Va,t. 

Step 0.2: Find an initial feasible solution {q;:(k)1 , u;"(t)} . Compute the 

associated link travel times {c;" (t)} . Let IF 1. 

Step 1: FrrstLoop Operation. 

Let m' = m' + 1 . Update the estimated actual link travel times by 

r: (t) = NINr[(I- r )r:-I(t) + ;C;(t)] Va, t (8.27 ) 

where 0 < r < 1. Construct the corresponding feasIble time-space network based 
on the estimated actual link travel times. 

Step 2: Second Loop Operation. 

Step 2.1: Let IF 1. Compute and reset the initial feasible solution 

{q;: ( k ) n , u:a (t) } , based on the time-space network constructed by the 

estimated actual link travel times {r:::, (t)} . 
Step 2.2: Fix the inflows for all time-space links other than on the subject time

space link at the current leve~ yielding the following optimization 
problem. 

min z{u,q) = LLS:;.!(I) c",Au~a(I),. .. ,u~a(t -1),m, u:Jim 
a I 

-LLJoq~(kr D~(mtdm 
rs k 

Flow conservation constraint: 

(8.29) 
m p 

Nonnegativity constraint: 
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h;p(k) ~ 0 Vr,s,m,p,k 

Definitional constraints: 
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(8.30 ) 

u:apk(t) = h;p(k)J":pk(t) Vr, s,m,a, p, k,t (8.31) 

8":pk(t) = {O,I} Vr,s,m,a,p,k,t 

Lh;p(k) = q:(k) Vr,s,m,k 
p 

rs p k 

a t 

Step 3: Third Loop Operation. 

(8.32 ) 

(8.33 ) 

(8.34 ) 

Solve for the solution, {q; ( k r+ I, U~: I (t) } , in optimization problem 

(8.28)-(8.35) by the partial linearization technique, also known as the Evans' 

method. Compute the resulting link travel times {c~: I (t )} . 

Step 4: Convergence Check for the Second Loop Operation. 

If u:+I(t) ~ u:(t), Va,t and q:(k)"+' ~ q:(k)" , Vr,s,m,k, go to Step 5; 

otherwise, set rFn+ 1, go to Step 2.2. 

Step 5: Convergence Check for the Fl1'St Loop Operation. 

If .':;'(t) ~ c:1(t), Vm,a,t, stop; the current solution is optimal. Otherwise, set 
n=n+ 1, and go to Step 1. 

Analogous to the discussion in Section 5.3, the nested projection algorithm can be obtained 
by the following modification. 

Step 2.2: Fix the inflows for all time-space links other than on the subject time
space link at the current level, yielding the following optimization 
problem. 

min z(u,q)=~(un+'r G1U,,+1 +(P1c(U")-G1U")U,,+1 

_~(qn+lr G2q,,+1 -(P2(D(q")f -G2 q")qn+1 

Subject to: Equations (8.29)-(8.35) 

(8.36) 

where matrices G I and G 2 are symmetric and positive definite, and PI 
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and P2 are contraction operators. 

8.1.2.3 Single transit link with constant travel time 

In many ci.rcwnstances, a single transit line, such as a subway, is operated on a closed 
system with constant travel time if ~. By an appropriate network representation, this 

specific DUO mode choicelroute choice problem can be treated as the DUO route choice 
problem. In Figure 8.2(a), we first assume that the network consists of a basic auto network 
and a single transit link with constant travel time. In Figure 8.2(b), the corresponding time
space network contains two types of artificial time-space links. The first type of artificial 
time-space links connects with the time-dependent origins r(k) to the time-independent 

destination s . The associated travel time functions are set as cn ( k ) = if ~ + ( D ~ ( k ))-1 . 

The second type of artificial time-space links directly joins each auto-specific time
dependent destination s"" (k) to the time-independent destination s, where the 

corresponding travel time function is defined as c '..,' ( k) = O. The following theorem states 

that this specific DUO mode choicelroute choice problem is equivalent to, in the 
mathematical sense, the DUO route choice problem. 

Theorem 8.3: The DUO mode choicelroute choice problem is equivalent to the DUO 
route choice problem with the time-space network shown in Figure 8.2(b). 

Proof For the DUO route choice problem with time-space network shown in Figure 
8.2(b), the corresponding VIP is as follows: 

L: L:c~a(t~u""a(t)- u~a(t)] 
a t 

+ L:L:[ if::' +(D:(k)f][q;:'(k)-q:,"(k)] ~ 0 
n Ie 

(8.37 ) 

\i(u,q) E!1* 

By rearranging the second tenn, using q;:' (k) = zr (k) - q~ (k), one obtains: 

L: L:c~a(t)[umla(t) - u~a(t)] + L: if::' L:[q;:, (k) - q:,"(k)] 
a t rs k (8.38 ) 

- LL(D~*(k)r[q: (k) - q:*(k)] ~ 0 \i(u,q) En * 
n Ie 

Since the second term is equivalent to L L c ~a (t ~ u..,a (t) - U ~a (t )] , we therefore 
a t 

have: 
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L L LC:a(t~uma(t) - u:a(t)] 
mat (8.39 ) 

- L L(D~(k)r[q~ (k)- q~'(k)] ~ 0 V(u,q) En * 
'" k 

Inequality (8.39) is the exact VIP for the DUO mode choice/route choice problem shown 
in expression (8.7). The steps shown above are essentially reversible. This completes the 
proof 

When the mode choice decisions are appropriately described by the following logit 
formula: 

(8.40 ) 

and we further assume that the dispersion parameter is set as e = 1, and the auto 
preference parameters qJ '" (k ) = 0, Vr, s, k , then the nested diagonalization method can still 

be adopted for solutions with the following modifications. 

Step 2.2: Fix the inflows for all time-space links other than on the subject time
space link at the current leve~ yielding the following optimization 
problem. 

min z(u,q) = LLf:::,'!(t) cmAu~a(l), ... ,u~a(t -l),m, u:,ym 
a t 

_"'( ) (8.41) 
",,( ())n+I_ .. 1 "" rq~(k)"1 q k-m + L...J L...J q; k 7r:' - L...J L...J JI In dm 
",k 1 r.rk O m 

Subject to: Equations (8.29)-(8.35) 

Step 4: Convergence Check for the Second Loop Operation. 

!fthe following convergence criteria are met, go to Step 5; otherwise, set 1F1l+ 1, 
and go to Step 2.2. 

U;+I(t)I':IU;(t) Va,! (8.42) 

'" (k)n+1 q"'t 1 

q"'(k) 1':1 (C~(k)"+I_"::"+I) 
l+e 

Vr,s,k (8.43 ) 
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a.Static Network 

Transit 
Link ----..... _______ 

~~, 
"-

Auto Network \J 
-----______ 1 

b.Time-Space Network 

Transit/ 
Link 

Auto Network s(3) 

1=3 I ~-----.------------------------~ 
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Link 

Auto Network s(l) . 

1=1 
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I 
/ 

Figure 8.2: Time-Space Network for the Dynamic User-Optimal Mode ChoicelRoute 
Choice Model (Single Transit Link with Constant Travel Time) 
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8.1.3 Numerical Example 

8.1.3.1 Input data 

A simple network shown in Figure 8.3 is used for testing. The test network consists of 8 
links (of which links 1~5 and 2~5 denote the transit links), and 5 nodes, in which nodes 1 
and 2 are origin nodes, node 5 is the destination, and nodes 3 and 4 are intennediate nodes. 

Link 

Transit i~"'_~ 

Figure 8.3: Test Network 1 

The adopted dynamic travel time functions are arbitrarily constructed as follows: 

cmAt) = 1 + O.OI(umAt)f + O.Ol(xmAt)f Va,t 

c..,a(t)=5+(D~(t)r Va,t 

The time-dependent origin-destination (O-D) demands are assumed in Table 8.1: 

Table etwork 1 8.1: Time-Dependent O-D Demands for Test N 
O-D TJI11e Interval 
Pair IF1 k=2 IF3 k=4 
1-5 20 10 - -
2-5 - - 20 10 

The mode choice functions are assumed to be the following logit formulas: 

,. (k) - -"(k) 1 q"" - q (~_ifn (k)) 
l+e .. "2 

Vr,s,k 

" (k) - -"(k) 1 q.., - q (lrn _Irn (k)) 
l+e "'Z ... 

Vr,s,k 

(8.44 ) 

(8.45 ) 

(8.46 ) 

(8.47 ) 
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8.1.3.2 Test results 

The resulting flow pattern and time-dependent 0-0 demands among all modes for the 
DUO mode choice/route choice model are swnmarized in Tables 8.2 and 8.3, respectively. 

Tabl 82 Resul' Fl P fi T N rkl e .. tmg ow attern or est etwo 
Entering Exit Number Link Exiting 

Link: Time Inflow Flow of Travel Time 
Interval Vehicles Time Interval 

1~2 I 2.70 0.00 0.00 1.07 2 
2 0.00 2.70 2.70 1.07 -

1~3 I 10.70 0.00 0.00 2.15 3 
2 5.68 0.00 10.70 2.47 4 
3 0.00 10.70 16.39 3.69 -
4 0.00 5.68 5.68 1.32 -

1~5 I 6.60 0.00 0.00 4.29 5 
(Transit) 2 4.32 0.00 6.60 4.73 7 

3 0.00 0.00 10.91 0.00 -
4 0.00 0.00 10.91 0.00 -
5 0.00 6.60 10.91 0.00 -
6 0.00 0.00 4.32 0.00 -
7 0.00 4.32 4.32 0.00 -

2~3 2 2.70 0.00 0.00 1.07 3 
3 9.71 2.70 2.70 2.02 5 
4 6.82 0.00 9.71 2.41 6 
5 0.00 9.71 16.53 3.73 -
6 0.00 6.82 6.82 1.47 -

2~5 3 10.29 0.00 0.00 5.06 8 
(Transit) 4 3.18 0.00 10.29 4.24 8 

5 0.00 0.00 13.47 0.00 -
6 0.00 0.00 13.47 0.00 -
7 0.00 0.00 13.47 0.00 -
8 0.00 13.47 13.47 0.00 -

3~ 3 2.70 0.00 0.00 1.07 4 
4 2.35 2.70 2.70 1.13 5 
5 7.02 2.35 2.35 1.55 7 
6 0.00 0.00 7.02 1.49 -
7 0.00 7.02 7.02 1.49 -

3~5 3 10.70 0.00 0.00 2.15 5 

4 3.33 0.00 10.70 2.26 6 
5 2.69 10.70 14.03 3.04 8 
6 6.82 3.33 6.02 1.83 8 
7 0.00 0.00 9.51 1.90 -

8 0.00 9.51 9.51 1.90 -
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Table 8.2: Resulting Flow Pattern for Test Network 1 (continued) 

Link 

4~5 

Entering Exit Number Link 
Time Inflow Flow of Travel 

Interval Vehicles Time 
4 2.70 0.00 0.00 1.07 
5 2.35 2.70 2.70 1.13 
6 0.00 2.35 2.35 1.06 
7 7.02 0.00 0.00 1.49 
8 0.00 7.02 7.02 1.49 

Table 8.3: ResuIting Time-Dependent Mode-Specific 
O-D Demands for Test Network 1 

O-D Time Interval 
Pair k=1 k=2 k=3 k=4 
1-5 13.40 5.68 - -

(6.60)* (4.32) 
2-5 - - 9.71 6.82 

(10.29) (3.l8) 

* ''Numbers'' in brackets denote transit O-D demands 

Exiting 
Time 

Interval 
5 
6 
-
8 
-
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The corresponding actual route travel times are computed and summarized in Table 8.4. 

Table 8 4· Actual Route Travel Times for Test Network 1 .. 
Route Time Interval 

k=1 k=2 k=3 k=4 
1~2~3~5 4.29 - - -

(2.70)* 
1~3~5 NA 4.73 - -

(2.35) 
1~3~5 4.29 4.73 - -

(10.70) (3.33) 
1~5 4.29 4.73 - -

(Transit Demand) (6.60) (4.32) 
2~3~5 - - 5.06 -

(7.02) 
2~3~5 - - 5.06 4.24 

(2.69) (3.l8) 
2~5 - - 5.06 4.24 

(Transit Demand) (10.29) (6.82) 

* ''Numbers'' in brackets refer to "route flow" 
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8.2 Dynamic User-Optimal Mode Choice/Departure 
TimelRoute Choice Model 

In this section, we disruss the equilibrium conditions and model fonnulation, the nested 
diagonalization method, and a numerical example for the dynamic user-optimal mode 
choice/departure timdroute choice model. 

8.2.1 Equilibrium Conditions and Model Fonnulation 

The dynamic user -optimal equilibrium conditions are first defined to characterize the 
travelers' travel behavior for choosing the best transportation mode using the minimal travel 
time route. Due to inherent link interactions, the variational inequality approach is adopted 
to formulate the DUO mode choice/departure timdroute choice model. The equivalence 
between the dynamic user -optimal conditions and the variational inequality formulation is 
then stated by a theorem and verified by a proof 

8.2.1.1 Dynamic user-optimal conditions 

Suppose we have binary choice modes, where the auto mode denoted by m1 and the 

transit mode is denoted by m2 . When mode and the route choices are considered, the 
corresponding dynamic user -optimal conditions may be characterized by equilibrium 
conditions on both route choice behavior and mode choice functions. 

For route choice behavior, these conditions state for each O-D pair and 
transportation mode that the actual route travel times experienced by travelers departing 
from the same origin, regardless of the departure time are equal and minimal, or no traveler 
would be better offby unilaterally changing hi!Vher route. In contrast, the actual route travel 
time of any unused route for each O-D pair and mode is greater than or equal to the 
minimal actual route travel time among all modes. Therefore, if the flow of mode 

m E {~ , Tnz} departing from origin r during interval k over route p toward destination s is 

positive, i.e., h;:; (k) > 0 , then the corresponding actual route travel time is minimal among 

all modes. However, if no flow of mode m E {~ , Tnz} ocrurs on route p, i.e., 

h;:;(k) = 0, then the corresponding actual route travel time is at least as great as the 

minimal actual route travel time among all modes. These equilibrium conditions can be 
mathematically expressed as follows. 

Crs.(k~= Jr; if h;; (k) > 0 (8.48) 
mp > /"II 'fh""(k)-O \:;/r,s,m,p,k 

- Jrm 1 mp -

For the mode choice functions, the auto choice function is asswned to be a strictly 
decreasing function of the difference between the auto and transit minimal route travel 
times. Thus, the inverse auto choice function has a strictly monotone mapping. The general 
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fOlm can be expressed mathematically as follows: 

'" _ .... I'S = (Drs.)·1 
1f "" I."" "" Vr,s (8.49 ) 

The widely used inverse auto choice function is as follows: 

(D,...)-I =l.ln q'" -q~ +rp'" Vr,s 
"" () q~ 

(8.50) 

where fIJI'S represents the preference for auto trips that depart from origin r toward 

destination s, and () indicates a dispersionlvariance parameter. Note that when equation 
(8.50) is inserted into equation (8.49), the following mode choice functions result. 

I 
q~. = q'" e("n _~ _\1,") Vr, S (8.51 ) 

1 +e .. .., 

q;:: = q'" - q;:; Vr,s (8.52 ) 

8.2.1.2 Variational inequality fonnulation 

The DUO mode choiceldeparture timelroute choice problem can be formulated using the 
variational inequality approach. 

Theorem 8.4: The DUO mode choiceldeparture timelroute choice problem is equivalent to 
finding a solution (u*, q *) En such that the following VI formulation holds: 

c *(u - u *)- (D*t(q - q *) ~ 0 V(u,q) En* (8.53) 

or, alternatively, in expanded form: 

L L L c:'(t)[Uma(t) - u:'(t)] 
m a I 

- L(D;:;r(q~ -q;:;) V(u,q) En* 
(8.54 ) 

where c ""a' C ""a are the link travel time functions for auto and transit respectively, and 

(D: r is the inverse auto choice function The link travel time functions may depend on 

the flows of both modes, U""a, U""a' but are separable by links. The symbol n * is a subset 

of n with 8':'pk(t) being realized at equilibrium, i.e., 8,:'apk(t) = 8:;pk(t), 
Vr,s,m E (mpmJ,a,p,k, t . The symbol n denotes the feasible region that is delineated 
by the following constraints: 
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Flow conservation constraint: 

IIIh;p(k)=q" 'dr,s 
m k p 

Flow propagation constraints: 

U:'pk(t) = h;p(k)<5;apk(t) \lr, s, m, a, p, k, t 

L<5;apk(/) = I \lr,s,p,m,a Ep,k 

<5:'pk(/) = {O,I} \lr,s,m,a,p,k,t 

Nonnegativity constraint: 

h;p(k) ~ 0 \lr, s, p, m, k 

Definitional constraints: 

LLh;p(k)=q; Vr,s,m 
k p 

Uma(/) = LLLh;p(k)8;apk(/) \1m, a, 1 
" p k 

a t 

(8.55 ) 

(8.56 ) 

(8.57 ) 

(8.58 ) 

(8.59) 

(8.60 ) 

(8.61 ) 

(8.62 ) 

Equation (8.55) expresses the time-independent O-D demand in terms of route flows 
among all modes, and conserves the fixed total number of trips between O-D pair rs. 
Equation (8.60) is definitional, and expresses time-independent O-D demand in terms of 
time-dependent route flows among all modes. The other constraints are essentially the same 
as those for the DUO variable demand/departure time/route choice mode~ except that 
mode choice is also considered. 

8.2.1.3 Equivalence analys;s 

Theorem 8. 5: Under a certain flow propagation relationship <5':'pk (t) = <5'::pk (t ), 
\lr, S, m, a, p, k, t, DUO mode choice/departure time/route choice conditions 
(8.48}--(8.49) imply VIP (8.54) and vice versa. 

Proof of necessity: We need to prove that under a certain flow propagation relationship 

(8;apk(t) = 8'::pk(/), \lr, s, m, a, p, k, I), DUO mode choice/departure time/route choice 

conditions (8.48}--(8.49) imply VIP (8.54). We first rearrange equilibrium conditions (8.48) 
as follows: 
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(8.63 ) 

By summing over r,s,m,p,k, and then making a substitution of L L h;p (k) = q: , 
k P 

Vr, S, m , one obtains: 

LLL 2>;;(k~h;p(k)- h;;(k)]- LL7r;[q; -q:] ~ 0 (8.64) 
rsmpk rsm 

By applying equation (8.62), one obtains: 

~~~~[ ~~C:a(t)8:pk(t)l[h;Ak)- h;;(k)] 

- L L 7r; [q: - q;.] ~ 0 
,.. m 

(8.65 ) 

By changing the order of the summation on the first term, using equation (8.61), it follows: 

LLLC:a(t)[uma(t)-u:a(t)]- LL7r;[q: -q:·]~o (8.66) 
mat r.s m 

Since q;:' = qrs - q~ , using equation (8.49), we have: 

L LLC:a(t~uma(t)- u:a(t)]- L(D:r[q~ - q:] ~ 0 (8.67) 
mat n 

The inequality (8.67) is identical to VIP (8.54). 

Proof ofsu.fficiency: We next prove that the VIP (8.54) implies the mode choiceldeparture 
timelroute choice equilibrium conditions (S.48}-(S.49). FIrst we demonstrate that VIP 
(8.54) implies expression (8.48). Wrthout loss of generality, we now define the feaSIble 

solution {h,:'p(k), q,:'.} be the same as {h;;(k), q:}, except for two routes, p~ 

during interval kl , and p'; during interval k2 ,for mode mI' We consider two situations 
that could arise at equihbrium: 

(i) Both route flows are positive, i.e., h~~ (kl ) > 0 and h~:2 (k2 ) > 0 . We switch 

a small amount of flow .11 from route p~ to p'; with 0 <.11 ~ h~~ (kl ) . That is: 

h~P2 (k2) = h~:2 (k2 ) + .11 

Substituting the feasible solution {h,:'p (k), q:.} into equation (8.54) yields: 

(8.68 ) 

(8.69) 

c~: (kl )[h~A (kl )-h:A (kl )] +c:P2 (k2 Xh~P2 (k2)- h:2 (k2)] ~ 0 (8.70) 

By applying equations (8.68) and (8.69) and dividing by .11, we have: 
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(8.71 ) 

Similarly, by switching a sma1l amount of flow A2 with 0 < A2 ~ h~l (k2) from route 

p;' to p~ , we obtain: 

(8.72 ) 

Equations (8.71) and (8.72) together imply: 

c:Pz (k2) = c~~ (k, ) (8.73 ) 

We repeat this procedure to verifY for each O-D pair and mode that all used routes with 
positive flow have the same actual route travel time. 

(Ii) One route flow is positive and the other route flow is nil. We arbitrarily assume, 

without loss of generality, h~~ (k, ) > 0 and h~:l (k2 ) = 0 . We switch a sma1l amount of 

flow A, from route p~ to p;s with 0 < A, ;5; h~~ (k, ). By the same argument shown in 

0), we have c:Pz (k2 ) ~ c:Pt (k, ). We repeat this procedure to verifY for each O-D pair 

and mode that all unused routes with zero flow have higher or equal actual route travel 
times. 

By cases (i) and (ii), using expression (8.1), it follows that VIP (8.54) implies 
expression (8.48). 

We now conclude the proofby showing that VIP (8.51) implies equation (8.49). 

As before, we construct a feasible solution {h;p (k), q: } , that differs from {h; (k), q:} 
only for the flows of the two used routes, p, of mode ~ , and P2 of mode m2 , for which 

h~p, (k) = h;:p, (k)- A, h;:'Pz (k) = h::;Pz (k)+ A, where 

o <IAI~ min(h:Pt (k), h:P1 (k)). Note that q~ = q: - A, and q;:' = q;:; + A. 

Applying VIP (8.54) yields c~Pt(k)(-A)+c;:'Pz(k)A+(D~·rA~O, which after 

dividing by A, and using equation (8.48), results in - 7r~ + 7r;:' + (D~· r ~ 0, for 

A > 0, and - 7r~ + 7r::' + (D~· r ;5; 0, for A < 0; hence, equation (8.49) is satisfied. 

This completes the proof 
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8.2.2 Nested Diagona1ization Method 

In this section, we first show the network representation for the DUO mode 
choiceldeparture time/route choice problem. Then, the nested diagonalization method is 
fonnally stated. 

8.2.2.1 Time-space network 

For the DUO mode choiceldeparture time/route choice model, the corresponding time
space network is shown in Figure 8.4, in which the auto and transit modes share a basic 
network, but are separated by links. 

8.2.2.2 Solution algorithm 

We adopt the nested diagonalization method to solve the DUO mode choice/departure 
time/route choice model as follows. 

Nested Diagono/izotion Method 

Step 0: Initia1ization. 

Step 0.1: Let m'=O. Set .~(/) = NINT[cao (I)], Va, t . 

Step 0.2: Let 1Fl. Find an initial feasible solution {(q,:: r , u:'"(t)} . Compute the 

associated link travel times {c:'" (t )} . 

Step 1: Fust Loop Operation. 

Let m' = m' + 1 . Update the estimated actual link travel times by 

.:(t)=Nlm[(1-r).:-I(t)+]-C;(t)] Va,t (8.74) 

whereO<r::;1. 

Construct the corresponding feastble time-space network based on the estimated 
actual link travel times. 

Step 2: SecondLoop Operation. 

Step 2.1: Let 1F 1. Compute and reset the initial feasIble solution 

{( q':: r, u.:. (t) }, based on the time-space network constructed by the 

estimated actual link travel times {.:: (t)} . 

Step 2.2: Fix the inflows for all time-space links other than on the subject time
space link at the current leveL yielding the following optimization 
problem. 
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Figure 8.4: Time-Space Network for the Dynamic User-Optimal 
Mode Choice/Departure TimeiR.oute Choice Model 
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+ LLJ::;~(t)CmAU~,U~a(1), ... ,u~At-1),m}Im (8.75) 
a t 

-LLt~'" (D:(m)r dm 
,.. k 

Flow conservation constraint: 

LLLh;Ak) = q" Vr,s 
m k p 

Nonnegativity constraint: 

h;:p(k) ~ 0 Vr,s,m,p,k 

Definitional constraints: 

U;apk(t) = h;:Ak)5':'pk(/) Vr, s, m,a, p, k, 1 

8':'pk(/) = {0,1} Vr,s,m,a,p,k,1 

LLh;:p(k)=q;: Vr,s,m 
k P 

,.. P k 

a t 

Step 3: Third Loop Operation. 

(8.76 ) 

(8.77) 

(8.78 ) 

(8.79 ) 

(8.80) 

(8.81 ) 

(8.82 ) 

Solve for the solution, { q; ( k r+ I, U.: I (I)}, in optimization problem 

(8.75)-(8.82) by the partial linearization technique, also known as the Evans' 

method. Compute the resulting link travel times {c:: 1 (I)} . 

Step 4: Convergence Check for the Second Loop Operation. 

If u;+I(t)~U;(t),Va,1 and (q;r l ~(q:r,Vr,s,m, go to Step 5; 

otherwise, set rFn+ 1, go to Step 2.2. 

Step 5: Convergence Check for the Fust Loop Operation. 

If <a(t) ~ C::I(/), Vm, a, t , stop; the current solution is optimaI. Otherwise, set 

n=n+ 1, and go to Step l. 

Analogous to the discussion in Section 5.3, the nested projection algorithm can be obtained 
by the following modification. 
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Step 2.2: Fix the inflows for all time-space 1inks other than on the subject time
space link at the current level, yielding the following optimization 
problem 

min z(U,q)=l(un+lf GIU n+1 +(PIC(Un)-GIUn)un+1 

-l(qn+lf G2qn+1 -(p2(D(qn)t - G2qn)qn+1 

Subject to: Equations (8.76)-(8.82) 

(8.83 ) 

where matrices Gland G 2 are symmetric and positive definite, and PI 

and P2 are contraction operators. 

8.2.2.3 Single transit link with constant travd time 

In many circumstances, a single transit link, such as a subway, is operated on a closed 
system with constant travel time 1f::'. By an appropriate network representation, this 

specific DUO mode choice/departure time/route choice problem can be treated as the DUO 
route choice problem In Figure 8.5(a), we first assume that the network consists of a basic 
auto network and a single transit link with constant travel time. In Figure 8.S(b), the 
corresponding time-space network contains three types of artificial time-space links. The 
first type of artificial time-space links connects time-independent origins r to the time
independent destination s. The associated travel time fimctions are set as 

c:, = 1f::' + (D~ r . The second type of artificial time-space 1inks directly joins each time-

independent origin r to the auto-specific time-dependent origin r"" (k), where the 

corresponding travel time fimction is defined as c""'I (k) = o. The third type of artificial 

time-space links directly joins each auto-specific time-dependent destination s"" ( k) to the 

time-independent destination s, and the corresponding travel time fimction is defined as 

c' ... ' (k) = o. The following theorem states that this specific DUO mode choice/departure 

time/route choice problem is equivalent to, in the mathematical sense, the DUO route 
choice problem. 

Theorem 8.6: The DUO mode choice/route choice problem is equivalent to the DUO 
route choice problem with the time-space network shown in Figure 8.5(b). 

Proof For the DUO route choice problem with time-space network shown in Figure 
8.5(b), the corresponding VIP is as follows: 
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By rearranging the second tenn, using q::, = q" - q: ' one obtains: 

L L c~a(t~u"\a(t)- u~a(t)] + L7f;: (q::, - q::) 
at,.. 

- 2: (D:r[q: -q:];;:: 0 \i(u,q) E!l* 

(8.85 ) 

" 

Since the second tenn is equivalent to L LC~a (t~ u",)t) - u~a(t)], we have: 
a t 

L2:LC:"'(t~Uma(t)- u:"'(t)]- L(D:r[q: - q:];;:: 0 
mat n (8.86) 

\i(u,q) E!l* 

The inequality (8.86) is the exact VIP for the DUO mode choicelroute choice problem as 
shown in expression (8.54). The steps shown above are essentially reverstble. This 
completes the proof 

When mode choice decisions are desCIibed by the following logit fonnula: 

\ir,s (8.87) 

and we further assume that the dispersion parameter is set as () = 1, and the auto 
preference parameters rp" = 0, "dr,s, then the nested diagonaIization method can still be 

adopted for solutions with the following modifications. 

Step 2.2: Fix the inflows for all physical links other than on the subject time-space 
link at the current level, yielding the following optimization problem. 

min z{ u, q) = L L J::;.!(t) c"\a(u~a(I), ... , u~a(t -1), w, u:.,pw 
a t (8.88) 

"( ,. )n+l_,. •• , _ " rq~'" 1 qrs - W d 
+ L...J q.... 7f"., L...J Jo n Q) 

r.r r.r Q) 

Subject to: Equations (8.76)-(8.82) 

Step 4: Convergence Check for the Second Loop Operation. 

If the following convergence criteria are met, go to Step 5; otherwise, set rFn+ 1, 
and go to Step 2.2. 



154 Chapter 8 Dynamic User-Optimal Mode Choice Models 
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a.Static Network 

b.Time-Space Network 
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Figure 8.5: Time-Space Network for the Dynamic User-Optimal Mode Choice/Departure 
TimeIRoute Choice Model (Single Transit Link with Constant Travel Time) 



8.2 Dynamic User-OptimaJ Mode ChoicelDeparture TimeIRoute Choice Model 155 

(8.89) 

rs n+l 

q"'t 
Vr,s (8.90) -- - -......,...--:--~ 

-rs'-""; ( r:s IHI _r.r1l+I) q C.. -" .. 
l+e 

8.2.3 Numerical Example 

8.2.3.1 Input data 

A simple network shown in Figure 8.6 is used for testing. The test network consists of 8 
links (of which links 1~5 and 2~5 denote the transit links) and 5 nodes, in which nodes 1 
and 2 are origin nodes, node 5 is the destination, and nodes 3 and 4 are intermediate nodes. 

3 

Figure 8.6: Test Network 2 

The adopted dynamic travel time functions are arbitrarily constructed as follows: 

cmAt) = 1 + om(um,a(t)f + 0.01(xm,a(t)f Va,t 

The time-independent origin-destination (O-D) demands are assumed in Table 8.5: 

Table 8.5: Time-Independent Maximal O-D 
Demands for Test Network 2 
O-D Time Interval 
Pair k=1-3 
1-5 30 
2-5 20 

(8.91 ) 

(8.92 ) 
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The mode choice functions are assumed to be the following logit formulas: 

(8.93 ) 

(8.94 ) 

8.2.3.2 Test results 

The resulting flow pattern and time-independent O-D demands among all modes for the 
DUO mode choice/departure time/route choice model with the given data are summarized 
in Tables 8.6 and 8.7, respectively. 

Table 8.6: Resulting Flow Pattern for Test Network 2 
Entering Exit Number Link Exiting 

Link Time Inflow Flow of Travel Time 
Interval Vehicles Tune Interval 

l-jo2 3 4.92 0.00 0.00 l.24 4 
4 0.00 4.92 4.92 l.24 -

l-jo3 1 10.31 0.00 0.00 2.06 3 
2 0.00 0.00 10.31 2.06 -
3 0.00 10.31 10.31 2.06 -

2-jo3 1 10.23 0.00 000 2.05 3 
2 0.00 0.00 10.23 2.05 -
3 0.00 10.23 10.23 2.05 -
4 4.92 0.00 0.00 1.24 5 
5 0.00 4.92 4.92 1.24 -

3~ 3 6.74 0.00 000 145 4 
4 0.00 6.74 6.74 145 -
5 492 000 000 1.24 6 
6 0.00 4.92 4.92 1.24 -

3-jo5 3 13.80 0.00 000 2.91 6 
4 0.00 000 13.80 2.91 -
5 0.00 0.00 13.80 2.91 -
6 0.00 13.80 13.80 2.91 -

H5 4 6.74 0.00 0.00 145 5 
5 0.00 6.74 674 1.45 -
6 4.92 0.00 0.00 1.24 7 
7 0.00 4.92 4.92 1.24 -
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Table 8.7: Resulting Time-Independent Mode-Specific 
O-D Demands for Test Network 2 

O-D Tune Interval. 
Pair k=1-3 
1-5 15.23/(14.77)* 
2-5 10.231(9.77) 

* ''Numbers'' in brackets denote 
transit O-D demands 
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The corresponding actual route travel times are computed and summarized in Table 8.8. 

Table 8 8' Actual Route Travel Times for Test Network 2 .. 

Route Time Interval. 
k=1 k=2 k=3 

1-»2-»3~S NA - 4.97/(4.92) 
1-»3~5 4.97/(6.72)* - -

1-»3-»5 4.97/(3.58) - -
1-»5 4.97/(14.77) - -

. (fransit Demand} 
2-»3~5 4.95/(0.01) - -

2-»3-»5 4.95/(10.22) - -
2-»5 4.95/(9.77) - -

(Transit Demand) 

* ''Numbers'' in brackets refer to route flows 

8.3 Notes 

Florian and Spiess (1983) showed that the convergence of the iterative method proposed 
for problem (8.7)-(8.15) is ensured by sufficient conditions that are not always satisfied for 
all instances of their static model. On the other hand, the sufficient conditions that ensure 
the uniqueness of the solution are less stringent. 1heir experience shows that applications of 
this method, in practice, have always resulted in satisfuctory convergence. 

When the flow propagation relationships are prespecified, we can use a similar 
approach to derive sufficient conditions for the DUO mode choice/route choice model. We 
first reformulate link-based VIP (8.7) as a route-based VIP as follows 

L LLLc:;(k~h:p(k)- h:;(k)] 
rs m p k 

(8.95 ) 

- LL(D:(k)r[q~(k)-q:(k)] ~ 0 
,.. k 

At equilibriwn, any used route has the minimal travel time 7f;: (k). When we 



158 Chapter 8 Dynamic User-Optimal Mode Choice Models 

assign the time-dependent O-D demand q; (k ) , to any route with the minimal travel time 

and by using the fact that q~ (k) + q~ (k) = q" (k), it follows that: 

L L[7r~ (k)- 7r~ (k)Iq~ (k)- q:(k)] 
,.. Ie 

(8.96 ) 

- LL(D~"(k)r[q~(k)-q:(k)] ~ 0 
" Ie 

By manipulation, we have: 

~~[ 7r: (k)- <:, (k) - (D:O(k)r ][q: (k) - q:(k)] ~ 0 (8.97) 

Let F(q~(k))=7r~(k)-7r;'(k)-(D~(k)r. Then, the above inequality may be 

restated as: 

LLF(q: (k))(q~ (k)- q~"(k)) ~ 0 (8.98 ) 
,.. Ie 

To justify the monotonicity of F( q ~ (k ) ) , one of the following conditions must hold: 

i) (7r: (k) - 7r::' (k) - (D;'" (k)r') is strictly monotone. 

ii) «~ (k ) - (D~ (k) r) is strictly monotone, since 7r~ (k) is monotone. 

iii) (7r~ (k)-7r;' (k)) is monotome since - (D~(k)r is strictly monotone. 

iv) 7r:' (k) is monotone since (7r~ (k) - (D~"(k)r) is strictly monotone. 

Conditions (ii), (Ui), (iv) are stronger than (i), and therefore imply it. Generally speaking, the 

monotonicity of F(q: (k)) is likely to be satisfied in practice, since the inverse mode 

choice functions are quite steep; that is, a change in q:' (k) induces a much smaller change 

in (7r:' (k)-7r;' (k)) than in the corresponding (D~(k)r . 



Chapter 9 

Dynamic User-Optimal Singly 
Constrained O-D Choice Models 

Dynamic user-optimal singly constrained O-D choice models assume that the total munber 
of trips either leaving each origin, or aniving at each destination, is predetennined. From the 
computational point of view, both types of situations can be covered within a unified 
framework: by simply reversing the direction of the traffic assignment procedure. As an 
illustration, we only consider DUO singly constrained models with trips fixed at origins 
throughout this chapter. 

DUO singly constrained models are appropriate for analyzing travelers' behavior on 
non-work: trips because only the total number of trips leaving each origin is prespecified. 
During a national holiday or a weekend, a great number of people are inclined to leave 
home to enjoy their leisure time; but the decision as to where to go usually involves many 
objective factors and subjective preferences such as the attractiveness of destinations or 
required in-vehicle travel times. In many circumstances, the departure time of travelers is 
not necessarily restricted, and the choice of departure time is strongly influenced in such a 
way that the necessary en route travel time is also minimized. This issue has been a subject 
of contention Some researches do not agree with such a hypothesis. The purpose of 
including this statement is to show that the mathematical formulation for such a hypothesis 
could be made. Consequently, two types of problems can be identified, i.e., the DUO singly 
constrained O-D choice/route choice problem, and the DUO singly constrained O-D 
choice/departure time/route choice problem. 

In the following sections, the DUO singly constrained O-D choice/route choice 
mode~ including the equilibrium conditions and model formulation, the nested 
diagonalization method and a numerical example, is first considered in Section 9.1. A 
similar disrussion for the DUO singly constrained O-D choice/departure time/route choice 
model is provided in Section 9.2. Finally, concluding notes are given in Section 9.3. 
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9.1 Dynamic User-Optimal Singly Constrained O-D 
Choice!Route Choice Model 

In this section, we discuss the equilibrium conditions and model fonnulation, the nested 
diagonalization method and a numerical example. 

9.1.1 Equilibrium Conditions and Model Fonnulation 

The dynamic user-optimal conditions are defined to characterize the travelers' travel 
behavior for choosing the preferred destination using the minimal travel time route. Due to 
inherent link: interactions, the variational inequality approach is adopted to formulate the 
DUO O-D choice/route choice model. The equivalence between the dynamic user-optimal 
conditions and the variational inequality formulation is then stated by a theorem and verified 
by a proof 

9.1.1.1 Dynamic user-optimal conditions 

When the trip decision for choosing a destination and route choice is considered, the 
corresponding dynamic user -optimal conditions may be characterized by equilibrium 
conditions on both the route choice behavior and time-dependent O-D demands. 

For route choice behavior, the conditions state for each O-D pair that the actual 
route travel times experienced by travelers departing from the same origin during the same 
interval are equal and minimal, or no traveler would be better off by unilaterally changing 
hislher route. In contrast, the actual route travel time of any unused route for each O-D pair 
is greater than or equal to the minimal actual route travel time. In other words, at 
equilibrium, if the flow departing from origin r during interval k over route p toward 
destinations is positive, i.e., h;'(k) > 0 , then the corresponding actual route travel time is 

minimal. On the other hand, if no flow occurs on routep, i.e., h;'(k) = 0, then the 

corresponding actual route travel time is at least as great as the minimal actual route travel 
time. These equilibrium conditions can be mathematically expressed as follows: 

,.. J=tr"(k) ifh;'(k»O 
cp (k'1;::7r"(k) ifh;'(k)=O Vr,s,p,k (9.1 ) 

For the time-dependent O-D demands, the O-D demand function is assumed to be 
a strictly decreasing function of the difference between the minimal time-dependent O-D 
route travel time and the time-dependent constant, c' (k). Thus, the inverse O-D demand 

function has a strictly monotone mapping. The general form can be expressed 
mathematically as follows: 

(9.2 ) 
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The inverse O-D demand fimction may be expressed as follows: 

(D"(k)r = -~ln(_r q"(k)" ~.>-~"''''(k)--C'(k)--M''(k))) + MS(k) 
() q (k) - q (k) r~s (9.3 ) 

Vr,s,k 

where () > 0 denotes a logit parameter and, M S ( k) ~ 0 denotes the attractiveness 

associated with destination s during interval k. Note that when equation (9.3) is inserted into 
equation (9.2), the following logit model resu1ts: 

.8(,.." (k)-M' (k)) 

q"'(k) = q-r(k) e ~ ) Vr, s, k (9.4) L e' ","'(k)-M"(k) 

r 

9.1.1.2 Variational inequality fonnulation 

The DUO singly constrained O-D choice/route choice problem can be fonnulated using the 
variational inequality approach. 

Theorem 9.1: The DUO singly constrained O-D choice/route choice problem is equivalent 
to finding a vector (u*, q *) E 0 such that the following VIP holds: 

c*(u-U*)_D-l·(q_q*)~O V(U,q)EO* (9.5) 

or, alternatively, in expanded fonn: 

L LC:(t~Ua(t) - u:(t)] - L L(Dn;+(k)f[q"'(k) - qr"(k)] ~ 0 
a t rs k (96 ) 

V(u,q) EO* 

where 0* IS a subset of 0 with o;'pk(t) being realized at equilibriwn, i.e., 

o;'pk(t) = 0':;; (t), Vr,s,a,p,k,t. The symbol 0 denotes the feasible region that is 

delineated by the following constraints: 

Flow conservation constraint: 

s p 

Flow propagation constraints: 

u~(t)=h;(k)o~(t) Vr,s,a,p,k,t 

LO~(t)= 1 Vr,s,p,a Ep,k 

(9.7 ) 

(9.8 ) 

(9.9 ) 
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8;"(t) = {O,l} Vr,s,a,p,k,t 

Nonnegativity constraint: 

h;(k) ~ 0 Vr,s,p,k 

Definitional constraints: 

Lh;(k) = qrs(k) Vr,s,k 
p 

ua(t) = LLLh;(k)o:p/«t) Va,t 
,. p k 

a t 

(9.l 0) 

(9.11 ) 

(9.12 ) 

(9.13 ) 

(9.l4 ) 

The feasible region for the DUO singly constrained 0-0 choice/route choice model is 
similar to that for the DUO variable demand/route choice mode~ except for equation (9.7). 
Equation (9.7) expresses the time-dependent trip departures in terms of route flows and 
states that summing the route flows over all poSSIble destinations s and routes p must be 
equal to the trips departing from origin r dwing interval k. 

9.1.1.3 Equivalence analysis 

Theorem 9.2: Under a certain flow propagation relationship (O;"'(t) = o,:;(t)), DUO 

singly constrained 0-0 choice/route choice conditions (9.1)-{9.2) imply VIP (9.6) and vice 
versa. 

Proof of necessity: We need to prove that under a certain flow propagation relationship 
(8a';>k{t) = Oa';:(t)), DUO singly constrained O-D choice/route choice conditions 

(9.1)-{9.2) imply VIP (9.6). We first rearrange equilibrium conditions (9.1) as follows: 

[c;-(k) -7rrs (k)][h;(k)- h;-(k)] ~ 0 Vr,s,p,k (9.15) 

By summing over r,s,p,k and then making a substitution of L h;' (k) == qrs (k) , we have: 
p 

L L LC;*(k)[h;(k) - h;'*(k)] 
'" k p 

- LL 7r"(k~qrs(k)- q"'(k)] ~ 0 
rs k 

(9.16 ) 

By using equation (9.2) and making a substitution of Lq"'(k) == qr (k), it follows that: 
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L LLc';(k)[h;(k)- h;"(k)] 
" k p 

- L L(D"'(k)f[q"(k)- q"'(k)] ~ 0 
(9.17 ) 

rs k 

By applying equations (9. 13}--{9. 14), one obtains: 

L ~>:(t)[ua(t) - u:(t)] - LL(Drs·(k)f [q" (k) - qrs·(k)] ~ 0 (9.18) 
a t 13 k 

Equation (9.18) is identical to VIP (9.6). 

Proof of sufficiency: We next show that VIP (9.6) implies DUO singly constrained O-D 
choicelroute choice conditions (9.1}--{9.2). The proof that VIP (9.6) implies expression 
(9.1) is given in Section 4.1.3. 

We conclude the proofby showing that VIP (9.6) implies expression (9.2). We 

define the feasible solution {h; (k), q" (k)} to be the same as {h;· (k), q'" (k)} except 

for the two route flows h~' (k) and h;" (k), for which h~' (k) = h;: (k) - A, and 

h;"(k)=h;';(k)+A, where o<IAI~min{h;;(k),h;';(k)}. Note also that 

q'" (k) = q": (k) - A and qrs, (k) = qrs; (k) + A. Substituting this feastble solution into 

VIP (9.6), one obtains: 

-A[C~(k)-C;';(k)]+A[(D"'(k)r _(Drs2(k)r]~O (9.19) 

Since h;: (k) and h;'; (k) are positive, by expression (9.1), we have: 

- A[Jr'" (k) - Jr'" (k)] + Ll[ (D'" (k)f' - (Drs, (k)f' ] ~ 0 (9.20) 

We can now set the value of A either positive or negative. It follows that: 

(9.21 ) 

We repeat the above procedure for all O-D pair rS j and introduce the constant cr(k). It 
then follows that: 

Equation (9.28) implies expression (9.2). This completes the proof 

9.1.2 Nested Diagonalization Method 

In this section, we first show the network representation for the DUO singly constrained 0-
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D choice/route choice problem. Then, the nested diagonalization method is fonnally stated. 

9.1.2.1 Tim~space network 

The network representation for the DUO singly constrained O-D choice/route choice 
model is shown in Figure 9.1. In Figure 9 .1 (a), we hypothesize a basic network. In Figure 
9.1(b), the corresponding time-space network is constructed by reproducing the static 
network over time dimension. 

9.1.2.2 Solution algorithm 

We adopt the nested diagonalization method as follows to solve the DUO singly 
constrained O-D choice/route choice model. Two types of link interactions are embedded 
in DUO singly constrained O-D choice/route choice model. One is due to estimated actual 
link travel times, and the other is from inflows on the tim~space links other than the subject 
time-space link. However, once these two types oflink interactions are temporarily fixed at 
current levels, the original problem reduces to a quadratic programming problem, which 
can be solved by the partial linearization method, also known as the Evans method. 

Nested Diagona/izalion Method 

Step 0: Initialization. 

Step 0.1: Letm=O. Set r~(t) = NINr[ c".,(t)], Va,t . 

Step 0.2: Let n=1. Find an initial feastble solution {qr:f(kY, u~(t)} . Compute the 

associated link travel times {c! (t)} . 
Step 1: Fust Loop Operation. 

Let 1tF1n+ 1. Update the estimated actual link travel times by 

r:(t) = NINr[(I- r )r;-l(t) + ]'C;(t)] Va, t (9.23 ) 

whereO<r~l. 

Construct the corresponding feasible time-space network based on the estimated 
actual link travel times. 

Step 2: Second Loop Operation. 

Step 2.1: Let n= 1. Compute and reset the initial feasible solution 

{qr:r(k)" ,u;(t)}, based on the time-space network constructed by the 

estimated actuailink travel times {r: (t )} . 

Step 2.2: Fix the inflows for all time-space links other than on the subject time
space link at the current leveL yielding the following optimization 
problem. 
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min z( u, q) = L L r+l(t) ca(u;(I), u;(2),. .. , u;(t -1), tV)1tV 

a t (9.24) 

-L L L foc('(k)"" (Dn (tV)t dtV 
, s k 

Flow conservation constraint: 

s p 

Nonnegarivity constraint: 

h;(k):2: ° Vr,s,p,k 

Definitional constraints: 

u:pk(t) = h;(k)~;(t) Vr,s,a,p,k,t 

8a;(t) = to,!} Vr,s,a,p,k,t 

Lh;(k) = qn(k) Vr,s,k 
p 

Ua(t) = LLLh;(k}8a';t(t) Va,t 
n p k 

a t 

Step 3: Third Loop Operation. 

(9.25 ) 

(9.26) 

(9.27 ) 

(9.28 ) 

(9.29 ) 

(9.30 ) 

(9.31 ) 

Solve for the solution, {qn(kf+l ,U;+l(t)} , in optimization problem 

(9.24)-(9.31) by the Evans algorithm (partial linearization algorithm). Compute 

the resulting link travel times {c;+ 1 (t )} . 

Step 4: Convergence Check for the Second Loop Operation. 

If U;+l(t)::::: U;(t), Va, t ,go to Step 5; otherwise, setn=n+l, go to Step 2.2. 

Step 5: Convergence Check for the FlI'St Loop Operation. 

If "':"(t):::::c;+l(t),Va,t, stop; the current solution is optimal. Otherwise, set 

n=n+ 1, and go to Step 1. 

Analogous to the discussion in Section 5.3, the nested projection algorithm can be obtained 
by the following modification. 

Step 2.2: Fix the inflows for all time-space links other than on the subject time
space link at the current leveL yielding the following optimization 
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problem. 

(9.32 ) 
_~(qn+lr G2qn+1 -(p2(D(Qn)f -G2Qn)Qn+1 

Subject to: Equations (9.31)-(9.37). 

where matrices G., ~ are symmetric and positive definite, and symbols 
PI , P2 are contraction operators. 

9.1.3 Numerical Example 

9.1.3.1 Input data 

The simple network shown in Figure 9.2 is used for testing. The test network consists of 6 
links and 5 nodes in which node 1 is the origin, nodes 4 and 5 are destinations, and nodes 2 
and 3 are intennediate nodes. 

2 

3 

Figure 9.2: Test Network 1 

The adopted dynamic travel time fimctions are arbitrarily constructed as follows: 

ca(t) = 2 + O.oI(ua(t)f + 0.0 l(xa (t)f a = (3,5), Vt 

ca(t) = 1 + O.oI(ua(t)f + O.Ol(xa(t)f Va;t: (3,5), t 

The time-dependent O-D demand function is assumed as follows: 

,"~(k) 

q"(k) = q-r(k) e. Vr, s, k 
Le·?(k) 

s' 

(9.33 ) 

(9.34 ) 

(9.35 ) 

The trips departing from origin 1 during two time intervals are summarized in Table 9.1: 
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Table 9.1: Time-Dependent O-D Demands 

O-D Time Interval 
Pair k=1 k=2 
1-4 10 15 
1-5 

9.1.3.2 Test results 

The results for the DUO singly constrained O-D choice/route choice model are 
summarized in Table 9.2. 

Table 9.2: Results for Test Network 1 

Link Entering Inflow Exit Number Link Exiting 
Time Flow of Travel Time 

Interval Vehicles Time Interval 
1~2 2 6.77 0.00 0.00 1.46 3 

3 0.00 6.77 6.77 1.46 -
1~3 1 10.00 0.00 0.00 2.00 3 

2 8.23 0.00 10.00 2.68 5 
3 0.00 10.00 18.23 4.32 -
4 0.00 0.00 8.23 1.68 -
5 0.00 8.23 8.23 1.68 -

2~3 3 6.77 0.00 0.00 1.46 4 
4 0.00 6.77 6.77 1.46 -

3~ 3 6.63 0.00 0.00 1.44 4 
4 2.28 6.63 6.63 l.49 5 
5 8.23 2.28 2.28 1.73 7 
6 0.00 0.00 8.23 1.68 -
7 0.00 8.23 8.23 1.68 -

3~5 3 3.37 0.00 0.00 2.11 5 
4 4.48 0.00 3.37 2.31 6 
5 0.00 3.37 7.86 2.62 -
6 0.00 4.48 4.48 2.20 -

The rationale of the proposed model and associated solution algorithm can be 
verified by checking if the resulting actual route travel times satisfy the dynamic user
optimal conditions. For example, consider route 1~3~5 departing during interval 1; hen, 
the corresponding actual route travel time can be obtained by summing the actual link travel 
time on link 1~3 during interval 1 and the actual link travel time on link 3~5 during 
interval 1 + C I-A 1) as follows: 
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C1_.3-->5 (1) == C1-->3 (1) + C3-->5( 1 + C1-->3 (1)) 

= 2.00 + c3-->s(3.00) = 2.00+2.11 = 4.11 
(9.36 ) 

The remaining used actual route times are also computed and summarized in Table 9.3. 
Note that the trips departing from the same origin and interval have approximately the same 
route travel time. 

Table 9.3: Actual Route Travel Times 

Departure Route 
Interval 1~3~4 11~2~3~ 1~3~51 1~2~3~5 

k=1 3.44 I NA 4.11 I NA 
Average 3.44 4.11 

k=2 4.41 I 4.41 NA I 5.23 
Average 4.41 5.23 

NA: not applicable because the corresponding route is not used. 

The computed equilibrium O-D trips are summarized in Table 9.4. Of the 10 unit 
trips departing from origin 1 during interval 1, 6.63 unit trips are distributed to destination 
4, and 3.38 unit trips to destination 5. Similarly, of the 15 unit trips departing from origin 1 
during interval 2, 10.15 unit trips are distnbuted to destination 4, and 4.85 unit trips to 
destination 5. In this numerical example, the time-dependent O-D demands can also be 
computed by the logit formula. The results obtained using the logit formula are included in 
the fifth column of Table 9.4. By comparing the third and the fifth columns, it can be seen 
that the equilibrium O-D demands obtained from the computer code and those obtained 
directly using the logit model are very similar; implying that the computed equilibrium O-D 
trips are convincing. 

Table 9.4: Time-Dependent O-D Demands 

Interval O-D Time-Dependent Actual Route Time-Dependent 
Pair O-DDemand TraveiTtme O-DDemand 

Computed by Computed by 
Computer Code Logit Formula* 

k=1 (1,4) 6.63 3.44 6.63 
(1,5) 3.37 4.11 3.37 

k=2 (1,4) 10.52 4.41 10.43 

D,S) 4.48 5.23 4.57 

* denotes the demands were computed by the logit formula 
-tr"(k) 

rs(k) = -r(k)_e----..,_ 
q q ~>-tr"·(k) 

s· 
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9.2 Dynamic User-Optimal Singly Constrained O-D 
Choice/Departure Time/Route Choice Model 

In this section, we discuss the equilibrium conditions and model fonnulation, the nested 
diagonalization method and a nwnerical example for the dynamic user -optimal singly 
constrained O-D choice/departure timelroute choice model. 

9.2.1 Equilibrium Conditions and Model FonnuJation 

The dynamic user -optimal conditions are defined to characterize the travelers' behavior for 
choosing the preferred destination and using the minimal travel time route. Due to inherent 
link interactions, the variational inequality approach is adopted to fonnulate the DUO O-D 
choice/departure timelroute choice model. The equivalence between the dynamic user
optimal conditions and the variational inequality fonnulation is then stated by a theorem and 
verified by a proof 

9.2.1.1 Dynamic user-opfunal equilibrium conditions 

When the trip decision for choosing a destination and route choice is considered, the 
corresponding dynamic user -optimal conditions may be characterized by equilibrium 
conditions on both route choice behavior and time-independent O-D demands. The term 
time-independent O-D demands refers to the characteristics of O-D demands within 
defined windows of time. That is, the O-D demands are not completely independent of time 
of day; however, they are time-independent within certain periods within a day. 

For route choice behavior, the conditions state for each O-D pair that the actual 
route travel times experienced by travelers departing from the same origin, regardless the 
departure times, are equal and minimal; or, no traveler would be better off by unilaterally 
changing hWher route. On the contrary, the actual route travel time of any unused route for 
each O-D pair is greater than or equal to the minimal actual route travel time. In other 
words, at equilibrium, if the flow departing from origin r during interval k over route p 
toward destination s is positive, i.e., h;' (k) > 0 , then the corresponding actual route travel 

time is minimal. On the other hand, if no flow occurs on route p, i.e., h;* (k) = 0, then the 

corresponding actual route travel time is at least as great as the minimal actual route travel 
time. These equilibrium conditions can be mathematically expressed as follows: 

C,... k~= 1(" if h;*(k) > 0 
( ~( ) Vr,s,p,k 

P ? 1(" if h;" k = 0 
(9.37 ) 

For the time-independent O-D demands, the O-D demand function is assumed to 
be a strictly decreasing function of the difference between the minimal time-independent 0-
D route travel time and the time-independent constant, cr . Thus, the inverse O-D demand 

function has strictly monotone mapping. The general fonn can be expressed mathematically 
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as follows: 

(9.38 ) 

The well known inverse O-D demand function is as follows: 

(D"r = -!In(_rq'' n Le-O(Jrn'-cr-M")) +M' Vr,s (9.39) 
() q - q s'". 

where () > 0 denotes a logit parameter, and M' ~ 0 denotes the attractiveness associated 

with destination s. Note that when equation (9.45) is inserted into equation (9.44), the 
following logit model results: 

_O(Jrn-M') 
TS -r e 

q = q ---'-a/--;-n'--:t'"",.) 
Le-V\Jr -M 

s' 

Vr,s 

9.2.1.2 Variational inequality fonnulation 

(9.40 ) 

The DUO singly constrained O-D choice/departure time/route choice problem can be 
formulated using the variational inequality approaclt 

Theorem 9.3: The DUO singly constrained O-D choice/departure time/route choice 
problem is equivalent to finding a solution (u*, q *) E n such that the following VIP 

holds: 

c *(u - u *)- n-10(q -q *) ~ 0 V(u,q) En* 

or, alternatively, in expanded form: 

L LC:(t~Ua(t)- u:(t)]- L(Dn"r[q" - q"O] ~ 0 
a I T3 

V(u,q) En * 

(9.41 ) 

(9.42 ) 

where n * is a subset of n with O';'(t) being realized at equilibrium, i.e., 

O';'(t) = 0;':; (t), Vr,s,a,p,k,t. The symbol n denotes the feasible region that is 

delineated by the following constraints: 

Flow conservation constraint: 

LLLh;(k) = it Vr (9.43 ) 
• k P 

Flow propagation constraints: 

U;pk(t) = h; (k)O';pk (t) Vr,s,a,p,k,t (9.44 ) 
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I:o.:c(t) = 1 Vr,s,p,a Ep,k 

o.:c(t)={o,I} Vr,s,a,p,k,t 

Nonnegativity constraint: 

h;(k) ~ ° Vr,s,p,k 

Definitional constraints: 

LLh;(k)= q" Vr,s 
k p 

Ua(t) = LLLh;(k)o~(t) Va, I 
" p k 

a t 

(9.45 ) 

(9.46) 

(9.47) 

(9.48 ) 

(9.49) 

(9.50) 

The feastble region for the DUO singly constrained O-D choice/departure time/route choice 
model is similar to that for the DUO variable demand/route choice model, except for 
equation (9.43). Equation (9.43) expresses the time-independent trip departures in turns of 
route flows, and states that summing the route flows over all poSSlble destinations s and 
routes p during the entire analysis period must be equal to the trips departing from origin r. 

9.2.1.3 Equivalence analysis 

Theorem 9.6: Under a certain flow propagation relationship (o~(t) = 8;;':(/)), DUO 

singly constrained O-D choice/departure time/route choice conditions (9.37)-(9.38) imply 
VIP (9.42) and vice versa. 

Proof of necessity: We need to prove that under a certain flow propagation relationship 

(8~(/) = 8;;':(/)), DUO singly constrained O-D choice/departure time/route choice 

conditions (9.37)-(9.38) imply VIP (9.42). We first rearrange equilibrium conditions (9.37) 
as follows: 

(9.51 ) 

By summing over r,s,p,k and then making a substitution of L L h; (k) = q" , we have: 
k p 

LLLc;·(k)[h;(k) - h;·(k)] - L Jr"[qn - q"o] ~ 0 (9.52) 
rs k p rs 

By using equation (9.44) and making a substitution of L q" = Zj' , it follows: 



9.2 DUO Singly Constrained O-D ChoiceIDeparture Time!Route Choice Model 173 

IIIc;+(k)[h;(k)-h;-(k)]- I(Dn+r[qn _qn+]~o (9.53) 
n k p ,.. 

By applying equations (9.55}-(9.56), we obtain: 

L~,>:(t)[ua(t)-u:(t)]- L(Drs*r[qn -q"*]~O (9.54 ) 
a I 

Equation (9.54) is identical to VIP (9.42). 

Proof of sufficiency: We next show that VIP (9.42) implies DUO singly constrained O-D 
choice/departure time /route choice conditions (9.37}-(9.38). The proof that VIP (9.42) 
implies expression (9.37) is given in Section 6.1.3. 

We conclude the proof by showing that VIP (9.48) implies expression (9.44). We 

define now a feasible solution {h; (k), q"} to be the same as {h;- (k), q"* } , except for 

the two route flows, hi (k} ) during time interval k} , and h~2 (k2) during time interval 

k2' for which hi (k} ) = h;: (k} ) - A, h~2 (k2) = h~; (k2)+ A, where 

o <I AI ~ min {h': (k} ), h~; (k2 )}. Note also that q'" = qr'; - A and qn, = qrs; + A . 

Substituting this feastble solution into VIP (9.48), one obtains: 

(9.55 ) 

Since h;: (k} ) and h~; (k2) are positive, by expression (9.43), we have: 

(9.56 ) 

We can now set the value of A either positive or negative. It follows: 

(9.57) 

We repeat the above procedure for all O-D pairs rS j and introduce the constant cr. It 
follows: 

(9.58 ) 

Equation (9.58) implies expression (9.38). This completes the proof 

9.2.2 Nested Diagonalization Method 

In this section, we first show the network representation for the DUO singly constrained 0-
D choice/departure time/route choice problem. Then, the nested diagonalization method is 
formally stated. 
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9.2.2.1 Time-space network 

The network representation for the DUO singly constrained O-D choice/departure 
time/route choice model is shown in Figure 9.3. In Figure 9.3(a), we first assume a basic 
network. In Figure 9.3(b), the corresponding time-space network is constructed by 
reproducing the static network over time dimension. 

9.2.2.2 Solution algorithm 

The following nested diagonalization algorithm is proposed to solve the singly constrained 
DUO O-D choice/departure time/route choice problem. 

Nested Diagonali:tJJtion Method 

Step 0: Initialization. 

Step 0.1: Letm=(). Set r~(t) = NINIi cao (t)], Va,t . 

Step 0.2: Let 1Ft. Find an initial feastble solution {(q"'r ,u!(t)}. Compute the 

associated link travel times {c! ( t )} . 

Step 1: FU'St Loop Operation. 

Let m=m+ L Update the estimated actua1link travel times by 

r;'(t) = NINr[(1- r )r;-'(t) + JC;(t)] Va, t (9.59) 

where 0 < r s; 1. 

Construct the corresponding feasible time-space network based on the estimated 
actua1link travel times. 

Step 2: Second Loop Operation. 

Step 2.1: Let 1Ft Compute and reset the initial feastble solution {(q ... r, u;(t)}, 

based on the time-space network constructed by the estimated actua1link 

travel times {r;'(t)}. 

Step 2.2: Fix the inflows for all time-space links other than on the subject time
space link at the current leve~ yielding the following optimization 
problem. 
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Figure 9.3: Time-Space Network for the Dynamic User-Optimal Singly 
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min z(u, q) = L L (+1(1) ca (u; (1), u;(2),. .. , u;(t - 1), m}lm 

aIr' (9.60) 

-LLLfoqn (D"(m)r dw 
r s k 

Flow conservation constraint: 

s k p 

Nonnegativity constraint: 

h;(k)~O Vr,s,p,k 

Definitional constraints: 

U:X(/) = h; (k)<5.,; (I) Vr,s,a,p,k,1 

8,,;"(/)= {O,l} Vr,s,a,p,k,1 

LLh;(k)= q" Vr,s 
k p 

n p k 

a t 

Step 3: Third Loop Operation. 

(9.61 ) 

(9.62 ) 

(9.63 ) 

(9.64 ) 

(9.65 ) 

(9.66) 

(9.67) 

Solve for the solution {(qrs r l ,U;+I (I)}, in optimization problem (9.60}-{9.67) 

by the Evans algorithm (partial linearization algorithm). Compute the resulting link 

travel times {C;+I(/)}. 

Step 4: Convergence Check for the SecondLoop Operation. 

If U;+I(t) ~ u;(t), Va, t ,go to Step 5; otherwise, setlF1l+l, go to Step 2.2. 

Step 5: Convergence Check for the FITSt Loop Operation. 

If .;(t) ~ C;+I(t), Va,t, stop; the current solution is optimal. Otherwise, set 

n=n+ 1, and go to Step 1. 

Analogous to the disrussion in Section 5.3, the nested projection algorithm can be obtained 
by the following modification. 
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Step 2.2: Fix the inflows for all time-space links other than on the subject time
space link at the current leveL yielding the following optimization 
problem. 

min z==±(un+IY GIUn+1 +{PIC(Un)-GIUn)un+1 

_l(qn+ly G2q n+1 -(p2(D(qn)t -G2qn)qn+1 

Subject to: Equations (9.67}-(9.37). 

(9.68 ) 

where matrices Gh ~ are synunetric and positive definite, and symbols 
PI , P2 are contraction operators. 

9.2.3 Numerical Example 

9.2.3.1 Input data 

A simple network shown in Figure 9.4 is used for testing. The test network consists of 6 
links and 5 nodes in which node 1 is the origin, nodes 4 and 5 are destinations, and nodes 2 
and 3 are intermediate nodes. 

2 

3 

Figure 9.4: Test Network 2 

The adopted dynamic travel time fimctions are arbitrarily constructed as follows: 

ca{t) = 2 + O.oI(ua{t)f + O.01(xa{t)Y a = (3,5), 'it 

ca{t) = 1 + 0.01( ua{t)Y + O.OI(xa{t)r 'ia * (3,5), t 

The time-independent O-D demand fimction is assumed as follows: 
• If" 

r& -r e 
q = q -2:-e-'"=''' 

s' 

'ir,s 

The trips departing from origin 1 in eight time intervals are summarized in Table 9.5: 

(9.69) 

(9.70 ) 

(9,71 ) 
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Table 9.5: Time-Independent O-D Demands 

O-DPair Interva\ 
k=1~8 

1-4 25 
1-5 

9.2.3.2 Test results 

The obtained results are summarized in Table 9.6. 

Table 9.6: Results for Test Network 2 

Link Entering Inflow Exit Nwnber Link Exiting 
Time Flow of Travel Time 

Interva\ Vehicles Time Interva\ 
1--»2 3 2.16 0.00 0.00 1.05 4 

4 0.00 2.16 2.16 1.05 -
5 1.50 0.00 0.00 1.02 6 
6 0.00 1.50 l.50 l.02 -

1--»3 1 9.60 0.00 0.00 l.92 3 

2 0.58 0.00 9.60 l.92 4 
3 2.28 9.60 10.18 2.09 5 
4 8.88 0.58 2.86 l.87 6 
5 0.00 2.28 11.16 2.25 -
6 0.00 8.88 8.88 l.79 -

2--»3 4 2.16 0.00 000 l.05 5 
5 0.00 2.16 2.16 1.05 -
6 1.50 0.00 000 1.02 7 
7 0.00 1.50 1.50 1.02 -

3--»4 3 6.05 0.00 0.00 1.37 4 
4 0.40 6.05 6.05 1.37 5 
5 4.44 0.40 0.40 1.20 6 
6 4.69 4.44 4.44 1.42 7 
7 1.50 4.69 4.69 1.24 8 
8 0.00 1.50 1.50 1.02 -

3--»5 3 3.55 0.00 0.00 2.13 5 

4 0.18 0.00 3.55 2.13 6 
5 0.00 3.55 3.73 2.14 -
6 4.19 0.18 0.18 2.18 8 
7 0.00 0.00 4.19 2.18 -
8 0.00 4.19 4.19 2.18 -
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Table 9.7: Actual Route Travel Times 

Departure Route 
Interval 1~3~ 1~2~3 1~3~5 1~3~ 1~2~3~ 

-+4 ~5 ~5 

k=1 3.29 NA 4.05 NA NA 

k=2 3.29 NA 4.05 NA NA 

k=3 3.29 3.30 NA NA NA 

k=4 3.29 NA 4.05 NA NA 

k=5 NA 3.28 NA NA NA 

Average 3.29 4.05 

NA: not applicable because the corresponding route is not used. 

Table 9.8: Time-Independent O-D Demands 

O-DPair Time-Independent Actual Route Time-Independent 
(r,s) O-DDemand Travel Time O-DDemand 

Computed by Computed by the 
Computer Code Logit FOmlula* 

(1,4) 17.08 3.29 17.03 
(1,5) 7.92 4.05 7.97 

* denotes the demands were computed by the logit fOmlula 
."n 

,.. -r e 
q = q -L-e-·,,-'-n' 

s· 
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Within the nested diagonalization method, we use the Evans method (1976) instead of the 
FW method in the third loop operation The Evans method may be regarded as a 
generalization of the FW (1956) linearization method. Given a current sohrtion to the main 

problem, all travel times are fixed at their current values. O-D demands of a subproblem are 
then solved directly from the available optimality conditions; whereas subproblem route 
choices are identified by minimizing the linearized portion of the objective fimction that 
pertains to travel times resulting from all trips being assigned to the minimum travel time 
route. A new main problem solution is obtained by minimizing the objective fimction with 
respect to a step size A., 0 ~ A. ~ 1, where A. is a weight for combining the main and 
subproblem solutions. This procedure is called "bisection" in which a gradient search 
method is applied. 

DUO doubly constrained distribution models are not explored in this chapter 
because trips constrained on both ends are too stringent for dynamic models, and quite 
difficult to solve. 



Chapter 10 

Dynamic System-Optimal Route Choice 
Model 

The dynamic system-optimal (DSO) route choice problem requires that travelers comply 
with a certain driving behavior so that the system-optimal flow pattern, in terms of some 
predetermined performance measures, can be obtained. This problem is normative in the 
sense that the transportation system operator has control over the travelers, who must 
follow the system's instruction. This assumption is rather restrictive because it is extremely 
difficuh to impose such constraints on travelers, especially in an open transportation system 
network. As a consequence, travelers who are instructed to take longer routes may 
unilaterally change routes so as to decrease their travel times, which implies the dynamic 
system-optimal flow pattern is not stable, and therefore unlikely to sustain itself 
Nevertheless, the dynamic system-optimal problem is important because the system-optimal 
travel time may serve as a yardstick by which different flow patterns can be measured. 
Indeed, the system-optimal flow pattern is desired by many types of traffic control policies 
such as tolls and signal controls in order to enhance the efficiency of road network 
utilization. 

In this chapter, we first perform a marginal link travel time function analysis in 
Section 10.1. Then, we present the equilibrium conditions and the model formulation for 
the DSO route choice problem in Section 10.2. After that, the nested diagonalization 
method is proposed in Section 10.3 and a numerical example is provided in Section lOA. 
Network travel times for the DSO and DUO route choice problems are compared in 
Section 10.5. A static DSO counterpart is approximated in Section 10.6. Braess's paradox 
is studied in Section 10.7. A two-stage procedure is proposed for computing tolls in 
Section 10.8, and finally, some concluding remarks are given in Section 10.9. 
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10.1 Marginal Link Travel Time Function Analysis 

In this section, we are not concerned with evaluating the appropriateness of each kind of 
perfonnance measure, such as minimal network travel time or maximal network capacity; 
rather, a unified analysis framework is attempted. Therefore, without loss of generality, a 
dynamic marginal travel time function is first derived. 

The dynamic marginal link travel time function C a (I) can be obtained by taking the 

derivative of the total network travel time with respect to link inflows, as follows: 

This dynamic marginal link travel time function can be interpreted as the effect of an 
additional traveler on link a during interval t to the total travel time on all links during all 
intervals. It is the sum of two components, c a (t) which is the travel time experienced by 

that additional traveler when the total link inflow rate is ua(t), and L L ua-(t') aa'((f)') 
a' t' roa t 

which is the additional travel time that this traveler inflicts on each of the uAt') travelers 

using another link a' during another interval f', where general link a' includes our specific 
link a and t' includes t. Strictly speaking, the effect is the result of increasing the inflows 
u a (t) by one unit. When the topo\ogicallink interaction is not considered, equation (10.1) 

can be simplified to: 

~ , aa(t') 
ca(t)=ca(t)+ LUa(/)-() 

t' roa t 
(10.2) 

The relationships among inflow, exit flow and OlUllber of vehicles derived in Section 3.7 are 
restated as follows. 

Ca(t) = c(ua(1),ua(2)".,ua(t») 

Equations (10.2) and (10.3) together imply 

ca (t) = c( ua (1), ua (2), ... , ua (t») 

(10.3 ) 

(l0.4) 

Note that when the FIFO restraint is imposed, then the inflow entering the subject 
link before a specific interval f would have exited the link already. This means that the 
inflows that need to be considered in the link travel time function are only those entering the 
subject link between intervals I and I', where (is the current interval, i.e., 

ca(t') = c(ua(t),ua(t + l), ... ,ua(t'») 
t ~ (',t + ra(t);:>: f', t -1 + ra(t -1) < t' 

(10.5 ) 
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In the case where the dynamic \ink travel time is defined as a function of the 

number of vehicles on that time-space link, C a (I) = ~ X a (I)), then by the relationship 

between the inflows and the number of vehicles on that link, equation (10.5) is reduced to 

Ca(/') = c(ua(t),ua(t + I), ... ,ua(t'-I)) 
(106 ) 

10.2 Equilibrium Conditions and Model Formulation 

In this section, a dynamic system-optimal (or equilibrium) conditions are first defined to 
characterize the travelers' driving behavior for using routes with the minimal marginal travel 
time. The marginal route travel times can be computed by adding up marginal \ink travel 
times in consideration of the flow propagation requirement along that route. Then, the 
optimization fonnulation is presented and the optimality conditions are derived for the DSO 
route choice problem. 

10.2.1 Dynamic system-optimal conditions 

Given O-D demands that are fixed and time-dependent, the dynamic system-optimal 
conditions for each O-D pair state that the marginal route travel times for travelers 
departing during the same interval are equal and minimal; or, no traveler could decrease 
hislher marginal route travel time by unilaterally changing hislher route. In contrast, the 
marginal route travel time of any unused route for each O-D pair is greater than or equal to 
the minimal marginal route travel time. In other words, at system-optimality, if the flow 
departing from origin r during interval k over route p toward destination s is positive, i.e., 
h;'(k) > 0, then the corresponding marginal route travel time c;'(k) is minimal. 

However, ifno flow occurs on route p, i.e., h;'(k) = 0, then the corresponding marginal 

route travel time is at least as great as the minimal marginal route travel time ic'" ( k) . These 

equilibrium conditions can be mathematically expressed as follows: 

A,,' k 7r 1 p > {= A"(k) ·f h"'(k) 0 

Cp ( ) ~ ,r"(k) if h;*(k) = 0 
'tfr,s,p,k (10.7 ) 

where 

c;(k) = L~:C.(t)o~(t) 'tfr,s,p,k (10.8 ) 
a t 

Equation (10.8) expresses the marginal route travel time in terms of marginal \ink travel 
times through the use of indicator variables. 
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10.2.2 Optimization fonnulation 

The dynamic system-optimal (DSO) route choice problem can be fonnulated as an 
optimization model as follows: 

mm cu Vu En (10.9 ) 

Or, alternatively, in expanded fonn: 

(10.10) 
a t 

where n denotes the feasible region that is delineated by How conservation, How 
propagation, nonnegativity, and definitional constraints. 

Flow conservation constraint: 

Lh;(k) = qr.r(k) Vr,s,k 
p 

Flow propagation constraints: 

u;'J*(t) = h;(k)b';,'p,(t) Vr,s,a,p,k,t 

Lb';,'p,(t) = 1 Vr,s,p,a Ep,k 

b';,'p,(t) = {O,I} Vr,s,a,p,k,t 

Nonnegativity constraint: 

h;(k) ~ 0 Vr,s,p,k 

Definitional constraints: 

Ua(t) = LLLh;(k)b';,'p,(t) Va,t 
". p k 

a t 

The above constraints are the same as that for the DUO route choice model. 

10.2.3 First-onler conditions 

(10.11 ) 

(10.12 ) 

(10.13 ) 

(10.14 ) 

(10.15 ) 

(10.16 ) 

(10.17) 

Theorem 10.1: Under a certain How propagation relationship (b'~ (t) = 8;;(t)), the first

order (or necessary) conditions for dynamic systern-optimal route choice problem (10.10) 
are identical to equilibrium conditions (10.7). 
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Derivation of the first-order conditions: Under a certain flow propagation relationship 

(o;~(t) = O;;':(t)), dynamic system-optimal route choice problem (10.10) can be 

simplified as: 

• I 

Subject to: 

Flow conservation constraint: 

p 

Nonnegativity constraint: 

h;'(k) ~ 0 Vr,s,p,k 

Definitional constraints: 

u:pk(t) = h;(k)8;;(t) Vr,s,a,p,k,t 

8;;(t) = {O,l} Vr,s,a,p,k,t 

ua(t) = LLLh;(k)8;(t) Va,t 
" p k 

• I 

The Lagrangian associated with this problem can be written as: 

(10.18) 

(10.19) 

(10.20) 

(10.21) 

(10.22) 

(10.23 ) 

(10.24 ) 

L(h,n:) = z(u(h))+ ~~irs(k{ (r(k)- ~h;(k)l (10.25) 

The first order conditions for this problem are as follows: 

.( )8L(h,n:) 
h; k 8h;(k) 0 Vr,s,p,k 

_8 L~(h.-..:..., 1t-!..A) > 0 
oh;(k) -

8 L(h, n:) = 0 

8i"(k) 

Vr,s,p,k 

Vr,s,k 

h;(k) ~ 0 Vr,s,p,k 

(10.26) 

(10.27) 

(10.28 ) 

(10.29) 
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The derivative of the Lagrangian with respect to a path-flow variable, h; ( k ) , is: 

The first tenn on the right-hand side of equation (10.30) can be written out as follows: 

oz(u(h)) = LL oz(u(h)) ou.(t) = LL oz(u(h)) 8"°(/) 
oh;(k) • t OUa(/) oh;(k) • t ou.(t) aplc 

= LL[~( )LLCa,(t')Ua,(t')]8;(t) (10.31) 
a t OUa t a' t' 

= LL[Ca(/) + LLu.,(t') oc·t? 1;;;(/) 
• t .' t' ou. 1 J' 

By equations (10.1) and (10.8), we have: 

oz(u(h)) ~ ,,0 ~n 
ohrs(k) = LLc.(t}5apk(t) = Cp (k) 'tfr,s,p,k (10.32) 
pat 

The second tenn on the right-hand side of equation (10.30) can be simplified to: 

~( ) {LL irs (k)[qrs (k) - Lh;s(k )]} = _irs (k) 'tfr,s,p,k (10.33) 
ohp k "k P 

Consequently, Lagrangian (10.30) becomes: 

o L(h it) 
-----,----;-' -!- = e" (k) - irs (k) (10.34) 
oh;(k) p 

Moreover, the derivative of the Lagrangian with respect to a dual variable, irrs (k) , is: 

(10.35 ) 

By equations (10.34) and (10.35), the first-order conditions can now be expressed as 
follows: 

[c;(k)- irrs(k)~;-(k) = 0 'tfr,s,p,k 

c;(k) - irrs(k) ~ 0 'tfr,s,p,k 

Ih;(k) = qrs{k) 'tfr,s,k 
p 

h;(k) ~ 0 'tfr,s,p,k 

(10.36 ) 

(10.37 ) 

(10.38 ) 

(10.39) 

We now show that the first-order conditions for the DSO route choice problem are 
identical to equilibrium conditions (10.7). By equations (10.37) and (10.39), we have: 
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[c;(k)- ,rrs (k))h;s (k) ~ 0 Vr,s,p,k 

Subtracting equation (10.36) from equation (10.40) yields: 

[c;(k)- ,rrs(k)Ih;S(k)-h;'(k)] ~ 0 Vr,s,p,k 
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(10.40) 

(10.41 ) 

To preserve the inequality relation, marginal route travel time c;· (k) must equal minimal 

route travel time irrs ( k) if h;- ( k) > 0 , while greater than or equal to minimal route travel 

time irrs(k) if h;-(k) = O. These conditions imply equilibrium conditions (10.7). This 

completes the proof 

10.3 Nested Diagonalization Method 

By taking into account two link interactions, i.e., actual link travel times "a (I) and the 
interference among link inflows which appear at different time intervals, we propose the 
nested diagonalization method to solve the DSO route choice model as follows. 

Algorithm 

Step 0: Initialization. 

Step 0.1: Let m=O. Set "~(/) = NINr[cao (I)], Va,t . 

Step 0.2: Let fF 1. Find an initial feasIble solution { u! (t )}. Compute the 

associated link travel times {c! (I)} . 
Step 1: Fust Loop Operation. 

Let m=m+ 1. Update the estimated actual link travel times by 

";(/) = NINT{(I - r ),,;-1 (t) + ;«t)] Va,! (10.42 ) 

where O<r s 1. 

Construct the corresponding feasIble time-space network based on the estimated 
actual link travel times. 

Step 2: Second Loop Opel1ltion. 

Step 2.1: Let fF 1. Compute and reset the initial feasible solution {u; (t)} , based 

on the time-space network constructed by the estimated actual link travel 

times {,;(t)}. 
Step 2.2: Fix the inflows for all time-space links other than that on the subject 

time-space link at the current leve~ yielding the following optimization 
problem. 

min z(u) = L:~:Ca(u;(1),U;(2), ... ,u;(t -l),U;+I(t)) U;+I(/) 
a t 
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Flow conservation constraint: 

Ih;(k) = i'j"(k) Vr,s,k 
p 

Nonnegativity constraint: 

h;(k) ~ 0 Vr,s,p,k 

Definitional constraints: 

u~;"'(t) = h;(k)~t;(t) Vr,s,a,p,k,t 

8a;'(/) = {O,I} Vr,s,a,p,k,1 

Ua(/)= LLLh;(k)8a~(t) Va,t 
,.. p k 

a t 

(10.43 ) 

(10.44 ) 

(10.45 ) 

(10.46) 

(10.47) 

(10.48 ) 

(10.49 ) 

Step 3: Third Loop Operation. 

Solve for the solution {U;I (I)} in the optimization problem (1O.43}-(1O.49) by 

the FW method. Compute the resulting link travel times {C;+I(t)}. 

Step 4: Convergence Check for the Second Loop Operation. 

Ifu;I(/) ~ U;(/), Va,t, go to Step 5; otherwise, setn=n+l, and go to Step 2.2. 

Step 5: Convergence Check for the Fust Loop Operation. 

If r;(/) ~ C;+I(t), Va,!, stop; the current solution is optimal. Otherwise, set 

n=n+ 1, and go to Step 1. 

Note the FW method is applied in Step 3 to the corresponding time-space network. 
Therefore, after searching for the shortest marginal route from time-dependent origin r(k) 
toward time-independent destination s, the AON assignment is performed in a backward 
manner. If there is a branching from a "superorigin" having a route travel time longer than 
the preset entire analysis period within the solution procedure, this route must be discarded. 
Superorigin refers to the sum of the time-dependent origins in the time-space representation 
of the transportation network (Figure 10.1); it could also be called the "time-independent 
origin". Analogous to the discussion shown in Section 53, the nested projection algorithm 
can be obtained by the following modification. 

Step 2.2: Fix the inflows for all time-space links other than on the subject time
space link at the current level yielding the following optimization 
problem. 
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min z(u) = ~(un+1 r Gun+1 + (,oe(un)- Gun )un+1 

Subject to: (10.44)--(10.49) 
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(10.50 ) 

where matrix G is symmetric and positive definite and p is a contraction 
operator. 

10.4 Numerical Example 

10.4.1 Input Data 

A simple network shown in Figure 10.1 is used for testing. The test network consists of 6 
links and 5 nodes in which node 1 is the origin, node 5 is the destination, and nodes 2, 3 and 
4 are intermediate nodes. 

2 4 

3 

Figure 10.1: Test Network 1 

The adopted dynamic travel time function is arbitrarily constructed as follows: 

ca(t) = 1 + O.0l(ua{t)f + O.OI(Xa(t)f Va,t (10.51) 

where U a (t) denotes the inflow rate on link a during interval t, and x a (t ) indicates the 

nwnber of vehicles on link a during interval t. The time-dependent origin-destination (O-D) 
demands are assumed in Table 10 1 : 

Table 10.1: Time-Dependent O-D Demands 

O-D Time Interval 
Pair k=1 I k=2 
1-5 15 I 15 

10.4.2 Test Results 

The DSO route choice model with the above given data was solved by a computer 
program coded with C++. The results are sununarized in Table 10.2. 
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Table 10.2: Results for Test Network 1 

Entering Number Average Marginal Exiting 
Link Time Intlow Exit of Link Link Time 

Interval Flow Vehicles Travel Travel Interval 
Time Time 

1~2 1 5.41 0.00 0.00 1.29 1.88 2 
2 5.92 5.41 5.41 1.64 2.34 4 
3 0.00 0.00 5.92 1.35 1.35 -
4 0.00 5.92 5.92 1.35 1.35 -

1~3 1 9.59 0.00 0.00 1.92 3.76 3 
2 9.08 0.00 9.59 2.74 4.39 5 
3 0.00 9.59 18.67 4.49 4.49 -
4 0.00 0.00 9.08 1.83 1.83 -
5 0.00 9.08 9.08 1.83 1.83 -

2~3 2 5.41 0.00 0.00 1.29 1.88 3 
3 0.00 5.41 5.41 1.29 1.29 -
4 5.92 0.00 0.00 1.35 2.05 5 
5 0.00 5.92 5.92 1.35 1.35 -

3~ 3 5.41 0.00 0.00 1.29 1.88 4 
4 0.00 5.41 5.41 1.29 1.29 -
5 6.15 0.00 0.00 1.38 2.13 6 
6 0.00 6.15 6.15 1.38 1.38 -

3~5 3 9.59 0.00 0.00 l.92 3.76 5 
4 0.00 0.00 9.59 1.92 l.92 -
5 8.85 9.59 959 2.70 4.27 8 

6-7 0.00 0.00 8.85 l.78 178 -
8 0.00 8.85 8.85 1.78 1.78 -

~5 4 5.41 0.00 0.00 1.29 1.88 5 
5 0.00 5.41 5.41 l.29 1.29 -
6 6.15 0.00 000 1.38 2.13 7 
7 0.00 6.15 6.15 1.38 1.38 -

The correctness of the results can be verified by checking if the marginal route 
travel times satisfy the dynamic system-optimaI conditions. If we consider route 1 ~3~5 
departing during interval 1 as an example, we can see that the corresponding marginal route 
travel can be obtained by summing the marginal \ink travel time on \ink 1 ~ 3 during interval 
1 and the marginal \ink travel time on \ink 3~5 during time interval 1 + c1->3(1) as follows: 

21->3->5(1) = 21->3(1) +23->5(1 +c l .... 3(1)) 

= 3.76 +(\ .... 5(2.92) ~ 3.76 +23 .... 5(3) = 3.76 + 3.76 (10.52) 

= 7.52 

The remaining marginal route times are also computed and summarized in Table 10.3. The 
trips departing the same origin during the same time interval have approximately the same 
marginal route travel time. The minor difference is basica1ly due to the round-off error 
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accrued from actual link travel times. 

Table 10.3: Average and Marginal Route Travel Times 

Time lnteIVal k= 1 Time InteIVal k=2 
Route Average Marginal Route* Total Average Marginal Route* Total 

Travel Travel How Travel Travel Travel How Travel 
Time Time Time Time Time Time 

1~2~3~5 5.16 7.52 5AO 27.86 5.75 8.65 5.90 33.98 
1~2~3~5 4.50 7.52 - - 5.69 8.66 - -
1~3~5 4.50 7.52 - - 5.50 8.65 0.30 1.65 
1~3~5 3.84 7.52 9.60 36.86 5.44 8.66 8.80 47.87 

Total - - 15.00 64.73 - - 15.00 83.50 

*represents one possible route flow pattern because equilibrated route flow patterns are not 
unique. 

10.5 Comparison of Network Travel Times for the DSO 
and DUO Route Choice Problems 

In Section 10.1, we claim that an adaptation of the marginal travel time is desired in order 
to minimize the total network travel time. In other words, the total network travel time of 
the DSO route choice model should be lower than that for the DUO route choice model. 
To verifY this, we once again use the hypothesized network data for test network 1. By re
solving the two models with the assumed input data, we can obtain the actual route travel 
times as shown in Tables lOA and 10.5, respectively. 

Table lOA: DUO Results for Test Network 1 

Entering Exit How Number Link Exiting 
Link Time Inflow of Travel Time 

Interval Vehicles Time InteIVal 
1~2 1 3.7 0.0 0.0 1.14 2 

2 6.5 3.7 3.7 1.56 4 
3 0.0 0.0 6.5 1.43 -
4 0.0 6.5 6.5 1A3 -

1~3 1 113 0.0 0.0 2.27 3 
2 8.5 0.0 113 2.99 5 
3 00 113 19.8 4.90 -
4 0.0 00 8.5 1.72 -
5 0.0 8.5 8.5 1.72 -

2~3 2 3.7 0.0 00 1.14 3 
3 0.0 3.7 3.7 1.14 -
4 6.5 0.0 00 1.43 5 
5 0.0 6.5 6.5 1.43 -
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Table 10.4: DUO Results for Test NetwoIk 1 (continued) 

Entering Exit Flow Nwnber Link Exiting 
Link Time Inflow of Travel Tune 

Interval Vehicles Time Interval 

3-+t 3 3.7 0.0 0.0 1.14 4 
4 0.0 3.7 3.7 1.14 -
5 6.9 0.0 0.0 1.47 6 
6 0.0 6.9 6.9 1.47 -

3~5 3 11.3 0.0 0.0 2.27 5 
4 0.0 0.0 11.3 2.27 -
5 8.1 11.3 11.3 2.94 8 

6-7 0.0 0.0 8.1 1.66 -
8 0.0 8.1 8.1 1.66 -

H5 4 3.7 0.0 0.0 1.14 5 
5 0.0 3.7 3.7 1.14 -
6 6.9 0.0 0.0 1.47 7 
7 0.0 6.9 6.9 1.47 -

Table 10.5: Route Travel Times for the DUO Route Choice Model 

Time Interval k= 1 Time Interval k=2 
Route Average Marginal Route* Total Average Marginal Route* Total 

Travel Travel Flow Travel Travel Travel Flow Travel 
Time Time Time Time Time Time 

1~2~3~5 4.56 - 3.70 16.87 5.93 - 6.50 38.55 
1~2~3~5 4.55 - - - 5.93 - - -
1~3-+t~5 4.55 - - - 5.93 - 0.40 2.37 
1~3~5 4.54 - 11.30 51.30 5.93 - 8.10 48.03 

Total - - 15.00 68.17 - - 15.00 88.86 

*represents one possible route flow pattern because equilibrated route flow patterns are not 
umque. 

By comparing Tables 10.3 and 10.5, we can observe that the total network travel times for 
the DSO route choice problem are always less than or equal to that for the DUO route 
choice problem. This result is also consistent with our intuition. 

10.6 Static Counterpart Approximation 

The major difference between the dynamic system-optimal route choice model and its static 
counterpart is the inclusion of the flow propagation constraint. The flow propagation 
constraint requires that an inflow carmot exit the time-space link unless the actual link travel 
time elapses. If we force the actual link travel times to equal zero (r a = 0), then our DSO 

route choice model reduces to its static counterpart. To verifY this, we re-solve the model 
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with all actual link travel times set equal to zero. The results for the static counterpart 
approximation are summarized in Table 10.6. 

Table 10.6: Static Counterpart Approximation for Test Network 1 

Entering Number Average Marginal Exiting 
Link Time Inflow Exit of Link Link Time 

Interval Flow Vehicles Travel Travel Interval 
Time Time 

1~2 1 5.4 5.4 0.0 1.29 1.88 1 

2 5.4 5.4 0.0 1.29 1.88 2 

1~3 1 9.6 96 0.0 1.92 3.76 1 

2 9.6 9.6 0.0 1.92 3.76 2 

2~3 1 5.4 5.4 0.0 1.29 1.88 1 

2 5.4 5.4 0.0 1.29 1.88 2 

3~4 1 5.4 5.4 0.0 1.29 1.88 1 

2 5.4 5.4 0.0 1.29 1.88 2 

3~s 1 9.6 9.6 0.0 1.92 376 1 

2 9.6 9.6 0.0 1.92 3.76 2 

4~s 1 5.4 5.4 0.0 1.29 1.88 1 

2 5.4 5.4 0.0 1.29 1.88 2 

The associated route travel times are computed and shown in Table 10.7. For the sake of 
comparison, the manually computed solutions are also included in brackets. Clearly, the 
code-computed static approximation and the manually computed approximation are very 
similar. The minor difference, as mentioned before, is attributed to the round-off arithmetic 
operations. 

Table 10.7: Route Travel Times for the Static Counterpart Approximation 

Time Interval k= 1 Time Interval k=2 
Route Average Marginal Route* Total Average Marginal Route* Total 

Travel Travel Flow Travel Travel Travel Flow Travel 
Time Time Time Time Time Time 

1~2~3 5.16 7.52 5.40 27.86 516 7.52 5.40 27.86 

~~S (5.17) (7.52) (5.41) (27.99) (5.17) (7.52) (5.41) (27.99) 

1~2~3 4.50 7.52 - - 4.50 7.52 - -
~S (4.51) (7.52) (4.51 ) (7.52) 

1~3-+t 4.50 7.52 - - 4.50 7.52 - -
~S (4.51) (7.52) (4.51) (7.52) 

1~3~5 3.84 7.52 9.60 36.86 3.84 7.52 9.60 36.86 
(3.84) (7.52) (9.59) (36.80) (3.84) (7.52) (9.59) (36.80) 

Total - - 15.00 64.73 - - 15.00 64.73 
(64.79) (64.79) 
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Remark: *represents one possible route flow pattern because equilibrated route flow 
patterns are not unique; "numbers" in brackets are manually computed 
solutions. 

10.7 Braess's Paradox 

Braess's paradox illustrates a coWlter-intuitive result: additions (deletions) of 1inks to a 
network may make congestion and delays worse (better) (Sheffi., 1985). The increase 
(decrease) in travel time is rooted in the essence of the user equilibrium, where each 
motorist minimizes his or her own travel time. The individual choice of route is carried out 
without consideration of the effect of this action on other network users. There is no 
reason, therefore, to expect the total travel time to decrease (increase). By means of an 
example we show that Braess's paradox may also appear in the DUO route choice model. 

Consider the simple 2*2 grid networks shown in Figure 10.2; Figure 1O.2(a) 
consists of 4 1inks and 4 nodes, and Figure 10.2(b) consists of 5 1inks and 4 nodes (the 
additional link is directed from node 3 to node 2, denoted as 3~2). Nodes 1 and 4, 
respectively, are the origin and the destination, whereas nodes 2 and 3 are intermediate. 

2 

(a) Before Improvement (b) After Improvement 

Figure 10.2: Test Network 2 

The link travel time functions are redefined as follows: 

(10.53 ) 

ca(t) = 1 + 0.0 l(ua (t)f + O.Ol(xa(t)f a = 1 ~ 3,2 ~ 4,3 ~ 2, \it (10.54) 

The time-dependent O-D demands are assumed in Table 10.8. 

Table 10.8: Time Dependent O-D Demands for Test Network 2 

O-D Time Interval 
Pair k=l I k=2 
1-4 25 I 25 
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With the above data, the results for network 2 are summarized in Tables 10.9 and 10.10, 
respectively. 

Table 10.9: Braess's Paradox Results for Test Network 2(a) 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 
1-+2 1 12.5 0.0 0.0 9.56 11 

2 12.5 0.0 12.5 11.13 13 
3~10 0.0 0.0 25.0 14.25 -

11 0.0 12.5 25.0 14.25 -
12 0.0 0.0 12.5 9.56 -
13 0.0 12.5 12.5 9.56 -

1-+3 1 12.5 0.0 0.0 2.56 4 
2 12.5 0.0 12.5 4.12 6 
3 0.0 0.0 25.0 7.25 -
4 0.0 12.5 25.0 7.25 -
5 0.0 0.0 12.5 2.56 -
6 0.0 12.5 12.5 2.56 -

2-+4 11 12.5 0.0 0.0 2.56 14 
12 0.0 0.0 12.5 2.56 -
13 12.5 0.0 12.5 4.13 17 
14 0.0 12.5 25.0 7.25 -

15~16 0.0 0.0 12.5 2.56 -
17 0.0 12.5 12.5 2.56 -

3-+4 4 12.5 0.0 0.0 9.56 14 
5 0.0 0.0 12.5 9.56 -
6 12.5 0.0 12.5 11.12 17 

7~13 0.0 0.0 25.0 14.25 -
14 0.0 12.5 25.0 14.25 -

15-16 00 0.0 12.5 9.56 -
17 0.0 12.5 12.5 9.56 -
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Table 10.10: Braess's Paradox Results for Test Network 2(b ) 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 
1~2 1 4.9 0.0 0.0 8.24 9 

2 11.5 0.0 4.9 9.57 12 
3~8 0.0 0.0 16.5 10.71 -
9 0.0 4.9 16.5 10.71 -
10 0.0 0.0 11.5 9.32 -
11 0.0 0.0 11.5 9.32 -
12 0.0 11.5 11.5 9.32 -

1~3 1 20.1 0.0 0.0 5.02 6 
2 13.5 0.0 20.1 6.84 9 

3~5 0.0 0.0 33.5 12.25 -
6 0.0 20.1 33.5 12.25 -
7 0.0 0.0 13.5 2.82 -
8 0.0 0.0 13.5 2.82 -
9 0.0 13.5 13.5 2.82 -

2~ 9 20.0 00 0.0 4.98 14 
10-11 0.0 0.0 20.0 4.98 -

12 13.4 0.0 20.0 6.77 19 
13 0.0 0.0 33.3 12.10 -
14 0.0 20.0 33.3 12.10 -

15~18 0.0 0.0 13.4 2.78 -
19 0.0 13.4 13.4 2.78 -

3~2 6 15.0 00 0.0 3.25 9 
7~8 00 0.0 15.0 3.25 -

9 1.8 15.0 15.0 3.29 13 
100II 00 00 1.8 1.03 -

12 0.0 1.8 1.8 1.03 -
3~ 6 5.0 00 0.0 8.25 14 

7~8 0.0 00 50 8.25 -
9 11.6 00 5.0 9.61 19 

10-13 0.0 00 16.7 10.79 -
14 0.0 50 167 10.79 -
15 0.0 00 11.6 9.36 -

16-18 0.0 00 11.6 936 -
19 0.0 11.6 11.6 936 -

The actual route travel times for network 2 are computed and summarized in Table 10.11. 
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Table 10.11: Actual Route Travel Times (Braess's Paradox) 

Results for Test Network 2(a) 
Route Time Interval 

k=1 k=2 
1~2--+t 12.12 15.26 
1~3--+t 12.12 15.24 

Results for Test Network 2(b) 
Route Time Interval 

k=1 k=2 
1~2--+t 13.22 16.34 
1~3--+t 13.27 16.45 

1~3~2--+t 13.25 16.9 

The actual route travel times for network 2(b) are higher than those for network 2( a). The 
addition of a link in the test network resulted in longer actual route travel times, which 
implies a Braess's Paradox. 

10.8 Toll Policies 

One could expect the system-optimizing flow pattem to be achieved when a central 
authority dictates the links/routes to be selected so as to achieve system optimwn. Tolls, 
either in the fonn of route tolls or link tolls, can be imposed in order to make the user
optimal solution satisfY the system-optimal conditions. Thus, tolls serve as a mechanism for 
modifYing the travel time as perceived by the individual travelers. The amount of each toll 
can be computed by means of solving a two-stage problem in which the first stage problem 
is designed to achieve the system-optimal flow pattern, and the second stage problem is to 
calculate the necessary tolls to maintain the system-optimal flow pattern subject to the user
optimizing driving behavior. 

We first consider the link toll policy by way of a two-stage approach. In the first 
stage, the dynamic system-optimal flow pattern is computed from optimization problem 
(10.10). In the second stage, link tolls are calculated by 

r :(t) = c:(t) - c:(t) Va, t (10.55) 

where c:(t) is the average travel time on link a during interval t associated with system

optimal flow pattern u * which is obtained from optimization problem (1O.l0). Hence, to 
determine the link toll policy, compute the system-optimal solution. Once the system
optimal solution is established, one then substitutes that flow pattern u * into equation 
(10.55) to compute the link toll r ;(t) for all links a and all intervals t. 

Note that the marginal link travel times are always greater than or equal to the 
associated average link travel times, because the dynamic travel time function is assumed to 
be nondecreasing. Consequently, the amount of toll charged for each used link is positive; 
no toll is required for unused links. Given network 1 data, the link tolls calculated by the 
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proposed two-stage problem are summarized in Table 10.12. 

Table 10.12: Link Toll Imposition 

Entering Number Average Marginal Link 
Link Time Inflow of Exit Link Link Link Toll 

Interval Vehicles Flow Travel Travel Toll Revenue 
Time Time 

1~2 1 5.4 0.0 0.0 1.29 1.88 0.59 3.19 

2 5.9 5.4 5.4 1.65 2.35 0.70 4.13 
3 0.0 0.0 5.9 1.35 1.35 0.00 0.00 
4 0.0 5.9 5.9 1.35 1.35 0.00 0.00 

1~3 1 9.6 00 00 192 3.75 1.83 17.57 

2 9.1 0.0 9.6 274 4.39 1.65 15.02 
3 0.0 9.6 18.7 4.48 4.48 0.00 0.00 
4 0.0 0.0 9.1 1.82 1.82 0.00 0.00 
5 0.0 9.1 9.1 1.82 1.82 0.00 0.00 

2~3 2 5.4 0.0 00 1.29 1.88 0.59 3.19 

3 0.0 5.4 5.4 1.29 1.29 0.00 0.00 
4 5.9 00 0.0 1.35 2.05 0.70 4.13 
5 00 5.9 5.9 1.35 1.35 0.00 0.00 

3~4 3 5.4 00 00 1.29 1.88 0.59 3.19 

4 0.0 5.4 5.4 1.29 1.29 0.00 0.00 
5 6.2 0.0 0.0 1.38 2.14 0.76 4.71 
6 0.0 6.2 6.2 1.38 1.38 0.00 0.00 

3~5 3 9.6 0.0 0.0 1.92 3.75 1.83 17.57 

4 0.0 00 9.6 1.92 1.92 0.00 0.00 
5 8.8 9.6 9.6 2.70 4.26 1.56 13.73 
6 0.0 0.0 8.8 1.78 1.78 0.00 0.00 
7 0.0 0.0 8.8 1.78 1.78 0.00 0.00 
8 0.0 8.8 8.8 1.78 1.78 0.00 0.00 

4~5 4 5.4 0.0 00 1.29 1.88 0.59 3.19 

5 0.0 5.4 5.4 1.29 1.29 0.00 0.00 
6 6.2 0.0 0.0 1.38 2.14 0.76 4.71 
7 0.0 6.2 6.2 1.38 1.38 0.00 0.00 

Total Network Toll Revenue 94.31 

The amount of route tolls can be directly derived by summing up the link tolls along the 
route through the incidence variable, as follows: 

(10.56 ) 
a I 

The amount of route toll required to achieve system-optimal flow pattern, subject 
to the user-optimal drivers' behavior, is computed and summarized in Table 10.13. 
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Table 10.13: Route Toll Imposition 

Time Average Marginal Route* Route Route 
Route Interval Travel Travel Flow Toll Toll 

Time Time Revenue 

1~2~3~5 5.16 7.52 5.40 2.36 12.74 

1~2~3~5 4.50 7.51 - 3.01 -
1~3~5 k=1 4.50 7.51 - 3.01 -
1~3~5 3.84 7.50 9.60 3.66 35.14 

Total - - 15.00 47.88 

1~2~3~5 5.76 8.68 5.90 2.92 17.23 

1~2~3~5 5.70 8.66 - 2.96 -
1~3~5 k=2 5.50 8.67 0.30 3.17 0.95 

1~3~5 5.44 8.65 8.80 3.21 28.25 
Total - - 15.00 46.66 

Total Network Toll Revenue 47.88+46.66--94.54 

*represents one poSSIble route flow pattern because route flow patterns are 
not unique. 

10.9 Notes 
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Merchant and Nemhauser (1978a, 1978b) presented a discontinuous, nonlinear, 
nonconvex dynamic system-optimal route choice model (M-N model) for a many-to-one 
network and proposed a solution algorithm. Ho (1980) solved the M-N model by 
successively optimizjng a sequence of linear problems, and derived sufficient condition for 
the optimal solution Carey (1986) indicated that the M-N model's constraints satisfY the 
linear independence condition, and further reformulated (Carey, 1987) the M-N model as a 
convex, nonlinear programming problem and proved the existence and uniqueness of the 
optimal solution. 

Luque and Friesz (1980) formulated the first dynamic system optimal (DSO) 
problem using optimal control theory, and later researchers such as Matsui (1987), Ran and 
Shimazaki (1989), Friesz et al (1989), and Wie et al (1990), also employed the optimal 
control theory to study the dynamic system-optimal and dynamic user-optimal problems. 

In this chapter, we explored the DSO route choice problem using the optimization 
approach, though the variational inequality approach is equally applicable. Many important 
issues that are well known in static system-optimal models, such as Braess's paradox and 
toll impositions, are revisited in the dynamic sense. Other DSO travel choice models 
involving the variable demand, mode choice and O-D choice can also be formulated and 
solved accordingly without difficulty. 



Chapter 11 

Dynamic Signal Control Systems 

In the standard traffic assignment problem, link capacItIes are determined 
exogenously and remain unchanged throughout the solution process. Even though 
such an assumption may have been necessary in the past to keep a traffic 
assignment problem manageable, it fails to reflect the real situation. In fact, the 
magnitude of link capacities are dependent on the prevailing conditions consisting 
of physical features of the roadway and traffic conditions. Traffic conditions are 
strongly influenced by the roadway characteristics. During short periods of time, 
however, the traffic conditions are mostly influenced by the traffic signal control 
system of the roadway. Thus, link capacities can be simplified as functions of 
traffic signals for dynamic analysis. To better represent the real situation, the effect 
of signal controls on the traffic flow pattern must be explicitly taken into account 
in the standard traffic assignment. 

Theoretically, the purpose of traffic signal control policies is to optimize 
the overall network performance. However, such a system is too complex to be 
handled; as a result somewhat sub-optimal distributed traffic signal control 
policies, which only react to the traffic flow pattern approaching each isolated 
intersection, are often adopted. 

In this chapter, a dynamic network signal control (DNSC) system is first 
explored in Section 11.1 with respect to its model formulation, solution algorithm, 
variational inequality sensitivity analysis and link capacity and queuing delay. In 
Section 11.2, the dynamic traffic-responsive signal control (DTSC) system is 
introduced and a method called iterative optimization and assignment (lOA) is 
proposed for solving the DTSC problem. A numerical example is also provided to 
illustrate the efficiency of the method,. Finally, concluding remarks are given in 
Section 11.3. 
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11.1 Dynamic Network Signal Control System 

11.1.1 Model Formulation 

The dynamic network-wide signal control (DNSC) system IS stated In the 
following theorem. 

Theorem 11.1: The DNSC system is equivalent to finding a vector (u*,g *) d2 

such that the following optimization problem holds: 

(11.1) 
a t 

The symbol n denotes the feasible region that is delineated by the following 
constraints: 

Cycle length conservation constraint: 

L (glm(t) + fm) = C1 (t) VI, t 
m 

Definitional constraints: 

H m(t) = v:(t) C1 (t) ( ) 
a S: glM(t) VI,m,a EB I ,f 

C1 (t)=C 1(v) VI,t 

Boundary constraints: 

H;(t) < 1 Vm,a EB(I),t 

glm(t) ~ ~lm VI, m, t 

(;1 ~ C1 (t) ~.G:1 VI,t 

Ca, (/)Va(t):$ Qa Va,1 

User equilibrium constraint: 

LL«/)[Ua(t)-U=(/)]~ 0 Vu dl(g) 
a t 

(11.2 ) 

(11.3) 

(1l.4 ) 

(1l.5 ) 

(11.6 ) 

(11.7 ) 

(11.8 ) 

(11.9 ) 

Expression (11.1) is an optimization formulation for the DNSC system. The 

symbol c denotes the vector {c a (I)}, of which each element is defined as the link 
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travel time function associated with intersection I during phase m and interval t. It 
is worth noting that, though not shown explicitly, the link travel time functions 
essentially contain both link inflows and green times as their arguments. To show 
this, consider the well-known FHW A travel time function, which can be 

decomposed into two components, i.e., ca, denotes the free flow travel time on 

link a, and C a, (I + C a,) denotes the downstream delay on link a during interval 

(t + C a,), as follows. 

ca(t)=ca, +ca,(t+Ca,) 
4 

(11.10) 
= C + 0.15 x C X 

al aJ 
\;;fa EB(I) 

'L S: x glm(1 + Ca,) 
m 

Knowing that the inflow and exit flow variables can be transformed by each other, 
it is obvious that link travel time can be expressed as a function of both inflows 
and green times as follows. 

(11.11) 

Equation (11.2) conserves the cycle length at intersections whereas at each 
intersection and interval, the sum of green times and loss times must be equal to 
the cycle length. Equation (11.3) defines the degree of saturation, H:(t), on link 

a during phase m and interval t. The degree of saturation can also be alternatively 
written as the ratio of exit flow to capacity on link a at interaction I during phase 
m and interval t. Equation (11.4) determines the cycle length as a function of exit 
flows; by extension of Webster's (1976) formulation, the dynamic counterpart 
results in the following formula: 

(11.12) 

where L is the number of signal phases. 

Equation (11.5) restricts the degree of saturation to be less than 1; 
implying that the exit flow can never be greater than the corresponding link 
capacity. Thus, oversaturation is not allowed. Equation (11.6) imposes the lower 
limit for the phase green times (usually set as 10 seconds) to ensure vehicles can 
safely pass through the intersection. In fact, the upper limit for the phase green 
times is also implicitly included through the use of equation (11.2). Expression 
(11.7) imposes both the upper and lower limits for the cycle length. Traditionally, 
the upper limit is set as 150 seconds to avoid too long of a queuing delay for 
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individual drivers, and the lower limit is set as 40 seconds to reduce the total loss 

times. Inequality (11.8) imposes the maximum storage capacity Qa (vehicles) on 

link a and expression (11.9) is itself a VIP which complies with the dynamic user
optimal conditions. The associated constraints include flow conservation, flow 
propagation, nonnegativity and variable definition, as follows: 

Flow conservation constraint: 

p 

Flow propagation constraints: 

u;pIc(t) = h;(k)o.;,.(t) Vr,s,a,p,k,t 

LO';" (t) = 1 Vr,s,p,a Ep,k 

o.;,.(t) = {O,l} Vr,s,a,p,k,t 

Nonnegativity constraint: 

h;(k) ~ 0 Vr,s,p,k 

Definitional Constraints: 

Ua(t)= LLLh;(k)o;:X(t) Va,t 
TO p k 

a t 

11.1.2 Solution Algorithm 

(11.13) 

(11.14) 

(11.15) 

(11.16) 

(11.17) 

(11.18) 

(11.19) 

The feasible region delineated by expressions (11.2}-{11.9) for the DNSC system 
is essentially nonconvex, because expressions (11.3), (11.4), (11.8), (11.9) and the 
implicit reaction function u(g) are nonlinear. Nonconvexity portends existence of 

local optima; hence, the global optimum is difficult to find, even with the most 
computationally efficient procedures. In the following, we tentatively propose a 
solution algorithm based on the so-called (variational inequality) sensitivity 
analysis technique (Friesz et al., 1990) without numerical examples. 

The algorithm begins with initial green times and the corresponding link 
capacities. The aforementioned nested diagonalization method is then applied with 
modifications for calculating the derivatives by the variational inequality sensitivity 
analysis. The derivative information is in tum adopted to formulate a linearized 
subproblem, to which an auxiliary (green time) solution is obtained. The direction 
pointing from the main problem solution to the subproblem solution indicates a 
descent search direction, along which the optimal move size is determined. The 
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above procedure is repeated for the updated main problem solution until a 
convergence criterion is met. The formal steps of the algorithm can be described 
as follows. 

Algorithm 

Step 0: Initialization. 

Step 0.1: Let 0=1. Find initial feasible green times {gIm(tY }. 

Step 0.2: Compute the corresponding link capacities {CAP" (tf} as 

follows. 

(11.20 ) 

Step 0.3: Let n=1. Find an initial feasible flow pattern {u!(t)}. Compute 

the associated link travel times {c~(t)}. 

Step 0.4: Let 1=0. Set r~(t) = 0, Va,t . 

Step 1: First Loop Operation. 

Step 1.1: Let /=/+ 1. Update the estimated actual link travel times by 

(11.21 ) 

Step 1.2: Construct the corresponding feasible time-space network based 
on the estimated actual link travel times. 

Step 2: Second Loop Operation. 

Step 2.1: Let n= 1. Compute and reset the initial feasible solution {u; (t)} , 
based on the time-space network constructed by the estimated 

actual link travel times {< (t)} . 
Step 2.2: Fix the inflows for each physical link other than on the subject 

time-space link at the current level, yielding the following 
optimization problem. 

":+1(1) 
min z(u)= :L:LJo c,,(u;(1),u;(2) •.. ,u;(t-l),m}tm (11.22) 

" 1 

s.t. 

Flow conservation constraint: 

Vr,s (11.23 ) 
p 

Nonnegativity constraint: 
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Vr,s,p,k 

Definitional constraints: 

u:pIc (t) = h; (k )Ja';.. (t) Vr, s,a, p, k, t 

Ja';..(t) = {O,I} Vr,s,a,p,k,t 

Ua(t) = LLLh;(k)J:~(t) Va,t 
n p k 

a t 

(I 1.24) 

(11.25 ) 

(11.26 ) 

(11.27) 

(11.28 ) 

Step 3: Third Loop Operation. 

Solve for the solution {h; (k )} and the associated inflow pattern 

{U;+I(t)} in the mathematical problem (11.22)~(11.28) by any path-based 

algorithm. Compute the resulting link travel times {<+I(t)} . 

Step 4: Convergence Check for the Second Loop Operation. 

If U;+I(t) "" u;(t), Va, 1 , go to Step 5; otherwise, set n=n+l, and go to 

Step 2.2. 

Step 5: Convergence Check for the First Loop Operation. 

If T~(t)""C;+I(t),Va,t, go to Step 6; otherwise, set n=n+I, and go to 

Step 1. 

Step 6: Update the Phase Green Times. 

cv 
Step 6.1: Calculate the derivatives, tg' using variational inequality 

sensitivity analysis (to be described in Sections 11.1.3 and 
11.1.4). 

Step 6.2: Formulate local linear approximations of the DNSC system 
using the derivative information and solve the resulting linear 
programming problem to obtain an auxiliary solution gl. 

~ () n+1 ( )n+l) () ca t x ua t cu: gO 
min Z(gl) = LL L L 1m goIm (I) 

I m aEB(I) t CUa(t) 05 (t) 

(11.29 ) 

s.t. 

Cycle length conservation constraint: 

L(gllm(t)+llm)=C1 (t) VI,t (11.30 ) 
m 
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Definitional constraints: 

Hm(t) _ v;(t) Cl (t) ( ) 
a - S; g'lm (t) VI,m,a E B I ,t 

CI(I)=Cl(v) VI,I 

Boundary constraints: 

H;(/) < 1 Vm,a EB(I),I 

g'lm (I) ~ $..lm VI, m, 1 

cl ~ Cl(I)~.c1 VI,I 

C",(/)Va(/)~ Qa Va, 1 

Linear approximation constraints: 

207 

(11.31 ) 

(11.32 ) 

(11.33 ) 

(11.34 ) 

(11.35 ) 

(11.36 ) 

a.>a[gO(I+Ca(I))] = ~a(gO(I)) VI,m,a EB(I),I (11.37) 
t%"lm(t + ca (I)) t%"lm(1 + ca (I)) 

v.(g) ~ v.(go)+ ~ -:;'~~;?(g"'(t) -(g'"(t))") 'tI,a eB(I),t 

(11.38) 

Step 6.3: Update the phase green times 
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(11.42 ) 

Step 7: Convergence Check for the Phase Green Times. 

If glm(ttl:::; glm(tr, or the maximum number of major iterations is 

reached, stop; the current solution is optimaL Otherwise, set 0=0+ 1 and 
go to Step 0.2. 

11.1.3 Variational Inequality Sensitivity Analysis 

This section contains results summarized from Friesz et al. (1990), Tobin et aI. 
(1988) and Tobin (1986), which are presented without proof. Now assume g and 
u represent the decision vectors. Note that u is implicitly determined by g, i.e., 
u(g). We wish to solve the following problem. 

(11.43 ) 
a t 

where the feasible region n is defined by the following constraints: 

L::;g::;U 

c(u*,g)(u - u *) ~ 0, 'liu EO(g) 

(11.44 ) 

(11.45 ) 

where ~:Rn x Rq ~ RI is differentiable in (u,g) , L ER:, U E R:, and O(g) is 

the feasible set, possibly dependent on g, of u-variables. 

n(g) = {u ERn: f(u, g) ~ 0, h(u,g) = o} (11.46 ) 

We consider a finite dimensional problem with U =(u1 ,. .. ,Un ); g = (gl , ... ,gq); 

j:Rn x Rq ~ Rm, differentiable and concave in u; h:Rn x Rq ~ RP, linear in u; 

and c: Rn x Rq ~ Rn , differentiable and strictly monotone in u. 

Let 

c( u, g) be once differentiable in (u, g) . 

f( u, g) be concave in u and twice continuously differentiable in (u, g) . 

h( u, g) be linear affine in u and once continuously differentiable in g. 

Now consider the following perturbed variational inequality, denoted as VI(g): 
find U* En(g) such that 

c(u*,gXu-u*)~O, 'liuEn(g) (11.47) 

where 

O(g) = {ulf(u,g) ~ 0, h(u, g) = O} (11.48 ) 
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Theorem 11.2: Consider the following conditions on the perturbed variational 
inequality VI(g): 

(a) The constraints .h (u,g) are concave in u, and U*En, 7]*ERm, p*ERP 

satisfy 

c(u*,g)- Vf(u*,gY 7]* -Vh(u*,gY p* = 0 (11.49) 

7]*Tf(u*,g)=O (11.50) 

7]*"20 (11.51) 

(b) c(u*,g) is such that 

xTVc(u*,g)x > 0 

for all x 7= 0 such that 

V.h (u*, g)x "2 0 for i such that g; (u*, g) = 0, 

Vi; (u*,g)x=O fori such that 7]; >0, 

Vh; (u*,g)x = 0 fori=l, .... p. 

(b l ) V c( u*, g) is positive definite. 

(11.52 ) 

(1153 ) 

(11.54 ) 

(11.55) 

(c) The gradients, Vi; (u*,g) for i such that i; (u*,g) = 0 and Vh; (u*,g) for 

i=I, ... ,p are linearly independent. 

(d) The strict complementary slackness conditions 

7];' > 0 when i; (u*,g) = 0 (11.56 ) 

are satisfied. 

We then have the following: 

(i) If (a) is satisfied, then u* is a solution to VI(g). 

(ii) If, in addition, (b) or (b l ) is satisfied, then u* is a locally unique solution to 
VI(g). 

(iii) If, in addition, ( c) is satisfied, then 7] * and p * are unique, and for g in a 

neighborhood of g, there exists a unique, directionally differentiable, 

Lipschitz continuous function [u(gy, 77(g)T , p(g)T r ' where u(g) is a locally 

unique solution to VI(g), and 1J{g) and p(g) are unique associated 

multipliers satisfying (a) and (b) above for VI(g), and with 

(11.57 ) 

Additionally, in a neighborhood of g, the set of binding constraints is 
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unchanged and the binding constraint gradients are linearly independent at 
u(g). 

(iv) If, in addition, (d) is satisfied, then the function [u(g r ' 17(g r ' .u(g r r is 
differentiable in the neighborhood of g. 

Theorem 11.3: If the vector u* is a solution to the VI(g) and the gradients 

VJ; (u*, g) for i such that J; (u*, g) = 0 and Vh; (u*,g) for i==I, .. .p are linearly 

independent, then there exists 11* E R m , p * E R P such that expressions 

(11.49)~(11.51) are satisfied. 

Let u* be a solution to VI(g) satisfying Theorem 11.3. Then for g = g 

and (u, 17,.u) = (u*, 17*,.u *) we have: 

;:::1 ;=} 

17; J; (u, g) = 0 for i==1,2, ... ,m 

h;(u,g)=O fori==I,2, ... ,p 

(11.58) 

(11.59 ) 

(11.60 ) 

Let the Jacobian matrix of the system (11.58)~(l1.60) with respect to 

x = (u, 17,.u) be denoted as J:, and with respect to gas J:. Then, we may state 

the following results: 

Corollary 11.1: If the constraints J; (u, g) are concave and the conditions (b) (or 

(b'», (c) and (d) in Theorem 11.2 are satisfied, then the inverse of J: exists and 

the derivatives of ( u*, 17*, .u *) with respect to g are given by 

(11.61) 

Furthermore, the points of non differentiability of the implicit function u(g) 

defined by the variational inequality (11.43) form a set of measure zero, and, 
therefore, points exist in a small neighborhood of a nondifferential point at which 
this implicit function is differentiable. In particular, the following result holds: 

Theorem 11.4: Suppose u* solves the variational inequality (11.45) and (11.46) 
for g = g and the conditions of (a), (b) (or (b'» and (c) of Theorem 11.2 are 

satisfied. Then in any open neighborhood of g, there exists g, such that the 

implicit function x(g) = [ u(g r ' 17(g r ,p(g r r is differentiable at g . 
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Theorem 11.4 allows the development of algorithms for expressions 
(11.43)-(11.46) using the gradient to determine a descent direction. If at step I, 

gl is such that X(gl) is not differentiable, then by a systematic search in an E-
neighborhood of gl , a point gl can be found where X(gl) is differentiable. This 

may be accomplished by returning to gl-l and perturbing the step length and/or 

direction. In practice, it is not likely that a step will land on a point at which the 
implicit function is non-differentiable. If it does, it is likely that a single change in 
the step length will be sufficient. 

11.1.4 Sensitivity Analysis ofthe Restricted Variational Inequality 

In this section, the perturbed network equilibrium network flow problem is of 
interest and can be written as the following perturbed variational inequality. 

c(u*,s)(u-u*)~o VUE!1(S) (11.62) 

where 

O(s) = {uiAI h = u, N h = q(s), h ~ o} (11.63 ) 

where s is a vector of perturbation parameters. It is assumed that c( u, 8) is once 

continuously differentiable in (u, s), and q( s) is once continuously differentiable 

in 8. The equilibrium route flows are generally not unique and are contained in 
the convex polytope 

r *(8) = {uiAI h = u*, A2 h = q(e),h ~ o} (11.64) 

where u* solves expressions (11.62)-(11.63). Because for any vector e, the set 
of route flow solutions in r * ( e) is a convex set, derivatives of a solution h * 
with respect to the perturbation parameters do not exist. The nonuniqueness of h 
causes the conditions of Theorem 11.2(b) not to be met even though u * is 
unique. 

The approach taken here to calculate the derivatives of arc flows with 
respect to the perturbation parameters is to select one particular path flow 
solution, in particular an extreme point of r *(s), and develop the derivatives for 

this particular solution point with respect to the perturbation parameters. 
Assuming that the strict complementary slackness conditions are satisfied and that 
the extreme point is nondegenerate, it is shown that if the perturbed problem is 
restricted to only those routes that are positive in the extreme point, it still solves 
the original perturbed problem for small perturbations. The calculation of the 
derivatives of arc flows with respect to the perturbation parameters through the 
use of the derivatives of route flows, do not depend on the nondegenerate extreme 
point chosen and therefore, are in fact the desired derivatives for the original 
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problem. In the following, we reduce the network under consideration to that 
which contains only arcs which have positive flow in the solution, and consider 
only the routes on these arcs. 

Given the solution of u * (0), the first step is to choose a unique route 

flow vector h * to associate with u * (0). The only requirement in this choice is 

that h * be a nondegenerate extreme point of r * (0), that is, an extreme point 

solution h * in which the number of routes with positive flow is equal to the rank 

of [(AI r I ( N r J, which at most is equal to the number of arcs with positive flow 

plus the number of origin-destination pairs. A number of route generating methods 
can be used to generate h * , such as the Gradient Projection method, Aggregate 
Simplicial Decomposition method and Disaggregate Simplicial Decomposition 
method. In fact, the commonly used Convex Combination method can still be used 
with modifications. That is, the route flow information is saved from iteration to 
iteration until the algorithm terminates. The resulting equilibrium route flow can 
be used as h * , an extreme route flow. 

Let h * be a nondegenerate extreme point of r * (0). Since h * is a 

solution to the perturbed variational inequality (11.62)-(11.63) at 8 = 0, by 
Theorem 11.2(a) there exists a solution to the system 

(11.65 ) 

(11.66 ) 

(11.67 ) 

(11.68 ) 

Since we have restricted the network to those arcs with positive flow, any route p 

is such that c' p (h* ,0) = lin , and so, 1] = ° . Also, h * is a nondegenerate extreme 

point of r * (0) that corresponds to a unique basis B*' For a neighborhood of 

8=0, B* is a basis for r*(8), because the right-hand side [U*(8f1Q(8rr 

varies continuously with 8. Therefore, for 8 near zero, there exists an extreme 
point h * (8) of r * ( 8) with the same positive route flows as those in h *. We 

then restrict the problem to only those route variables hp which are positive in 

h * by denoting the set of routes as P+, the corresponding route flow vector as 

h *+, and the reduced origin-destination/route incidence matrix as A2+. Other 

reduced vectors and matrices will be denoted similarly. Since all route flow 
variables are positive in this reduced system, and will remain so for perturbations 
in a neighborhood of 0, the nonnegativity constraints on h are not binding and may 
be eliminated without changing the solution in a neighborhood of O. The system 
then reduces to 



11.1 Dynamic Network Signal Control System 

c'(h*,O) - (N+ r .u = 0 

A2+h *+ -q(O) = 0 

213 

(11.69 ) 

(11.70 ) 

To see that Theorem l1.2(b) is satisfied for this restricted system, the 
reader is referred to Tobin et al (1988). It can easily be seen that the columns of 

(A2 r are linearly independent and so .u is unique. If we denote this unique 

vector as .u *, the conditions for Theorem 11.3 are therefore satisfied by the 

system (11.69)-(11.70), and the derivatives of h *+ with respect to & may be 
calculated as follows: The Jacobian matrix of the system (11.69)-(11.70) with 

respect to (h + , .u) and evaluated at & = 0 is 

Suppose 

It is easily shown that 

Bl2 = Vc'+ (h*,ot(N+ r[ N+[ Vc'+ (h*,ot(A2+ rr] 
B21 = -[ N+[ Vc'+ (h*,ot(N+ rr ]N+Vc'+ (h*,Ot 

B22 = [ N+Vc'+ (h*,ot(A2+ rr 

(11.71) 

(11.72 ) 

(11.73 ) 

(11.74 ) 

(11.75 ) 

(11.76) 

The Jacobian matrix of the system (11.69)-(11.70) with respect to & and 
evaluated at 0 is 

(11.77 ) 

Then 

(11.78 ) 
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Therefore, the derivatives of route flows with respect to & at & = ° are 

V,h+ = -BjjV"c'+ (h*,O) + Bj2 V "q(O) 

where Bll and Bl2 are given in equations (11. 73) and (11. 74). 

(11.79) 

By the relationships of arc flows and route flows, we know that V,u+ = N+v £h+, 

and by knowing that V £c'+ (h*,O) = (Al+ r V EC( u*,O), we can calculate the 

derivatives of arc flows with respect to & at & = 0, as follows: 

(11.80 ) 

Moreover, by observing that V hC'+ (h*,O) = (A2+ r V uc(u*,o)N+ , we obtain 

(11.81) 

where 

B'll = [(N+ r VC(h*,O)N+ r 
{I-(A" r[ A"[(A" r VC(b',OJA" j'(A"r r A"[(A"r Vc(b',OJA" r} 

(11.82 ) 

B;2 = [(AI+ r Vc(u*,O)N+ r (A2+ r[A2+[(AI+ r Vc(u*,O)N+ r (A2+ r r 
(11.83 ) 

11.1.5 Link Capacity and Queuing Delay 

In saturated road networks, a queuing delay is apt to occur. The queuing delay is 
different from the signal delay because the former is due to limited capacity and 
should be determined from network equilibrium conditions, whereas the latter is 
due to the interruption of traffic by the traffic signal and could be determined by a 
formula developed from local traffic conditions (Yang and Yager, 1995). If we 
treat the signal delay and queuing delay separately, then the resulting travel time 
function becomes 

Ca(t) = ca, +ca, (I +Ca,) + ca] (t+ Ca,) 

where ca, (I + caJ denotes the link queuing delay. 

(11.84 ) 

The queuing delay is due to limited capacity, and should be determined 
endogenously in a transportation network model. In past research, Thompson and 
Payne (1975) dealt with traffic assignment in transportation networks with 
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capacity constraints and queuing, whereas the simplifying assumption that the 
cruise times on links are constant was made. They showed that at network 
equilibrium, the queuing delay at the exit of a link corresponds to the Lagrange 
multiplier associated with the link capacity constraint in simple linear programming 
problem. Smith (1987) extended the result of Thompson and Payne to a signal
controlled network and gave the equilibrium conditions of the interactions 
between flows, queues and green times when a control policy developed by 
himself was used. Yang and Yager (1995) further formulated the traffic 
assignment and signal control problem in saturated road networks as a bilevel 
model. The lower level problem represented a network equilibrium model 
involving queuing explicitly on saturated links, which predicts how drivers react to 
any given signal control pattern, and the upper level problem determined signal 
splits to optimize a system objective function, taking account of the drivers' route 
choice behavior in response to signal split changes. Then a sensitivity analysis was 
implemented for the queuing network equilibrium problem to obtain the 
derivatives of the equilibrium link flows and equilibrium queuing delays with 
respect to signal splits, and the derivative information was used to develop a 
gradient descent algorithm to solve the proposed bilevel traffic signal control 
problem. 

The queuing delay can also be accommodated endogenously within our 
DNSC framework, but modifications are necessary: 

1. Link capacity related constraints (11.3) and (11.5) must be moved into the 
feasible region n(g) shown in expression (11.9). 

2. The travel time function must explicitly include free flow travel time, signal 
delay and queuing delay, as follows. 

(11.85 ) 

where c., (I + c.J denotes the link queuing delay, and in fact is determined by 

the Lagrange multiplier associated with the corresponding link capacity 
constraint. 

3. The queuing length is now determined by multiplying the queuing delay c., (I) 
by the exit flow rate. The maximum queuing length constraint is now defined as 

(11.86 ) 

In responding to the above changes of the model formulation, the 
proposed solution algorithm for the DNSC problem must be modified accordingly. 
That is, in addition to the derivative information on v, the derivative information 

on the queuing delay c., (t + c.,) with respect to green times, g, is also required in 

performing the variational inequality sensitivity analysis in Step 6 of the solution 
procedure. 
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11.2 Dynamic Traffic-Responsive Signal Control 
System 

In practice, the implementation of the DNSC system is difficult because the 
requirements for the computational capability are rather demanding. Therefore, a 
somewhat simplified signal control system may be more appropriate. In a 
simplified case, signal settings at intersections can be treated independently, and 
the choice of signal timing plans can be set in response to the approaching flow 
pattern which may be captured by means of traffic detectors. Such a system can be 
represented by the dynamic traffic-responsive signal control (DTSC) system. In 
the following sections, we first formulate the DTSC system and then propose the 
lOA algorithm for its solution. Finally, a numerical example is provided for 
demonstration. 

11.2.1 Model Formulation 

The DTSC system may be described as a two-player noncooperative Nash game. 
The first player, in response to the current approaching flow pattern, tries to 
minimize the total intersection delay by allocating appropriate green times, and 
thereby, determining link capacities. The second player, based on the fixed link 
capacities, and hence link travel times, searches for the shortest travel time route 
for use, which can be mathematically represented by the dynamic user-optimal 
conditions. 

To formulate the first player's problem in a simpler manner, we make a 
few necessary assumptions as follows: 

1. The cycle length is externally determined. 

2. The queuing length and delay are not considered. 

3. Each link length is long enough so that the effect of the upstream intersection 
signal plan on the downstream intersection signal plan can be ignored; that is, 
the intersections are considered to be isolated. 

4. Only intersection delays are used to adjust signal timing plans. 

Under the above assumptions, theftrs! player's problem can be formulated 
as follows. 
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(11.87 ) 

s.t. 

vm(t) C l (t) 
Hm(t) = _a ___ < 1 \/I,m,a EB(I),t 

a S: glm(t) 
(11.88 ) 

glm(t) ~ ~/m \/1, m, t (11.89 ) 

(11.90 ) 
m 

Note, the first player's problem defined by expressions (11.87)-(1l.90) is a 
nonlinear programming model fonnulated on a link-node network. The objective 
function is the sum of nonlinear functions corresponding to the vehicular delay 
related to each intersection; the linear constraints conserve cycle length at each 
intersection. 

For the second player's problem, the DUO route choice model is applied. 

c*[u-u*]~O \/UEO* (11.91) 

where .0* is defined by constraints (11.13) - (11.19). 

11.2.2 Solution Algorithm 

11.2.2.1 Iterative optimization and assignment method 

The DTSC system can be deemed to be a noncooperative Nash game with perfect 
information in which the players move in sequence. In this regard, the lOA 
method shown in Figure 11. 1 is appropriate for obtaining solutions. 

Since the second player's problem is fonnulated by the DUO route choice 
model, which has been extensively discussed and solved by the nested 
diagonalization method in Chapters 4 and 5, we restrict our focus on the solution 
algorithm for the first player's problem. In addition, since the objective function is 
convex (see Section 11.2.2.2 for a proof) and constraints are all linear, the first 
player's problem can thus be solved by the Frank-Wolfe (FW) method, as follows. 
Given a current solution to the main problem, all approach delays are fixed at their 
current values. Phase lengths of the subproblem are solved directly from the 
available optimality conditions, and subproblem green time allocations are 
identified by minimizing the linear portion of the objective function pertaining to 
intersection delays, resulting in all green times at each intersection being assigned 
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to the least delay phase. A new main problem solution is then obtained by 
minimizing the objective function with respect to a step size A., 0:5: A. :5: 1, where 
A. is a weight for combining main and subproblem solutions. 

No 

Signal 
TiIning 

Submodel 

Route 
Choice 

Submodel 

'------< Covergence? 

Yes 

[ End 

Figure 11. 1: Iterative Optimization and Assignment Method 

For the convenience of description, we next derive the linearized portion of 
the objective function as follows: 

vz(gn)g'= L;L;L;G1m(trg'lm(t) (11.92 ) 
1 m t 

where 

&lm(t) 
G1M(t) = cgIM(t) VI, m, t (11.93 ) 

ZIM(t)= L;v:(t)d;(t) VI,m,t (11.94 ) 
aEB(I} 

dM t _~[CI(t)(l-gIM(t)/CI(t)f + (H;(t)f 1 
a()-l0 2(1-v:(t)/S:) 2v:(t)(I-H;(t)) Va,m,t 

(11.95) 

Note that equation (11.94) is derived based on the following observation: 

(11.96) 
1 M t mat 

With the above discussion, the linear objective function for the subproblem can be 
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further decomposed by intersections and intervals, as follows: 

min LG1"'(t)gllm(t) VI,I 
g m 

(11.97) 

We now present the solution algorithm for the first player's problem as 
follows: 

Algorithm 

Step 0: Initialization. 

Find an initial solution for green times associated with phase m at each 

intersection I during interval I, {g7(t)"} Set counter n=l 

Step 1: Subproblem Solving. 

Perform Steps 1.1 through 1.3 for every intersection I and interval t. 

Step 1.1: Compute {Glm(t)"} based on {glm(I)"}. 

Step 1.2: Assign the minimal green time g:::in to each phase. 

vm(t)Cl (t) 
", = {lm(t) Q • } gmin max g , - S: (11.98 ) 

Step 1.3: Assign the remaining green times, Cl (t)- L(ll ", + g:m), to the 
", 

phase with the smallest value of {Gl"'(t)"}. This results in green 

times {gil", (tf} associated with each phase at an intersection. 

Step 2: Determine Move Size, An. 
Solve the following mathematical problem. 

min .Jgn+An(gln_gn)) 
O~A.n:::;1 \ 

(11.99 ) 

Step 3: Update the Green Times. 

glm(tr l = gl"'(t)" + An(gllm (I)" _ glm(ty) (11.100) 

Step 4: Convergence Test. 

If gl"'(t)"+1 ~glm(t)", stop. Otherwise, setn=n+l and go to Step 1. 

11.2.2.2 Convexity of the first player's objective function using Webster's 
delay formula 

The convexity of the objective function (11.87) is verified by showing that its 
Hessian is positive-semidefinite. 
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Proof 

Let g = (gll(1),gI2(1),. .. ,gIm(t), .. -) = (gl ,g2 ,,",gI ,. .. ,gn). The Hessian 

of z(g) can be written in matrix form as follows: 

02Z(g) 02 z(g) 02Z(g) 02Z(g) 
0 0 

~~ ~1~2 ~I~n ~~ 
02Z(g) 02 z(g) 

0 
02 z(g) 

0 
V 2z(g) = ~2~1 ~~ ~~ 

02Z(g) 02 z(g) 
0 0 

02Z(g) 

~n~1 ~~ ~~ 
(11.101 ) 

T h H .. . . . d fi . nl d h h 0 2 z(g) o prove t e esslan IS pOSItIve semI- e rute, we 0 y nee to S ow t at -2-

~, 
is greater than or equal to zero because the Hessian is a diagonalized matrix with 

02Z(g) 
elements --2-' 

~i 

o oz(g) 
OZ z(g) _ 02 z(g) = ogIm(t) 
og/ - ogIm(tr ogIm(t) 

(11.102) 
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(11.104 ) 

d(2(I-H;(t)f S;gIm(tr) 
dg1m(t) 

" 2S+r 1- H: (t))g'm(t { ~~:;,i! g'm(l) + (1- H:(I))]} 

" 2S+(I- H:(t)~ v:( t (I) + (1- H: (I))g'm (I) ]} 

= 2S;{2(1- H;(t))gIm(t)} [.: H;(t)gIm(t) = V;(1~I (t)J 

= 4S;(I- H;'(t))gIm(t) (11.105 ) 
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Note that Ham(t) < 1 , and v;(t) < gIm(t) < 1 
S; CI (t) 

tfz(g) > . 
therefore --2- - 0, V,. 

C8"i 
Since the Hessian V2z(g) is positive-semidefinite, the objective function z(g) is 

convex. This completes the proof. 

11.2.3 Numerical Example 

11.2.3.1 Input data 

A simple network shown in Figure 11.2 is used for testing. The test network 
consists of24 links and 9 nodes, in which nodes 2,4,6,8 represent both origins and 
destinations, and nodes 1,3,5,7,9 are intermediates. We further assume nodes 
2,4,5,6,8 are two-phase signalized intersections on which the east-west direction is 
designated as the first phase and the north-south direction as the second phase. 
The other 4 nodes, 1,3,7,9, are dummy nodes, so no signal devices are assumed. 

Figure 11.2: Test Network 

The link travel time function is assumed as follows: 
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The link capacity at each signalized intersection is determined by: 

m glm(/) 
Capa(/) = ISa ~( ) 

m C 1 
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(11.1 07) 

(11.108) 

The link capacity at each unsignalized intersection is equal to a preset saturation 
flow rate: 

(11.109) 

The parameters at signalized intersections are assumed in Table 11.1: 

Table 11.1: Parameters for Each Signalized Intersection 

Free Cycle Lower Limit of Saturation Lost 
Travel Coefficient Length Green Time Flow Rate Time 
Time b (sec) (sec) lm(/) sm (sec) 

a 

C CI (I) 11m a, 
1 0.8 60 5 50 3 

The time-dependent O-D demands are assumed in Table 11.2: 

Table 11.2: Time-Dependent Origin-Destination Demands 

Departure O-D Pair 
Interval 2-8 8-2 4-6 6-4 

k=1 15 0 20 0 
k=2 0 15 0 20 

11.2.3.2 Test results 

Two signal control systems, i.e., pretimed and traffic-responsive timing plans, are 
compared on the test network. 

For the pretimed signal timing plan, all phases are assumed to have 27-
second green times. The resulting flow pattern is summarized in Table 11.3. The 
route travel times are also computed and shown in Table 11.4. 
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Table 11.3: Results for the Pretimed Signal Timing Plan 

Objective Value = 1804.27 
Link Entering Inflow Exit Number Link Exiting 

Interval Flow of Travel Interval 
Vehicle Time 

2~5 1 15.0 0.0 0.0 1.36 2 
2 0.0 15.0 15.0 1.00 -

4~5 1 20.0 0.0 0.0 1.63 3 
2 0.0 0.0 20.0 1.00 -
3 0.0 20.0 20.0 1.00 -

5~2 3 15.0 0.0 0.0 1.36 4 
4 0.0 15.0 15.0 1.00 -

5~ 4 20.0 0.0 0.0 1.63 6 
5 0.0 0.0 20.0 1.00 -
6 0.0 20.0 20.0 1.00 -

5~6 3 20.0 0.0 0.0 1.63 5 
4 0.0 0.0 20.0 1.00 -
5 0.0 20.0 20.0 1.00 -

5~8 2 15.0 0.0 0.0 1.36 3 
3 0.0 15.0 15.0 1.00 -

6~5 2 20.0 0.0 0.0 1.63 4 
3 0.0 0.0 20.0 1.00 -
4 0.0 20.0 20.0 1.00 -

8~5 2 15.0 0.0 0.0 1.36 3 
3 0.0 15.0 15.0 1.00 -

Table 11.4: Route Travel Times for the Pretimed Signal Timing Plan 

Departure Route 
Time 2~5~8 8~5~2 4~5~6 6~5~ 

k=1 72 (15) NA 3.26 (20) NA 
k=2 NA 72D5) NA 3.26 (20) 

(NA: not appbcable because routes are not used; 
"numbers" in brackets indicate the corresponding route 
flow) 

F or the traffic-responsive signal timing plan, the computed green times 
associated with each phase are shown in Table 115. The resulting flow pattern is 
summarized in Table 11.6. The route travel times are also computed and shown in 
Table 11.7. 
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Table 11.5: Green Times Allocation for the DTSC Timing Plan 

Link 

1~4 

2~1 

2~5 

3~2 

4~5 

5~2 

5~4 

Green Times 
Intersection Time (sec)* 

Number Interval Phase 1 Phase 2 
2 4 19.6 34.4 
4 6 30.5 23.5 

2 5.0 49.0 
5 3 32.9 21.1 

4 28.1 25.9 
5 37.9 16.1 

6 5 49.0 5.0 
8 3 5.0 49.0 

4 47.9 6.1 
(*Other intersections are allocated equal 

phase green times, Le., 27 seconds) 

Table 11.6: Results for the DTSC Timing Plan 

Obiective Value = 1052.73 
Entering Exit Number Travel Exiting 
Interval Inflow Flow of Time Interval 

Vehicle 
5 6.9 0.0 0.0 1.08 6 
6 0.0 6.9 6.9 1.00 -
4 6.9 0.0 0.0 1.02 5 
5 0.0 6.9 6.9 1.00 -
1 15.0 0.0 0.0 1.36 2 
2 0.0 15.0 15.0 1.00 -
4 3.6 0.0 0.0 1.02 5 
5 0.0 3.6 3.6 1.00 -
3 10.6 0.0 0.0 1.18 4 
4 0.0 10.6 10.6 l.00 -
1 20.0 0.0 0.0 l.63 3 
2 0.0 0.0 20.0 1.00 -
3 0.0 20.0 20.0 l.00 -
3 15.0 0.0 0.0 1.36 4 
4 0.0 15.0 15.0 1.00 -
5 10.5 0.0 0.0 1.17 6 
6 0.0 10.5 10.5 1.00 -
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Table 11.6: Results for the DTSC Timing Plan (continued) 

Objective Value = 1052.73 
Entering Exit Number Travel Exiting 

Link Interval Inflow Flow of Time Interval 
Vehicle 

5-46 3 20.0 0.0 0.0 1.63 5 
4 0.0 0.0 20.0 1.00 -
5 0.0 20.0 20.0 1.00 -

5-48 2 15.0 0.0 0.0 1.36 3 
3 0.0 15.0 15.0 1.00 -

6-43 2 10.6 0.0 0.0 1.04 3 
3 0.0 10.6 10.6 1.00 -

6-45 2 6.9 0.0 0.0 3.16 5 
3 0.0 0.0 6.9 1.00 -
4 0.0 0.0 6.9 1.00 -
5 0.0 6.9 6.9 1.00 -

6-49 2 2.6 0.0 0.0 1.00 3 
3 0.0 2.6 2.6 1.00 -

7-44 5 2.6 0.0 0.0 1.01 6 
6 0.0 2.6 2.6 1.00 -

8-45 2 15.0 0.0 0.0 1.11 3 
3 0.0 15.0 15.0 1.00 -

8-47 4 2.6 0.0 0.0 1.00 5 
5 0.0 2.6 2.6 1.00 -

9-48 3 2.6 0.0 0.0 1.31 4 
4 0.0 2.6 2.6 1.00 -

Table 11.7: Route Travel Times for the DTSC Timing Plan 

Departure Route 
Time 2-45-48 4-45-46 6-45-44 6-43-42 6-43-42 6~9-4 8~5~2 

~1-44 -45-44 8~7-44 
k=l 2.72 3.26 NA NA NA NA NA 

(15) (20) 
k=2 NA NA 4.33 4.32 4.41 4.32 2.47 

(6.9) (6.91 (3.6) (2.6) (15) 

(NA: not applicable because routes are not used; "numbers" in brackets 
indicate the corresponding route flow) 

The objective value associated with the traffic-responsive signal timing 
plan (Table 11. 6) is about 41. 7% lower than that with the pretimed signal timing 
plan (Table 11.3). This is because the traffic-responsive signal timing plan assigns 
more green times to those approach links with higher exit flows, see Tables 5 and 
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6. When there is no exit flow presented at each approach link, the green times are 
evenly distributed, i.e., 27 seconds for each phase at the intersection. 

The traffic-responsive signal timing plan (Table 11.7) does not necessarily 
result in lower route travel times as compared with that of the pretimed signal 
timing plan (Table 1l.4). The reason is basically due to the nature of Webster's 
delay function. Webster's delay function is derived based on a computer simulation 
assuming the Poisson distribution for the vehicle arrival rates, which does not 
minimize the route travel times. 

11.3 Notes 

In this chapter we formulated the dynamic network signal control system and also 
proposed a solution algorithm involving a variational inequality sensitivity analysis. 
The proposed variational inequality sensitivity analysis is difficult to carry out 
because a VIP corresponding to the DUO route choice problem is embedded with 
constraints associated with the DNSC system. 

We also formulated the DTSC system as a two player Nash game. By 
adopting the so-called iterative optimization and assignment (lOA) method, a 
numerical example is provided and analyzed. The most interesting feature of the 
proposed lOA procedure is that the FW method can also be employed to solve the 
delay minimization problem. However, due to the convexity of the objective 
function using Webster's delay formula, multiple solutions might occur for the first 
player's problem. Note also that if the termination criterion is set for the first 
player's problem, then the dynamic user-optimal conditions associated with the 
second player's problem may not be precisely satisfied. Caution has to be taken for 
the use of the comparative results, because a pretimed signal timing plan using 
50/50 green splits may not necessarily reflect the real situation. 

Other issues that have yet to be explored are, among others, the suitable 
form of dynamic travel time functions, a stability mechanism for ensuring a smooth 
variation in signal control, and the first-in-first-out requirement. Nevertheless, the 
proposed models provide a reference platform for further improvements. 



Chapter 12 

Stochastic/Dynamic User-Optimal 
Route Choice Model 

The stochastic dynamic user-optimal route choice model assumes that the 
perceived travel times are incomplete and/or imprecise. To illustrate the perceived 
travel times, an error term is often hypothesized to accompany the actual travel 
times, and many probability distributions have been applied to represent the real 
situation. For a specified error term of the perceived travel times, we assume all 
drivers make their route choice decisions based on their perceptions of O-D travel 
times. A notable example is the Gumbel distribution which yields the logit model. 
The resulting traffic flows are expected to be more dispersed over parallel routes 
for the stochastic dynamic route choice model than for its deterministic 
counterpart. 

The first optimization model for the static stochastic user-optimal problem was 
formulated by Fisk (1980). Its optimality conditions can be characterized by the principle of 
stochastic user optimal (SUO) (Daganzo and Sheffi, 1977), which can be stated as follows: 

In a stochastic user equilibrium network, no user believes he can improve 
his travel time by unilaterally changing routes. 

An equivalent notion of SUO is that no traveler can reduce his own perceived 
travel time by unilaterally changing routes. Applying the principle of SUO, an 
equivalent stochastic user-optimal route choice model was also developed by 
Sheffi and Powell (1982). In fact, the principle of SUO can be naturally extended 
to the dynamic scenario. Unfortunately, very little literature is available in this 
regard. Cascetta (1991) studied the variation of dynamic route choice from day to 
day while Vythoulkas (1990) also extended the stochastic static route choice 
models into the dynamic route choice framework. Based on their instantaneous (or 
reactive) and/or predictive (or ideal) DUO route choice models, Ran and Boyce 
(1994) further developed a set of stochastic DUO models. A comparison of our 
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predictive stochastic/dynamic user-optimal route choice model with that of Ran 
and Boyce (1994) is made in Section 12.7. 

In this chapter, the stochastiddynamic route travel time function is analyzed in 
Section 12.1. The equilibrium conditions and model formulation for the stochastiddynamic 
user-optimal (SDUO) route choice model are presented in Section 12.2. The nested 
diagonalization method embedding the method of successive averages and the §toc~c 
~c method (SADA) is described in Section 12.3. A simple numerical example is 
presented in Section 12.4. The deterministic counterpart approximation is discussed in 
Section 12.5. Braess's paradox is presented in Section 12.6. Finally, concluding notes are 
given in Section 12.7. 

12.1 StochasticlDynamic Route Travel Time Function 
Analysis 

12.1.1 StochasticlDynamic Route Travel Time Function 

The stochastic/dynamic route travel time function cAk) can be interpreted as the 

perceived route travel time for travelers between origin-destination rs departing 
during interval k. It is the sum of two components: a systematic term and an error 
term. 

c;(k) = c;(k) + e;(k) Vr,s,p,k (12.1 ) 

Symbol c; (k) denotes the travel time experienced by travelers between O-D pair 

rs departing during interval k over route p, and e; (k) is the random component. 

Depending on the probability distributions chosen for the random components, 
different models are obtained (Sheffi, 1985; Sheffi and Powell, 1981, 1982; 
Daganzo, 1982). If we assume that the random term is an independently and 
identically distributed (Ll.D.) Gumbel variate, the widely used multinomial logit 
model is obtained. Given route flow and route travel times, the stochastic/dynamic 
route travel time function can be expressed mathematically as follows (for details 
see Section 12.7): 

Vr,s,p,k (12.2 ) 

where ~ lnh; (k) is the error term associated with the travel time over route p, 

and f) is a constant reflecting the degree of uncertainty of traffic information As 
f) approaches infinity, the second term vanishes. However, when f) is near zero, 
then the second term dominates the perceived route travel time. By expressing 
actual route travel time in terms of link travel time, equation (12.2) can be 
alternatively rewritten as: 
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Vr,s,p,k (12.3 ) 

where ca(t) is the actual travel time for link a during interval t, and 8;pk(t) is a 

zero-one indicator variable, for which 8;;" (t) = 1 if flow departing origin r during 

interval k over route p toward destination s enters link a during interval t; 
otherwise, 8;;"(t) = O. Note that equation (12.3) is essentially the dynamic 

counterpart of the logit-based stochastic route travel time function of Fisk (1980). 

12.1.2 Asymmetric Link Interactions 

The stochastic/dynamic route travel time function cp(k) contains the dynamic link 

travel time function ca(t) as its component. As shown before, for any physical 

link a, inflows can be affected by those previously entered inflows; but, the reverse 
is not true. This property makes the representative believed link travel time 
functions asymmetric. The theorem directly follows from Green's theorem. 
Consequently, any SDUO route choice problem with the stochastic/dynamic link 

travel time function cp(k) as shown in equation (12.2) or equation (12.3) does 

not have an equivalent optimization problem. The variational inequality approach 
emerges. 

12.1.3 Time-Space Network 

For the SDUO route choice problem, the corresponding time-space network to be 
constructed is essentially the same as that for the DUO route choice problem. We 
redraw the time-space network in Figure 12.1 for ready reference. 

12.2 Equilibrium Conditions and Model Formulation 

In this section, the stochastic/dynamic user-optimal conditions are first defined to 
characterize the travelers' driving behavior for using routes with the minimal 
perceived travel time. The perceived route travel times can be computed by adding 
up the perceived link travel times in consideration of the flow propagation 
requirements along that route_ The variational inequality formulation is then 
presented for the SDUO route choice problem_ Afterwards, the equivalence 
between the stochastic/dynamic user-optimal conditions and the variational 
inequality formulation is verified by a proof. 
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(a) Static Network 

G)~--a--~{)r----b--_.G) 

(b) Time-Space Network 

Figure 12.1: Time-Space Network 

12.2.1 StochasticlDynamic User-Optimal Conditions 

The stochastic/dynamic user-optimal conditions state for each O-D pair that the 
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perceived route travel times for travelers departing during the same interval are 
equal to the minimal perceived route travel time; or no traveler would be better off 
with respect to the perceived route travel times by unilaterally changing his/her 
route. In other words, the perceived route travel times of any unused route for 
each O-D pair is greater than or equal to the minimal perceived route travel time 
Therefore, for each O-D pair rs, if the flow over route p departing during interval 

k is positive, i. e., h; (k) > 0, then the corresponding perceived route travel time is 

minimaL However, if no flow occurs on route p, ie, h;S(k) = 0, then the 

corresponding perceived route travel time is at least as great as the minimal 
perceived route travel time. This equilibrium conditions can be mathematically 
expressed as follows: 

C~rs*(k){= if" (k) if h;* (k) > 0 
( ) *( ) Vr,s,p,k 

p ~ if" k if h;s k = 0 
(12.4) 

12.2.2 Variational Inequality Problem 

The following theorem is stated for the proposed SDUO route choice modeL 

Theorem 12.2: The SDUO route choice problem is equivalent to finding a vector 
b* E n such that the following VIP holds: 

C * [b - b *] ~ 0 Vb E 0 * (12.5 ) 

Or, alternatively, in expanded form: 

LLLc;(k)[h;(k) - h;*(k)] ~ 0 Vb EO * (126) 
rs p k 

where 0* is a subset of 0 with c5;~(t) being realized at equilibrium, i.e., 

(c5~(t)=c5:;(t)), Vr,s,a,p,k,t. The symbol 0 is delineated by the following 

constraints, including flow conservation, flow propagation, nonnegativity, and 
definitional constraints. 

Flow conservation constraint: 

'Lh;(k) = Zr(k) Vr,s,k (12.7 ) 
p 

Flow propagation constraints: 

u:pk(t) = h;(k)8~(t) Vr,s,a,p,k,t (12.8 ) 

'Lc5a';t(t) = 1 Vr,s,p,a Ep,k (12.9 ) 
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c5~(t) = {O,I} "ir,s,a,p,k,t 

Nonnegativity constraint: 

h;(k) ~ 0 "ir,s,p,k 

Definitional constraints: 

Ua(t) = LLLh;(k)c5:pk(t) "ia,t 
rs p k 

a t 

(12.10) 

(12.11 ) 

(12.12) 

(12.13 ) 

(12.14 ) 

Except for equation (12.14), the above constraints are the same as those for the 
DUO route choice model. Equation (12.14) defines the perceived route travel time 
in terms of actual route travel time and route flows. 

12.2.3 Equivalence Analysis 

The following theorem verifies the equivalence between the equilibrium conditions 
(12.4) and the proposed VIP (12.6). 

Theorem 12.3: Under a certain flow propagation relationship (c5ar;.. (I) = 15; (I)), 

the SDUO route choice conditions (12.4) implies variational inequality (12.6) and 
vice versa. 

Proof of necessity: We need to prove that under a certain flow propagation 

relationship (15;;"(/) = 8a;;(t)), the SDUO route choice conditions (12.4) implies 

VIP (12.6). We first rearrange equilibrium conditions (12.4) as follows: 

(12.15) 

By summing over r,s,p,k, and then making a substitution of 

Lh;(k) = Lh;*(k) = i1"(k) , one obtains: 
p p 

L LLc;·(k)[h;S(k) - h;·(k)] ~ 0 (12.16 ) 
rs k p 

Equation (12.16) is identical to equation (12.4). 

Proof of SUfficiency: We next prove that VIP (12.6) implies the 
stochastic/dynamic user-optimal conditions (I 2.4). If we suppose the equilibrium 
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flow pattern is characterized by {h;s. (k)}, then for each O-D pair rs with traffic 

demand greater than zero, we consider two situations that could arise at 
equilibrium: 

(i) we can find any pair of two used routes p~, p~ , with positive route flows 

h;:·(k), h~·(k), respectively. To show that two used routes have exactly the same 

perceived route travel time, we arbitrarily switch a small amount of flow ,1.1 from route 

p~ to p~ . The new feasible flow pattern {h;(k)} would be the same as the one at 

equilibrium except: 

(12.17) 

and 

hrs (k) = hrs+(k) +,1. p, p, 1 (12.18 ) 

where 0<,1.1 ::S;h;·(k). By applying the new feasible solution {h;'(k)} into VIP 

(12.6), we can yield: 

(12.19) 

By using equation (12.17) and equation (12.18), one obtains: 

c;:'(k) ~ c;'(k) (12.20 ) 

Similarly, by switching a small amount of flow ,1.2 with 0 <,1.2 ::s; h~· (k) from 

route p~ to p~ , we have: 

(12.21 ) 

Since equation (12.20) and equation (12.21) must hold simultaneously, it implies: 

(12.22 ) 

We can repeat this procedure to verify that, for each O-D pair, all used routes with 
positive flow will have the same perceived route travel time. 

(ii) One route flow is positive and the other route flow is nil. We arbitrarily assume, 
without loss ofgenera1ity, h;·(k) > 0, and h~·(k)= O. We switch a small amount of 

flow ,1.1 from route p~ to p~ with 0 <,1.1 ::s; h;· ( k ). By the same argument shown in 

(i), we have c~' ( k) ~ c;' ( k ). We repeat this procedure to verify that, for each O-D pair, 

all unused routes with zero flow will have the perceived route travel time no lower than the 
minimal perceived route travel time. 

Since both (i) and (ii) must hold, it follows that VIP (12.6) implies equilibrium 
conditions (12.4). This completes the proof 
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12.3 Nested Diagonalization Method 

12.3.1 Solution Algorithm 

A nested diagonalization method is proposed to solve the SDUO route choice 
model. The nested diagonalization method is defined as an algorithm that consists 
of the method in its solution procedure. This diagonalization method in turn 
embeds the method of successive averages (MSA). The nested diagonalization 
method is extremely useful for problems with two types of link flow interactions. 
Because one type of link flow interactions can be relaxed to yield a subproblem 
that can be solved by the diagonalization method, within the diagonalization 
solution procedure, the second type of link flow interactions can be further relaxed 
to result in a second level diagonalized subproblem that can be solved by the 
method of successive averages. 

For the SDUO route choice mode~ the source oflink flow interactions is twofold. 
One is from the actua1link travel time ra (t), which is not known in advance, and hence, 
needs to be estimated, and the other interaction is from the interference among inflows 
under the estimated actua1link travel times. Once these two types of link flow interaction 
are temporarily fixed, a diagonalized subproblem results. This diagonalized subproblem can 
be reformulated as a convex optimization problem and solved by the MSA method. The 
MSA method in tum consists of a linearized subproblem to be solved by a heuristic method, 
called SADA (§toc~c ~c method). The nested diagonalization method is formally 
stated as follows. 

The Nested Diagonalization Algorithm 

Step 0: Initialization. 

Step 0.1: Letm=O. Set r~(t) = NINz1ca.,{t)], \ia,t . 

Step 0.2: Let n=l. Find an initial feasible solution {u!(t)}. Compute the 

associated link travel times {c!(t)}. 
Step 1: First Loop Operation. 

Let m=m+ I. Update the estimated actua1link travel times by 

r;(t) = NIN1f(l- r )r;-1 (t) + ,t:;(t)] \ia,t (12.23 ) 

where 0 < r S; l. 

Construct the corresponding feasible time-space network based on the estimated 
actua1link travel times. 

Step 2: Second Loop Operation. 

Step 2.1: Let n=l. Compute and reset the initial feasible solution {u;(t)}, 
based on the time-space network, constructed by the estimated 
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actual link travel times {.:(t)}. 
Step 2.2: Fix the inflows for all time-space links other than that on the 

subject time-space link at the current level, yielding the following 
optimization problem. 

min z( u, h) = L L r+I(,) ca (u; (1), u;(2),. ',u;(t -1),lU}flU 
a t 

Flow conservation constraint: 

Lh;(k) = q'""'(k) 'lir,s,k 
p 

Nonnegativity constraint: 

h;(k) ~ ° 'lir,s,p,k 

Definitional constraints: 

u~(t) = h;(k)5a';(t) 'lir,s,a,p,k,t 

~';(t) = to,!} 'lir,s,a,p,k,t 

ua(t) = LLLh;(k)5a';t(t) 'lia,t 
'""' p k 

a t 

Step 3: Third Loop Operation. 

(12.24 ) 

(12.25 ) 

(12.26 ) 

(12.27) 

(12.28 ) 

(12.29 ) 

(12.30 ) 

(12.31 ) 

Solve for the solution {U;+I (t)} in the optimization problem 

(12.24)-(12.31) using the method of successive averages (MSA). 

Compute the resulting link travel times {C;+I(t)}. 

Step 4: Convergence Check for the Second Loop Operation. 

Ifu;+I(t)::::1 u;(t), 'lia,l , go to Step 5; otherwise, setrFn+l, and go to Step 2.2. 

Step 5: Convergence Check for the First Loop Operation. 

If .:(t)::::1C;+I(t),'lia,t, stop; the current solution is optimal. Otherwise, set 

rFn+ 1, and go to Step 1. 
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12.3.2 Method of Successive Averages 

The diagonalized subproblem of the SDUO route choice model is essentially 
equivalent to a logit model. The optimality conditions are derived as follows. 

12.3.2.1 Optimality conditions 

The optimality conditions of the diagonalized subproblem to be solved by the 
MSA method are also equivalent to a logit model. This result can be derived from 
the first order conditions for the diagonalized subproblem. We can construct the 
Lagrange function from equation (12.24) by relaxing the flow conservation 
constraints as follows. 

rIft) 
L = LLfo· ca (u;(I),u;(2),. .. ,u;(t -1),ro}iw 

a t 

+! L LL[h;(k)ln(h;(k») - h;(k)] 
() r.; p k 

(12.32 ) 

+ ~~i?n(k{ Zr(k) - ~h;(k) 1 
The first order conditions with respect to route flow is as follows: 

~ = crs(k) +! lnhrs(k) - i?rs(k) ~ 0 
ih;(k) p () p 

(12.33 ) 

hrs(k)~=O 
p ih;(k) 

(12.34 ) 

When h; (k) > 0, the second term in the complementary slackness condition 

(12.34) must be zero, i.e., ih~k) = o. 

[C;(k)+~lnh;(k)J- i?rs(k) = 0 Vr,s,p,k (12.35 ) 

By manipulation: 

h; (k) = e -O(C;(k)_in(k)) (12.36 ) 

Summing over p, one obtains: 

Lh;(k) = (jrs(k) Vr,s,k (12.37) 
p 

Dividing (12.36) by (12.37) yields: 
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h;S{k) e -o(<1(k)-ir"(k)) 
= --...,------:-

ilrs{k) Le -O(c;.(k)-ir"(k)) 

p' 

e -Ik;{k) 

Le-~(k) 

p' 
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(12.38 ) 

Since the first order condition for the diagonalized subproblem is equivalent to a 
logit model, the main problem, at equilibrium, must have the same solution as that 
of a diagonalized subproblem; implying the solution for the entire problem must be 
equivalent to a logit model. Note also that if h; (k) =0 in equation (12.36), then 

c; (k) must be equal to <Xl; implying that no one would choose route p during 

interval k (Boyce, 1984) . 

12.3.2.2 Solution algorithm 

Note that objective function (12.24) cannot be converted into a function with link 
flow variables. Thus, the associated diagonalized problem cannot be solved by the 
well known Frank-Wolfe method, because route enumeration is required in this 
model to determine the move size. To cope with the computational complexity 
implied by the requirement of route enumeration, the method of successive 
averages (MSA) is commonly applied (Sheffi, 1985). The MSA method, in the 
dynamic sense, can be stated as follows: 

MSA Algorithm 

Step 1: Update link travel time based on the previous feasible solution {u;(t)}: 

(12.39 ) 

Step 2: Perform the SADA method (to be described below) to solve for the 

following linearized mathematical problem, yielding the inflows {p;(t)}. 

Subject to: 

Flow conservation constraint: 

Lw;{k) = qn(k) Vr,s,k 
p 

Nonnegativity constraint: 

w;{k):2: 0 Vr,s,p,k 

Definitional constraints: 

P;:pt(t) = w;(k)~;'(t) Vr,s,a,p,k,t 

(12.40) 

(12.41 ) 

(12.42 ) 

(12.43 ) 
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8a;.(t) = {O,l} Vr,s,a,p,k,t 

Pa(t) = LLLw;(k)8a~(t) Va,t 
rs p k 

a I 

c;(k) = c;(k) + ~ln(w;(k)) Vr,s,p,k 

Step 3: Update the flow pattern: 

U;+I(t) = u;(t) + An(p;(t) - u;(t)) Va,t 

An = _'1_ 
i2+n 

where II is a positive constant and 12 a nonnegative number. 

(12.44) 

(12.45 ) 

(12.46 ) 

(12.47) 

(12.48 ) 

(12.49) 

Step 4: If convergence criterion is met, stop. Otherwise, set n=n+ 1, and go to 
step 1. 

12.3.3 §,toch!stic !!yn!mic Method (SADA) 

The optimization problem (12.40)~(12.47) involves route variables and can be 
theoretically solved by route enumeration. This approach is prohibitive for large 
networks, so we employ a link-based heuristic procedure called SADA to cope 
with this problem. The SADA algorithm is performed in Step 2 of the MSA 
method. Given the updated link travel time 

Ca(/) = ca(u;(1),u;(2),. .. ,U;(/)), Va,l, and suppose link a in Step 1 of the MSA 

method is alternatively represented by a tail node ;(/) and a head node j, i.e., 
a = (i(/),}), then the steps of the SADA algorithm for one origin-destination pair 

rs and departure interval k are outlined below. These steps should be repeated for 
each origin-destination pair in the time-space network. 

SADA Algorithm: 

Step 0 : Preliminaries 

(a) Compute the minimum perceived travel time It":(I)(k) from node r to 

all other nodes i. 

(b) Define m E pj (I) as the set of upstream nodes of all links arriving at 

node i during interval t. 

( c) Define n E a, (t) as the set of downstream nodes of all links leaving 
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node i during interval t. 

(d) For each link ij, compute the link likelihood, L~s.k (t) : 

{

_ ~";(k)-"::(r)(k)-cli(t)l 
L;At) - e 

=0 

where t = k + <'(t)(k) 

~c.(t)-#(j) 

if "~(t/k) < ";(k) and 

,,~(t» ,,;;(t+c,,(t)) 
otherwise 

c, (I) 

Figure 12.2: Gtaphicallllustration for Equation (12.50) 

Step 1 : Forward Pass 

241 

(12.50 ) 

Consider nodes in ascending order of ":(t)(k), starting from the origin r. 

For each node i, calculate the link weight, W;'k (t), for each j (i.e., for 

each link emanating from i) as follows: 

~ =L;At) ifi=r 
W;7,k(t = L;At) L w:.:At') otherwise 

MEP,(t) 

(12.51 ) 

where t = t' + r;:' (t') 

.( m, /E @ G i(t) -0 
/ '-

d " "0 
Figure 12.3: Gtaphicallllustration for Equation (12.51) 

When the destination node s is reached, this step is completed. 

Step 2 : Backward Pass 

Consider nodes In ascending values of "7. (t), starting from the 

destination s. When each node, j, is considered, compute the link flow 



242 Chapter J 2 Stochastic/Dynamic User-Optimal Route Choice Model 

Ui7,k (t) for each i (i.e., for each link entering i), by following the 

assignment: 

where til = 1 + ',7(/) 

for} = s 

W;'k(t) 
Lw:A/) for all other links 

B / . ......... <~ 

Figure 12A Graphicalll1ustration for Equation (12.52) 

This step is applied iteratively until the origin r is reached. 

(12.52 ) 

Step 3: Compute the inflow rate entering link a during interval 1 by the following 
formula: 

Ua(t) = LLu:k(t) (12.53 ) 
,.. k 

The output obtained from equation (12.53) is then renamed as p;(t) and inserted 
into Step 2 of the MSA method. 

The flow generated by this algorithm is equivalent to a logit-based route 
assignment between every origin and every destination, given that only reasonable routes 
are considered. As an illustration, note that each link likelihood L~.k (t) , is proportional to 

the (logit model) probability that link ij is used by a traveler chosen at random from among 
the population of trip makers between r and s, given that the traveler is at node i. The 
probability that a given route is used is proportional to the product of all of the likelihoods 
of the links comprising this route. The probability of using route k between r and s 

departing the origin during interval k, Pp'" (k) = (r,I,2, .. ·,i - l,i,'" ,n, s), is then. 

(12.54 ) 

where G"" (k) is a proportionality constant, and the product is taken over all links 

in the time-space network. The incidence variable, 8i7p(t), ensures that P;S(k) 
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includes only those links in the pth route between rand s departing the origin 
during interval k. If we further assume that c; (k) is the travel time over route p 

between O-D rs departing the origin during interval k, then r;:p (k) is the actual 

route travel time rounded off as an integer between origin r and node i departing 
the origin during interval k. For any interval t = k + r;:.p (k), substituting the 

expression for the likelihood equation (12.50) into equation (1254), the choice 
probability of choosing a particular (reasonable) route becomes: 

where 

Pp"{k) = G"{k)O {L;At)rlj,p 
IJ 

= Grs{k)O /[";(k)-"~(k)-Clj(t)Jolj,p 
ij 

8:2::[";( k )-,,~( k )-clj( t) Jolj,p 
= G"{k)e u 

= Grs(k)e~""(k)-Cij(t)1 

L.[ 1f;(k) - 1f;:(t)(k) - cij (t)¥;'p 
q 

= 1f~(k) -1f;:(k) -crl(k) 

+ 1f~(k)-1f~(k) -c12 (k + r~.p(k)) 
+: 
+ 1f;(k) - 1f~(k) - cns(k + T~.p(k)) 

= 1frs ( k) - c A k ) 

(12.55 ) 

(12.56 ) 

In order for equation (12.55) to be a proper probability statement, the 
proportionality constant has to be set such that: 

(12.57 ) 

This means that: 

G(k) _ 1 -~:e -~C;(k)+1r"(k)1 
(12.58 ) 

p 

whence 

(12.59 ) 

Equation (12.59) depicts a logit model of route choice among the reasonable 
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routes connecting 0-0 pair rs. 

12.4 Numerical Example 

12.4.1 Input Data 

A simple network shown in Figure 12.5 is used for testing. The test network 
consists of 7 links and 6 nodes, in which node 1 is the origin, node 6 is the 
destination and all other nodes are intermediates. 

b=l 

b=2 

5 
b=l 

Figure 12.5: Test Network 1 

The adopted dynamic travel time function is arbitrarily constructed as follows: 

(12.60) 

The assumed origin-destination (O-D) demand is shown in Table 12.1: 

Table 12.1: Time-Dependent O-D Demand (k= 1) 

O-D Departure 
Pair Rate 
1-6 30 

12.4.2 Test Results 

A computer program coded with Borland C+ is used for solving the SDUO route 

choice model, when given the input data. The obtained results are summarized as 
shown in Table 12.2. 
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Table 12.2: Results for Test Network 1 «() = 1 ) 

Entering Exit Number Link Exiting 
Link Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 

1~2 1 12.5 0 0 2.56 3 
2-3 0 0 12.5 2.56 -

4 0 12.5 12.5 2.56 -
1~3 1 17.5 0 0 4.06 5 

2-4 0 0 17.5 4.06 -
5 0 17.5 17.5 4.06 -

2~ 4 12.5 0 0 2.56 7 
5-6 0 0 12.5 2.56 -

7 0 12.5 12.5 2.56 -
3~4 5 3.9 0 0 2.15 7 

6 0 0 3.9 2.15 -
7 0 3.9 3.9 2.15 -

3~5 5 13.6 0 0 2.84 8 
6-7 0 0 13.6 2.84 -

8 0 13.6 13.6 2.84 -
4~6 7 16.4 0 0 4.70 12 

8-11 0 0 16.4 4.70 -
12 0 16.4 16.4 4.70 -

5~6 8 13.6 0 0 2.84 11 
9-10 0 0 13.6 2.84 -

11 0 13.6 13.6 2.84 -

The rationale of the proposed model and associated solution algorithm can be 
verified by checking if the resulting perceived route travel times satis1)r the SDUO 
conditions. If we consider route 1~2~ to be departing origin 1 during interval 1, 
then the corresponding perceived route travel time can be obtained by summing up the 
actual link travel time on link 1 ~2 during interval 1, and the actual link travel time on link 
2~ during interval 1 + Cl~2 (1), and the actual link travel time on link ~ during 

interval (1 + Cl~2 (1) + C244 (1 + Cl~2 (1))) , and the error term In( h,~2->4->6) as follows: 
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C1--+2--+4 -->6 (1) 
= C1 >2 (1) + c2-->4 (1 + C1-->2 (1)) + C4-->6( 1 + C1-->2 (1) + C2-->4 (1 + C1-->2 (1))) + In(h1-->1-->4-->6 ) 

= 2.56 + C1-->4 (3.56) + c 4-->6 (3.56 + c1-->4 (3.56)) + In( 12.50) 

;;:: 2.56 + C1-->4 (4) + C4-->6 (4 + C2-->4 (4)) + In(12.50) (By integration) 

= 2.56 + 2.56 + C4-->6( 4 + 2.56) + In(12.50) 

;;:: 5.12 + C4-->6(7) + In(12.50) (By integration) 

= 5.12 + 4.70 + 2.53 = 9.82 + 2.53 = 12.35 

(12.61 ) 

The remalmng used perceived route travel times are also computed and 
summarized in Table 12.3. Note that trips departing from the same origin during 
the same interval have approximately the same perceived route travel time. For the 
sake of comparison, an exact logit-based local solution, based on the same actual 

travel times 'l' a (t), Va, t obtained from the computed solution, is also included; it 

shows the difference between the computed and exact solutions is negligible. The 
nil difference is basically due to round-off errors accruing from arithmetic 
operations. 

Table 12.3: Stochastic Route Travel Times for Test Network 1 (B = 1 ) 

Computed Exact Local 
Solution Solution 

. 
Route Perceived Perceived 

Flow Travel Flow Travel 
Time Time 

1~2~~6 12.50 12.35 12.46 12.34 

1~3~~6 3.90 12.27 4.01 12.34 

1~3~5~6 13.60 12.35 13.53 12.34 

Total 30.00 30.00 

• Based on the same actual travel times { 'l' a (t ) } 
obtained from the computed solution. 

12.5 Deterministic Counterpart Approximation 

A special case of the SDUO route choice model can be reduced to the 
deterministic DUO route choice model. This result can be obtained by choosing 
appropriate values for the dispersion parameter (). The larger the value of (), the 
more certain the traffic information will be, whereas, the smaller the value of B, 
the more uncertain the traffic information will be. To show how to derive the 
deterministic DUO solution from our SDUO model, we set the parameter 
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() = 10000 (very large), and summarize the results in Table 12.4: 

Table 12.4: Detenninistic Cotmterpart Approximation for Test Network I 

Computed Solution Exact Local 
«() = 10000) Solution 

. 
Route Route Perceived Route Perceived 

Flow Travel Flow Travel 
Time Time 

1~2~4~6 13.50 10.02 13.62 10.04 

1~3~~6 1.80 10.11 1.63 10.04 

1~3~5~6 14.60 10.02 14.75 10.04 

Total 29.90 -- 30.00 --
• Based on the same actual travel times {r Q (t ) } obtained 

from the computed solution. 
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From Table 12.4, it can be seen that the obtained perceived route travel times are 
almost identical to the exact logit-based solutions. The slight difference is due to 
the round-off error accruing from the arithmetic operations. The static counterpart 
approximation can be obtained by mathematically setting the dispersion parameter 
() = 00 and actual link travel times r Q = o. 

12.6 Braess's Paradox 

Braess's paradox in general illustrates that additions (deletions) of links to a 
network can make the congestion and delays worse (better off). In the 
detenninistic scenario, this counter-intuitive result can happen only when the 
travel time is a function of link flows. In other words, the increase (or decrease) in 
travel time is rooted in the essence of the user equilibrium, where each motorist 
minimizes his or her own travel time. However, in the stochastic scenario, there is 
an additional counter-intuitive phenomenon which may arise even when link travel 
times are invariant. This phenomenon is not rooted in the dependence of the links' 
travel time on the flow, but in the stochastic nature of the network assignment 
model, that is, in the randomness of the perceived route travel times. If the 
variance of the actual travel time is zero, then the stochastic network assignment 
model is reduced to be its deterministic counterpart, and the Braess-like paradox 
discussed here does not occur. In the following section, we show by numerical 
examples the two different cases ofBraess's paradox. 
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12.6.1 First Case of Braess's Paradox Caused by Variable Link Travel 
Times 

The first case of Braess's paradox is basically due to the user equilibrium realized 
by the perceived route travel times. To show this, the following network is used 
for testing. Figure 12.6(a) denotes the network before improvement, and 12.6(b) 
after improvement (with an additional link 4-»5 ). 

The adopted dynamic travel time function is arbitrarily constructed as follows: 

b=l 

b=4 

b=4 

(a) Network Before 
Improvement 

Figure 12.6: Test Network 2 

b=l 

b=4 

b=l 
b=4 

(b) Network After 
Improvement 

The assumed origin-destination (0-0) demand is given in Table 12.5: 

Table 12.5: Time-dependent 0-0 Demand (k=1) 

0-0 Departure 
Pair Rate 
1-6 20 

(12.62 ) 

The corresponding route travel times are computed and summarized in Table 12.6. 
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Table 12.6: Route Travel Times for Test Network 2 (First Case ofBraess's Paradox) 

Solution for Solution for 
Figure 12.6(a)* Figtlre 12.6(b)* 

Route Perceived Perceived 
Flow Travel Flow Travel 

Time Time 

1--*2--*4--*6 7.7 9.88 4.9 9.59 
(7.84) (8.00) •• 

1--*2--*4--*5--*6 NA NA 4.4 9.59 
(8.11) 

1--*3--*4--*6 0.3 9.95 0.4 9.52 
(11.15) (10.44) 

1--*3--*4--*5~6 NA NA 0.4 9.63 
(10.55) 

1--*3--*5--*6 12.0 9.87 9.9 9.58 
(7.39) (7.29) 

Total Actual 152.39 155.45 
Travel Time 

• Based on the same actual travel times {r a (t)} obtained 

from the computed solution. 
""Numbers" in brackets denote the actual route travel 

time. 

By comparing the total actual travel times for Figures 12.6(a) and 12.6(b), it is 
observed that an addition of a link results in higher total travel time; implying a 
Braess's paradox. 

12.6.2 Second Case of Braess's Paradox Caused by Constant Link Travel 
Times 

The second case of Braess's paradox is basically due to randomness of perceived 
route travel times. To show this, the following network is used for testing. Figure 
12.7(a) denotes the network before improvement, and 12.7(b) after improvement 
(with travel time one unit 'Iess on link 3--*5 ). 

The adopted dynamic travel time fimction is arbitrarily constructed as follows: 

ca(t)=b Va,t (12.63) 
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b=4 

b=4 

b=5 

(a) Network Before 
Improvement 

b=4 

b=4 

b=5 

(b) Network After 
Improvement 

Figure 12.7: Test Network 3 

The origin-destination (O-D) demand is assumed in Table 12.7. 

Table 12.7: Time-dependent O-D Demand (k=I) 

O-D Departure 
Pair Rate 

1-6 30 

The corresponding route travel times are computed and summarized in Table 12.8. 

Table 12.8: Route Travel Times for Test Network 3 (Second Case ofBraess's Paradox) 

Solution for Solution for 
Figure 12.7(a)* Figure 12.7(b)* 

Route Perceived Perceived 
Flow Travel Time Flow Travel Time 

1~2~4~6 14.4 14.64(12.0)** 12.7 14.54 (12.0)* 

1~3~~6 14.0 14.64 (12.0) 12.7 14.54 (12.0) 

1~3~5~6 1.9 14.64 (12.0) 4.7 14.55 (130) 

Total Actual 3626 365.9 
Travel Time 

• Based on the same actual travel times {Ta (t)} obtained from the 

computed solution. 
··"Numbers" in brackets denote the actual route travel time 
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By comparing the total actual travel times for Figures 12.7(a) and 12.7(b), it 
observed that an improvement of a link results in higher total travel time, implying 
Braess's paradox. 

12.7 Notes 

The stochastic/dynamic route travel time may be defined as the derivative of the 
"objective function" of the logit-type stochastic/dynamic user-optimal model (a 
dynamic counterpart of Fisk (1980» with respect to a route flow. The "objective 
function" contains two components: the deterministic use-optimal "objective 
function" and an entropy term, as follows: 

(12.64 ) 

Suppose the link travel time function involves both temporal and topological 
interactions, then the stochastic/dynamic route travel time can be derived as 
follows: 

~ u()) = :( )[L L r(t) ca(w'yiw + ~(L L Lh;(k)lnh;(k) - h;S(k)l] 
azp k azp k 0 t () rs p k ) 

= [8~ ~ r(t) Co (w'yiw X ~b (I')J 
~~ ~b(t') az;(k) 

+ a.;( k) [ M p: P; (k 1 1nh; (k)-h; (k lJ 1 
= "" c (I'\;:rs (I') + ~ hrs (k) p + In hrs (k) p - ------,----:P ---:-[ 8Inhrs(k) azrs(k) azrs(k)] 
77' b !-'b]ic () p az;(k) p az;(k) az;(k) 

=C;S(k)+~[I+lnh;(k)-I] 

\;;/r,s,p,k 

(12.65 ) 

Note that equation (10.1) had been used for the derivation of the above equation. 

In Section 12.3.3, we used the double-pass method within the SADA algorithm to 

define a reasonable route, including only 1inks ij such that Jr~(t)(k) < Jr;(k) and 

Jrz7 (t) > Jr; (t + C zj (t ) ). In fact, a single-pass method can also be accommodated within 

the SADA algorithm to define a reasonable route (Sheffi, 1985). We studied the former 
approach because it makes more sense in terms of the drivers' behavior, however, the latter 
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approach is more efficient in terms of computational time, as fewer shortest route searching 
operations are needed. 

In Section 12.6.1, we discussed the first case ofBraess's paradox due to the user 
equilibrium. The cause of the second case ofBraess's paradox shown in Section 12.6.2 may 
also be embedded in this numerical example as these two different factors cannot be 
separated easily. 

Most stochastic route choice models are static in nature (Daganzo and Sheffi, 
1977; de Palma et al, 1983; Damberg et al, 1996, Maher and Hughes, 1997). The only 
predictive (or ideal) stochastiddynamic user-optimal route choice model in the literature is 
presented by Ran and Boyce (1994), which is of interest for comparison with our model. 
The major difference between these two models is summarized in the following table. 

Table 12.9: Comparison between Two StochasticlDynamic Route Choice Models 

Item Ran and Boyce Chen and Tu 
Model Optimal control theory Variarional inequality approach 

Formulation approach with optimization 
form 
Inflow, exit flow and number Linkintlow 
of vehicles on a link; 

Active Variables cumulative number of vehicles 
arriving at destination s from 
origin r at the beginning of 
interval k. 
1. Relationship between state L Flow conservation. 

and control variables. 2 Flow propagation. 
2. Flow conservation. 3. Nonegativity. 

Constraint 3. Logit route flow 4. Definitional. 
Categories 4. Constraints for mean actual 

route travel time 
5. Flow propagation. 
6. Definitional. 
7. Nonegativity. 
8. BOlmdary conditions. 
5:;;' : realized as 1 if link a on 5;~(t): realized as 1 ifintlow 

Indicator Variable 
route p between O-D pair rs rate on link a during time 

interval t departs from origin r 
over route p toward destination 
s during time interval k. 

DYNASTOCH2 (a dynamic SADA (a dynamic variation of 
variation ofSTOCH) STOCH) 
1. Backward pass proceeds 1. Forward pass proceeds 

forward pass backward pass. 
2. Calculation of link 2 Calculation of link 

likelihood needs to know likelihood needs to know 
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Solution 
Algorithm 
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the actual link travel time the actual link travel time 

for link a, i.e., 'a(/). for link a, i.e., Ca(/). 
3. Calculation of link weight 3. Calculation of link weight 

needs to know the actual needs to know the entering 
link travel time for link a, time interval and actual link 
i.e., 'a(/). travel time for link a, i.e., 

4. The relationship between t' = t - 'a (I') and 'a (t) . 
their proposed model and 4. The relationship between 
the corresponding algorithm their proposed model and 
is unclear, especially m the corresponding algorithm 
terms of the number of is clearly identified. 
decision variables. 

Convergence ,~m)(k) ~ ,~-I}(k) 
Criterion 

With the above comparison, it is clear that our stochastic/dynamic user-optirna1 model is 
fundamenta1ly differenl from that of Ran and Boyce (1994). 
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FuzzylDynamic User-Optimal Route 
Choice Model 

Fuzzy set theory was first developed in order to solve imprecise or vague 
problems in the field of artificial intelligence, especially for imprecise reasoning 
and modeling linguistic terms. Stemming from research by Tanaka et al (1974), a 
number of fuzzy linear programming models have been developed. Lai and Hwang 
(1992) have classified linear programming models with imprecise information into 
two main classes: fuzzy linear programming, and possibilistic programming. As an 
extension, nonlinear programming models with imprecise information should be 
transferred into an equivalent crisp nonlinear programming problem, and then 
solved by conventional solution techniques or packages of nonlinear 
programming. 

The poSSlbilistic nonlinear programming (PNLP) and fuzzy nonlinear programming 
(FNLP) problems are different in that the former is based on the degree of the occurrence 
of an event to obtain possibility distributions, whereas the latter is based on the preferred 
concept to establish membership fimctions. In other words, the PNLP is similar to 
probability methods and the FNLP is analogous to utility approaches. 

Since Zadeh (1978), there has been much research on the possibility theory, and 
possibilistic decision making models have provided an important aspect for handling 
practical decision making problems. Unlike stochastic linear programming problems, PNLP 
models provide computational efficiency and flexible doctrines. The possibility measure of 
an event might be interpreted as the degree of possibility of its occurrence under a 
possibility distribution that is an analogous to a probability distribution. 

The fuzzy/dynamic user-optimal route choice model assumes that the link travel 
times are imprecise. Various possibility distributions that have been exploited in different 
fields may be accommodated to represent the real situations, among which the most 
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popular possibility distributions are triangular Ca (t) = (CaL (t), CaM (t),CaU (t)) and 

trapezoidal (L-R type), ca(t)=(caL(/),caM'(/),caM2(t),CaU(/)). Under a specific 

assumption on the possibility distributions of the link travel times, it is reasonable to assume 
that all drivers make their route choice decisions based on their representative believed 
route travel times. The resulting traffic flows are expected to be more dispersed over 
parallel routes for the fuzzy/dynamic route choice model than for its deterministic 
counterpart. 

In this chapter, the fuzzy/dynamic link travel time function is analyzed in Section 
13.1. The equilibrium conditions and model formulation for the fuzzy/dynamic user-optimal 
(FDUO) route choice problem are presented in Section 13.2. The nested diagona1ization 
method is described in Section 13.3. Numerical examples corresponding to three poSSIbility 
distributions are demonstrated in Section 13.4. A deterministic counterpart approximation 
is discussed in Section 13.5. Finally, concluding notes are given in Section 13.6. 

13.1 Fuzzy/Dynamic Link Travel Time Function 
Analysis 

13.1.1 FuzzylDynamic Link Travel Time Function 

We assume that the fuzziness of subjective link travel times ca (I) can be described 

by the possibility theory with distribution denoted by IIc.(t). A realistic assumption 

on link travel times is that their range variations are bounded; an example would 
be to limit the link travel times to be no lower than their corresponding free flow 
link travel time and no greater than some predetermined upper limit (by human's 
judgment). If the possibility distribution is triangular in shape, then the grade 
function can be described by the following formula, also graphed in Figure 13. 1. 

0, X ~ CaL (I) 

Va,1 (13.1 ) 

0, CaU(/)<X 

For simplicity, we denote this possibility distribution of the fuzzy/dynamic link 

travel time function, ca (I), as (caL (I), CaM (I), CaU (I)). If the minimal acceptable 

possibility is set at a -cut level (~ a ), the corresponding possibility distribution of 
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the fuzzy/dynamic link travel time function ca,a (t) is denoted as: 

.£ -:E .-Cfl 
Cfl 
o 

p... 

(Ca~a (t), caM (t), Ca~a (t)) 

= {[x, I1ca(t) (x)]II1 ca (t) (X) ~ a},a E[O,l] 

and ca~At)=min{x}, I1 ca(t)(x)=a 

ca~a(t)=max{x}, I1 ca(t)(x)=a 

1 

a 

Va,t 

Dynamic Link Travel Time 

Figure 13,1: Triangular Possibility Distribution 
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(13.2 ) 

In general, possibility distribution shape can be classified into the following four 
categories, in which each distribution represents different types of subjective traffic 
information: 

1, Right-skewed possibility distribution: this type of possibility distribution has a 
wider right spread than left spread, This assumption is applicable to road 
scenarios where recurrent traffic congestion prevails. Therefore, drivers expect 
to take a longer time (as compared with actual commuter experience) to 
traverse a route, 

2. Left-skewed possibility distribution: this type of possibility distribution has a 
wider left spread than right spread, This assumption may be appropriate for 
those road segments where traffic congestion hardly appears, Therefore, drivers 
expect to take a shorter time (as compared with actual commuter experience) 
to traverse a route. 

3, Symmetric possibility distribution: this type of possibility distribution assumes 
that its right spread equals its left spread, Road segments with few 
opportunities of congestion occurrence, fall into this category, 

4, Crisp possibility distribution: this type of possibility distribution assumes that 
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believed traffic information is perfect and thus both its right and left spreads 
equal zero. In a well-equipped closed system, such as a freeway where traffic 
information is likely to be precise, the travel time variation distribution can 
sometimes be treated as crisp distribution. 

Right-Skewed Left-Skewed Symmetric 

g g g 
~ ;0 ..... 

..... ~ 
'" '" '" '" '" '" 0 0 0 

0... 0... 0... 

Dynamic Link Dynamic Link Dynamic Link 
Travel Time Travel Time Travel Time 

Figure 13.2: Possibility Distnbution Categories 

13.1.2 Mappings of FuzzylDynamic Link Travel Times 

g 
;§ 
'" '" 0 

0... 

Crisp 

Dynamic Link 
Travel Time 

In general, dynamic link travel time ca(t) can be represented as a function of 

inflow ua(t) , exit flow va(t) and number of vehicles Xa(t) , as follows: 

(13.3 ) 

However, in consideration of flow propagation, both exit flow Va (t) and number 

of vehicles xa(t) can be substituted by the previously entered inflows. Therefore, 

the above function can be rewritten, without loss of generality, as follows (Chen 
and Hsueh, 1996): 

ca(t) = ca(ua(1),ua(2),. .. ,ua(t)) Va,! (13.4) 

This dynamic travel function can be extended to the fuzzy/dynamic travel function 
ca(t) as follows: 

(13.5 ) 

Accordingly, the fuzzy/dynamic travel time function at a -cut level can be denoted 
as: 

(13.6 ) 

Under the assumption of triangular possibility distribution, the fuzzy/dynamic link 

travel time function at a -cut level ca.a (t) = ca.a ( U a (1), ... , U a (t)) embeds three 

important parameters, i.e., lower bound ca~a(t), main value caM(t) and upper 

bound ca~a(t). Accordingly, the most likely value s'.a(t) of 
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Ca,a(t) = ca,a(ua(l), ... ,ua(t)) (Lai and Hwang, 1992) can be written as: 

~ (t) = ca~a (ua (1)"", ua (t)) + 4caM (ua(I), ... , ua (t)) + ca~a (Ua(l), ... , ua (t)) 
a,a 6 

(13.7 ) 

Throughout this chapter, we use the representative believed value instead of the 
most likely value for simplicity; it is denoted as follows: 

s',a (t) = Rep[ca,a (ua (1)"", ua (t))] (13.8 ) 

where 

(13.9 ) 

At a -cut level, the representative link travel time is also a function of inflows on 
link a at different intervals. 

13.1.3 Asymmetric Link Interactions 

The representative believed link travel time function ~.a (t) contains the dynamic 

link travel time function ca(t) as its component. As shown before, for any 

physical link a, inflows can be affected by those previously entered inflows; but, 
the reverse is not true. This property makes the representative believed link travel 
time functions asymmetric. The theorem directly follows from Green's theorem. 
Consequently, any FDUO route choice problem with the fuzzy/dynamic link travel 

time function represented by a representative believed link travel time ~.a (t) as 

shown in equation (13.1) does not have an equivalent optimization problem. The 
variational inequality approach emerges. 

13.1.4 Time-Space Network 

For the FDUO route choice problem, the corresponding time-space network is 
essentially the same as that for the DUO route choice problem. We show the time
space network in Figure 13.3 for ready reference. 
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(a) Static Network 

(b) Time-Space Network 

Figure 13.3: Time-Space Network: 

13.2 Equilibrium Conditions and Model Formulation 

In this section, the fuzzy/dynamic user-optimal conditions are first defined to 
characterize the travelers' driving behavior for using routes with the minimal 
representative believed travel time. The representative believed route travel times 
can be computed by adding up the representative believed link travel times in 
consideration of flow propagation requirements along that route. The variational 
inequality formulation is then presented for the FDUO route choice problem. After 
that, the equivalence between the fuzzy/dynamic user-optimal conditions and the 
variational inequality formulation is verified by a proof. 
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13.2.1 FuzzylDynamic User-Optimal Conditions 

Analogous to the stochastic/dynamic user-optimal route choice problem (Chen et 
ai, 1996), the optimality condition associated with the fuzzy/dynamic user-optimal 
route choice problem can be stated as follows: 

In a fuzzy/dynamic user equilibrium network, no user believes he can 
improve his travel time by unilaterally changing routes. 

The fuzzy/dynamic user-optimal conditions state for each O-D pair during each 
interval that, at a certain a -cut level, the representative believed route travel 
times for travelers departing during the same interval are equal and minimal; or no 
traveler would be better off in terms of representative believed route travel times 
by unilaterally changing his/her route. In other words, at a certain a -cut level, the 
representative believed route travel time of any unused route for each O-D pair is 
greater than or equal to the minimal representative believed route travel time. 
Therefore, at a certain a -cut level, for each O-D pair (rs), if the flow over route p 
departing during interval k is positive, i.e., h;(k) > 0, then the corresponding 

representative believed route travel time is minimal. However, if no flow occurs 
on route p, i.e., h;S(k) = 0, then the corresponding representative believed route 

travel time is at least as great as the minimal representative believed route travel 
time. This equilibrium conditions can be mathematically expressed as follows: 

crs.(kJ=~;(k) ifh;s·(k»O 
p.a 'l:2:ii;(k) ifh;·(k)=O 

13.2.2 Variational Inequality Problem 

Vr,s,p,k (13.10) 

The following theorem is stated for the proposed FDUO route choice model 

Theorem 13.1: The FDUO route choice problem is equivalent to finding a vector 
u* E Q such that the following VIP holds: 

C;[u-u*]:2:0 Vu E Q* 

Or, alternatively, in an expanded form: 

LLC:~a(t)[uQ(t)-U:(t)]20 Vu E Q* 
a t 

(13.11 ) 

(13.12 ) 

where n * is a subset of Q with 8;;/ (t) being realized at equilibrium, i.e., 

(8;tB(t) = 8a;t(t)) , Vr,s,a,p,k,t. The symbol Q is delineated by the following 

flow conservation, flow propagation, nonnegativity, and definitional constraints. 
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Flow conservation constraint: 

Vr,s,k 
p 

Flow propagation constraints: 

u:;"'(t) = h; (k)o;;: (t) Vr,s,a,p,k,t 

LO;;,tB(t) = 1 Vr,s,p,a Ep,k 

o;;:(t) = {0,1} Vr,s,a,p,k,t 

Nonnegativity constraint: 

Vr,s,p,k 

Definitional Constraints: 

Ua(t) = L LLh;(k)o;;,tB(t) Va,t 
rs p k 

Vr,s,p,k 
a t 

(13.13 ) 

(1314 ) 

(13.15) 

(13.16) 

(13.17) 

(1318) 

(13.19) 

Note that the FDUO route choice model is essentially the same as the DUO route 
choice model but with the link travel time replaced by the representative believed 
link travel time, which is also used in flow propagation requirement 

13.2.3 Equivalence Analysis 

The following theorem verifies the equivalence between the equilibrium conditions 
(13.10) and the proposed VIP (13.12). 

Theorem 13.2: Under a certain flow propagation relationship (O;;,tB (I) = O;~B"(/)), 
the FDUO route choice conditions (1310) imply variational inequality (1312) and 
vice versa. 

Proof of necessity: We need to prove that under a certain flow propagation 

relationship (O;;"B (t) = O;~B"(t)), the FDUO route choice conditions (13.10) imply 

VIP (13.12). We first rearrange the equilibrium conditions (13.12) as follows: 

(13.20 ) 

By summing over r,s,p,k, and then making a substitution of 

Lh;(k) = Lh;"(k) = (r(k) , one obtains 
p p 
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L L L ~;;(k)[h;(k) - h;s* (k)] ~ 0 (13.21 ) 
rs k P 

Equation (13.21), accompanied with the relevant constraints, is in fact a route
based FDUO route choice model. By applying equation (13 .19) with 

(8;;;tB (t) = 8;;t(t)) into equation (1321), one obtains: 

~ ~ ~[ ~ ~ ~~a (t)8;t(t) J h;s (k) - h;s'(k)] ~ 0 (13.22 ) 

By changing the order of summation, it follows: 

L L C:~At)L L L 8;;tB'(t)[h;(k) - h;s'(k)] ~ 0 (13.23 ) 
at,.. k P 

By using equation (13 .18), we have: 

L L ~a*,a(tXua(t) - u:(t)] ~ 0 (13.24 ) 
a t 

Equation (13.24) is identical to VIP (13.12) 

Proof of SUfficiency: We next prove that VIP (13.12) implies the fuzzy/dynamic 
user-optimal conditions (13.10). If, we suppose that the equilibrium flow pattern is 

characterized by {h;' (k)}, then for each O-D pair rs, with traffic demand greater 

than zero, we consider two situations that could arise at equilibrium: 

(i) we can find any pair of two used routes p;s, p~ , with positive route flows 

h;:' (k), h;; (k), respectively. To show that two used routes have exactly the same 

representative believed route travel time, we arbitrarily switch a small amount of flow ~ I 

from route p;s to p;s . The new feasible flow pattern {h;s (k)} would be the same as the 

one at equilibrium except: 

hrs(k) = h""(k) - ~ 
PI PI I 

(13.25 ) 

and 

hrs (k) = hrs'(k) + Ll 
P, P, I (13.26) 

where 0 < Ll\ $. h;:' (k). Applying the new feasible solution {h;s (k)} into VIP 

(13.12) will yield: 

~p7,:(k)[h;(k)- h;*(k)] + ~p7:a(kXh;' (k)- h;:*(k)] ~ 0 (13.27) 

By using equation (13.25) and equation (13.26), one obtains: 

~rs* (k) ~ ~rs· (k) 
P2.a PI ,a (13.28 ) 

Similarly, by switching a small amount of flow Ll2 with 0 < ~2 $. h;:' (k) from 
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route p; to p~ , we have: 

~;::(k) ~ ~p7:a(k) (13.29) 

Since equation (13.28) and equation (13.29) must hold simultaneously, it implies: 

~rs· (k) = ~rs· (k) p:.a p,.a (13.30 ) 

We can repeat this procedure to verifY that, at a certain a -cut level, for each O-D 
pair, all used routes with positive flow will have the same representative believed 
route travel time. 

(ii) One route flow is positive and the other route flow is nil. We arbitrarily assume, 
without loss of generality, h;: ( k) > 0, and h;: ( k ) = O. We switch a small amount of 

flow L\ from route p~ to p~ with 0 <.1] :<;; h;: (k). By the same argument shown in 

(i), we have ~p:~a(k) ~ ~p,~a(k). We repeat this procedure to verifY that, at a certain a

cut leve~ for each O-D pair, all unused routes with zero flow will have the representative 
believed route travel time no lower than the minimal representative believed route travel 
time. 

Since both (i) and (ii) must hold, it follows that VIP (13.12) implies equilibrium 
conditions (B. 1 0). This completes the proof 

13.3 Nested Diagonalization Method 

A nested diagonalization method is proposed to solve the FDUO route choice 
model. The nested diagonalization method is defined as an algorithm that consists 
of the diagonalization method in its solution procedure, and is extremely useful for 
problems with two types of link flow interactions. Since one type of link flow 
interaction can be relaxed to yield a subproblem that can be solved by the 
diagonalization method. Then, within the diagonalization solution procedure, the 
second type of link flow interaction can be further relaxed to result in a second 
level diagonalized subproblem, which can be solved by the FW method. 

For the FDUO route choice mode~ the source oflink flow interactions is twofold. 
One is from the believed actual link travel time r: (t), which is not known in advance, and 
hence, needs to be estimated and the other interaction is from the interference among 
inflows under the estimated believed actual link travel times. Once these two types of link 
flow interactions are temporarily fixed, a diagonaIized subproblem is yielded, which can be 
reformulated as a convex optimization problem and solved by the FW method. The nested 
diagonalization method is formally stated as follows. 

The Nested Diagonalization Algorithm 

Step 0: Initialization. 

Step 0.1: Set the minimum acceptance level, a -cut. 
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Step 0.2: Let m=O. Set (,:r (t) = NIN~~Q (t)], Va,t . 

Step 0.3: Let n=l. Find an initial feasible solution {u!(t)}. Compute the 

associated link travel times {"C.1,a (t)} . 

Step 1: First Loop Operation. 

Let m=m+ 1. Update the estimated believed actual link travel times by 

(,:r(t) = NINi(1- r)( ,:r-1 (I) + rs'~a(t)] Va,!. (13.31 ) 

whereO<r~l. 

Construct the corresponding feasible time-space network based on the estimated 
believed actua11ink travel times. 

Step 2: Second Loop Operation. 

Step 2.1: Let n=l. Compute and reset the initial feasible solution {u;(t)}, 
based on the time-space network constructed by the estimated 

believed actual link travel times {( ,:r (t)} . 
Step 2.2: Fix the inflows for all time-space links other than that on the 

subject time-space link at the current level, yielding the following 
optimization problem. 

Flow conservation constraint: 

:Lh;(k) = (jrs(k) Vr,s,k 
p 

Nonnegativity constraint 

Vr,s,p,k 

Definitional constraints: 

u;pk(t) = h; (k)i:;.tB (I) Vr,s,a,p,k,1 

8a';kB(t) = {O,l} Vr,s,a,p,k,t 

ua(t) = L L Lh;S(k)8:;.tB (I) Va,! 
rs p k 

Vr,s,p,k 
a t 

Step 3: Third Loop Operation. 

(13.32 ) 

(13.33 ) 

(13.34) 

(13.35 ) 

(13.36 ) 

(13.37) 

(13.38) 

Solve for the solution, U;+l (I), Va, I, in the optimization problem 

(13.32)-(13.38) using the FW method. Compute the resulting link travel 
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• -:::::;n+! ( ) w times ca•a t, va,t. 

Step 4: Convergence Check for the Second Loop Operation. 

If U;+l (t) ~ u; (t), Va, t , go to Step 5; otherwise, set1F1l+l, and go to Step 2.2. 

Step 5: Convergence Check for the First Loop Operation. 

If (r:r (t) ~ S~;! (t), Va,t , stop; the current solution is optimal. Otherwise, set 

JFn+ 1, and go to Step 1. 

13.4 Numerical Example 

13.4.1 Input Data 

A simple network shown in Figure 13.4 is used for testing. The test network 
consists of 6 links and 5 nodes, in which nodes 1 and 3 are origins, node 5 is a 
destination, and nodes 2 and 4 are intermediate nodes. 

2 4 

Figure 13.4: Test Network 

The assumed origin-destination (O-D) demands are shown in Table 13.1: 

Table 13.1: Time-Dependent O-D Demands 

O-D Time Interval 
Pair k=1 k=2 k=3 k=4 

1-5 15 20 0 0 
3-5 0 0 15 20 

The adopted dynamic travel time function is arbitrarily constructed as follows: 

(13.39 ) 

To explore how the traffic information influences the flow pattern, we analyze the 
following three cases. The supports and spreads of coefficients used in the 
corresponding fuzzy/dynamic link travel time functions are summarized in Table 
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13.2: 

1. Case I: right-skewed possibility distribution is assumed for links I ~2, 

2~3, 3-H and 4~5, and symmetric possibility distribution for links 
1~3 and 3~5. 

2. Case II: left-skewed possibility distribution is assumed for links 1 ~2, 
2~3, 3~4 and 4~5, and symmetric possibility distribution for links 
1~3 and 3~5. 

3. Case III: all links are assumed to be symmetrically distributed. 

Table 13.2: Possibility Distribution of Link Travel Time Coefficients 

Type of Possibility Distribution of 
Case Link Imperfect Link Travel Time Coefficients 

Information - -
1 0.01 

1~2 

2~3 Right-Skewed (0.5,1.0,2.0) (0.005,0.01,0.02) 
I 3~4 

4~5 

1~3 Symmetric (0.5,1.0,1.5) (0.005,0.01,0.015) 
3~5 

1~2 

2~3 Left-Skewed (0.2,1.0,1.5) (0.002,0.01,0.015) 
II 3~4 

4~5 

1~3 Symmetric (0.5,1.0,1.5) (0.005,0.01,0.015) 
3~5 

III All Symmetric 1(0.5,1.0,1.5) (0.005,0.01,0.015) 

For the numerical examples demonstrated below, we chose the minimal acceptable 
level a =0. A computer program coded in Borland C++ was used to solve the 

FDUO route choice model for the input data. 

13.4.2 Test Results for Case I 

The obtained results are summarized in Table 13.3. 
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Table 13.3: Results for Case I 

Rep. 
Entering Exit Number Believed Exiting 

Link Time Inflow Flow of Link Time 
Interval Vehicles Travel Interval 

Time 
1...-.»2 1 3.20 0.00 0.00 1.20 2 

2 8.21 3.20 3.20 1.95 4 
3 0.00 0.00 8.21 1.84 -
4 0.00 8.21 8.21 1.84 6 

1...-.»3 1 11.80 0.00 0.00 2.39 3 
2 11.79 0.00 11.80 3.78 6 
3 0.00 11.80 23.59 6.57 -

4~5 0.00 0.00 11.79 2.39 -
6 0.00 11.79 11.79 2.39 -

2...-.»3 2 3.20 0.00 0.00 1.20 3 
3 0.00 3.20 3.20 1.20 -
4 8.21 0.00 0.00 1.84 6 
5 0.00 0.00 8.21 1.84 -
6 0.00 8.21 8.21 1.84 -

3...-.»4 3 10.70 0.00 0.00 2.36 5 
4 8.03 0.00 10.70 3.08 7 
5 0.00 10.70 18.73 5.00 -
6 18.77 0.00 8.03 5.74 12 
7 0.00 8.03 26.80 9.10 16 

8~11 0.00 0.00 18.77 5.02 -
12 0.00 18.77 18.77 5.02 17 

3...-.»5 3 19.30 0.00 0.00 4.72 8 
4 11.97 0.00 19.30 6.16 10 
5 0.00 0.00 31.27 10.78 -
6 1.23 0.00 31.27 10.79 17 
7 0.00 0.00 32.50 11.56 -
8 0.00 19.30 32.50 11.56 -
9 0.00 0.00 13.20 2.74 -
10 0.00 11.97 13.20 2.74 -

11~16 0.00 0.00 1.23 1.02 -
17 0.00 1.23 1.23 1.02 -

4...-.»5 5 10.70 000 000 236 7 
6 0.00 0.00 10.70 2.36 -
7 8.03 10.70 10.70 3.08 10 
8~9 0.00 0.00 8.03 1.80 -
10 0.00 8.03 8.03 1.80 -
12 18.77 000 0.00 5.02 17 

13~16 0.00 0.00 18.77 5.02 -
17 0.00 18.77 18.77 5.02 -
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The rationale of the proposed model and associated solution algorithm can be 
verified by checking if the resulting representative believed route travel times satisfY the 
FDUO equilibrium conditions. If we consider route 1 ~3~5 departing origin 1 during 
interval 1, then the corresponding representative believed route travel time can be obtained 
by summing up the representative believed link travel time on link 1 ~3 during interval 1 
with the representative believed link travel time on link 3~5 during interval 1 + S .... 3(1) as 

follows: 

~""3 .... s(l) = ~""3(1) + S .... s(1 + ~ .... 3(1)) 
== 2.39 + S .... s(3.39) ~ 2.39 + S .... s(3) = 7.12 

(13.40 ) 

The remaining used representative believed route travel times are also computed 
and summarized in Table 13.4. It is observed that the trips departing the same 
origin during the same interval have approximately the same representative 
believed route travel time. 

Table 13.4: Representative Believed Route Travel Times for Case I 
Time Route* 

Interval 3~5 3~4~5 1~3~5 1~2~3 1~3~4 1~2~3 

~5 ~5 ~4~5 

k=1 NA NA 7.12 7.12 7.12 7.12 
k=2 NA NA 14.58 14.58 14.52 14.52 
k=3 4.72 4.73 NA NA NA NA 
k=4 6.16 6.16 NA NA NA NA 

NA means the route not being used, therefore the representative believed link 
travel time is not available. 

-Based on the same believed actual travel times, {r: (t)} , obtained from the 

computed solution. 

13.4.3 Test Results for Case n 

The test results for case II are summarized in Tables 13.5 and 13.6. 
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Table 13.5: Results for Case IT 

Rep. 
Entering Exit Number Believed Exiting 

Link Time Inflow Flow of Link Time 
Interval Vehicles Travel Interval 

Time 
1~2 1 4.37 0.00 0.00 1.13 2 

2 8.74 4.37 4.37 1.86 4 
3 0.00 0.00 8.74 1.67 -
4 0.00 8.74 8.74 1.67 -

1~3 1 10.63 0.00 0.00 2.33 3 
2 11.27 0.00 10.63 3.60 6 
3 0.00 10.63 21.89 5.99 -

4~5 0.00 0.00 11.27 2.47 -
6 0.00 11.27 11.27 2.47 8 

2~3 2 4.37 0.00 0.00 1.20 3 
3 0.00 4.37 4.37 1.20 -
4 8.74 0.00 0.00 1.74 6 
5 0.00 0.00 8.74 1.74 -
6 0.00 8.74 8.74 1.74 -

3~4 3 11.52 0.00 0.00 2.21 5 
4 8.41 0.00 11.52 2.88 7 
5 0.00 11.52 19.93 4.72 -
6 19.54 0.00 8.41 5.25 11 
7 0.00 8.41 27.95 8.37 -

8~10 0.00 0.00 19.54 4.58 -
11 0.00 19.54 19.54 4.58 -

3~5 3 18.48 0.00 0.00 4.42 7 
4 11.59 0.00 18.48 5.76 10 
5 0.00 0.00 30.07 10.04 -
6 0.46 0.00 30.07 10.04 16 
7 0.00 18.48 30.53 10.32 -

8~9 0.00 0.00 12.05 2.45 -
10 0.00 11.59 12.05 2.45 -
11 0.00 0.00 0.46 1.00 12 

12~15 0.00 0.00 0.46 1.00 -
16 0.00 0.46 0.46 1.00 -

4~5 5 11.52 0.00 0.00 2.21 7 
6 000 0.00 11.52 2.21 -

7 8.41 11.52 11.52 2.88 10 
8~9 0.00 000 8.41 1.62 -
10 0.00 8.41 8.41 1.62 -
11 19.54 0.00 0.00 4.58 16 

12~15 0.00 0.00 19.54 458 -
16 0.00 19.54 19.54 4.58 -
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Table 13.6: Representative Believed Route Travel Times for Case II 

Time Route* 

Interval 3~5 3~4~5 1~3~5 1~2~3 1~3~ 1~2~3 

~5 ~5 ~~5 

k=1 NA NA 6.75 6.75 6.75 6.75 

k=2 NA NA 13.58 13.58 13.37 13.37 

k=3 4.42 4.42 NA NA NA NA 

k=4 5.76 5.77 NA NA NA NA 

NA: means the route not being used, therefore the representative believed link 
travel time is not available . 

• Based on the same believed actual travel times, {r: (t)} , obtained from the 

computed solution. 

13.4.4 Test Results for Case ill 

The test results for case II are summarized in Tables 13.7 and 13.8. 

Table 13.7: Results for Case ill 

Rep. 
Entering Exit Number Believed Exiting 

Link Time Inflow Flow of Link Time 
Interval Vehicles Travel Interval 

Time 

1~2 1 3.71 0.00 0.00 1.14 2 
2 8.52 3.71 3.71 1.86 4 
3 0.00 0.00 8.52 1.73 -
4 0.00 8.52 8.52 1.73 -

14>3 1 11.29 0.00 0.00 2.27 3 
2 11.48 0.00 11.29 3.59 6 
3 0.00 11.29 22.76 6.18 -

4-5 0.00 0.00 11.48 2.32 -
6 0.00 11.48 11.48 2.32 -

2~3 2 3.71 0.00 000 1.14 3 
3 0.00 371 3.71 1.14 -
4 8.52 0.00 000 1.73 6 
5 000 0.00 8.52 1.73 -
6 0.00 8.52 8.52 1.73 -

271 
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Table 13.7: Results for Case ill (continued) 

Rep. 
Entering Exit Number Believed Exiting 

Link Time Inflow Flow of Link Time 
Interval Vehicles Travel Interval 

Time 

3~ 3 11.23 0.00 0.00 2.26 5 
4 8.28 0.00 11.23 2.95 7 
5 0.00 11.23 19.51 4.81 -
6 19.51 0.00 8.28 5.49 11 
7 0.00 8.28 27.79 8.72 -

8-10 0.00 0.00 19.51 4.80 -
11 0.00 19.51 19.51 4.80 -

3~5 3 18.77 0.00 0.00 4.52 8 
4 11.72 0.00 18.77 5.90 10 
5 0.00 0.00 30.49 10.29 -
6 0.49 0.00 30.49 10.30 16 
7 0.00 0.00 30.98 10.60 -
8 0.00 18.77 30.98 10.60 -
9 0.00 0.00 12.22 2.49 -
10 0.00 11.72 12.22 2.49 -

11-15 0.00 0.00 0.49 1.00 -
16 0.00 0.49 0.49 1.00 -

4~5 5 11.23 0.00 0.00 2.26 7 
6 0.00 0.00 11.23 2.26 -
7 8.28 11.23 11.23 2.95 10 

8-9 0.00 0.00 8.28 1.69 -
10 0.00 8.28 8.28 1.69 -
11 19.51 0.00 0.00 4.80 16 

12-15 0.00 0.00 19.51 4.80 -
16 0.00 19.51 19.51 4.80 -

Table 13.8: Representative Believed Route Travel Times for Case ill 

Time Route * 
Interval 3~5 3~~5 1~3~5 1~2~3 1~3~ 1~2~3 

~5 ~5 ~~5 

k=1 NA NA 6.80 6.80 6.80 6.80 
k=2 NA NA 13.89 13.89 13.89 13.89 
k=3 4.52 4.52 NA NA NA NA 
k=4 5.89 5.90 NA NA NA NA 

NA means the route not being used, therefore the representative believed link 
travel time is not available . 

• Based on the same believed actual travel times, {r: (t)}, obtained from the 

computed solution. 
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By comparing all three cases, the links characterized by a symmetric possibility 
distribution attract more traffic flow when compared with the right-skewed possibility 
distnbution As shown in column 3 of Tables 13.3 and 13.7, the fonner has lower flows on 
links 1-+2, 2-+3, 3~ and 4-+5, and higher flows on links 1-+3 and 3-+5. Similarly, the 
links characterized by a left-skewed possibility distribution are intended to attract more 
traffic flows when compared with the symmetric possibility distnbution As shown in 
column 3 of Tables 13.5 and 13.7, the fonner has lower flows on links 1-+2, 2-+3, 3~ 
and 4-+5, and higher flows on links 1-+3 and 3-+5. 

13.5 Fuzzy/Static Counterpart Approximation 

Fuzzy/static counterpart approximation can be obtained by removing the flow 
propagation constraint and thus, mathematically setting the main link: travel times 
equal to zero. By using the input data given in Section 13.4 and exercising the 
assertion, we can obtain the static/fuzzy approximation as shown in Table 13.9. 

Table 13.9: Fuzzy/Static Approximation 

Entering Exit Number Link: Exiting 
Link: Time Inflow Flow of Travel Time 

Interval Vehicles Time Interval 

1-+2 1 13.02 13.02 0.00 2.92 -
1-+3 1 21.98 21.98 0.00 5.83 -
2-+3 1 13.02 13.02 0.00 2.92 -
3-+4 1 27.75 27.75 0.00 9.42 -
3-+5 1 42.25 42.25 0.00 18.85 -
4-+5 1 27.75 27.75 0.00 9.42 -

The corresponding representative route travel time can be computed as follows: 

Table 13.10: Representative Believed Route Travel Times for the Fuzzy/Static Model 

Time Route 

Interval 3-+5 3-+4-+5 1-+3-+5 1-+2-+3 1-+3-+4 1-+2-+3 
5 5 4-+5 

k=1 18.85 18.85 24.68 24.69 24.68 24.69 

13.6 Notes 

Special cases of the FDUO model can be reduced to be static and/or deterministic 
user-optimal models. The FDUO model employs subjective possibility distribution; 
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at each a -cut level, representative believed link travel times are used in the traffic 
assignment. This treatment of the representative believed link travel time function, 
though not general in the fuzzy sense, is extremely convenient and simple in 
computation. It is also worth noting that at each a -cut level (the events with the 
possibility ~ a), the skewness of the possibility distributions are still kept; 
therefore, different solutions may result at different a -cut levels of the possibility 
distribution. 

A permissive alternative approach to formulating the FDUO route choice problem 
is the fuzzy variational inequality, which has been applied to the fuzzy/static user-optimal 
problem (Wang and Liao, 1994). However, a conversion of the fuzzy variational inequality 
into the equivalent multiple objective decision problems is required for attaining the optimal 
solution, which is complicate. Moreover, interval analysis is inevitably involved in the 
solution procedure, which makes the actual applications of this approach difficult. It is also 
noted that other than the aforementioned analytical models, the simulation-based models 
using reactive traffic information may be worth to explore, as route switching decisions can 
be made at each intermediate node according to the prevailing traffic condition. 

As a final remark, an alternative shape of possibility distnbution for the 
fuzzy/dynamic link travel time function ca (t) is trapezoidal. The trapezoidal possibility 

distribution (see Figure 135) is usually symbolized as 

ca (t) = (CaL (t), CaM1 (t),CaM2(t),CaU(t)), where caL(t) donates the lower bound, caU(t) 

donates the upper bound, CaM1(t) donates the left main value, and c:'(t) donates the 

right main value. The left spread can be calculated by CaM1 (t) - CaL (t) and the right spread 

by ca
u (t) - CaM2 (t). 
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Figure 135: Trapezoidal Possibility Distribution 

The most likely solution is found by solving an auxiliary nonlinear programming 
problem by using a weighted average oflower, main and upper values. In detail, at 
the level of a -cut (a minimal acceptable possibility), the most likely link travel 
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time can be represented by: 

s'.a (I) = (Ca~a (I) + 2CaM, (I): 2Ca
M1 (t) + ca~a (I)) (13.41 ) 

Thus, with the above representative believed link travel time, the model and 
solution algorithm presented in this chapter is equally applicable. 



Chapter 14 

Future Research and Applications 

In this book, we have presented a fresh look on modeling discrete-time dynamic 
transportation networks mainly using the variational inequality approach. 
However, in addition to the most difficult accounting problems (non-convergence 
or oscillation behavior due to discretization of the temporal dimension), and the 
nonconvex property of the feasible solution, many other modeling issues still need 
more clarification including: dynamic link travel time functions, link capacity 
constraints, first-in-first-out requirements, computational efficiency, multiple user 
classes, nonconvex feasible regions, integration of analytical- and simulation-based 
dynamic models and others. Nevertheless, in their present form, the proposed 
dynamic travel choice models are still applicable to various engineering and 
economic problems, such as transportation planning, route guidance, economic 
networks and logistics. In this chapter, we address the remaining research issues in 
Section 14.1, and then discuss the possible applications in Section 14.2 before 
adding some final notes in Section 143. 

14.1 Research Directions 

14.1.1 Dynamic Link Travel Time Functions 

Intuitively, the dynamic link travel time may be denoted as a function of three 
time-dependent link-related variables, i.e., inflow, number of vehicles and exit 
flow. However, by using the estimated actual link travel times, the dynamic link 
travel time function can be simplified to function of time-dependent inflows. This 
observation was first presented by Chen et al. (1996) for the dynamic user-optimal 
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route choice problem and then extended to many other dynamic travel choice 
models (Chen et ai., 1997a, 1997b). 

For the dynamic link travel time function to be practical, the function form must be 
first determined (probably in terms of generalized cost or utility), and then the associated 
coefficients cahbrated from the time-dependent field data, or by using some sophisticated 
simulation model. The work involved should not be underestimated, and extreme caution 
needs to be taken in applying the best experimental design. 

In some circumstances, one may prefer to embed a link capacity limitation implicitly 
in the dynamic link travel time function. To this end, a possible direction is to apply the 
entropy formulation (Chabini and Florian, 1995) as follows: 

ca (t) = bo +-. +bn (CAPa (I) - ua (I)) In[CAP. ~I) - •• (1)) 
CAPa I)-U~(t) 

(14.1 ) 

It is observed that when the amount of link inflow reaches the link capacity, the 
corresponding link travel time increases abruptly, which is impossible in many 
mathematical problems. Hence, the link capacity constraint can be automatically 
satisfied. 

14.1.2 Link Capacity Constraints 

The link capacity may also be imposed as an explicit constraint in dynamic travel 
choice models. 

(14.2) 

This additional side constraint causes a nice property of the original network 
structure to no longer hold. Moreover, the corresponding equilibrium conditions 
must be changed accordingly. We take the DUO route choice model as an 
example to illustrate the resulting dynamic user-optimal conditions and the 
corresponding nested diagonalization methods hereafter. 

When 0-0 demands are fixed and time-dependent, the dynamic user-optimal 
conditions state for each 0-0 pair that the capacitated route travel times (including route 
travel times and queuing delays) experienced by travelers departing during the same interval 
are equal and minimal; or no traveler would be better off by unilaterally changing his/her 
route. In contrast, the capacitated route travel time of any unused route for each 0-0 pair 
is greater than or equal to the minimal capacitated route travel time. In other words, at 
equilibrium, if the flow departing from origin r during interval k over route p toward 
destination s is positive, i.e., h;· (k) > 0 , then the corresponding capacitated route travel 

time is minimal. To the contrary, if no flow occurs on route p, i.e., h;· (k) = 0, then the 

corresponding capacitated route travel time is at least as great as the minimal capacitated 
route travel time. This equilibrium conditions can be mathematically expressed as follows. 
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(14.3 ) 

where 

(14.4 ) 
a t • t 

P;(t) denotes the optimal value of the Lagrangian multiplier for the link capacity 

constraint (14.2). If we interpret this Lagrangian multiplier as the link queuing 
delay (or link toll), then the capacitated link travel time is comprised of the link 
travel time and the link queuing delay 

The corresponding nested diagonalization method is essentially the same as before, 
except a modification is required for the third loop as follows. 

The Nested Diagonalization Method 

Step 0: Initialization. 

Step 0.1: Let11FD. Set r~(t) = NIN1cao (t)], Va, t . 

Step 0.2: Let n=1. Find an initial feasible solution {u~(t)}. Compute the 

associated link travel times {c ~ ( t )} _ 

Step 1: First Loop Operation. 

Let 11Fm+ 1. Update the estimated actua1link travel times by 

r:;(/) = NINT(1- r)r:;-I(t) + yc;(t)) Va,!. (14.5 ) 

whereO<r~1. 

Construct the corresponding feasible time-space network based on the estimated 
actua1link travel times. 

Step 2: Second Loop Operation. 

Step 2.1: Let n= 1. Compute and reset the initial feasible solution {u; (t)} , 
based on the time-space network constructed by the estimated 

actual link travel times {r:; (t)} . 
Step 2.2: Fix the inflows for each physical link other than on the subject 

time-space link at the current level, yielding the following 
optimization problem . 

• O·'(t) 
min z(u) = :L:Lt Ca (u;(1),u;(2) .... ,u;(t -1),w}tw (14.6 ) 

a t 
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Flow conservation constraint: 

Vr,s,k 
p 

Nonnegativity constraint: 

Vr,s,p,k 

Side constraint: 

Ua(t)~CAPa (t) Va,! 

Definitional constraints: 

U~(t) = h;(k)8:; (t) Vr,s,a,p,k,t 

8a;"(t) = {0,1} Vr,s,a,p,k,t 

Ua(t) = LLLh;'(k)8;;(t) Va,t 
,.. p k 

Vr,s,p,k 
a I 

(14.7 ) 

(14.8 ) 

(14.9 ) 

(14.10) 

(14.11) 

(14.12) 

(14.13) 

Step 3: Third Loop Operation. 

Solve for the solution, {U;+I (t)} , in the optimization problem 

(14.6)-(14.13) by an appropriate method. Compute the resulting link 

travel times {c;+l(t)}. 

Step 4: Convergence Check for the Second Loop Operation. 

Ifu;+I(t)~ u;(t), Va,! , go to Step 5; otherwise, setn=n+l, and go to Step 2.2. 

Step 5: Convergence Check for the First Loop Operation. 

If r;(t)~c;+l(t), Va,t, stop; the CUlTent solution is optimal. Otherwise, set 

n=n+ 1, and go to Step 1. 

Note that the optimization problem (14.6)-(14.13) cannot be solved by the FW 
method as before because the inclusion of the link capacity constraint (14.9) 
makes the nice property of network structure vanish. In detail, the linearized 
subproblem of problem (14.6)-( 14.13) becomes a linear multi-commodity flow 
problem, rather than a shortest route problem, which is prohibitively expensive to 
solve repeatedly. Based on the recognition of this fact, two categories of solution 
methods emerge (Larsson et aI., 1995). In the first category, attempts are made to 
use the shortest route subproblems to generate search directions, while in the 
second approach, the capacitated problem is converted into a sequence of 
incapacitated problems through a penalizationldualization of the link capacity 



14.1 Research Directions 281 

constraint (14.9). An application of the augmented Lagrangian dual method which 
embeds the disaggregate simplicial decomposition (DSD) method to the DUO 
route choice problem was presented by Chen and Wang (1998). 

14.1.3 First-In-First-Out Conditions 

The first-in-first-out (FIFO) conditions require that travelers cannot arrive earlier 
by leaving later. To preserve the FIFO conditions, two approaches may be worth 
exploring. The first approach is to develop a suitable dynamic travel time function 
that implicitly satisfies the FIFO requirement. Toward this end, Ran and Boyce 
(1994) used six link-based variables to represent the dynamics of traffic on a link 
better, and Daganzo (1993) applied a cell transmission model to describe the 
sequential movement behavior of traffic. However, there is insufficient evidence 
that their results can be readily applied to dynamic travel choice models. 

The second approach is to impose the FIFO as a constraint on the DUO travel 
choice models. Again, the inclusion of the side constraint of the FIFO into any DUO travel 
choice model destroys the nice property of the network structure. In addition, the 
estimation of actual travel times using the link travel time function within the nested 
diagonalization method lose their applicability since the FIFO conditions are hard to justifY 
within the solution procedure. To the best of the author's knowledge, no efficient solution 
algoritlnn is available to solve such nonconvex mathematical problems. Even if one existed, 
we are not sure whether a local solution exists. Hence, this difficulty indeed requires further 
research. 

14.1.4 Computational Efficiency 

A deep concern raised by transportation practitioners for the implementation of 
the dynamic travel choice models is their computational efficiency in large urban 
networks. Finding the shortest route is often the most computationally-intensive 
component of most user-optimal solution procedures. The other components 
(loading the shortest routes, performing the line search, and checking for the 
convergence) do require smaller proportions of the total CPU time (Sheffi, 1985). 
Consequently, the computational effort associated with the application of the 
nested diagonalization method is proportional to the product of the number of the 
first loop iterations m, the number of the second loop iterations n, the number of 
the FW iterations I, the number of time intervals K, the number of origins R (which 
determines the number of minimum-route trees to be calculated at each iteration), 
the number of links A and the number of nodes 0 (which determines the effort 
needed to calculate each tree). In other words, 

(Arithmetic Operations) ~mxnxlxKxRxAxO (14.14) 

To reduce the total number of searches in finding the minimum shortest routes 
within the nested diagonalization method proposed in this book, and hence improve the 
computational efficiency, two strategies may be appropriate: 
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1. Relaxing the convergence criteria of the second loop and third loop 
operations that are associated with the early iterations of the first loop 
operation. In an extreme case, only one iteration is performed for the 
second loop and third loop operations, yielding a streamlined variation of 
the nested diagonalization method. 

2. Employing a good initial solution, an effective search direction, a suitable 
move step and/or a combination of the above three strategies. For the 
initial solution, the incremental assignment technique may perform better 
than the all-or-nothing assignment. To find a effective search direction, 
Fukushima (1984) used the previous search directions to generate a 
weighted new search direction to improve the speed of the convergence 
for the FW method. LeBlanc et al (1985) developed a QID:alell tangent 
(P ART AN) technique which applied the current solution and the one 
before last to form a new search direction so as to speed up the 
convergence for the FW method. Arezki (1990) further exploited 
PART AN's benefit, and Harker (1988) presented an acceleration step for 
diagonalization and projection algorithms for finite-dimensional 
variational inequalities, which is reminiscent of a P ART AN step in 
nonlinear programming problems. For the move size, Weintraub et aI 
(1985) increased the step size so as to alleviate the zigzagging problem 
for the FW method near the optimal solution. 

certainly, alternative solution algorithms to the FW method can be accommodated 
in the nested diagonalization method. Examples include some route-based solution 
algorithms, such as the gradient projection (GP) method, aggregated simplicial 
decomposition (ASD) method and disaggregated simplicial decomposition (DSD) 
methods. A comparison of the three route-based algorithms mentioned above was made by 
Chen and Chang (1998). 

In consideration of both software and hardware advancement in the computer 
industry, employing a parallel processing technique in shortening the turn-around execution 
times is also permissIble. The usefulness of parallel machines, including both execution 
times and memory requirements, for static large-scale location and travel choice models 
defined on the transportation network have been demonstrated by Chen and Boyce (1988). 
This technique can naturally be extended to the time-space network of dynamic travel 
choice models. 

14.1.5 Multiple Traveler Classes 

Multiple traveler classes are commonly seen in models applied to real world 
problems. There are several approaches to stratifying travelers. Chen et al (1994) 
classified travelers into three classes based on the preciseness of traffic information 
available to them, i.e., static, instantaneous and actual. Ran and Boyce (1996) 
stratified travelers into 18 combinations, according to route diversion willingness 
(three combinations), income and age (nine combinations), driving behavior (three 
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combinations) and route choice behavior (three combinations). Ran et al (1997) 
modeled three classes of travelers, i.e., fixed route, stochastic/dynamic user
optimal and dynamic user-optimal, in an analytical dynamic traffic assignment 
model using the variational inequality approach and further proposed a heuristic 
method for solutions. 

To illustrate the concept of the multi-class DUO route choice mode~ we consider 
the equilibrium conditions for two traveler classes, denoted as d and J , according to either 
dynamic or stochastiddynamic traffic information, as follows. 

rs* k - d {- lrrs(k) 
cdp ( ) ~ lr~S(k) 

C::*(k){= i;(k) 
dp ~i;(k) 

if h;*(k) > 0 

ifh;*(k) = 0 

ifh~*(k»O 

ifh~*(k)=O 

Vr,s,p,k 

Vr,s,p,k 

(14.15 ) 

(14.16) 

The corresponding multi-class DUO route choice problem may be described by the 
following variational inequality formulation. 

L LLC;*(k)[h;(k)- h;*(k)] 
rs p k 

+ LLLCJ;*(k)[h~(k)-hr(k)]~O Vh En* 
,.. p k 

(14.17) 

where n * is a subset of n with o~ (t) being realized at equilibrium, i. e., 

(8~(t) = 8;;; (t)), Vr,s,a,p,k,t. The symbol n is delineated by the following 

constraints, including flow conservation, flow propagation, nonnegativity, and 
definitional constraints. 

Flow conservation constraint: 

p 

Flow propagation constraints: 

Vr,s,a,p,k,t 

LOa:'(/)= 1 

8;;'pk (I) = {0,1} 

"ir,s,p,a Ep,k 

Vr,s,a,p,k,t 

Nonnegativity constraint: 

"ir,s,d' E(d,J),p,k 

(14.18) 

(14.19) 

(14.20) 

(14.21) 

(14.22 ) 
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Definitional constraints: 

Ih';p(k)=h;(k) 'Vr,s,p,k (14.23 ) 
d' 

ua(t) = LLLLh;'p(k)8~'Pk(t) 'Va,t (14.24 ) 
rs p d' k 

c';(k) = LLca(t)8~Pt(t) 'Vr,s,p,k (14.25 ) 
a t 

CJ;{k) = c';(k) +~lnhJ;(k) 'Vr,s,p,k (14.26 ) 

Unfortunately, the equivalence analysis between the equilibrium conditions 
(14.15)-{l4.16) and the variational inequality model (14.17)-(14.26) are not 
proven. Furthermore, the nested diagonalization method cannot be directly applied 
for solutions. These unresolved issues are also left for future research. 

14.1.6 Nonconvex Feasible Region 

The feasible regions for dynamic travel choice models are essentially nonconvex, 
implying mUltiple local solutions can exist. According to our experience, using 
different initial solutions and/or adopting different algorithms are apt to result in 
different local solutions. Perhaps, meta-heuristic methods, such as a Tabu search, 
a genetic algorithm and a simulated annealing method have a better chance of 
obtaining the global solution. 

14.1.7 Integration of Analytical- and Simulation-Based Dynamic Models 

In Chapter 11, we presented two dynamic signal control schemes, i.e., network
wide and traffic-responsive. The advantages of these two analytical-based dynamic 
models are that various traffic control strategies can be properly evaluated, and the 
travelers' behavior can be easily emulated. However, in many instances, various 
measures of effectiveness are also needed, and random traffic events, such as non
recurrent incidents, are appropriately represented. In consideration of the 
sophistication of the state-of-the-art traffic simulation models, the integration of 
analytical- and simulation-based dynamic models becomes a natural choice for 
future exploration. Unless the interface can be properly set up, the integration of 
analytical- and simulation-based dynamic models does not necessarily end up with 
a convergent result. 

14.1.8 Dynamic Origin-Destination Estimation 

Given time-dependent link flows (such as 5, 10, 15 or 30 minutes intervals) for the 
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entire analysis period, the corresponding time-space network representation can be 
constructed for the dedicated transportation network. Practically, this time-space 
network can then be deemed a static transportation network, and employ 
conventional techniques, either regression-based models or mathematical 
programming-based methodologies (Nguyen, 1984), to estimate origin-destination 
demands. 

14.1.9 Reactive Dynamic Travel Choice Models 

In this book, we have presented a set of dynamic travel choice models using 
predictive traffic information. Theoretically, another category of dynamic travel 
choice models using the reactive (or instantaneous) traffic information can also be 
formulated following the same approach. Reactive traffic information is especially 
useful for shorter trips and unpredictable future conditions. However, we found 
that if we accommodate reactive dynamic travel choice problems into an 
analytical-based model, some difficulties may be encountered with diagonalization
type solution algorithms (Chen et ai, 1996): 

1. The equivalence between the predictive dynamic travel choice models and 
the corresponding equilibrium conditions is hard to prove. 

2. The shortest route searching procedure in the linearized subproblem must 
be performed through the corresponding time-space network, which 
inevitably involves flow propagation movements over several time 
intervals; not a coincidence with the definition of reactive traffic 
information. 

3. The solution for the linearized subproblem is obtained by assigning all 
departure flow rates onto the time-dependent shortest routes for each O-D 
pair. With this assignment, travelers are not allowed to change their 
subroute at each intermediate decision node toward the destination, even if 
a better sub route than the current one is generated due to the ever
changing traffic condtions. This also contradicts the reactive assumption 
that travelers can change their subroute at each intermediate decision 
node. 

To avoid any difficulties caused by the analytical-based model formulation, Chen 
and Chiu (1995, 1997) employed the simulation-based approach to deal with the predictive 
dynamic route choice problem; in addition, the results were compared with those obtained 
from an analytical model using optimal control theory. Kuwahara and Akamatsu (1997) 
discussed the formulation and solution algorithm of the reactive dynamic traffic assignment 
with the link travel time by explicitly taking into account the effects of queues under the 
point queue concept. To ensure that the route choice of the vehicles is clearly dependent 
only upon the instantaneous link travel times at the present interval t, but independent of the 
future link travel times, the assignment is decomposed with respect to the present time t. 
The assignment is then sequentially performed from the beginning of the study time period. 
This solution procedure is essentially the simulation-based approach. To develop an 
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analytical-based solution algorithm, more effort is still needed. 

14.2 Applications 

14.2.1 Transportation Planning 

Analogous to static travel choice models, dynamic travel choice models can be 
readily applied in transportation planning. In responding to the prevailing stochastic and 
incomplete/uncertain traffic infonnation, stochastiddynamic and fuzzy/dynamic travel 
choice models may provide more solid results. In fact, the application of the dynamic travel 
choice models in this regard is not restricted for the sake of planning only, but is also 
applicable for operational purposes, as shorter period traffic variations can be better 
captured and/or represented. 

14.2.2 Route Guidanceillisaster Evacuation Plan 

Route guidance is a fundamental function of dynamic travel choice models in 
intelligent transportation systems. By guiding travelers (drivers) through in-vehicle 
equipment to appropriate alternative routes, both the system (in terms of network 
utilization and MOEs) and individuals (in terms of departure time and en route 
travel cost and time) can benefit, and more benefit can be expected when real-time 
traffic control is operating. This function can be easily extended to a disaster 
evacuation plan without any difficulty. To implement route guidance functions, 
shortest route information has to be stored; therefore, the FW algorithm 
embedded in the nested diagonalization method must be modified accordingly or 
simply replaced by some route-based algorithm. 

14.2.3 Economic Networks 

The equilibrium principle plays an important role in economics. Since our dynamic 
travel choice models and associated algorithms are rooted in the equilibrated travel 
behavior, all equilibrium-relevant economic problems, such as spatial price, 
migration, Walrasian price, financial and constrained matrix problems (Nagurney, 
1993), can readily adopt our dynamic model formulations and methodologies for 
use. 

14.2.4 Logistics 

The field of Logistics is very broad. It includes minimum cost network flow, 
traveling salesman, Chinese postman, covering and matching, location, vehicle 
routing problems, etc. In the past, temporal dynamics did not particularly address 
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these problems; however, in today's society, without considering route travel time 
variation over time (time-dependent traffic congestion), or the store's operating 
hours (time window), the full usefulness of Logistics models will not come into 
play. By adopting the techniques of temporal treatment developed in this book, the 
importance of Logistics modeling may be enhanced to a large extent. 

14.3 Notes 

To justifY the usefulness of our dynamic travel choice models, full scale 
implementation on a real transportation network is necessary. Toward this end, 
time-dependent traffic data, such as link travel time functions and O-D traffic 
demands, need to be prepared, which may be expensive. In addition, the traditional 
relationships among three link variables, i.e., flow, speed, and density, also need to 
be re-examined so as to comply with this new scenario. 
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Summary of Notation 

This is a summary of symbols used in this book. Other symbols are defined in this book, as 
needed. A vector is assumed to be a colunm vector, unless noted otherwise. 

a 

B(j) 

Ca(/) 

ca. (t) 

cma(t) 

ca(t) 

ca(t) 

Ca (I) 

Ca (I) 

Ca.a(/) 

~ao (I) 

C" (t) 
s'.a (I) 

CaL(t) 
CaM (I) 
Ca

U (t) 

link designation 

set oflinks whose tail node is} 

the inverse of the matrix A 

set oflinks whose head node is} 

travel time for link a during time interval 1 

free flow travel time for link a during interval t 

travel time for link a by mode m during time interval t 

marginal travel time for link a during time interval t 

perceived travel time for link a during time interval 1 

capacitated travel time for link a during time interval t 

fuzzy travel times for link a during time interval 1 

interval-valued travel times at a -cut level for link a during time interval t 

representative believed free flow travel time for link a during interval 1 

representative believed travel time for link a during interval 1 

representative believed travel time for link a during time interval t at a-cut 

level (~a) 
lower bound of the possibilistic distribution for link a during time interval t 

main value of possibilistic distnbution for link a during time interval 1 

upper bound of possibilistic distribution for link a during time interval t 
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Ca~r.z (t ) lower bound of possibilistic distribution for link a during time interval t at a

cut level (2: a ) 
ca~r.z (t ) upper bound of possibilistic distribution for link a during time interval t at a-

cut level (2: a ) 

c;' (k) representative believed travel time for route p between O-D pair rs during 

interval k 

~;~ (k) representative travel time at a -cut level for route p between O-D pair rs 

during time interval k 

c;' ( k) travel time for route p between O-D pair rs during time interval k 

c:p (k) travel time for route p by mode m between O-D pair rs during time interval k 

c; ( k ) marginal travel time for route p between O-D pair rs during time interval k 

c;' (k) perceived travel time for route p between O-D pair rs during time interval k 

c;' ( k) capacitated travel time for route p between O-D pair rs during time interval k 

c;' (k) fuzzy travel times for route p between O-D pair rs during time interval k 

C ;:r.z (k) interval-valued travel times at a -cut level for route p between O-D pair rs 

during time interval k 

c;~r.z (k) upper bound of interval-valued route travel times c;r.z (k) 

f;,r.z (k) lower bound of interval-valued route travel times c;r.z (k) 

c vector oflink travel times 

c T transpose of a vector c 

CAPa (t) capacity for link a during time interval t 

CI (t) cycle length for intersection I during time interval t 

D~I (.) inverse of demand function between O-D pair rs 

D~~ (.) inverse of demand function between O-D pair rs during time interval k 

D -I vector of the inverse of demand function 

d vector of search direction 

d traffic delay or search direction of descent methods 

ers (k) excess demand between O-D pair rs during time interval k 
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en 

F 

gj(t) 

g'~ (t) 

hrs 
p 

H;'(t) 

I 

j 

k 

lj 

L 

m 

MS(k) 

M S 

p 

excess demand between O-D pair rs regardless of departure time 

maximal traffic density for link a 

flow on link a 

travel time function oflink flows 

green time associated with phase m at intersection I during time interval t 

green time associated with phase m at intersection I during time interval t 

(subproblem) 

lower limit for the green time associated with phase m at intersection I 

departure flow rate on route p from origin r toward destination s 

departure flow rate on route p from origin r toward destination s during time 

intervalk 

departure flow rate of class m vehicles on route p from origin r toward 

destination s during time interval k 

degree of saturation over link a associated with phase m during time interval t 

intersection designation 

node designation 

time interval designation which usually denotes the departure time interval for 
a route 

loss time associated with phase m at intersection I 

Lipschitz constant 

phase or mode designation 

attractiveness associated with destination s during time interval k 

attractiveness associated with destination s regardless of departure time 

exit flow from link a during time interval t ( subproblem variable) 

route designation 

inflow rate into link a during time interval t (subproblem variable) 

part of inflow rate on link a during time interval t that is departing origin r 

toward destination s over route p during time interval k ( subproblem variable) 

p vector oflink inflow rates (subproblem variable) 

qrs departure flow rate from origin r toward destination s 
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qrs{k) 

q'{k) 

q;{k) 

q' 

qrs(k) 

q 

Q 
RU 
R 

r 

s 

T 

111 
u 

Ua(t) 

uma(t) 

u:: (t) 
uaAt) 

Summary of Notation 

departure flow rate from origin r toward destination s during time interval k 

departure flow rate from origin r during time interval k 

departure flow rate of class m vehicles from origin r toward destination s 

during time interval k 

departure flow rate of class m vehicles from origin r during time interval k 

departure flow rate from origin r regardless of departure time 

fixed departure flow rate from origin r toward destination s during time 

intervalk 

fixed departure flow rate between O-D pair rs regardless of departure time 

fixed departure flow rate from origin r regardless of departure time 

maximal departure flow rate between O-D pair rs 

maximal departure flow rate from origin r 

vector ofO-D demands 

number of queuing vehicles 

operator for representative link travel times 

the real line 

Euclidean n-dimensional space 

Euclidean n-dimensional space 

origin designation 

destination designation 

saturation flow rate for link a associated with phase m 

time interval designation which usually denotes the link entering time interval 

analysis period 

total number of time intervals 

vector oflink inflow rates 

inflow rate into link a during time interval t 

inflow rate of class m vehicles into link a during time interval t 

inflow rate into link a that is associated with O-D pair rs during time interval t 

inflow rate into link a on route p during time interval t 
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Vamax 

V:(t) 

vaAt) 

V~;(t) 

V~;"(t) 

w;(k) 

y:(t) 

a 

f3 

r 

inflow rate into link a on route p between O-D pair rs during time interval t 

part of inflow rate for link a during time interval t that is departing origin r 

over route p toward destination s during time interval k 

exit flow rate from link a during time interval t 

exit flow capacity for link a 

exit flow rate from link a associated with O-D pair rs during time interval t 

exit flow rate from link a on route p during time interval t 

exit flow rate from link a on route p between O-D pair rs during time interval t 

part of exit flow rate from link a during time interval t that is departing origin r 

over route p toward destination s during time interval k 

departure flow rate from origin r toward destination s on route p during time 

interval k (subproblem) 

departure flow rate of class m vehicles from origin r toward destination s on 

route p during time interval k (subproblem) 

number of vehicles on link a at the beginning of time interval t 

number of vehicles on link a at the beginning of time interval t that is 

associated with O-D pair rs 

number of vehicles on link a at the beginning of time interval t that is departing 

from origin r over route p toward destination s 

number of vehicles on link a at the beginning of time interval t (subproblem 

variable) 

number of vehicles on link a at the beginning of time interval t that is 

associated with O-D pair rs (subproblem variable) 

number of vehicles on link a at the beginning of time interval t that is departing 

from origin r over route p toward destination s (subproblem variable) 

objective value at a -cut level 

a -cut of the membership function of a fuzzy variable; minimum acceptance 
level 

dual variable associated with link capacity constraint 

weight 

small amount units 
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g;pk (t) 1, ifinflow rate on link a during time interval t departs from origin r over route 

p toward destination s during time interval k; otherwise, 0 

g;:apk (I) 1, ifinflow rate of class m vehicles on link a during time interval 1 departs from 

origin r over route p toward destination s during time interval k; otherwise, 0 

estimated indicator variable that determines the presence of inflow rate 

U;pk(/) 

1, ifinflow rate on link a during interval t departs origin r over route p toward 

destination s during interval k; otherwise, o. (The realization of the indicator 
variable ga~B (t) is based on the believed actua1link travel time ,~( t) ). 

g~1 (i) 1, if inflow rate on link a during time interval i exits the link during time 

interval t, i.e., t = i + 'aU); otherwise, 0 

g~2 (i) 1, ifinflow rate on link a during time interval i (i<t) remains on the link at the 

beginning of time interval t, otherwise, 0 

& random error or convergence criterion 

f) parameter ofLogit model 

A move size 

f..J. membership function of fuzzy variables 

q penalty parameter 

II pOSSIbility distribution 

II Ca (t) possibilistic distnbution of travel time for link a during time interval t 

IIca(t) (X) grade membership ofpossibilistic distribution of travel time for link a during 

time interval t 

minimal route travel time between O-D pair rs during time interval k 

minimal route travel time by mode m between O-D pair rs during time interval 

k 

minimal subroute travel time between origin r and intermediate node i toward 

destination s during time interval k 

n:" minimal route travel time between O-D pair rs regardless of departure time 

n:;: minimal route travel time by mode m between O-D pair rs regardless of 

departure time 

<S minimal subroute travel time between origin r and intermediate node i toward 
destination s regardless of departure time 
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irs(k) 

ii"(k) 

If''(k) 

p 

1" a(l) 

1"~(t) 

ia(t) 

Ta(t) 

q>rs(k) 

!1 

!1 

* 

minimal marginal route travel time between 0-0 pair rs during time interval k 

minimal perceived route travel time between 0-0 pair rs during time interval k 

minimal capacitated route travel time between 0-0 pair rs during time interval 

k 

minimal fuzzy route travel times between 0-0 pair rs during time interval k 

minimal fuzzy route travel times between 0-0 pair rs regardless of departure 
time 

minimal representative believed travel time at a -cut level between 0-0 pair 

rs during interval k 

minimal interval-valued route travel times at a -cut level between 0-0 pair rs 

during time interval k 

minimal interval-valued route travel times at a -cut level between 0-0 pair rs 

regardless of departure time 

parameter of projection type methods 

perturbation parameter 

actual travel time for link a during time interval t 

believed actual link travel time for link a during interval t 

changing rate of actual travel time 1" a (t ) 

estimated actual travel time for link a during time interval t 

auto preference for flows departing origin r toward destination s during time 

intervalk 

auto preference for flows departing origin r toward destination s regardless of 

departure time 

vector offuzzy mapping 

feasible region 

feasible region associated with estimated link actual travel times Ta (t ) 

feasible region specific for link inflows 

fuzzy feasible region at a -cut level 

subset of !1a with 8~pk(t) = 8~(t) 

subset of!1a with O;pk(t) = o:~(t) 

equilibrium condition 
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argmm the set of x E k attaining the minimum 
xEk 

Vz gradient of z: RnHR 

H maps to 

---* tends to 

V for all 

E an element of 

c subset of 

=> implies to 

:3 there exists 

00 infinity 
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